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ANALYTIC PERTURBATION
OF THE TAYLOR SPECTRUM

ZBIGNIEW SLODKOWSKI

ABSTRACT. Let Ty(2),...,Tm(2), z € G C C¥, be analytic families of
bounded operators in a complex Banach space X, such that for each z € G
the operators T;(2) and Tj(z), 4,5 = 1,...,n, commute. MAIN RESULT: If
K(z) denotes the Taylor spectrum of the tuple (T1(z),...,Tm(2)), then the
set-valued function K: G — 2C™ is analytic. Analyticity of such set-valued
functions is defined here by a simultaneous local maximum property of k-tuples
of complex polynomials on the graph of K.

Introduction: Background and results. The following result, due to the
author, is the starting point of this paper.

THEOREM. If T(z), z € G C C, 13 an analytic family of bounded operators on
a Banach space, then the set-valued function K(z) = sp(T(z)) is analytic in the
follounng sense: the set

(1) U={(zw):2€G, w¢ K(2)}
18 pseudoconvez.

The notion of analytic set-valued functions (shortly: analytic multifunction)
referred to in the theorem was introduced by Oka [5]. The author applied it to
spectral theory in [8, 10] (where two proofs of the theorem are given) and in [9]
(where this theorem is generalized to families of unbounded operators); in [8] the
notion of an analytic multifunction was examined in detail. The work of Aupetit
(1] and Ransford [6] is related to this topic.

Since there is an almost-converse result to the above theorem (cf. [8, Theorem
IV]) with G bounded and the multifunction K uniformly bounded, it seems that the
analyticity condition (1) is suitable for characterizations of analytic perturbations
of the spectrum.

The aim of this paper is to extend this approach to joint spectra. While there
are many definitions of a joint spectrum for several commuting operators (cf. Slod-
kowski and Zelazko [15]), the one given by Taylor [16] seems to be the best one
and is applied here. The Taylor spectrum is reviewed in §1. Now we recall the
definition of analytic multifunctions in higher dimensions.
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DEFINITION. A locally closed subset X of C™ is said to have local mazimum
property of order k (cf. [11, 12]), where 0 < k < n — 2, if for every (k + 1)-
tuple of complex polynomials po(z),...,px(z) and for every compact subset N
of X, maxy|N = maxy|dxN, where y(z) = min(|p1(2)|,...,|px(2)|) and OxN
denotes the relative boundary of N in X. An upper semicontinuous, compact
valued multifunction z — K(z): G — 2€™, where G is open in C¥, is said to be
analytic (cf. [11]) if the set {(z,w) € C¥*™: 2 € G, w € K(2)} has local maximum
property of order (k — 1).

By (8, Theorem 3.2(vi)] this definition agrees with (1) if k = m = 1; equivalent
formulations of k-maximum property in terms of g-plurisubharmonic functions and
g-pseudoconvex domains are given in [12]. We remark in passing that the notion
of k-maximum property has already proved its usefulness in the context of uniform
algebras, cf. [12].

THEOREM 1. Let Ty(2),...,Tm(2), 2 € G C Ck, be analytic functions whose
values are bounded linear operators acting on a Banach space. Assume that Ty(2),
..oy T;m(2) commute for each z € G and set K(z) = sp(T1(2),...,Tm(z)), where
sp(:) denotes the Taylor spectrum. Then z — K(z): G — 2€" is an analytic
multifunction.

This is the main result of this paper. Its proof depends on several other theorems
and lemmas. We will outline now the general strategy of the proof and formulate
those auxiliary results which are of independent interest.

Theorem 1 is easily reduced to the next two theorems. Spectrum o (T, ...,Ty)
used in these theorems generalizes the approximate point spectrum and is a subset
of the Taylor spectrum. Its definition is given in §1.

THEOREM 2. Let (V,A) = (V4,...,Vk; A1,...,An) be a commuting tuple of
bounded operators on a complex Banach space. Then the set

Sp(Va A)\(Uﬂ,k—l(v) X Cm)
is the graph of an analytic multifunction K: G — 2€7 | where
G =sp(V)\ork-1(V).

THEOREM 3. Let P C Ck be a bounded polydisc with nonempty interior and
let Ty(2),...,Tm(2) be analytic functions defined in a neighborhood of P whose
values are bounded operators and commute for each z € P. Then there exist a
complex Banach space Y and a tuple of commuting bounded operators (V,A) =
(Vi,...,Vk; A1, ..., Apm) acting on 'Y such that

(2) sp(V) =P, ork-1(V)=0P,

(3) sp(V,A) = {(2,w): 2z € P, w € sp(T1(2),...,Tm(2))}

The space Y can be actually taken as the space A (P,X) (if T;(z) acts on X)
of all analytic X-valued functions on P with absolutely convergent power series,
which was studied in [14]. The proof of Theorem 3 is based on [14] and is given in
85, where also the proof of Theorem 1 is concluded.

The major part of the paper is devoted to the proof of Theorem 2 and related
facts. The proof of Theorem 2 is reduced in §2 to Theorem 4 and Lemma 5 (to be
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given after the next definition) which deal with the Taylor spectrum of operators
acting in quotient spaces.

DEFINITION. An upper semicontinuous multifunction K: X — 2Y is said to
be componentwise continuous if for every z* € X and for every open subset H
of Y such that H is disjoint from K(z*) and H meets K(z*), there exists a
neighborhood V of X* such that H intersects K(z) for every z € V.

If T € L(E, F) (= the space of all bounded operators from the Banach space E
to the Banach space F'), denote as usual

(4) k(T) = sup{dist(z,ker T): || Tz| < 1}.

THEOREM 4. Let W be a compact topological space and let Q: W — L(E, F)
and Ty,...,Ty: W — L(F) be continuous. Assume that for each A € W the range
space of Q()\) is an tnvariant subspace for T1(A),...,Tm(X). Then the set-valued
function 5 5

A= sp(Ti(N),..., Tm(A); F/ImQ(N)): W — 2€7,

(where T;(A), 1 < i < m, denotes the operator acting in F/ImQ()) induced by
T; (X)) 1s upper semicontinuous and componentwise continuous.

LEMMA 5. Let (V,A) = (V1,...,Vk, Ay,...,Am) be a commuting tuple of lin-
ear transformations acting in a complex linear space X. Assume that the Koszul
complez of the tuple V, say 0 — KO — K' — ... — K*k=1 — K* — 0 45 ezact at
all places except for K*. Then

sp(Ay,..., Am; X) = {w: (0,w) € sp(V, A)},
where A; denotes the operator induced by A; in the quotient space
X=X/(ImVi+---+ImVy), 1<i<m.

The Koszul complex will be reviewed in §1. It suffices to say that assumptions
of the lemma are fulfilled if 0 ¢ ox k—1(V1,...,Vk). Lemma 5 is proved in §4 by
methods of homological algebra. §§2 and 3 are devoted to the proof of Theorem 4.

1. Local maximum property of a subset of the Taylor spectrum. In
this section Theorem 2 is proved, under assumption that Theorem 4 and Lemma 5
hold. We recall, first, basic definitions related to the notion of the Taylor spectrum.

Let X be a complex linear space and T = (T3,...,T,) be a commuting tuple
of linear endomorphisms acting on X. Let e = (ey,...,€e,) be an n-tuple of inde-
terminants and let A = /\[e] denote the exterior algebra (over C) with generators
e1,...,en. Denote by APle], 0 < p < n, the subspace of A[e] consisting of all
elements of degree p, and set A”[e, X] = X ® AP[e].

The Koszul complex of the tuple T = (Ty,...,T,) is a cochain complex where
KP = AP[e, X], and differentials d* are operators of “multiplication” by Tyey +- - -+
Then. More specifically, if z € X and ¢; <12 < -+ < 1p, then

n
(1.2) di(zeil Neig No--Neg,) = ETj(x)ej Ney N Ney,
=1
P
=3 (-1)*! Z Ti(z)es, N+~ Neiy_, Nej Nejyy N Neg,

s=1 io—1<j<ic
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if ze;, A--- Ae;, is identified with 2 ®e;; A--- Ae,.

The tuple T is said to be regular, after Taylor [16, 17], if its Koszul complex (1.1)
is exact. The Taylor spectrum of T is defined as the set of all 2 = (24,...,2,) € C"
such that the tuple T — 2I = (Ty — z11,..., T, — 2,1) is not regular, cf. Taylor
[16]. Depending on the context, this spectrum will be denoted by sp(T), sp(T; X)
or sp(Ty,...,Tn; X).

The subset o x(T) of sp(T), 0 < k < n — 1, was defined by the author in [7].
Let T be a commuting tuple of bounded operators in a complex Banach space X.
A tuple z € C™ does not belong to o, x(T) if the Koszul complex of the tuple
T — zI is exact at K9 K! ..., K*¥ and the differential d* has closed range. In
the case of bounded operators on a Banach space the spectra sp(T') and o, x(T)
are compact and nonempty. Other properties of these spectra will be recalled as
needed in the proof. For further information on the Taylor spectrum and related
functional calculus the reader is referred to [16, 17], and—for elementary proofs of
some of its properties—to [7], where also the sets o x(T) are studied.

The next lemma is a modification of [16, Lemma 2.1].

LEMMA 1.1. Let X% X' ..., X" be Banach spaces and let

M, = {(d°d},...,d""1): & € L(X*, X**) and &t od' =0,0<i < n -1},
and let U, be the set of all (d°,d',...,d""1) € M, such that the complex

0-x0 8 xtd ... xn-1d5" xn

15 ezact and Imd™~! is closed. Then U, is open in M,,. Furthermore, the function
k(d™~1) is continuous on U.

PROOF. Follows immediately from [14, Lemma 1.9] applied to each of the short
sequences X*~1 a5 xi g Xt 0<i<n-1. Q.E.D.

The following lemma strengthens the criterion for local maximum property of
higher order given in {12, Theorem 5.1].

LEMMA 1.2. If Z C C" is locally closed and does not have local mazimum
property of order k, k > 0, then there exist a point z* € Z, complex polynomials
po(2), . .,pk(2), and positive numbers € > 0, r > 0 such that

(1.3) min |p;(2)| <1 —¢lz —2*|%, forz€Z, |z—2*| <,
1

while

(14) po(z") =p1(2") = =pe(2") = L

PROOF. If Z does not have local maximum property of order k, by [12, Theorem
5.1(iv)] there exist polynomials pj(z),...,pi(2), and a compact subset N C Z such
that maxu|N > maxu|0zN, where u(z) = log min |p}(z)|, and 8z N denotes the
topological boundary of N relative to Z. By {12, Lemma 2.2] there exist a linear
form [(z), point 2* € Z, and numbers €1, 71 > 0 such that

u(z*)+Rel(z*) =0 and wu(z)+Rel(z) < —e1]2—2"|%, forze Z, |z—2*| <r
or equivalently
(1.5) |exp(u(z*) +1(z"))| =1, |exp(u+1)(2)] <1—ea]z—2"%

forz€ Z, |z —2*| <7y,
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with different, positive 7, £5. Observe that |exp(u + 1)(2)| = min; |p}(2)e!(*)| and
that the polynomial

p!(2) = p(2) (1 +U(z) — 1(2*) + (3) (U(2) — U(2"))*) exp(i("))

differs from p!(z)e!(?) only by terms of degree 3 or higher in z; — z;,0<1<k 1<
3 < n. Therefore by (1.5)

min [p!(2*)] =1, minlp!(2)| < 1—elz - 2*|%, for [z —2*|<r z€ 2,

with some positive € and r. Choose (0) such that |p}{4(2*)| = 1, and set pi(z) =
p!(2)p!(2*) if |pY(2*)] = 1 and pi(2) = pio)(2) otherwise. The polynomials
Po,P1,---,Pk thus defined satisfy (1.3) (with possibly smaller r) and, of course,
pi(2*)=1,0<¢<k. QED.

We will prove now a lemma from which Theorem 2 follows easily. The next
definition is inspired by Basener (2].

DEFINITION. Let X be a compact subset of C*. The kth rational hull of X,
k > 0, is defined as the set of all z* € C", such that for every (k+1)-tuple of complex
polynomials, po(z),...,pk(2), such that po(2*) = p1(z*) = --- = pr(2*) = 0, the
variety {z € C": p;(2) =0, ¢ =0,...,k} has nonempty intersection with X. The
kth rational hull of X will be denoted by h}(X). One observes that for k = 0 the
usual rational hull is obtained.

LEMMA 1.3. LetT = (T4,...,T,) be a commuting tuple of bounded operators
on a Banach space X. Let k > 0 and Z = sp(T)\h}(0xk(T)). Then Z has local
mazimum property of order k.

PROOF. Suppose Z does not have k-maximum property. By Lemma 1.2 there ex-
ist a point 2*, polynomials po, . . . , pk, and positive numbers €, 7 such that conditions
(1.3), (1.4) hold. Since 2* ¢ h(o k(T)), there exist polynomials wo(z), ..., w(2)
such that w;(z*) = 0, 0 < ¢ < k, while (wp(2),...,wk(2)) # (0,...,0) for every
2 € 05 x(T). By this there exists a constant a* such that
(1.6)

l(po(z) = 1,...,p(2) — 1|l < a*|(wo(2)3, ..., wk(2)®)||, for every z € o i(T).
Set g;(2) = pi(2) +a*(wi(2))3, 0<i<k,and M. ={z€C": ¢i(2) =¢, 05 <
k}. Taking into account that p;(2*) = 1, w;(2*) = 0 and (1.6) we obtain that
(1.7) M. No k(T)=D foreveryce[l-6,1+6],

for some positive §. Furthermore, applying the fact that w;(z), as polynomials in
zj — z3, contain only terms of degree 3 or higher, and (1.3), we conclude that there
exists a positive number r such that

(1.8) M;nB(z*,r)No(T) ={z*}, while M.NB(z*,r)No(T) =2 for c > 1.

Define new operators Q; = ¢;(T1,...,Tn), 0 < 7 < k. By (7, remark after
Lemma 2.7, p. 249], the spectrum o x has the spectral mapping property and so

o k(@) = {(a1(2), ..., k(2)): 2z € ox i (T)}.
By this and (1.7) (c,c,...,c) € ox k(Q) for c € [1 — 6,1+ 8]. Therefore if

O—»Kodigf)Kldl—(f)qu..._,de‘lf)Kk+l__)0
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denotes the Koszul complex of @ —cI = (Q1 —cI,...,Qk—cI), the complex is exact
at K9 K!,...,K* and Imd*(c) is closed for ¢ € [L — 6,1 + 6] (by the definition of
Ork). By Lemma 1.1

sup{k(d*(c)): 1-6 <c <146} < 400,
and so by Theorem 4 the set-valued function
(1.9) ¢ - sp(Ty, ..., Tn; K51 /Imd*(c)): [1 — 6,14 6] — 2€"

is componentwise continuous, where T; denote operators induced by T;, 1 <1 < n,
on the quotient space K**!/Imd*(c) = X/(Im(Qo — cI) + --- + Im(Qx — cI)).
Observe now that it is enough to check the following assertion to complete the
proof.

ASSERTION. sp(T; K¥+1/Imd*(c)) = ¢(T) N M,, for every ¢ € C.

Indeed, if this is the case, and the set-valued function (1.9) is componentwise
continuous, relations (1.8) cannot hold, which contradicts the initial assumption
that Z does not have k-maximum property.

To check the Assertion, we apply the spectral mapping theorem [17, Theorem
4.8], (cf. also [15, Theorem 3.3] for an elementary proof) to the polynomial map
z—(g0(2) —¢,...,qk(2) — ¢;2): C* — Ck+1+7m and obtain

Sp(Qo —cl, Q1 —cl,...,Qx —cI,Ty,...,Tp; X)

= {(QO(Z) —C... ’Qk(z) -G, 2): zZ€ Sp(T)}
Using Lemma 5 and this identity we obtain that
sp(Th, ..., Tn; X/(Im(Qo — cI) + - -+ + Im(Qx — cI)))
={z€sp(T): ¢i(z) —c=0, 0 <1 <k}

which proves the Assertion. Q.E.D.

PROOF OF THEOREM 2. Let V, A,k be as in Theorem 2. By Lemma 1.3 the
set Z = sp(V, A)\hi_,(0nxk-1(V, A)) has maximum property of order k — 1. By (7,
Corollary 1.8] spectrum o k-1 has the projection property, and so

(1.10) O',r‘k_l(V, A) C U,r,k_l(V) x C™.

Note that the latter set is equal to its (k — 1)th rational hull. Indeed, if 2* ¢
ork—1(V),w* € C™, one can define the polynomials p;(z,w) = 2; — 2}, 1 <i < k.
Then the variety {p;(z,w) = 0, 1 <1 < k} contains (2*,w*) but is disjoint from
Ork—1. This and (1.10) imply that the set Zg = sp(V, A)\(oxk-1(V) x C™) is
contained in Z. Since Z is a relatively open subset of Z, which has (k—1)-maximum
property, Zg itself has (k — 1)-maximum property by [12, Remark 2.4]. Q.E.D.

This completes the derivation of Theorem 2 from Theorem 4 and Lemma 5,
whose proofs are given in next sections.

2. Continuous families of Banach spaces. For the proof of Theorem 4 on
componentwise continuity of the Taylor spectrum we need several facts related to
perturbations of exact complexes of Banach spaces. They are generally similar to
those in [16, §2], but in our setting not only differentials but also spaces depend on a
parameter. A distinctive feature of our treatment is the systematic use of continuous
families of operators with closed ranges, say T()), such that the function k(T'()))
is locally uniformly bounded.

The proof of the next lemma can be extracted from [16, Proof of Lemma 2.1].
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LEMMA 2.1. Let X,Y be Banach spaces and T € L(X,Y), and M, be positive
real numbers, 6 < 1. Assume that for everyy € Y with ||y|| < 1 there exists z € X
such that ||z|| < M and ||Tz —y|| < 6. Then T 1s onto and k(T) < M/(1 - §).

LEMMA 2.2. Let X,Y,Z,F be Banach spaces and Ag € L(X,F),By € L(Y, Z)
and To € L(X,Y). Assume that Ag and By have closed ranges and To(ker Ag) =
ker By. Then for every M > k(To|Im Ag) and for every C > 0 there exists € >
0 such that whenever A € L(X,F), B € L(Y,Z) and T € L(X,Y) satisfy the
conditions

(2.1) max(||A — Aol|, | B = Bol|, |T - Tol|) <,
(2.2) k(A) <C and T(ker A) C ker B,
then

T(ker A) =ker B and k(T |ker A) < M.

PROOF. Assume that (2.1), (2.2) hold for some £ > 0, which will be chosen later.
We will show the assumptions of Lemma 2.1 hold for T'| ker A: ker A — ker B if ¢ is
small enough. Let y € ker B, ||y|| < 1. Then ||Boy|| = ||(Bo—B)y|| < € and so there
exists y' € Y such that Boy’ = Boy and ||y'|| < k(Bo)e. Thus |ly—v'|| < 14+ k(Bo)e
and y — y' € ker By = Ty(ker Ag). Therefore there exists zo € ker Ag such that
Tzo =y —y and

(2.3) llzoll < Ko(L+ k(Bo)e), where Ko = k(To|ker Ao).

Since ||Azo|| = ||[(A — Ao)zo|| < €Ko(1 + k(Bo)e), there exists =’ € X such that
Az’ = Azg and

(2.4) lz'|| < CeKo(1 + k(Bo)e)
(by (2.1)). Set £ = 2o — «’. Then « € ker A and
(2.5) 2|l < Ko(1+ €C)(1 + €K (By)).

Since Tz —y = (T — Tp)zo — Tx' — ¢/, we get
1Tz -yl < ellzoll + (I Toll + e)ll=’l| + 1"l
< €(k(Bo) + Ko(1 + k(Bo)e)(1 + eC(||Tol| +€))).

If we denote the latter number by 6, and € > 0 is small enough so that 6 < 1, then by
(2.5) and Lemma 2.1, T'(ker A) = ker B and k(T') < ko(1+¢C)(1+¢€k(Bo))/(1-46).
Taking still smaller € > 0 we obtain k(T) < M. Q.E.D.

COROLLARY 2.3. Let W be a topological space, Y,Z, Y, Z1 be Banach spaces,
and A: W — L(Y,Z), B:W — L(Y',Z') and T: W — L(Y,Y!) be continuous
operator-valued functions. Assume that the functions k(A()\)) and k(B()\)) are
locally uniformly bounded on W and that T'(A(ker A(\)) C ker B()) for all A € W.
Denote Wy = {A € W: T())(ker A(\)) = ker B(\)}. Then

(1) Wo 1s open in W,

(ii) the function k(T()\)| ker A(X)) is uniformly bounded on compact subsets of
Wo.

This corollary follows immediately from Lemma 2.2. We need the following
estimate for operators with closed ranges.
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PROPOSITION 2.4. Let X,Y,F be Banach spaces and A € L(X,F), T €
L(X,Y). Define the operator [A,T] € L(X,AXY) by [A, Tz = (Az,Tz). As-
sume that A has closed range. Then the operator T|ker A € L(ker A,Y) has closed
range if and only if [A,T) has closed range. Moreover

(2.6) k(T°) < k([A,T)) < k(To) + k(T) + | T|Ik(T°)k(T)
where T° denotes T|ker A and F x Y has the mazimum norm.

PROOF. Of course, it suffices to prove the inequalities (2.6).

Left-hand side inequality. Let M > k([A,T)). If z € ImT? and |2|| < 1, then
(0,2) € Im[A,T] and ||(0, 2)|| = ||z]] < 1. Therefore there exists 2 € X such that
[A,T)z = (0,2) and |lz]| < M. But this z € ker A and so T%(z) = z. We can
conclude that k(T°) < M, and so k(T°) < k([A,T)).

Right-hand side inequality. Let M > k(A), M° > k(T°) and C > ||T||. Consider
an arbitrary vector (f,2) € Im[A, T] such that ||(f,2)|| = max(||f||, ||]]) < 1. We
have (f,z) = (Az,Tz) for some z € X. Since k(A) < M, there exists 2’ € X
such that Az’ = Az = f and ||z'|| < M| f||. Therefore z’ — z € ker A, and since
k(T%) < MO, there exists =’ € ker A such that T(z") = T(z' — ) and so

l=”|l < MO|T(2' - z)|| < MO|IT<'|| + MO|Tzll < M°MC| f]| + M°| 2.
Define zg = z’ — z”. Since Azg = A(2’ — z) — Az” + Az = Az and Tzo =
T(z' —z) — T(2") + T(z) = T(z), we have [A, T)zo = (f, z). Moreover

lzoll < ll'll + ll2” | < M(1+CMO)|f]| + MO| ]
Therefore k([A,T)) < MO+ M+CMOM. Varying M®, M and C suitably we obtain

(2.6). Q.E.D.
The following lemma is an extension of [16, Theorem 2.1(b))

LEMMA 2.5. Let X,Y be Banach spaces, W a compact topological space and
T:W — L(X,Y) a continuous operator-valued function. Let C(W, X) and C(W,Y)
denote the Banach spaces of all continuous X - and Y -valued functions on W. As-
sume that all T(X), A € W, have closed ranges, and supycw k(T(X)) < co. Then the

operator T: C(W,X) - C(W,Y) defined by (Tf)(A) = T(\)f()) has closed range
and k(T) < supyew k(T(A)). Furthermore
(2.7) ImT = {g€ C(W,Y): g(A) € InT()), for each A € W}.

PROOF. We will apply Lemma 2.1 to the operator T:C(W,X) — Y, where

Y ={geCW,Y): g()) eImT()), A e W}.

Let g€ Y, |lg|l < 1 (we consider sup norms in C(W, X) and C(W,Y)). Fix 6 > 0.

Choose a finite covering Wy,...,W,, of W and A, € W;, 1 < ¢ < m, such that
lg(A) —g(A)ll <6 and [T(A) —=T(X)l| <b for AeW;, 1 <i<m.

Fix M > supycw k(T())). We can choose z; in X such that T'(\:)z; = g(A)
and ||z;]| < M, 1 <1 < m. Choose a nonnegative partition of unity, say {y;(A)}/2;,
subordinate to the covering {W,} and set f()\) = Y . ¢:(A)z;, A € W. Of course
IIfll < M and
<é, forall XeW,

lg(A) = TSI = (D (a(X) — g(Xi)g:(A)

i
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(similarly as in 16, Proof of Theorem 2.1]), i.e. [|g — Tf|l < 6. If 6 < 1, we obtain
by Lemma 2.1 that T is onto ¥ and k(T) < M/(1 — §). Replacing M and 6§ by
suitable limit values one obtains k(T') < supk(T(})). Q.E.D.

In the proof of Theorem 4 we have to use Banach spaces of continuous functions
whose values belong to subspaces depending on a parameter. The next two lemmas
concern this situation.

LEMMA 2.6. Let W be a compact topological space, X and F be Banach spaces
and A: W — L(X,F) be a continuous operator-valued function such that
supyew k(A(X)) < 0o. Then for every A\g € W and for every zo € ker A(Ao), there
exists a continuous function f € C(W, X) such that f(Ao) = zo and A(N\)f(A) =
onW.

PROOF. Choose M > sup{k(A())): A € W} and 6 > 0. Denote X = {f €
OW,X): A(\)f(A) =0, A € W}. We will apply Lemma 2.1 to the evaluation map
e € L(X,ker A()\g)) defined by (ef)(Ao) = f(Xo). Consider zo € ker A(Ag) such
that ||zo|| < 1. Choose a neighborhood Wy of A small enough so that || A(A)zo|| < 6
for A € Wy, and a continuous function ¢ on W such that 0 < ¢ < 1, ¢(Ap) = 1 and
supp ¢ C Wy. Then sup{||A(A)(¢(X)zo)||: A € W} < 6. Since supk(A(N)) < M, by
Lemma 2.5 there exists a function f € C(W, X) such that A())f()) = A())(#())zo)
for all A € W and sup || f(A)|| < M$. Set g(A) = ¢(A)zo— f(A). Theng € X, ||g| <
lzoll + 6M < 14 éM and |le(g9) — zoll = I|f(Ao)l| < Mé. If é is chosen so that
6M < 1, Lemma, 2.1 implies that e is onto ker A()\g). Q.E.D.

LEMMA 2.7. Let W be a compact topological space; X,Y, F be Banach spaces
and A:W — L(X,F) and T: W — L(X,Y) be continuous operator-valued func-
tions. Let A € L(C(W, X),C(W,F)) and T € L(C(W,X),C(W,Y)) denote the op-
erators (Af)(\) = AN F(A), (TF)(A) =T f(A), A € W. Assume that

(2.8) fg‘% k(A()\)) < oo and fgg} k(T())| ker A(X)) < oo.

Then T(ker A) is a closed subspace of C(W,Y). More specifically
(2.9) T(ker A) = {g € C(W,Y): g(\) € T())(ker A())) for all X € W}.
PROOF. Consider the operator [4,T]: C(W,X) — C(W, F) x C(W,Y) defined by

(A TINHA) = AN, T = (AN FA), TN FV)-

By the uniform boundedness assumption (2.8) and inequality (2.6) of Proposition
2.4,

sup k([A(A), T(M)]) < oo,

AEW

and so by Lemma 2.5, (2.7) [A, T has closed range equal to

(2.10) {(h,g) e C(W,F) x C(W,Y): (h()),g(A)) € Im [A(X), T(N)] for A € W}.
We can now prove the equality (2.9). The inclusion C is obvious. Concerning the
reverse inclusion, take g € C(W,Y), such that g(\) € T(\)(ker A(X)) for A € W.

Then the pair (0,g) belongs to the set (2.10) and so is in the range of [4,T), i.e.,

(0,9(A)) = (A(A)f(A) T(A\)f())) for some f, thatis f € ker Aand g = Tf. Q.E.D.
The next fact is a direct consequence of Lemma 2.7.
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COROLLARY 2.8. Let W be a compact topological space, E*, F*, 0 <1 < m, be
Banach spaces and Q* € C(W, L(E*,F*), 0 < i < m and d* € C(W, L(E*, E**tY)),
0 < i < m—1, be continuous operator-valued functions. Assume that k(Q*())), 0 <
1 < m, are uniformly bounded on W and

d =1 (M) (ker @1(X)) = ker d*(\) Nker Q*(X), AeW, 0<i1<m.
Denote by Q; the multiplication operator from C(W, E?) to C(W, F*) induced by
Qi(A), 0 <7 < m, and by 6*: ker@Q* — kerQ*t1, 0 < 7 < m — 1, the operator
(6°£)(A) = d*(N)f()), f € ker Q*. Then the sequence

~ £0 ~ £1 ~ fm— ~
0 — kerQ° LN ker Q* LN ker@Q? — - iy ker@™ — 0
18 ezxact.

3. Continuous perturbations of the Taylor spectrum.

THEOREM 3.1. Let E,F be complex Banach spaces; W be a compact topolog-
ical space and Q: W — L(E,F), Ty,...,Tm: W — L(F) be continuous operator-
valued functions. Assume that for each A € W the subspace ker Q()) s tnvari-
ant for Ty(A),...,Tm(A) and supyew k(T(X)) < 0o. Denote by t;(X), 1 <1 <
m, A € W, the restricted operator T;()\)| ker Q(A). Then the multifunction A —
sp(t1 (), ..., tm(A);ker Q(X)): W — 2C™ s componentwise continuous.

We will prove this theorem in several steps and then obtain Theorem 4.

PROPOSITION 3.2. Under the assumptions of Theorem 3.1 the multifunction
A= sp(ti(N), ..., tm(A); ker Q(N)): W — 2C™ is upper semicontinuous.

PROOF. Denote K()) = sp(t1(}),...,tm());ker@Q(A)), A € W. Of course,
K(\) CP=D(0,R) x---xD(0,R), if R > sup{||T;(N)||: €W, 1 <7< m}. For
each (), z) € W x P consider the Koszul complex

31) 0-— /\O[e, ker Q())] — /\l[e, kerQ(A)] — -+ — /\m[e, kerQ(A)] — 0

for the tuple t1(\) — 211,...,tm()) — zn1; its differentials will be denoted by
80(N, 2), 61(X,2),...,6Mm () 2).

Denote by G;, 0 < 7 < m, the set of all ()\,2) € W x P such that the above
complex is exact at places /\'[e,ker Q(A)] through A™[e,ker @())]. We prove by
induction on ¢ (going downwards) the following assertion.

ASSERTION. For every 0 < ¢ < m the set G; is open and the functions
k(6%(\, 2)),...,k(6™(), 2)) are locally uniformly bounded on G;.

Note that for 7 = 0 this claim implies the proposition. .

To prove the Assertion, denote by A'Q()): A’le, E] — A‘le, F] the natural
operator induced by Q()). Then

ker /\i Q) = /\i[e, ker Q())],
Gi={(\2) €Gis1: 61 2)(ker /\1_1 Q()\) = ker (), 2)}.

Of course k( /\i Q())) is uniformly bounded on W x P. By these observations and
Corollary 2.3 G,, is open in W x P and k(6™~1(), 2)) is locally uniformly bounded
on Gp,.

(3.2)
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Assume now that the Assertion is true for ¢ + 1,...,m; we will prove it for <.
In order to be able to apply Corollary 2.3, denote by d*(), z) the differential from

A'le, F] to A e, F) in the Koszul complex for the tuple Ty (A) — 211,...,Tm(A) =
ZmI. Then the operator 6\ 2): ker A'Q()) = A e, E] is equal to di(),2)
restricted to ker A*(Q())). Define

(33  Ba)=IA Q(z\ N NleBl = NleFl x A e, B)
as in Proposition 2.4. Then ker B(/\, z) = ker 6°(), z) and

(34)  Gi={(\2)€Gitr: 6 D)ker A Q) = ker B(A,2)}.

By the inductive assumption k(d*(), z)|ker A* Q())) is locally uniformly bounded
on Gjt1, and so by Proposition 2.4 k(B(),z)) is locally uniformly bounded on
Gi+1. Now we are in the setting of Corollary 2.3 and by equation (3.4) the set G;
is open and k(6°~1(), 2)) is locally uniformly bounded on G;. QED.

Similarly as in Lemma 2.7 consider now multiplication operators Q: C(W,E) —
C(W,F) and T;: CW,E) —» C(W,E), 1 <1< m,defined by (Qf)(A) = Q(A\)f(A),
(Tif)(A) = TiWf(A), 1 < 1 < m. Similarly, the operator-valued functions
t;(\), 1 = 1,...,m, induce multiplication operators {,...,tn acting in ker Q. Of
course, t; = T|kerQ, 1<i<m.

LEMMA 3.3. Under the assumptions of Theorem 3.1
(3.5) sp(t1,... tmiker @) = {sp(t1(N),. .., tm(A);ker Q(X)): A € W}

PROOF. Denote by K the right side of equation (3.5). We prove first the
inclusion sp(ty,...,tm;kerQ) C K. Fix an arbitrary z* ¢ K. We have to show
that the Koszul complex

(3.6) 0— /\O[e, ker Q] — /\l[e, kerQ] — -+ — /\m[e, ker Q] — 0,

for the tuple t; — 2}1,...,tm — zy I is exact. This complex can be identified, in a
natural way, with the complex
(3.7 0—kerQ® » kerQ! — --- - kerQ™ — 0

where Q* denotes the multiplication operator from C(W, \'[e, E]) to C(W, \'[e, F]),
1 < ¢ < m, induced by the operator-valued function /\i Q(A). Of course, the differ-
entials in (3.7) are multiplication operators b; defined by (6°F)(\) = 6*(A, 2°)F()),
AeW, feker@', 0 <1< m,where §*(), 2*) are differentials of the complex (3.1).
Since z* ¢ K and by the Assertion in the proof of Proposition 3.2,

sup k(8°(), 2%)) < oo, 0<1<m-1,
AEW

and ker 6*(X, z*) = Im6*~1(), z*) for every A € W, 0 < ¢ < m, all the assumptions
of Corollary 2.8 are fulfilled in this case. Therefore complex (3.7), and so also
complex (3.6) are exact. Thus 2* ¢ sp(ty,...,%m), as required.

To show the reverse inclusion in (3.5) fix arbltrary z* € K; we will prove that
2* € sp(t1,...,tm). let ¢ < m be the largest index such that for some A € W the

complex
0— kerQ°(A\) = kerQ'(A\) — -+ —» kerQ™(X) — 0,
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with differentials 6°(), z*),...,6™~1()X*, 2*) is not exact at ker Q*()). Choose \*
and yo € ker Q*()\*) such that yo € ker 6*(A*, 2*)\6*~1(A*, z*)(ker @*~1()\*)). By
the choice of 7 the set W x {2*} is contained in G; (cf. (3.2)) and by the Assertion
supyew k(6%(, z*)) < co. Therefore, if we define B(), z*) by (3.3), then by Propo-
sition 2.4 supycw k(B(),2*)) < oo. Since ker §*(), 2*) = ker B(), 2*), we obtain,
by Lemma 2.6, that there exists a function g € ker 6; such that g(A*) = yo. It is
clear that g ¢ 6*~!(ker@*~!). Q.E.D.

COROLLARY 3.4. With the assumptions and notations of Theorem 3.1 let h(2)
be an analytic function defined in a neighborhood of the set

U sp(tl(’\)a s ,tm(A)v ker Q(A)),

AEW
and let h(t(A)) = h(t1(A),...,tm())) € L(ker Q(A)) be the operator obtained by the
analytic functional calculus. Then the family of operators A — h(t())) 18 continuous
in the sense that for every f € ker Q, the function A — h(t(A)f(A): W — E s
continuous.

PROOF. h is also analytic in a neighborhood of sp(fy, ... ,tm, ker @) by Lemma

3.3, and so we may consider the operator h(t) = h(ty, ... ,~t~m), defined by Taylor’s
analytic functional calculus, cf. [17]. Since h(t) maps ker Q into itself, it suffices to
show that for every A € W and for every f € ker Q
(3.8) h(t (M) F(A) = (h(£)f)(A).
Denote by u: kerQ — ker Q()) the evaluation operator uf = f()\). Then ut; =
t{(\)u, 1 <1 < m, ie., u is an intertwining operator for the tuples ¢ and t(\).
Therefore by [17, Proposition 4.5] u intertwines h(t) and h(t(})), ie., uh(t) =
h(t(A))u, which is identical with (3.8). Q.E.D.

PROOF OF THEOREMS 3.1 AND 4. Denote K = sp(t1(A),...,tk(A), ker Q(N)).
To show that the multifunction A — K, is componentwise continuous, consider an
arbitrary A* € W and an open subset H C C™ such that 9H N K- = & and the
set K' = HN K- is nonempty. By the upper semicontinuity of K we can choose a
compact neighborhood W* of A\* such that SHN K, = & for all A € W*. Denote by
V the set of all A € W* such that the set K\, = H N K is nonempty. To complete
the proof of Theorem 3.1 we have to show that V is a neighborhood of A*.

Let h(z) = 1on H and 0 on C,,\ H. Clearly h is analytic in a neighborhood of K
for A € W*. Let Py = h(t1()),...,tm())) € L(ker Q(A)) be the operator produced
by Taylor’s functional calculus. By [17, Theorem 4.9] Py is a projection such that
sp(t1(A)[Im Py, ...,t,m(A)[Im Py) = K. Since the Taylor spectrum is nonempty
for operators acting in a space of positive dimension, cf. [17, §3, Corollary|, V =
{\ € W*: Py # 0}. Since A — P, is continuous in the sense of Corollary 3.4, V is
a neighborhood of A\*. More specifically, take y € Im P;., ||y|| = 1. By Lemma 2.6
there exists f € ker @ such that f(\*) = y. By Corollary 3.4 g(A) = PAf()) is a
continuous function on W*, and g(A*) = y. Thus Py # 0 in a neighborhood of A".

To obtain Theorem 4, we apply Theorem 3.1 to the dual operator families
Q(A)*, Ty (N)*,...,Trm(A)*. This works because k(Q())*) = k(Q())) and

sp(Ti (), -+, Tn(A); Y/Im QX)) = sp(t1(A), - - tm(A); ker Q(A)"),
where t;(\) = T;(A)*| ker Q(A\)* € L(ker Q()\)*) by [16, Theorem 3.6]. Q.E.D.
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4. Applications of homological algebra. The proof of Lemma 5 can be con-
veniently presented with the use of the notion of a double complex. We recall now,
after Hilton and Stammbach [4, §V.1] basic definitions related to double complexes.

A double complez K is a system of modules {K?P9: p,q = 0,+1,42,...}, with
two families of differentials §’: KP? — KP+1.9 and §”: KP9 — KP4+ gatisfying
the relations

(41) 6’6’ — 0, 6”6" — 0, 6"6, + 6’6” — 0‘

A double complex is called bounded if all but a finite number of its modules are zero
modules. There is a standard way to construct a cochain complex out of K, called
totalization. The complex Tot K consists of modules (Tot K)*, n = 0,+1,%2,...
which are direct sums of modules K?»"*~P, p = 0,41,%2,..., and differentials
§:=8"+46": (Tot K)™ — (Tot K)"+1.

We need the following property of double complexes.

LEMMA 4.1. Let K = {KP9,6',6"} be a bounded double complez such that

K™ 43 nonzero only when 0 < p < k and 0 < g < m (k and m given). Assume
that for every p # k and for every q

(4.2) Im{6’: KP~19 — KP4} = ker{§': KP? — KPT1q},
Then the complex Tot(K) is ezact if and only if the quotient complex
(4.3) {K*9/8'(K*¥—19): ¢ = 0,+1,42,...},

with differentials 6" induced by 6" is ezact.

PROOF. Observe first that by (4.1) 6”(&'(K*~19)) C §'(K*~19+1), and so
the differentials 6" are well defined. By the same argument, if we set MP? equal
to 6'(K*~19) if p = k, and to KP9 otherwise, M = {MP9} becomes a double
subcomplex of K (with differentials 6’ and 6 suitably restricted). Consequently we
can define the quotient double complex L = K/M = {K?9/MP9} with naturally
induced differentials. Then the short sequence of double complexes 0 - M — K —
L — 0 is exact, by which we mean that at each bidegree the sequence of modules
0 — MP9 — KP9 — [P9 — ( is exact. We need the following assertions whose
simple proofs are omitted.

ASSERTION 1. An exact sequence of double complexes0 - M - K - L — 0
induces an exact sequence of totalizations

(4.4) 0 — Tot(M) — Tot(K) — Tot(L) — 0.

ASSERTION 2 (Khelemskii [3, Proposition 7]). If all rows or all columns of a
bounded double complex are exact, then its totalization is an exact complex.

By (4.2) and the construction of M, the double complex M has all rows ex-
act (and is bounded) and by the last assertion Tot(M) is exact. Thus the terms
H™(Tot(M)) in the long exact cohomology sequence of the short sequence (4.4) are
all zero and so Tot(K) is exact if and only if Tot(L) is.

Observe finally that LP? = 0, if p # k and L*? = K*9/§'(K*=14) and all
¢’ induce zero differentials in L. Thus (Tot(L))" = L*"~k, with differentials in
Tot(L) induced by 6" alone. Of course exactness of Tot(L) is equivalent to the
exactness of the complex (4.3). Q.E.D.
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PROOF OF LEMMA 5. It is enough to prove that 0 ¢ sp(V, 4; X) if and only if
0 ¢ sp(4; X).

Considering the Koszul complex of the tuple (V, 4) = (V1,...,Vk, A1,...,An)
it is convenient to divide the generators of the exterior algebra (cf. §1) into two
subsets, say e = (ej,...,ex) and f = (f1,..., fm). The nth module of the Koszul
complex of (V, A) is now A"[(e, f), X]. This representation suggests the use of the
following double complex.

KP9, 0 <p<k 0<gq < m,is defined as the subspace of A\*" (e, ), X]
spanned by elements

zes, A Nes, Nf Ao Afj,, T€X,1<01< <<k, 1< <~ <jg<m.

That is KP9 is the direct sum of (f,) () copies of X. (For all the other pairs of
indices p,q space KP? is set as zero.) We make the family K = {KP9: p,q =

0,%1,+2,...} into a double complex by defining two families of differentials
(4.5) &'(zes, A Nei, Nfj, A=A fj,)

k
=Y (Vaz)es Aei, Ao Aei, Nejy Ao Nej;
s=1

6" (zes, N Nei, Nfjy Ao N fj,)

1P (Asz)es, A Ne, A(fs A fig Aooe A fi)
s=1
By the commutativity of (V, A) and properties of exterior multiplication, §’ and
6" satisfy the rules (4.1) and so {K,é’,6”} is a double complex. One can check
by inspection that the totalization of this double complex is the Koszul complex of
(V. A).

Observe next that for every 0 < ¢ < m the horizontal complex {K??: p =
0,+1,42,...,8'} is a direct sum of (';) copies of the Koszul complex

(4.6) 0K K! ... o KF0

of the tuple V acting on X. By the assumption of Lemma 5, complex 0 — K° —
K! — ... - K¥ is exact and so the same holds for the horizontal complex

’ !’ ’ !
0— K% 8 g1a 8, . 8 gk-14 8 pka

Thus all the assumptions of Lemma 5.1 are fulfilled and so Tot(K) is exact
if and only if the complex (4.3) is exact. It is easy to observe, however, that
the latter complex is canonically isomorphic to the Koszul complex of the tuple
A = (A,...,An,) acting on the quotient space X = X/(ImV; + --- + ImV}).
(Note that by (4.5) the usual differential d": A™[f,X] —» A"'[f, X] of this Koszul
complex and that induced by §” are (—1)* multiples of each other.) Q.E.D.

With this proof we completed all the steps needed to prove Theorem 2. The
next algebraic lemma will be needed in the derivation of Theorem 1 from Theorem
2.
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LEMMA 4.2. (a) LetV = (Vi,...,Vk) be a commuting tuple of endomorphisms
on a linear space X. Let

Xp=ImVi;+ImVo +---+ImV,, for0<p <k,

and Xo = (0). If Vp, the linear transformation induced by V, on X/X,_1 has zero
kernel for 1 < p < k, then the sequence 0 —» K0 — K! — ... — Kk=1 _ Kk 45
ezact, where

4.7) 0K K!'—...oK>0

18 the Koszul complex of V on X.
(b) If, in addition, X s a Banach space, Vi,...,Vi are continuous and Xj 1s a
closed subspace of X, then 0 ¢ oy k—1(V, X).

PROOF. Of course (b) follows immediately from (a) and the definition of the
spectrum oy k—1. Concerning part (a) it is actually formulated, and its proof is
indicated in [16, p. 119, lines 14-15, Proof of Lemma 1.4]. (The reader should
note that Taylor’s notation H,(E(X,V)) = 0 is equivalent to the vanishing of the
(k — p)th cohomology group of (4.7).)

5. Proof of the main theorem. Theorem 3 is the last step needed to complete
the proof of Theorem 1.

PROOF OF THEOREM 3. We can assume, without loss of generality, that
z*=0,and so P = D(0,71) x --- x D(0,7%), 1 >0,...,7x > 0. We take Y as the
space A (P, X) defined in [14] as the space of all X-valued analytic functions f(2)
defined in the interior of P,

f(z) = Z Tiy,in 2t 2, z€ P,

11,..,0k 20

such that
|fl = Z ”x‘ix,...,ik”T"il -..r;ck < oo.
T1yeeny Tk

In what follows we will frequently refer the reader to [14] for properties of the space
AL (P X).
Define operators Vi,...,Vi and A,,..., A,, as multiplication operators
(Vif((z) = zf(2), 1<i<k, fe AL (PX);
(a;f)(2) = A;(2)f(2), 1<j<m, fe€AL(PX).

As we observed in [14, Remark 3.1], these formulas define bounded operators of
A4 (P, X) into itself. It remains to check that the tuple (V, A) satisfies properties
(2) and (3). We use the following elementary assertion, whose proof will be given
later.

ASSERTION. In the above notations, for every 1 < p < k and for every |a1| <
P1y.- .y lap| < 7p,

Im(Vy —a D) + -+ + Im(V, — ap))

(5.1) ={f € AL (P,X): f(2) = 0 whenever z; =ay,...,2, = ap}.
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Fix a in the interior of P and denote the subspace just defined by Y. It is easy to
observe that the quotient space Y/Y,_;, 1 < p < k, can be identified in a natural
way with the space A4 (@, X), where

Q ={(a1,...,ap)} x D(0,7p) X - -- x D(0, 7).

Furthermore, the operator induced by V,,—a,I in Y/Y,_; can be identified with the
operator of multiplication by z, —a, in A4 (Q, X) which obviously has kernel zero.
Finally, by (5.1), Y is a closed subspace of Y. Thus the tuple Vi —a11,...,V,—a,I
satisfies all the assumptions of Lemma 4.2, and so a ¢ 0 x—1(V,Y) for a € P\OP.
On the other hand, by (5.1), Yx # Y for a € P, and so P C sp(V,Y). Since, by
(16, Theorem 3.1}, sp(V;Y) C D(0, ||[Vi]|) X --- x D(0,||V,||) and the latter set is
equal to P. Altogether these observations imply (2)
Concerning (3) we prove first that sp(V, A) is contained in the set

(5.2) {(z,w): z€ P, w e sp(T(2),X)}.

Fix (a,b) € Ck¥+™ which does not belong to this set. Denote by d°(z),d!(z),...,
d**t™=1(2) the differentials of the Koszul complex

for the tuple (21 — a1)l,...,(2k — ak)I, T1(2) — bs1,...,Tm(2) — bnI. Since, by
(16, Lemma 3.1]

sp(2],T(2); X) C s(2], X) x sp(T(2), X) = {2} x sp(T(2)),

therefore (a,b) ¢ sp(zI T(z)) for z € P and so complex (5.3) is exact for every
z € P (and so for z in some neigborhood of P; cf. e.g. Lemma 1.1). By [14,
Corollary 3.5] we conclude that the complex

(5.4) 0— A4(P,K%) = AL (P,K') = --- = AL (P,K*™) - 0,
with differentials 6: Ay (P, K*) —» Ay (P,K*1), 0 <1 < k+m — 1, defined by
@' N)z) =d'(2)f(2), 2€P, feAH(PKY),

is exact. Now, it is not difficult to check that the natural isomorphisms

PN e X) = A'le, A4 (P, X)),

where e = (ey,...,€k+m), identify complex (5.4) with the Koszul complex of the
tuple (Vi —ail,...,Vk — axl,A; — by1,...,A — bI). Thus (a,b) ¢ sp(V,A), as
required.

To complete the proof of (3), fix now arbitrary a € P and b € sp(T'(a), X) and
consider the smallest ¢ for which the sequence K* — K**1 — ... - Kktm _, 0,
which is a part of (5.3), is exact for each z € P. By [16, Lemma 3.1] complex
(5.3) is not exact at K* for z = a; we choose a vector zo € kerdi(a)\Imd‘~!(a).
Since the relation Imd*(z) = kerd**!(z) holds for all z in some neighborhood of
P, the function d*(z) satisfies all the equivalent conditions of Theorem 2 in [14], in
pa.rtlcular (v). Therefore there exists a function f € A4 (P, K ’) such that f(a) = ¢
and di(2)f(z) = 0 on P. Now it is clear that f € ker$'\Im&*~! in (5.4), i.e. the
Koszul complex of the tuple (V — al, A — bI) is not exact and so (a,b) € sp(V, A),
which proves (3).
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It remains to check the assertion. We prove it by induction on p = 1,...,k. If
p=1and f(a,22,...,2c) =0, |z;| <7;,2 <7< kand f € A, (P, X), the function
q1(2) = (21 — a1)71f(2), as defined on the torus dD(0,7;) x --- x dD(0, r), has
absolutely convergent Fourier series (note |a1| < r1). Since g;(2) is also analytic
inside the polydisc, g1 € A4 (P, X) and f = (V1 —a11)g;. Assuming now that (5.1)
is true for p (with p < k), we prove it for p+ 1. If f € A{(P,X) and f(z) =0
whenever 21 = a1,...,2p41 = apt1, set fi1(2) = flay,...,0p, 2p+1,--.,2n). Of
course f1 € A4 (P, X) and furthermore, fi(z) = 0 whenever 2,41 = ap41. By case
p = 1 there is g,41 € Ay (P, X) such that f; = (V; — a1I)gp+1. Observe now
that (f — f1)(2) = 0 whenever z; = ay,...,2, = ap. Therefore, by the inductive
assumption, f—f; = (Vi—a1l)g1+- - -+(Vp—apl)g, for some gy,...,g, € A+ (P, X)
and so

f=WVi—ail)gs +--+ (Vpt1 — ap+11)gp+1- Q.E.D.

PROOF OF THEOREM 1. Denote Z = {(2,w): z € G,w € K(z)}. Since local
maximum property of order k is actually local (cf. e.g. Lemma 1.2) it is enough
to check that K, restricted to an open polydisc P, is an analytic multifunction if
P C G. This follows from Theorems 2 and 3 combined. Q.E.D.

6. Concluding remarks. We would like to comment briefly on alternative
ways of proving, and possible extensions, of the results of this paper.

A substantial part of the paper (8§82 and 3) is occupied by the proof of Theorem
4. Clearly, one can prove it more directly using explicitly the construction of
the functional calculus in [16], while our method applies only to some functorial
properties of this calculus and does not refer to the construction itself. On the
other hand, our treatment of continuous perturbations of the Taylor spectrum and
complexes of Banach spaces would have been more natural, if carried over in the
general framework of continuous families of Banach spaces, much in the spirit of
(13]. While this could be done easily with similar methods, the exposition would
be perhaps too long. On the other hand, most of §2 could be avoided entirely, if
one decides to use analytic families of Banach spaces in Theorem 4, and rely on
Theorem 5.1 in [14]. This would shorten the proof of Theorem 2, but would make
it also appear more difficult.

We note also that Corollary 3.4 can be easily generalized to functions k() z),
continuous in (A, 2) and analytic in z.

It seems rather certain that a combination of the methods used in this paper
with those of (13 and 14] should yield a generalization of Theorem 1 to the setting
of analytic families of Banach spaces as presented in [13].

One can observe that Lemma 4.1 is a immediate consequence of the theory of
spectral sequences, cf. [4, §VIII 9].

Finally, the proofs of Theorems 3 and 4 can be considerably simplified in case
X is a Hilbert space; in particular there is no need to apply [14].
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ADDED IN PROOF. A partial converse to Thecrem 1 has been obtained by the
author in (18, Theorem 5.2].
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