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BMO RATIONAL APPROXIMATION
AND ONE-DIMENSIONAL HAUSDORFF CONTENT

JOAN VERDERA

ABSTRACT. Let X C C be compact and let f € VMO(C). We give necessary
and sufficient conditions on f and X for f|x to be the limit of a sequence
of rational functions without poles on X in the norm of BMO(X), the space
of functions of bounded mean oscillation on X. We also characterize those
compact X C C with the property that theo restriction to X of each func-

tion in VMO(C), which is holomorphic on X, is the limit of a sequence of
rational functions with poles off X. Our conditions involve the notion of one-
dimensional Hausdorff content. As an application, a result related to the inner
boundary conjecture is proven.

0. Introduction and statement of results. Let X be a compact subset
of the complex plane C, and let ;X denote its inner boundary, that is, the set of
points in X which are not in the closure of a single connected component of C\ X.
The starting point of this paper is the following theorem.

THEOREM 0. Let X C C be compact and assume that 3;X has finite one-
dimensional Hausdorff measure. Let f be a continuous function on the Riemann

sphere which is holomorphic on X. Then we can find a sequence of functions f, in
BMO(C), each holomorphic in a neighborhood of X, such that f, — f in BMO(C).

To explain the motivation for the above result let us begin by recalling that
the problem of (qualitative) uniform rational approximation is controlled by a set
function o called continuous analytic capacity (see [3] for its definition and basic
properties). It turns out that no metric description of « is known, so that geometric
sufficient conditions for rational approximation have been lacking and a number of
natural conjectures are still open. To get precise statements for two of them let us
recall the definition of the two classical algebras R(X) and A(X) associated to the
compact X. The latter is the set of continuous functions on X which are holomor-
phic on X, and the former is the uniform closure in C(X) of the rational functions
with poles off X. Vitushkin discovered that, in the problem of deciding whether
R(X) = A(X), a decisive role is played by the structure of 9;X. Accordingly he
formulated [19] the so-called

INNER BOUNDARY CONJECTURE. If (d;X) = 0, then R(X) = A(X).

It is by now clear that the inner boundary conjecture is closely linked to the
difficult problem of the semiadditivity of a (see [2]). To get rid of the complications
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inherent to the semiadditivity problem, Melnikov and Vitushkin have considered
the following weaker form of the inner boundary conjecture [12].

THE FINITE LENGTH CONJECTURE. If 9, X has finite one-dimensional Hausdorff
measure, then R(X) = A(X).

Thus, clearly, Theorem 0 is a weak form of the finite length conjecture. The
reader will realize later that the space BMO comes naturally into the scene through
its relation with one-dimensional Hausdorff content (and, consequently, with one-
dimensional Hausdorff measyre).

It might be interesting to remark at this point that the finite length conjecture
is known to be true when 9;X is a C1*¢ Jordan arc [19] but, to the best of our
knowledge, it is still unsolved even when 9;X is a C! Jordan arc, or when 9;X is
the 1/4 planar Cantor set [6, 7], the simplest example of (Besicovitch) irregular
set.

Motivated by Theorem 0 and by a recent result of Wolff giving a natural defini-
tion of the space BMO on a compact subset of C, we proceed to study the general
problem of BMO rational approximation. Before stating our main results it is
convenient to introduce some notation and terminology which will be used later.

Let m be Lebesgue measure on C. Let us fix f € L} (C). The mean oscillation
of f on adisc A is

1
loc

0(f,A) = TZT /A 1(2) = fa| dm(2),

where |A| = m(A) is the area of A and fa = (1/|A[) [, f(2z) dm(z) is the mean
value of f on A. We write f € BMO(C) and we say that f is of bounded mean
oscillation if

£+ =sgp9(f, A) < oo,

the supremum being taken over all discs A. The functional || ||, is a (complete)
seminorm on BMQ(C) vanishing only on constant functions. For f in BMO(C)
and 6 > 0, set

Qs (6) = sup{Q(f,A): radius A < 6}.

The space VMO(C) is the set of those functions f € BMO(C) which have vanishing
mean oscillation, that is, which satisfy Q5(§) — 0as § — 0*.
Let us fix now a compact X C C. Define

(1) BMO(X) = {fx: f € BMO(C)}

and, for f € BMO(X), write

(2) Ifllx = inf{||F||.: F = f almost everywhere on X}
and

+1flx,

1 lsMo0 = ' /X £(2) dm(2)

so that || |lBmo(x) is a Banach space norm on BMO(X). See §1 below for a
discussion of Wolff’s intrinsic description of BMO(X) and of | || x.

Let R.(X) denote the closure in BMO(X) of the algebra of rational functions
with poles off X, and let VMO, (X) denote the space of restrictions to X of those

functions in VMO(C) which are holomorphic on X.
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Write M1(E) (respectively M!(E)) for the one-dimensional (respectively lower
one-dimensional) Hausdorff content of the set E C C (see §1 for definitions). Fi-
nally, A(z,6) is the open disc with center z and radius é, and V means gradient.

We can now state our main results.

THEOREM 1. Let X C C be compact and let f € VMO(C). Then the following
are equivalent.

(i) fix € R.(X).

(ii) There exists a constant C > 0 such that

0¢
} 2 (©)1(6) dm()

for all z, all 6§ > 0 and all continuously differentiable functions ¢ supported on
A(z,6).

(iii) There exist r > 1, & > 0 and a function a(8), with a(6) — 0 as § — 0,
such that

< C8[|Velloofy (6) M (A(2,6) \ X)

| / 89 ¢)£(6) dm(£)| < 81V llooald) M (A(z r6) \ X)

for all z, all 6 < 60 and all continuously differentiable functions ¢ supported on
A(z,6).

THEOREM 2. Let X C C be compact. Then the following are equivalent.
(i) VMO, (X) C R.(X).
(i) There exists an absolute constant C > 0 such that

M}(A(2,6)\ X) < OM*(A(2,6) \ X)

for all z and all § > 0.
(ili) There exist r > 1, 8 > 0 and C > 0 such that

MX(A(2,6) \ X) < CM(A(2,76) \ X)
for all z and all 6 < &.

COROLLARY. Let X be a compact nowhere dense subset of C. Then C(X) C
R.(X) tf and only if there exist r > 1, 6 > 0 and C > 0 such that

MY(A(z,76)\ X) > Cé6

for all z and all § < &.

To prove the corollary from Theorem 2 simply recall that 26 > M}(A(z,6)) > 6
for all 2, and that C(X) is dense in VMO, (X) (in the norm of BMO(X)) whenever
X has no interior.

Notice that our results are formally similar to Vitushkin’s theorems on uniform
rational approximation (3, Chapter VIII] and to O’Farrell’s theorems on Lip o ra-
tional approximation [13, 14]. In fact, since BMO can be viewed as the natural
limit of the Lip a spaces as @ — 0%, Theorems 1 and 2 can also be interpreted as
limiting statements of O’Farrell’s results.

In the proofs, we shall depend heavily on Vitushkin’s constructive scheme for
approximation and on two notions of capacity, related to BMO and VMO respec-
tively, which play a role analogous to that of analytic capacity 4 and of continuous
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analytic capacity « in uniform rational approximation theory. The main difference,
as in the Lip « case, is that our capacities have a metrical nature and, consequently,
are semiadditive. However, we use the metrical description of capacities only at the
end of the proof, to restate our results in terms of Hausdorff contents.

One of the technical problems we must face comes from the fact that we cannot
use the classical method to match the second coefficient (in Taylor’s expansion at co)
of certain localized functions, because BMO is not an algebra. Following a recent
idea of Lindberg [10] we construct functions with prescribed second coefficients at
oo using Beurling transforms, and then we control their BMO norms appealing
to the general fact that Caldéron-Zygmund operators of homogeneous type map
L into BMO continuously. Finally, it should be mentioned that we do not know
if the inclusion R.(X) C VMO, (X) is always true. This would follow from an
appropriate VMO version of Wolff’s extension theorem.

The paper is organized as follows. In §1, we state and discuss the basic definitions
and results we will need in the sequel. In §2, we introduce the capacities relevant
to our problem, and we show that they are related to one-dimensional Hausdorff
contents. In §3 we prove the necessary conditions for approximation in Theorems
1 and 2, and in §4 the sufficient ones. A notion of BMO analytically negligible set
is introduced in §5 and, as an application, an improved version of Theorem 0 is
proven. In §6 we approximate Lip a functions by rational functions in BMO norms
and, finally, in §7 we present some examples.

1. Basic definitions and results.
A. If A is a disc and f € BMO(C), then we set

I flle,a =sup{Q(f, B): B disc C A}.
We frequently use the following elementary lemma.

1.1. LEMMA. Let A and A* be discs of radiz 6 and 6* respectively. If A* C A,
then

(1) Q(f,A%) < 2(8/6%)*Q(f, ),

(i) |fa- — fal < Clog(6/6*)|fll«,a for some absolute constant C.

For (i) see [18, Lemma 2, p. 596] and for (ii) see [5, 1.1, p. 223].

B. The space BMO(X). For a (Lebesgue) measurable subset X of C define
BMO(X) and ||f||x as in (1) and (2). We have the following intrinsic description
of BMO(X).

THEOREM (WOLFF [20]). Let f be a complex measurable function on X. Then
the following are equivalent.

(i) f € BMO(X).

(i) There ezist A > 0 and C > 0 such that for each disc A

a] [ SXPAIS () = fanx]) dmi(z) < C,

where .
fanx = TATIXT Jax f(2)dm(2).
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(ili) There exist A > 0 and C > 0 such that for each disc A one can find a
constant ca so that

1
[ ew(1(z) ~ eal) dm(e) < .
Al Janx
Given f in BMO(X), define A;(f, X) as the set of those positive A satisfying

|X1| /Anx exp(Alf(2) = fanx]|) dm(z) < 2,

and define A2(f, X) as the set of those positive A with the property that for each
disc A there is a constant ca with

1
N exp(A|f(2) — cal)dm(z) < 2.
1Al Janx
A, X)=imfA 1 e A (F,X)), F=12
The proof of the above theorem shows that
C_IAJ'(f’X) < ”f”x < C’\J(f,X), .7: 1a2a
for some absolute constant C > 1.

C. Hausdorff content. A measure function is an increasing function h(t), t > 0,
such that lim;_,g h(t) = 0. If h is a measure function and E C C we write

M"(E) = inf E h(5;)

Set

where the infimum is taken over all countable coverings of E by squares Q; with
sides of length §;, parallel to the coordinate axis. When h(t) = t8, 0 < G,
M*"(E) = MP(E) is called the 3-dimensional Hausdorff content of E. The lower
one-dimensional Hausdorff content of E is defined by

MXE) = sup M*(E),
the supremum being taken over all measure functions h which satisfy h(t) <t and
h(t)t-! - 0ast— 0t.
D. Let f be a compactly supported function in L>®°(C). Then the Beurling
transform of f is the function
fz—-¢)

(Bf)(2) = hm o & dm(§).

It is well known that the limit in the rlght hand side exists for (m) almost all z
(16, 5.4, p. 317], and that || Bf||. < C||f|le for some absolute constant C [16, 4.4,
p. 308]. We observe also that for || large we have the expansion

En@ = ([ 19 dm(€)) ™ +

E. We denote by C§(D) the set of all continuously differentiable functions on C
which have compact support contained in D. For ¢ € C}(C) we set
84) 0 .0¢
9=5t=3 (a3

If A =A(z,6) and r > 0 we let rA stand for A(z,r9).
The letter C will denote a positive constant, independent of the relevant variables
under consideration, which may be different at each occurrence.
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2. Capacities. Let K C C be compact. Let B(K) (respectively V(K)) be the
set of functions f in BMO(C) (respectively in VMO(C)) such that ||f||. < 1 and
f is holomorphic in C\ K. Since for f € BMO(C) one has [16, 3.9, p. 222]

/()]
——d
/C 1 2P m(z) < oo,
each f in B(K) is also holomorphic at co. Thus we can define

Y+ (K) = sup{|f'(c0)|: f € B(K)}
and
a. (K) = sup{|f'(c0)|: f € V(K)}.
If E is an arbitrary subset of C, we set
. (E) = sup{~.(K): K compact C E},
a.(E) = sup{a.(K): K compact C E}.
PROPOSITION. There exists an absolute constant C > 0 such that C"*M(E) <
7 (E) < CMY(E) and
(3) C™'M}(E) < au(E) < CM}(E)
whenever E 1s o-compact.

PROOF. We prove only (3). Suppose first that E is compact. Consider a measure
function h(t), with h(t) <t and h(t)t~! — 0 as t — 0*. By the Frostman Lemma
[4, 1.5, p. 62] there exists a positive measure p on E such that 25u(E) > M h(E)
and u(A(z,7)) < h(r), r >0, z € C. Let i be the Cauchy transform of u; that is,

iz) = %/‘;"_‘?, 2eC.

It is proved in [9] that
(4) 2]l < Csupv(A(z,r))r
z,r
for some absolute constant C and for all compactly supported measures v. Hence

l&]ls < C. Moreover j1 is a VMO(C) function [9, Remark (iii), p. 370]. Since /i is
holomorphic outside E,

M"(E) < 25u(E) = 25(i2)'(00) < Ca(E),
and so, taking supremum over h,
MYE) < Cau(E).

To prove the reverse inequality, fix f € V(K). Consider a finite family (Q;)
of (closed) dyadic squares which cover E. Let r; be the side length of @; and
Q; = 3Q; (the square of side %rj with the same center as Q). Then the topological
boundary 9D of D = Uj Q;isa polygonal curve surrounding K. By a lemma of
Harvey and Polking [8, 3.1, p. 43] there are functions ¢; € C§°(Q;) with Yoi=1
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on a neighborhood of |J; Q; and ||Vé;llec < er"l. If ¢ =1-3,¢j, Stokes’
Theorem leads to

ool =|[ i@ =|[ s
- ' /D 1(2)30(2) dz A dz

<2}’
=2Z

S CZ rjMf(%rj).
J

/ £(2)3(z) dm(z)
<

) - sey 36 amic)

Taking the infimum over all coverings by dyadic squares we obtain [4, 1.4, p. 61]
|f'(00)| < CM™(E) where h(t) = tMy(3t). Thus e (E) < CM}(E). Therefore (3)
holds for E compact. In [1] it is proved that if a set E is the union of a countable
family of subsets (E,) and E,, C E,; for each n, then

M"E) < Clim M*(E,)

for each measure function h and some absolute constant C. Then (3) follows readily
for o-compact E from the compact case.

3. Necessary conditions. Our first task is to obtain a BMO estimate for the
Vitushkin localization operator. We need the following lemma.

3.1. LEMMA. Let f be a compactly supported function in BMO(C), and as-
sume spt f C A for some open disc A. Then || f|l« < C||fl|l«,3a for some absolute
constant C.

PROOF. Let B be a disc. If BNA = & then Q(f, B) = 0. So suppose BNA # &
and consider two cases.

Case 1. |B| < |A|. Then B C 3A, and thus Q(f, B) < || f|l+.3a-

Case 2. |B| > |A|. Let Ay be the disc with the same center as A such that |A;| =
|B|. Write A* = 3A;. Thus B C A*. Since B and A* have comparable radii, it
follows from Lemma 1.1(i) that Q(f, B) < CQ(f, A*). We estimate Q(f, A*) by

2 2 2
I—ATI/A-If_szI_m/zAlf—f2A|+|X*_|[L\.-\2A|f_f2Al
=I1+1I

The term I is at most
2Q(f’ 2A) S 2||f||*,3A)
and II is estimated as follows:
= 280 1A\ 2] < |4
|A*|
41

4
= = — — < Z < )
328] Jpa s [/ 7 f20l < 30 28) < 2l 2a
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Recall that to each ¢ € C§(C) one associates the Vitushkin operator Ty : Li.(C)
— L (C), defined by

loc
Tof)(e) = + [ L= LE 30 amig)

=212+ 1 [ L2366 amio)

For the basic properties of Ty see [3, p. 210 and 2, p. 411].

3.2. PROPOSITION. Let A be a disc of radius §, ¢ € C4(A) and f € BMO(C).
Then
ITofll« < C6lIVllooll fll.3a

for some absolute constant C.

PROOF. Without loss of generality let us suppose that f3 A f = 0. Notice that
1, =\~
Tof = 6 - (/36"
By Kaufman’s estimate (4)

1(739) 7. < Csupr™! / 134,

A(z,r)
We now estimate fA(z’T) |fO¢| by

1/2
2 / 11 < 1V8laolAz,r) N A2 / Tk
A(z,r)NA Az,r)NA

1/2
< Cr|Vdllos ( /. lfl"’)

1/2
=Cr|V¢|o (/m |f - fsalz)
< Cré||Vollooll fll+,3a

where the last inequality follows from the John-Nirenberg Theorem (16, 3.12, p.
227).

Now let us estimate the BMO-norm of ¢f. By 3.1, [|[¢f]l« < Cl|¢fll+3a. If Bis
a disc of radius r and B C 3A, then

ﬁ /B 167 — 65/3]

1 1
SE/Bld>||f—fsl+®/ifsll¢—¢sl

< 6[Vollooll flle3a +7|fBI VOl
From 1.1(ii) we obtain
r|fsl = 7|fB — faal < Crlog(é/r)lflls,3a < C8lIfll+ 3,

and thus
lofll« < C8lIVRllooll fllx,3a-

We still need another lemma.
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3.3. LEMMA. Let f € VMO(C), let X C C be compact and € > 0. Then
there is an open set U (depending on f, X and €) containing X such that | f|ju <
C||fllx +¢€, C being an absolute positive constant.

PROOF. Write
Ug={z:d(2,X) < d}, d>0.
Since a function in VMO(C) is the limit, in BMO(C), of a sequence of (uniformly)
continuous functions in BMO(C) [17, Theorem 1, p. 392], we can suppose that f
is bounded on Uj.
Consider a positive X in A;(f, X) with A=t < A;(f, X) +¢. Since f € VMO(C),
there exists n > 0 such that

Fi| /A exp(\lf — fal) < 2

whenever A is a disc of radius at most 7. Fix now a disc A of radius §, and
distinguish two cases.
Case 1. 6§ < 7. Set co = fa. For d > 0 we then have

1
5 [, el —eah < o5 [ om0l —fa) <2

Case 2. 6§ > 1. Set ca = fanx. For 0 < d <1 we obtain

1 ex é|f—c|
1Al Janu, P2 4

1 A 1 A
< — exp(—f—cA>+—/ exp(— —-c >
|A] Janx 2' | 1Al Juax 2|f al
=I+1IL
We easily get

Us\ X
1t < P a1l 0

which is at most 2 — /2 if d is small enough. We estimate I by

ANX| 1 1/2
(———' A lm AmXexp(/\lf—CA|)> <V2.

Therefore, for each disc A there exists a constant ca such that
1 A
— exp| =|f—-c¢ <2
8 [, (317 ol <
if d is sufficiently small. Hence
A2(f,Ua) <2/X <2(M(f, X) +¢)
and so
[ fllve < Cra(f,Ua) < CMi(f, X) + Ce < Cf|x + Ce.

This completes the proof.
PROOF OF (i) = (ii) IN THEOREM 1. We are going to prove that, for some
absolute constant C,

(5) 1 [36(6)1(€) dm(©)| < 519611y (5120 (A\ X)
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for all discs A of radius § and for all ¢ € C}(A). This implies (ii) in view of the
proposition in §2.

To show (5), take a sequence (f,) of functions in C§°(C) such that each f, is
holomorphic in a neighborhood of X and f, x — fx in BMO(X). By Lemma 3.3
there exists an open set U, D X with

[fn = fllu. < Clifn = flix +1/n.
The definition of the norm in BMO(U,,) guarantees that there exist functions D,
in BMO(C) satisfying Dy, = f, — f and
IDnlls < Cllfn = fllx +2/n.

If we set h,, = Dy, + f, then h, € BMO(C), hy,, = fn and h, — f in BMO(C).
Since h,, is holomorphic in a neighborhood of X, Tyh, is holomorphic outside a
compact subset of A\ X. Thus

{ [asemme dm(&)\ — |(Tshn) (00)] < [Tohalleva(A\ X)

< Cé|[Vellcollhnllx3av: (AN X)
by Lemma 3.2. Letting n — oo,

1 / B6(€)(€) dml )l < C8[V8 oo flle 37 (A \ X)

< C6[|Vellof25(36)74 (A X).

Finally, observe that 25(36) < CQy(6) by a result of Spanne [18, Lemma 2, p.
596).
The implication (i)=>(ii) in Theorem 2 follows from a similar argument.

4. Sufficient conditions.

4.1. LEMMA (DECAY ESTIMATE). Let A = A(a,6) be an open disc, and
suppose that f € LL (C) is holomorphic outside a compact subset of A and f(oo) =
0. Then, for |z —a| > 26,

TN 0(f,24),

C being an absolute constant.

PROOF. Let A* = 2A and consider ¢ € C§(A*), [[Vollw < C/6, ¢ =1 0n A.
If |z — a| > 26, then, from Stokes’ Theorem and the Cauchy-Pompeiu formula

L[ % dme) = ot2) =0,
vee RS PR By S O
2) = 2mi Jon- E—2 2m

f(é)
a 2m/ d9(¢ d{/\dﬁ
= ‘9"’(9(1'(5) ~ far)dm(©).

T JA+ 6—2
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Thus

|(z)'—5d<0 55 [ 170 = fasldm(e
6

= Cd( ) (fa ) = d(z,A)Q(f’zA)

If f is holomorphic on a neighborhood of oo, f(o0) = 0, and a € C, then f
admits a Taylor expansion

fz) =

for |z| sufficiently large. Define B(f,a) = as.

L ST B
z—a (z—a)?

4.2. LEMMA (SECOND COEFFICIENT ESTIMATE). Let f € BMO(C) be holo-
morphic outside a compact subset K of an open disc A = A(a,é). Then

18(f,a)| < C6lf ]l (K)

for some absolute constant C.

PROOF. Let ¢ € C4(24), ||[V¢|lco < C/6, ¢ =1 on a neighborhood of K. Then
[ =Tsf + f(00). If we set

F(§)=(-a)f(§), ¢E€C,
then 1
8(f0) = 3 [ F6(€)(E - F(€) dm(6) = (ToF) (<o)
Hence, by 3.2 and the definition of ~.,

18(f,a)l < ClIFl+ 6a7+(K).

To complete the proof simply observe that, by the argument used in the proof of
3.2,
IFlls6a < C8[|fll.

PROOF OF (iii) = (i) IN THEOREM 1. By hypothesis and the proposition in
§2, there exist r > 1 and a function a(6), with a(§) — 0 as § — 07, such that

(6) /%(E)f(f) dm()| < 6[|V4llooa(6)v.(rA\ X)

for each disc A of radius § and each ¢ € C§(A). Fix § > 0, and let (4;), (¢;)
be a scheme for the approximation [3, p. 211] corresponding to §. That is, (4;)
is a countable family of open discs of radius é which cover C and such that each
z € C belongs to at most 21 discs, and (¢;) is a family of functions satisfying
¢_—,‘ € C(}(AJ), 0 < (ﬁj < 1, ||V¢]||°° < C(S_l and Zj ¢j = 1. Write fj = T¢.jf.
Let Jo = {k: Ax N X # O} and let J be the set of those indexes j such that
there is k € Jo with Ay NA; # . Let 5" indicate summation over the indexes j
belonging to J. Then Y'¢; =1lon Upe; A DX. fF=Y"fjandh=f—-F
then f = h + F and h is holomorphic on a neighborhood of X. By (6),

50000l = |+ [ 36,(6)1(8) ami(©)| < Calb) 75\ ).
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Let g; be a function in BMO(C) such that ||g,||.« < Ca(§), g; is holomorphic outside
a compact subset of rA; \ X, g;(0o) = 0 and g(0c0) = f}(c0). We are going to see
that

(7) |F =30 < coe)

where b(6) = (f(36) + a(6). This will complete the proof, because ' g; is holo-
morphic in a neighborhood of X and b(§) — 0 as é — 0*.
Since
I1f5 = gslle < Wfille +llgille,  llgslls < Ca(é)
and
1f5lle = 11 Ts, flle < CEIVsllooll fll+,3a; < Cs(36)

inequality (7) follows from the next lemma.

4.3. LEMMA (DOUBLE ZERO LEMMA). Let (A;) be a finite sequence of open
discs of radius 6 > 0, such that each z € C belongs to at most p discs Aj, p being a
fized positive integer. Suppose that h; € BMO(C) is holomorphic outside a compact
subset of A; and that h; has a double zero at co. Then, for some positive constant
C depending only on p,

< C'max | ;]|
J

2h
J

PROOF. We claim that, without loss of generality, it is possible to assume that
each h; has a triple zero at oo.

To prove the claim set 8; = B(h;, z;), where z; is the center of A;. By Lemma
4.2

*

18il < C87.(87)lI ]+ < C6|lhj]..

Let x; be the characteristic function of 27! A; and write

Vi = Bix;/1271A;] and b; = B(¥;).

Thus
16511+ < Cll¥slloo < CllRj ]l
d bl =|B (Edlj) <C|ID ¥
7l 5 . 7
< Cm?XII%Uoo < Cm}XIlhjll*-
Since
tz hill <D (R —b)| + CmJaXIIhjlln Iy = bjll« < Cllhjl,
j * ] *

and h; — b; has a triple zero at oo, the claim is proven.
Suppose now that each h; has a triple zero at co. Fix a disc B = A(b,r). Write

A, ={z:n6 <|z—b| < (n+1)8}, n=0,1,2,....
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Divide the indexes j into classes (z; is the center of A;) J, = {j: 2; € An}. Then
(8) #Jn < Cn,

C being a constant which depends on p only. Choose a positive integer N such that
(N —1)6 <r < Né, and write

Q0 (Zhj7B) < ZQ(hj,B)
’ o~
=3 > 0(h;,B)+ Y. Y Q(h;,B)

n=0j€J, n>2N j€J,
=1In +1In.
Let us estimate IIy. By (8)
IIy <C E nma.x”hj”Loo(B).
JE€EIn
n>2N

Fixn > 2N and j € J,. Then |z — z;| > 26 whenever z € B. If |z — z;| = 2, then,
by Lemma 4.1,

|((z = 2)/8)%h;(2)] < Clh;(2)] < Ok, 24;).

Since h; has a triple zero at oo, it follows from the maximum modulus principle
that

lhi(2)| < C(6/1z — z|)3Qhy;,28;), |z — 2| > 26,
and thus
[hjllLeo(By < C(n— N)73||hj|l..

Therefore

n
IIn <C — | maxllh; *<Cmax h. e

Let us turn to Iy. For N = 1 we obtain, according to (8),

I < Cmax ||hj]..
J

Suppose N > 2 and fix j € J,, 0 < n < 2N. Hence 3NA; D B. Since 3NA; and
B have comparable radii,

Q(h;, B) < CQ(h;,3NA))
by 1.1. It is now sufficient to show that
9) Q(kj,3NA;) < CN72Q(hy,24,)
because then

2N
Iy <CN~? (E n) max [|h;l. < Cmax|h]l..
J

n=0
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To simplify notation fix 5 and set h = h;, A = A; and A* =3NA;. Then

1 1
Q(h, A*) = —— h—h-+—/ h—ha-
( ) |A A'\2A, ol |Ax| 2A| ol
=I+1IL
We estimate I by
1
(10 — h| + |ha-|.
) 5] M+

Since h is holomorphic outside A and h(oo) = 0, the mean value of h over the circle
with the same center as A and radius p > 6 is zero. From this we get, on the one
hand, [,.h = [,, h, which gives

(1) ha- = (4/9N?)haa,
and on the other hand
3lhza| = |ha — haa| < 4Q(h,24).

Therefore
|ha+| £ CN72Q(h,24).

We now estimate the first term in (10). Let a be the center of A. As before,
using that h has a triple zero at oo, we obtain

Ih(2)| < C(8/|z - al)*Q(h,24),  |2-a| >26.
Thus

L Ih| < CN-20(h,28)8 [ p=2dp = CN-2Q(h, 2.
1A% Ji2a)e 26
Finally, we estimate Il by CN ~2(Q2(h,2A) + |haa — ha+|). Therefore (9) is proven.
PROOF OF (iii) = (i) IN THEOREM 2. Let f € VMO(C) and suppose that
f is holomorphic on X. Let us check that condition (iii) in Theorem 1 is satisfied
with a(8) = Qy(368). If A is a disc of radius 6 and ¢ € C§(A), then, since Ty f is
holomorphic outside A and on e ,

| [ 381 dm(©)| = I(Taf) (o)

< 7Ty flau(A\ X)
< C8|Vellooll fll+3a ME(A N\ X)
< C6(|VellooQs (36) M (rA \ X).

5. BMO analytically negligible sets.

DEFINITION. We call a subset E of C a BMO analytically negligible set if and
only if each function f € VMO(C) which is holomorphic on an open subset U of
C can be approximated in BMO(C) by functions which are holomorphic on U and
on a neighborhood of E. '
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5.1. THEOREM. Let E be a bounded G subset of C. Then E is BMO analyt-
ically negligible if and only if M}(E) = 0.

PROOF. Necessity. If E is a BMO analytically negligible set then a.(E) = 0.
Suppose M1(E) > 0. Then, by [1, Theorem 2, p. 11}, M}(K) > 0 for some compact
subset K of E. But this is a contradiction because M! and a. are comparable on
compact sets. Thus M}(E) = 0.

Sufficiency. Let U C C be open and let A be an open disc. Then

M} A\U) < M}(A\U)\E) + M;(E) = M;(A\ (UUE)).

Since A \ (U U E) is o-compact, because E is G5, we have by the proposition in §2
(12) a.(A\U) < Cao.(A\(UUE)) < Cv(A\ (UUE)).
Assume f € VMO(C) to be holomorphic on U. If we apply to f the approximation
scheme of §4, we will get approximating functions with singularities in compact
subsets of (U U E)¢, because of (12). This completes the proof.

We remark that, owing to well-known measure theoretic results, for Borel subsets
E of the plane M}(E) = 0 is equivalent to E being of o-finite length. Thus the

following result contains Theorem 0. In Example 3 in §7 it is shown that the o-finite
length hypothesis on the inner boundary is sharp.

5.2. COROLLARY. Let X C C be compact and assume M}(8;X) = 0. Then
VMO, (X) C R.(X). In particular, A(X) C R.(X).

PROOF. Recall that for each z € 9. X = X \ 8;X, V(A(z,6) \ X) > Cé
for 6 small enough and for some absolute constant C. Since, for another absolute
constant C, y(E) < CM1(E) for all o-compact E, we deduce that for each z € 3. X
there exists 6, > 0 such that

MY(A(z,6)\ X) > Cs, 0<6<6,.
Now, arguing as in §§4 and 5 in Chapter II of [19] we can prove that each f €
VMO, (X) can be approximated in BMO(X) be a sequence of functions (f,) in

VMO(C) such that each f,, is holomorphic on X and on a neighborhood (depend-
ing on n) of 3.X. Since ;X is a Gs-set, we can apply 5.1 to each f, to get
approximating functions which are holomorphic on a neighborhood of X.

6. BMO approximation of Lipschitz functions. Let E be a subset of C.
For a function f: E — C and for 0 < o < 1 set

/(=) — f(W)I
|z —y|*
where the supremum is taken over all pairs z,y € E, = # y. Write Lip(a, E) for

the space of those functions f such that || f|la,g < c0.

b

[ fll, 2 = sup

THEOREM. Let X C C be compact and suppose 0 < a < 1. Then the following
are equivalent.

(i) Each function f € Lip(a,X) which is holomorphic on X 1is the limit in
BMO(X) of a sequence of rational functions with poles off X.

(ii) There ezists a constant C > 0 such that

(MI+e(A\ X))+ < CMY(A\ X)

Jor each open disc A.
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(iii) There ezists a constant C > 0 such that
1
fimeup M1 (A8 \ X)
50 6
for M2 almost all z € 0X.

See [11 and 14] for previous results of this type. Before going on the proof let
us recall the notion of a-capacity. Given a compact K C C one defines

Ya(K) = sup{|f(c0)|: f € Aa(K)}

where A, (K) is the set of those functions in Lip(e, C) which are holomorphic on
K¢ and satisfy || f|la,c < 1. If E is an arbitrary subset of C one writes

Ya(E) = sup{y4(K): K compact C E}.
A theorem of Melnikov [11] states that there is a constant C = C(a) > 0 such that
(13) CTIM'**(E) < 7o(E) < CM'**(E)
for each Borel subset E of C.
PROOF OF THEOREM 4. (i)=(ii). Given an open disc A and € > 0 choose

f € Lip(e, C) such that f is holomorphic outside a compact subset of A \ X,
Iflla,c < 1, f(o0) = 0 and |f'(00)| > Ya(A \ X) — €. By hypothesis, there is
a sequence (fy) of functions in C§°(C), such that each f, is holomorphic in a
neighborhood of X and f,, — fix in BMO(X). The modification argument used
in the proof of (i)=>(ii) in Theorem 1 provides a sequence (h,,) of functions, such
that each h, is holomorphic outside a compact subset of A \ X and h, — f in
BMO(C). From |h},(00)| < [|hn|l+V«(A \ X) we deduce, letting n — oo,

(14) (A X) =€ < [F(00)] < (AN X) < 2 oome (A X).

By the estimate of the uniform norm in terms of the Lip o norm [14, 7.6, p. 110
we have

>C

[flloo < Cra(A\ X)o/ 1+
which, inserted in (14), gives
Ya(A\ X) — € < Cra(A\ X)*/ 1oy, (A X).

To obtain (ii) simply let € — 0 in the last inequality and recall that v, and M1+«
are equivalent on Borel sets.
(ii)=>(iii). From (ii) we deduce, for each z € 6.X,

limsup M1 (A(z,6) \ X)6~1 > Climsup(M'**(A(z, 6) \ X)§~(1+e))1/1+a
6—0 §—0

1/14«
>C <limsupM1+°‘(A(z, 6)06X)5‘(1"'°‘)> .
50

By a well-known metric density lemma [4, 4.4, p. 121] there exists an absolute
constant A > 0 such that

limsup M*+*(A(2,6) N9X)6~ (1) > 4
6§—0

for M1** almost all z € X. This shows (iii).
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(iii)=>(i). We will follow closely Melnikov [11]. Let f € Lip(e, X) be holomorphic

on X. Consider an extension of f to a function in Lip(e, C) and denote it again
by f. If A is an open disc of radius § and ¢ € C3(A), then

\ [ 3610)1(6) dm(©)| =1(Ta1) ()
< | ToflaValA \ X) < C6|V8]loollfllatalA \ X)

where we used, in the last inequality, the fact that T maps Lip(e, C) into Lip(a, C)
continuously [14, p. 105]. We are going to prove the inequality
(15) M“e(A\ X) < C8°M(A\ X).
This, combined with Theorem 1 and (13), will give (i).
We clearly have
M*e(A\ X) < M(A\ X) + M'T2(ANBX)

d
T Mtea X) = (A X))o e (are(a X))

<&M (AN X).
We must now estimate M1+*(ANAX). Let E be the set of points in ANJX which
satisfy
(16) limsup M*(A(z,6) \ X)6~ ' > C

6—0

where C is the constant in condition (iii). Using (16) we can find discs A(z;,6;),
with z; € E, satisfying E C U; A(2,6;), A(2;,6;) C A and

(17) M(A(z,6;) \ X) > C6&;, for all 5.

The covering lemma in [4, p. 122] provides a subsequence (A(z;,,6;,)) with the
following properties:

(a) A(25,,265,) N A(25,,,265,,) =D, m #n.
(b) 3> a,,cD 8. < 2p for each disc D of radius p.

(©) X85 2 CM(U; Az, )
Thus

1/14a
(MIF(A N OX)) Y1+ < (MIFe(E))/ e < M+ (U A(wn)

<M!? (U A(Zj,ﬁj)) < Cz6jﬂ'

From the Frostman Lemma [4, 1.5, p. 62] and (17) we get, for each n, a positive
measure i, supported on a compact subset of Aj, \ X, with ||u,| > C§;, and
Un(A(2,6)) < 6,2€C, 6 >0. Set p=3_, pn. It is sufficient to show that

(18) lal. <C
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for some absolute constant C, because then
(MF*(ANdX))/H* <CY 6, <CY_lluall

= C(p) (00) < Cvu(A\ X),
and hence
M (ANdX) < CMY A\ X)'T* < C6 M (A\ X),
which completes the proof of (15).
To show (18) it is enough to prove, according to (4), that u(D) < 10p for each
disc D of radius p. Fix a such disc D, and consider two cases.

Case 1. There exists n with DN A;, # @ and 6;, > 2p. Then D C 24, and
so DNA,,, =0 for m #mn, by (a). Thus

(D) =Y um(D) = pn(D) < p.

Case 2. For each n, 6;, < 2p whenever DN A, # &. Then A; C 5D whenever
DN A,, #3. Therefore

pD)= > u(D)< Y pa(D)

DNA;, #0 A;,C5D
< > m(A)< ) 6, <10p,
A, C5D A,, C5D

where in the last inequality we applied (b).

7. Examples.

1. Classical Swiss cheese. A Swiss cheese is a compact obtained by deleting from
the closed unit disc a sequence of open nonintersecting discs such that the sum of
their radii is finite. It turns out that if X is a Swiss cheese then VMO, (X) G R.(X).
This follows from the argument in [12, p. 205] for oo = 0.

2. We are going to construct a compact X without interior, such that R(X) #
C(X) but C(X) C R.(X). The starting point for our construction is the planar
Cantor set E obtained from the unit square Q = I x I, I = [0, 1], by taking the
“corner quarters.” See [6, or 4, p. 87]. This set has the property that v(E) = 0
but M(E) = m > 0. Given any square S with sides parallel to the coordinate
axis, consider a dilation d and a translation ¢ so that S = (t o d)(Q). We will call
(tod)(E) “the Cantor set constructed inside S”.

Step 1. Subdivide @ in 16 squares of side %. Let le), 1 < 5 <4, be the four
corner squares, and let Rj(-l) be the remaining 12 squares. Define K; = U,' le).
Repeat the process with each le) in place of Q. Let ng) be the 16 corner squares
of side 1—16 obtained inside the Qg-l) ’s and let R§2) be the remaining 48 squares lying
inside the le)’s. Set Ko = UJ. Q§2). In this way we construct inductively families
of 4-adic squares (Q§~"))j and (RJ(-"))j, and sets K, = |J; Q;"). Since E = (| K,
v(Ky) — 0 asn — oco. Fix 4,0 < v < 3, and choose v so that y(K,) < 7. Define
U; = \ K., where A\; > 1 is sufficiently close to 1 so that v(U;) < 7.
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Step 2. We repeat the construction of Step 1 inside each RJ(k), 1<k <y,
obtaining at the nth step families of squares (ng’"))j,k and (Rj(k’"))j,k, and sets
H, = Uj’ k Qg.k’"). If Ej x is the Cantor set constructed inside R§k), then

n(Ul U Hn) = Ul U (U Ej,k) .

n j’k

It is well known (and quite easy to show) that if K;, K are compact and y(K2) = 0,
then y(K; U K2) = 4(K1). Therefore, since y(Ej; ) = 0 for all 7 and k,

(o gss)) -
7,k

and thus v(U; U H,) — ~(U;) as n — oo. Therefore, if v is large enough,
'y(gl U_I_I,,) < 4. Set Uy = A;H,, where A\ > 1 is sufficiently close to 1 so that
VU1 UU,) <.

Step 3. We construct inductively a sequence of open sets (Uy,) such that

(19) O, UT,U---UT,) <y, n=12,....

Write X = Q \ (Us>, Un). Let us prove that R(X) # C(X). Denote by A the
open disc with center 1 +1(1) and radius }. Since A\ X C U3, Un, ¥(A\ X) <
¥(Us2; Un). Now, each compact subset of | J,~ ; U, is contained in a finite union of
Up’s, so that, according to (19), ¥(Un~, Urn) < ~ and thus 7(A\ X) < 1. Therefore
R(X) # C(X).

In view of the corollary to Theorem 2, the inclusion C(X) C R.(X) will follow if
we show that M!(2A\ X) > mé/4 for each disc A of radius § < 1 with center in Q.
If A is such a disc and n is a nonnegative integer such that 4=("*1) < § < 4=" then
2A contains a 4-adic square Q* of side length 4~ (*+1) contained in Q. According
to the way X has been defined, @* N X° contains the Cantor set E* constructed
inside @Q*. Therefore

M(2A\ X) > MY(Q*\ X) > MY(E*) = 4~y > ms /4.

3. We construct a family of examples showing that the condition on the inner
boundary in 5.2 is sharp.

Given a nowhere dense compact E with M1 (E) > 0 (i.e., E does not have o-finite
length) there exists a compact X such that 3; X = E and VMO, (X) ¢ R.(X).

PROOF. According to Theorem 2, a necessary condition for VMO, (X) C R.(X)
is that

(20) MA\ X) < CMY(A\ X)

for all open discs A and for some numerical constant C > 0.

Let A be an open disc containing E and let (A,) be a sequence of open discs
with radii r,, such that

(i) A, C A\ E, for all n.

(ii) An N Ay, = @, whenever n # m.

(iii) The accumulation points of | J,, A, are exactly the points in E.

(iv) Yorn < (2C) 7' MI(E).
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Define X = A\ |J,, An, so that ;X = E and A\ X =J,, A,. We have
MYA\X) <Y 2r, <CTIMNE) < CT'ML(A\ X).

Thus condition (20) is violated and X has the desired properties.

4. We construct now a compact X for which uniform rational approximation
holds but BMO rational approximation does not hold, i.e., for which R(X) = A(X)
and VMO, (X) ¢ R.(X).

Let E be the planar Cantor set associated to the sequence A, = J(1+1/(n+1)),
n = 1,2,.... Recall (see [4, p. 87]) that at the nth step one considers 4™ closed
squares @, ;, 1 < j < 4™ of side length 0, = AjAz---A,. Then one sets £, =
U; @n,; and E =), E,. Because of the particular choice of (),) we have y(E) = 0
and M!(E) > 0. Take now open discs 7, ; with the same center as Q,, ; and radii
Tn,j, satisfying

(i) Y rn,; < (2C)"'MI(E), C being the constant in the previous example.

(ii) A, ; does not intersect E, 1.

Let A be an open disc containing E, and define X = A \ Un,; An,;- We have
VMO,4(X) ¢ R.(X) because of Example 3. We will choose the A, ; so that in
addition R(X) = A(X).

We claim that to get R(X) = A(X) is enough that

(21) &(Qn; \ X) < Ca(Qn; \ X), forall m and j.

To prove the claim let us show that (21) implies
o(A(a,6)\ X) < Ca(A(e,86)\ X),  a€E,

for sufficiently small § > 0.

Given a € E and 6§ > 0 choose n,7 and k so that 6,41 < 6 < 0, and a €
Qn+1,k C Qn j- . .

If 6 is small enough we have A(a,6) \ X C Qn; \ X. On the other hand
Qn,j C A(a,85) because diam @, ; = V20, < 8.

Therefore

o(A(2,6)\ X) < Qs \ X) < Ca(Qn s \ X) < Ca(A(a,86) \ X).

To get (21) we first consider open discs D,, ; with the same center as @, ; and
radii pn,; satisfying (i) and (ii) with r, ; replaced by p, ; and A, ; by D, ;. We
will define inductively the discs A, ; so that

vy (EU ( U UKm,k)) S a(An,j)
m>n+1 k

forn=0,1,...,and 1 < j < 4"
We set Ag,; = Do,1 and proceed to define Ay j, 1 < j < 4. If z, ; is the center
of Qn, ; then

N (EU (U Ueb,,‘j)) = EU{zn;/n>1,5}.

e>0 n>1 j
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Since the set in the right side has zero analytic capacity, we can find ¢ such that
0<e<1land

Y{EU | U UJeDns || < a(Bo,).
n>1 j
Set Al,j = EDl,j, 1<5<4.
An obvious inductive argument completes now the construction of the sequence
(An,j )-
Appealing to Melnikov’s estimate [3, p. 234] we get

@(Qn; \ X) € C(a(Qny \ (X UBn ;) + a(Bn;)

<ClolEul | UBmk] | +a(ln,)
m>n+1 k

<Ca(An;) < Ca(Qn; \ X)

which is (21).
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