TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 297, Number 1, September 1986

VECTOR FIELDS IN THE VICINITY OF A CIRCLE
OF CRITICAL POINTS

J. F. MATTEI AND M. A. TEIXEIRA

ABSTRACT. In this paper the CS-conjugacy between vector fields on R2
having a circle of critical points is studied.

0. Statement of the problem. We are interested in studying vector fields
on R? having a circle of critical points as well as diffeomorphisms on R? having
a circle of fixed points. We can produce examples of such vector fields (resp.
diffeomorphisms) by blowing up in polar coordinates germs of C™ vector fields
(resp. diffeomorphisms) on R? at 0 having the form

X(a) = (2 + ) (a2 - )2 + (b + o) 2.

with b # 0 and k being a positive integer (resp. ¢ = Id +X).

A natural question in the study of singularities is: “Under which conditions
is a germ of a singularity C°-determined by a finite jet and which finite jets are
determining?” On R? there is the following result due to F. Dumortier [1]:

If a germ satisfies an inequality of Lojawiewicz and has a characteristic orbit,
then it is CO-determined. (By “characteristic orbit” we mean an orbit which tends
to the singularity or leaves the singularity with a well-defined direction. Observe
that the field given above does not have a characteristic orbit.)

Consider germs of vector fields in R? at 0 having the form

7(1’ y) =rk. Y(I, y),

where 72 = z2 + y2, k is a positive integer and X is a germ of C® vector fields at
0 with X(0) = 0 and the eigenvalues of X (0) are A = a + b with a # 0 and b # 0.

Consider the germs of ‘diffeomorphisms in the plane of the form 7 = Id+Z.
Denote by Z and ¢ the respective blowing ups (in polar coordinates) of Z and %.

Call X* and D* the spaces of such Z and o, respectively, both endowed with
the C*-topology (s > k).

We recall that:

(i) The number o = ab~! is a topological invariant for the structural stability in
D? (see for instance [6]).

(ii) The diffeomorphism % is formally imbedded in a flow represented by a vector
field H. Moreover the (k + 1)-jet of H at 0 is Hy = (z2 + y2)Xo(z, y), where X
is the linearized vector field of X (see [4]).
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(iii) Let ¢ and ¢ be in D? such that both % and v are imbedded in flows H
and G, respectively. A conjugacy between H and G implies that ¢ and 1 are also
conjugate.

Consider now Z = r*X(z,y) and Zo = r*X¢(z,y), with X and X, as above. As
before, let Z and Zy be the elements of X'* obtained from Z and Z, respectively.

In this paper we treat the question of C'-conjugacy between Z and Zy. Our
main results concern the formal and C'-determinacy of vector fields of the form:

X(r,0) = (Crk+! 4 r*+2q(r, 0))% + (Srk 4 rE+1p(r, 0))%

in the vicinity of S’ = 0 x S!, where C, S are scalars with CS # 0 and a(r,6),
b(r,8) are C* periodic functions in the variable 6.

It will be shown that a conjugacy always exists and this conjugacy is C* provided
the original vector field is nonresonant. The resonance condition is identified by
the construction of a formal conjugacy between the vector fields.

In the case that the original vector field is resonant, a C!-conjugacy can be
constructed.

It should be mentioned that Dumortier and Roussarie [2] have dealt with the
finite determining of germs of vector fields on R? having the following normal form:

X(r,0) = (¢1(0)r*+! + O(rk“))gr- + (a(B) + r* o (8) + O(rk“))%

for certain functions 6,,60; and a. We emphasize that the techniques and methods
used there are quite different from ours.

1. Preliminaries and notations. Let X be a germ of a C* vector field at 0
in R2, such that its oo-jet is given by

ciem— i, (2 4 [Al)
o (2)(323).

where k = 2) 3) 4) 5" EERPE (PRI r? = x2+y2, A(ZD, y) = Ei+j2k+2 Ai_‘fxiij B(IE, y) =
Zi+j>k+2 B;jz*y?, and I’ = pR,, where R, is the rotation

Ra=( cos o sina)O
—sina cosa
Assume that o ¢ 7/2- Z. Let

E:RxS!' > R?%  (r,0) — (rcos,rsin).

Then we can define a C* vector field X on R x S! with E,(X) = X o E.

Let X (R x S';0) be the space of germs of C™ vector fields along S = S* x 0.
This space is identified with X$2(R?), the space of germs of C* vector fields along
the #-axis, Ry = 0 x S, which are periodic in the variable 8, with period 2x.

Also we identify the ring & of germs of C™ functions along S* with the ring
C$2 of germs of C*® functions along Ry, periodic of period 27 in the variable 6.

Let P = R|cosf,sinf][[r]] be the ring of formal power series in r whose coeffi-
cients are trigonometric polynomials. X

Of course, we may consider A’ = Ao E and B’ = Bo E as elements of P.
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Consider &, = C>(S)[[r]] as the ring of formal power series in r with coefficients
in C$2.
The elements of the space

L, ~ €,8/0r ® £0/06

are called transversally formal germs of vector fields along S*.
Let G (resp. G) be the group of diffeomorphisms along S! of the form ¢ =

(r +72q1,0 + rga) with g1,g2 € & (resp. g1,92 € o).
Finally we define

X' = Pojore P5/26
and
G’ = {(r +r%91,0 + rg3) such that g;, g, € P}.
2. Statement of the results.
(2.1) THEOREM 1 (FORMAL CONJUGACY). Consider X € Xon (resp. X5.)
given by
0

a
— (Cpk+1 o k42 ko nk+1
(2.1.1) X(r,0) = (Cr*t! +r a)ar +(Sr*+r b)ao

such that a,b € & (resp. a,b € f’) and C, S are scalars with CS # 0. Then there
ezxists a diffeomorphism o € G (resp. ¢ € G') such that

2

a6’

where cor+1 18 a constant which depends only on the (k + 1)-jets of a(r,p) and
b(r, p).

(2.2) THEOREM 2 (C'-CONJUGACY). Consider X € X§° given by

¢.(X) - (CTk+l +c2k+lr2k+l)% + STk

d ;]
k+1 | k+2 k| o k+1
(2.2.1) X(r,0) = (Cr*t +r*T2q) ot (Sr™+r b)60

such that C,S are nonzéro scalars, a,b € &, and k > 2. Then there exists a
Cl-diffeomorphism on a neighborhood of S* in R x S! of the form
$(R,¢) = (R + R*u(R, ), o + Ru(R, ©))

such that

(i) l=k-2

(i) #+(X) = CR**+18/8R + SR*3/dy,

(iii) of X is formally conjugate to Xo = Crk*+19/0r + Sr*9/00, then ¢ can be
chosen to be a C*®°-diffeomorphism.

One deduces the following corollary:
(2.3) COROLLARY. Let X be a germ of a C™ wvector-field at 0 in R? given by
(2.3.1) Z(z,y) = *X(z,y),
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where 12 = 22 + y?, k > 2, and the eigenvalue of the linear part of X(z,y) (at 0)
are A = a £1b with ab # 0. Then Z is C'-conjugate to Zyg = r* Xy, where Xo s the
linearization of X at 0 and | < (k —1)/2.

3. Proof of Theorem 1. Let ¢ = (r(R, p),0(R,p)) be the formal diffeomor-
phism given by

(31) T(R’ 90) =R+ U(R, 90)’ e(Ra 90) =p+ ’U(R, 30),

where

u=) u(PR, v=) v(QF

j22 j21
with uj,v; € C®(S1) (resp. they are trigonometric polynomials).
The field ¢.(X) = (D$)~! 0 X o ¢ has the expression
(3.2) R= % =CRK! 4 RF+24, o= ‘fi—f = SR* + R**+'B,
where
A=ARyp)=) Aj(@)R, B=B(R¢)=) Bip)R.
320 320
Combining (3.1), (3.2) and (2.1.1) one has
(1+ ug)(CR*+! + Rk¥*+24) + u,(SR* + R*+1B)
= C(R + u)RF*! + R¥*2a(R + u, p +v),
vr(CR*+1 + R¥+24) + (1 + v, )(SR* + R¥+1B)
= S(R + u)*k + RE1b(R + u, 0 + v).

(3.3)

Identifying the respective coefficients of R7** in (3.3), we get
(3.4)
( —k-1)Cuj+ S(uj)p =aj—2 — Aj_2+ Pj(ug,...,uj—1,v1,... ,Vi—-2),
JCv; + S(”j)(p =bj_1—-Bj_1+ Qj(um ceey Usp1, V1, e ,vj—l),
where P; and Q, are polynomials in uk, v; and also depending on Ao, ...,4;_3

and Bo, ey B_-,'_g.
We may rewrite (3.4) as follows:

(3.5)2 (1 — k)Cuz + S(u'z)(p = ag — Ao,
(J = k)Cujy1 + S(ujt1)e
(3:5)5+1 =a;_1 — Aj—1 + Piya(ue, ..., u5,01,. -, 05-1),

3Cuv; + 8(v;)p = bj—1 — Bj—1 + Qj(u2, - .-, uj41,1, ..., V-1)-

Because of Lemma (3.9) (see below), one may chose u; and v; in such a way
that A; =0if j # k— 1, B; = 0 for any 7 and Ax_; is a suitable constant. We
claim that it must satisfy the equation:

27

(3.6) (ak_l — Ag_1 + Pk+1) dp =0,
0

which is determined by formula (3.5)k41.
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(3.7) REMARK. The above equality (3.6) characterizes the resonance which
occurs in the assertion of Theorem 1.

Consider, for each periodic function h(p) (resp. h € R|sin ¢, cos ¢]), the differ-
ential equation

(3.8) C W + SW,, = h(p).
We shall omit the proof of the next lemma.

(3.9) LEMMA. Assume that either (i) C # 0 or (ii) C =0 and f02 " h(p)dp =
0. Then equation (3.6) admits a periodic solution w(p) (resp. w € R[sinp, cos ©]).

From (3.2) and (3.6) we get the following normal form for X

(3.10) R =CRF! 4+ ¢y R¥*+Y 5= SRk,
where c2x+1 € R is given by the expression
2
C2k+1 = Dy A (ak—1+ Pe+1) dop.

This finishes the proof of Theorem 1. O

4. Proof of Theorem 2.

(4.0) Some comments. Before proving Theorem 2 we shall give an intuitive
idea of the strategy of the proof. First of all, we seek a diffeomorphism ¢ =
Id +H such that: (i) p.(X) is the required normal form and (ii) H(R,p) =
(R?U(R, ), RV(R,p)). The problem is then reduced to answering the following
question: “Given C!-periodic (in ) mappings a;(R, ), a2(R, ), do there exist
C'-periodic mappings U(R, ¢), V(R, ) which are solutions of

(4.0.1) CRUg + SU, = (k — 1)U + a1 (R — R?U,p + RV),

e RVg + SV, = kSU — CV +ay(R + R2U,p + RV)?

Set g;(R,0,U,V) = a;(R+ R?U,p + RV), i =1,2.

The answer to this question depends on the Fundamental Lemma and Proposi-
tion (4.12) (see below). The proof of the Fundamental Lemma is based essentially on
the Characteristical Line Method applied to equations (4.0.1). It says that given
C'-periodic functions h;,hy one can find C'-periodic functions U = Q;(hy, h2),
V = Q2(h1, h2) which are solutions of
(402) {RUR+SU,,=C(k—1)V+h1,

e RVg + SV, =kSU — CV + hy, for R small.

Moreover the expression for Q;(h1, h2) and Q2(hi, hy) are given explicitly.
So it remains to look for those U,V such that

(403) U(R$ ‘0) = Ql(gl(Ra P, U(R, ‘p)’V(R) p))):
o V(R7 QO) = Q2(92(R, P, U(R$ p)’ V(R’ GP))), for R small.

We define for each (R, ) the functionals

(4-0-4) Pl(Uy V) = Ql(gl (Ra P, Ua V)), P?(U: V) = Q2(92(R’ ®, U) V))
Finally one proves that P = (Py, P;) is invertible.
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Proposition (4.12) is concerned with the C'-extension to R? of mappings ob-
tained by the Fundamental Lemma. 0O

We fix some notation:

Ch,.(0) is the space of C* functions f: Q x R — R periodic of period 2 in the
second variable, with 2 C R™.

Assuming the above notation we set

Chr = Chr(R).

(C4,)o is the subspace of C4, constituted by the functions f, such that supp(f) C
[—p, +;Io] X R for some p > 0, i.e. f defines a function with compact support on
R x St

If r < s and p > 0, then

I fllr0 =sup{|D2f|;z € Nand |o| <7, a = (a1,...,0k)},

171l = £l mm,

”f“r,p = ”f”r,B(p); where B(p) = {(2:1, .. ~a$n); Izll < P}-

(4.1) REMARK. Let f1, fo be C* functions defined in some open domains of
R™. It is easy to see that

(4-1'1) ”fl o f2“'r,E < Nr"flnr,fz(za)(l + ||f2"r,E)rv
where N, depends only on r. 0O

(4.2) FUNDAMENTAL LEMMA. Let C,S,C be nonzero scalars and l € NU
{oo}. Given h(R, ) in Ch, consider the equation

(4.2.1) CRUg + SU, = CU + h.

Then this equatzon admits a solution U(R, ©) in Ch, provided that one of the
following conditions 1s satisfied:

(a) C/C <O.

(b) C/C > 1+ 1 and h has support on Qo = [—po, po] X R, with po > 0.

Moreover

(a) If C/C < 0, then there exists a linear transformation

.l l
LC,S,E' C21r - C21r

such that for any r < I, r < 00, one can define a constant Kg)s >0 which
satisfies:

(a1) L s 5(h) 1s a solution of (4.2.1).
(02) I 5.5z, < KDy 51+ ¥kl
where T, = {(R,p) € R?; |R| < =%, |p| < 2r}.
(b) Ifl < 00 and C/C >l + 1, then there ezist a linear transformation
Lese: (Con)o = Con
and a constant K ¢ > 0 such that:
(b1) L 5 5(h) s a solution of (4.2.1).
(b2) ”Lc S, c”l T, < c,s,c(1 + P)w"h”l-

PROOF OF LEMMA (4.2). It is sufficient to prove this lemma in the case C < 0
and S = 1. The remaining cases follow easily.
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Observe that the vector field Z = CR3/0R + /9y is transformed by the dif-
feomorphism (on R2) ¢: (R, ) — (ReC%, ) into £.(Z) = /3.
In the same way equation (4.2.1) is transformed into

(4.2.2) W, =CW + H(R,p), where W =Uo¢and H=ho¢.

Moreover the diffeomorphism transforms C5, in the space C% of the C'-functions
f(R,9) on R x S! which verify

(4.3) f(Re™2"C o + 21) = f(R, p).

The solutions of (4.2.2) are the functions
— (4 — —
(4.4) W (R, ) = Wo(R)eC® + ( / e C*H(R,s) ds) v,
0

Observe that W must satisfy (4.3). This means that the function
(45) A(R’ 90) = W(Re—21rC’ P+ 2”) - W(R) 50)

must be zero. _
Since H verifies (4.2.2), one has A /3¢ = CA and so A(R, p) = A(R,0)eC¥.
From (4.4) and (4.5) we get the relation

(4.6) e2"CWo(Re~2"C) — Wo(R) = —F(R),
where F(R) = ( f02 "e~C*H(R, s)ds)e?™C. We write

(4.7) Wo(R) = ¥ ¢*™CF(e~2"CR).
Jj=0

We are going to separate the cases:
Case A. Assume C > 0; this is just the first assumption of the preceding lemma.
The series in consideration, (4.7), converges, as well as its derivatives

(=]
(4.8) Wéa) (R) — Z e21rj(§—aC)F(0) (e—2ijR).
. =
Observe that, for r <[ and r < 0o, one has

1
Wollr,, < m"ﬂlnp-
On the other hand, it is easy to check that
(4‘9) ”W”fgzp S K:‘IIH”ﬂzp’

where X, = [—p, +p] X [-2m,27] and K. depends only on 7.
We try to obtain similar inequalities for U and H.
Observe that T, = £(X,). And so, by inequality (4.1.1) we have

(4.10) I€llr,z, < (1+|Cl)7e™IClp,

(4.11) €~ Iz, < (1+[Cl)re*miClp.
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Combining (4.9), (4.10) and (4.11) we get a number K"

C.8C depending only on
r, C, S, C such that

Ulrz, < KS <+ o) Rl

It is obvious that both W and U = W o ¢! depend linearly on h.

Case B. Assume now C < 0, ! < 0o, C/C > [+1 and h has support in |R| < po.
Let H, F and W be the restrictions of H, F and W on [—2, 27] X R respectively.
By construction, H has compact support and it satisfies |F||; < |[H|:/|C|.

Observe that C — aC < 0 for any a < I. So the series W((,a) are uniformly

convergent and
1

— i 1Pl
Therefore one can choose K| depending only on , such that |[W||; < K;i||H|;. O

(4.12) PROPOSITION. Let C, S, C', C” be nonzero real numbers such that
C'/C and C"/C are off [0,l + 1), where | € N U {00}, and let g;(R,p,U,V),
g2(R,0,U,V) be C™® functions defined on R* with support in

po,6 = {(R’SO’ Ua V)1 |R| < Po, |U| < 6, IVI < 5}
Assume g; are periodic in the variable o, of period 2w and
D%g(0,0,U,V)=0 f|a] <l (:=1,2).

Then there exist C' functions U(R, p), V(R, o) defined on R2, which are solu-
tions of

Woll: <

p— /
(419) {CRUR+SU.,, =C'U +g1(R,0,U,V),

CRVg + SV,, = C"V + g2(R, 0, U, V).

Furthermore they are periodic of period 27 in the variable o and satisfy U(0,p) =
V(0,0)=0

PROOF. Let &:R — R be a C*™ bump function such that £(z) = 0 if |z] > 1
and &(z) = 11if |z| < 3.

Let € > 0 be a small positive number. Define the following functions by recur-
rence on 1:

() G, = (e~ R)gs, 5 = 1,2,

(i) hy = h§ =0,

(iii) Ui+1 = L' (h}), where L! = L¢,s,c, are as defined above,

(iv) Vi+l = Lz(h?), where L2 = Lc,s,cu,

(v) h}(R,p) = G;(R, p,Ui(R, ), Vi(R, p)).

The proof of this proposition is quite lengthy however and involves many techni-
calities and estimations. We intend to provide the basic ingredients and the proof
proceeds in eight steps.

Step 1. For s < 00, s < I+ 1 one has g; = R*g; with §; € (Chx)o-

Moreover, there are numbers r < s and K, , such that

llgillr,p < R,',p"_'
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On the other hand
"Gt'“r,p <€l (E e—j“gi”r—j,inf{e,p}) .
3=0
Hence we obtain immediately that
(4.14) Gillr,p < Kr,s inf{e, p}*~".
Similar estimations can be done for
Oh; Oh; aG; 0G;
Ohe) ol e, (129 ana ‘ .
” oU o 1% ro au ||, ov ||,

Step 2. (i) For any r < | + 1, there exists €, > 0 such that if ¢ < ¢,, then
Uillr,T,, < 6/2 and ||Vilr,T,, <6/2.

(ii) Assume ! = 0o. For each r there exists p, > 0, depending on r, € and £ such
that for p < p, one has ||Uj|l; 7, < 6/2 and ||Vil|r,T, < 6/2.

The assertions in Step 2 are proved in the following way.

Willr1,y < A+ 00)" KellGRllr,  IVallrm,, < (14 p0)*" K, |Gl

where G'?(R, ») = G;(R,9,0,0) and K, is a positive number greater than Kg,)s’c,,
Kg’)s,c,,, Kg,)s,c' and K¢ s,c#. From (4.14), taking s = r+1, one has [|U1|l,,T,, <
6/2 and |Vilr,1,, < 6/2.

If | = 00, then we have necessarily that C’/C and C”/C are negative. So, from
(4.2) we get '

1Uilz, < 1+ Ko\ GRNlr7,s  Valle7, < (14 0)* K, 1GRlr,,.-
By virtue of (4.14), taking s = + 1 and p small enough we get
"Ulll"'yTp S 6/2 and IIVlllryTp S 6/2‘

Assume now
\Villr,, <6/2 and |V, <6/2.

Because of Remark (4.1), we have
1A llr,7y < NellGillra,, (1 4+ 6).

Applying (4.2) and (4.14), we get |U;t1llr,T,, < 6/2. We obtain a similar majo-
ration for V;4;.
If | = 0o, we can also get the following inequalities:

IUitillr,1, < K-No(1+p)*" (14 6)"(|Gillr,a,
Vitillrz, < KeNe(14 p)* (1-+6)"(|Gallr,a,-
Observe finally that
A, CT,x[-6,6] x[-6,6). O

The proofs of the assertions contained in Steps 3 and 4 are straightforward.
Step 3. (i) For r < |+ 1, there exists £/ such that

Ihirs = hillrz, + B2y = B2z,
< eV2(lUst1 ~ Uillnz,g + IVisr = Villr,,,)  with € <€l
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(ii) Consider ! = co. Associated with any r there exists p,. > 0, depending on ¢
and &, such that

Ihiss = hille, + b2y = BT,
< p2(I0it1 = Uillr,z, + [Vie1 = Villrz,)  with p < 4.

Step 4. Denote by U;, V; the restrictions of U;,V; to T,, respectively. Let

70 < |+ 1. If ¢ is small enough, then the sequence (U;) and (V) converge in

72(Ty,) to U and V respectively. Moreover if [ = oo, then for each r there is
pr > 0 such that U and V are of class C” on (1,, = [~p,,p,] X R.

Step 5. For any r < [ + 1, there is p, > 0 such that the restrictions U;, V; on
Q. = [~pr, pr) X R converge to U, V in Ch, (1, ) respectively. This follows directly
from the above steps.

Step 6. It is easy to see that the images of U and V are contained in [—6/2,6/2].

Step 7. Any solution (U(R, ),V (R, p)) of (4.13) defined and of class C" on an
open set () can be extended to a unique solution defined and of class C™ on {1, where
{1 is the saturation of () by the flow of the vector field Z = CR9/OR + S8/dp
and by the action of the translation (R,p) — (R, + 2m). Moreover, if () is a
neighborhood of the p-axis and U and V are periodic (in @), then the respective
extensions are also periodic.

We are going to demonstrate the assertion in Step 7. As above, consider the
change of coordinates £(R, ) = (Re€¥, ) which transforms Z in 3/9¢ and system
(4.13) in

(415) USO = CIU + -g_l(Ra P U, V)a ‘_/qp = C”V + g2(Ra P, U, V)’

where U =Uo ¢,V =V o ¢ and g;(R,0,U,V) = g;(ReC¥?,0,U, V).
We may interpret this system as a vector field on R* having the expression

— 9 0

! "y _—
The flow 9; of Z’ satisfies

. . — ©

[l — | < 2¢C¥ (1+/ Me_C’ds), 7 =34,
0

where 1 are the components of v;, M is a majorant (|g|+|g2|) and C > |C'|+|C"|.
The curves Yr: p — (R, p,Uc&(R, ), Vo&(R, p)) are, of course, integral curves
of Z'. From the unicity of solutions, we get

(4 17) Uo E(R’ ©1 + ¢2) = ¢«23(R, P1, Uo f(R’ Sol)sV o E(R> 301)),
' Vo é(R, 1 + 302) = ¢$2 (Ra ©1, Uo €(Ra ¢1),V © £(Ra Sol))

Let ¥ = ¢71(0) and let 1’ be the saturation of (V' by the vector field 8/9p =
£*(2). As before we can extend U and V umquely on (I, preserving the class of
differentiability.

Assume that (1 is a neighborhood of the go-ams and {1 = RZ. We want to
demonstrate that the extensions U’ = U o ¢! = V' o £ are periodic. So we
have to prove that they verify relation (4.3). :
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Of course, Z' is invariant under the action of
6:(R,p,U,V) = (Re™2"C o+ 21,U,V).
This implies that
(4.18) YI(Re™?"C, o+ 21, U, V) =i (R,,U,V), j=3,4

Now, by combining (4.17) and (4.18) we conclude the present proof. O

The next result is an immediate consequence of the last step:

Step 8. Any CT solution of (4.13) in 2, can be extended to a unique C” solution
defined on R2.

Now the conclusion of Proposition (4.12) is obvious. O

PROOF OF THEOREM 2. We are going to determine a diffeomorphism f on a
neighborhood of the p-axis of the type

(4.19) f(R,p) = {g‘ggfﬁﬁﬁﬁf:{ﬁf;f )
which is a conjugacy between

(4.20) P =Crktl 4 b +2g(r,0), 6 = Srk 4 5+ 1p(r,0)
and

(4.21) R=CRF', =S8Rk

Because of Theorem 1, one may of course assume the following forms of a and b
a(r,0) =r*'a(r,0) and b(r,8) = r*=15(r,0).
Putting (4.19) and (4.21) in (4.20) we obtain

(4.22) CRug + Su, = C'u + RPu?r (RPu) + a; (R + RP!u,p + RPv),
' CRug + Sv, = C"u + ura(RPu) + b1 (R + RP1u, o + RPp),

where
C'= (k - p)C’ C'= ‘pC,
n(2)=CZ7?|(1+ 2)**' -1 - (k+1)Z],
n(2) =827 (1+ 2)* - 1),
a = Rl-P(l +Rp+lu)k+2a and b, = R2—p(1 + Rp+lu)k+lb. ’

By a change of variables U,V , we may consider (4.22) in the form

(423) CRUR + SU, = C'U + az(R, 0, U, V),
: CRVg + SV, = C"V + by(R, 0, U, V),

where ag,b; are C®-functions defined on a neighborhood of the p-axis in R4,
periodics of period 2 in the variable ¢, and a; = R*~Pay, by = R¥~Pb, with o,
bs being of class C*°.

Observe that, if both A = rk¥+2g, B = rk+1p are co-flat on the p-axis, then
az, by will be co-flat on the hyperplane R = 0.
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Now take u = u(R,U), v = v(R,U,V) to be functions defined implicitly by the
equations
(4.24) U = uen(Rv) V =v+ Hy(R,u)

with H;, H, unknown.
Now we put (4.24) in (4.23) and try to determine Hy, H, a2, and by to obtain
(4.22). So

az(R,p,U,V) = e¥1("¥)g, (R + RP*'u, o + RPv),
b2(R,0,U,V) = b1 (R + RP*1u, o + RPv) + (H2)u(R,u)
-a1(R + RP*u, 0 4+ RPv).
Observe that H;, H> must satisfy the following equations:
(4.25) (C'U + RPu?ry(RPu))(u(Hi)u + 1) — C'u + CRu(H;)g = 0,

(4.26) (C"H; — CR(H2)r — (C'u 4+ RPu?ri(RPu)(H2)y)) = ura(RPu).
Put
Hi(R,u) = Li(RPu),  Ha(R,u) = uLs(RPu)

with Ly(Z), L2(Z) being C™ functions of one variable.
The above equations take the following forms:

dLl —ZTl(Z)
/ —_—— =
(425) dZ ~ kC+2Z’
" dLg _ -T2(Z)

Observe that the right side of equation (4.26') is analytic. So, we can integrate
the above equations without difficulties and determine the desired H,, Hs, a3, and
ba.

Suppose now a; and b, are defined on

nRo,6o = [_-RO) RO] x R x [_60’60]2

and are periodic of period 27 in the variable .
Let \: R — R be a C* bump function with support on [—&o, €o] and such that
Mz) =1if 2 € [—€0/2,€0/2], €0 < inf(Rp, ).
Define
a3 = A(R)A(U)A(V)az and bz = A(R)A(U)A(V)b2.

In (4.23) we replace a3, b, and a3, bs respectively and apply Proposition (4.12).

If the normal form of (4.20) is (4.21), we may of course assume that a and b are
oo-flat on the #-axis. So we may consider az, by as being co-flat on R = 0. Hence
if we set p < k then system (4.22) satisfies the assumptions of Proposition (4.12).

In the general case, we verify directly that if | < k —p — 1, then C'/C > | + 1,
C"”/C < 0 and ay, b, are l-flat along R = 0.

Now the conclusion of the theorem is direct. O
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