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SOME PRODUCT FORMULAE FOR NONSIMPLY
CONNECTED SURGERY PROBLEMS

R. J. MILGRAM AND ANDREW RANICKI

ABSTRACT. For an n-dimensional normal map f: M" — N" with finite fundamental
group m(N)== and PL 1 torsion kernel Z[w]-modules K,(M) the surgery
obstruction o,(f) € L!(Z[n]) is expressed in terms of the projective classes
(Ke(M)) € Ky(Z[ 7)), assuming K,(M) =0 if n = 2i. This expression is used to
evaluate in certain cases the surgery obstruction o,(g) € L%, ., (Z[m X =]) of the
(m + n)-dimensional normal map g=1Xf: M, X M - M; X N defined by
product with an m-dimensional manifold M,, where m = = (M)).

A key problem in surgery theory is to understand how to calculate the surgery
obstructions for surgery problems

*) fi M7 N
where f is a degree 1 normal map and M", N" are closed n-dimensional manifolds.
C. T. C. Wall [20] has pointed out that the problem (*) determines an element

a(f) € Qrl(B'rrl(N) X G/TOPa B'rrl(N) X {pt})
and there is a map
e: u( B,y X G/TOP, B, (v, X {pt.}) = Ly(m(N))

so that the surgery obstruction o,( f) is e(a( f)).

Wall also pointed out that if m;(N) is finite, then a(f) is already determined by
restriction to the 2-Sylow subgroup of =, and the groups L,(w) have been
extensively studied when = is a finite 2-group. (See e.g. Pardon [12], Carlsson-
Milgram [3, 5], Hambleton-Milgram [9], Wall [21] and Bak-Kolster [1].) Indeed the
projective L-groups Ly(w) are completely known, and the groups L%(7) and Li(7)
are effectively computable in tems of certain additional facts about K o(Z[7]) and
Wh(w).

So further progress depends on studying the map e. For the projective L groups
Lj(m) with = a finite 2-group, this was done by L. Taylor-B. Williams [18] and
independently by I. Hambleton [8]. But for the more basic case of Li(w) our
information is much more limited. There are some key examples (Cappell-Shaneson
[2], Taylor-Williams [18]) which show that this problem is much harder, but general
information is hard to come by.
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384 R.J. MILGRAM AND ANDREW RANICKI

In this note we initiate an attack on this problem from a different direction, that
of product formulae for surgery obstructions.

Under certain circumstances we demonstrate the existence of ““semicharacteristic
classes” and relate the surgery obstructions of surgery problems of the form
(%x) dXf: M XM->M XN
with 7 (M) =m and m(N) =7 to a certain product x,,(M,;)- tr(cs(f)) in
L%(m, X m), or when appropriate simplifying conditions are not present, to a
formula only slightly more complicated (Theorems 3.3 and 3.4).

These results are applied in §4 to give a direct proof of the Morgan-Pardon,
Taylor-Williams result for the group = = Z /2 X Z /4, which is the simplest case in
which a surgery obstruction occurs which is trivial in L{(7) but not in L%(#), and
provide the main intuitions for the key step in [10], where ideas of Clauwens [6] are
used to completely classify surgery obstructions for closed manifolds with finite
fundamental group crossed with the Kervaire problem.

We thank Ian Hambleton for a careful reading of a preliminary version and some
valuable comments.

1. Evaluating the surgery obstruction. In this section we study the question of when
the surgery obstruction o,(f) € L,(Z[7]) of an n-dimensional normal map f:
M — N with 7 (N) = = is determined only by the kernel Z[#]-modules

Ki(M) = ker(f*3 H,(M) - H*(N))

ExAMPLE 1.0. If K (M) = 0, then f is normal bordant to a homotopy equivalence
and o,(f) =0 € L' Z[n)]). (If also 7,(M)=m(N)=m, then f is a homotopy
equivalence). O

Our main tool will be the Rothenberg exact sequence of Ranicki [13] relating the
free L-groups LA(Z[7]) to the projective L-groups LI(Z[#]) and the projective
class group K,(Z[7])

(1) - > A,(Z,, Ro(Z[7])) > LH(Z[7]) - L2(Z[])

- An—1(22’ Ko(Z[7])) > ---.
ExAMPLE 1.2. If the kernel modules K,(M) are f.g. projective, with K, (M) =10
when n = 2i, then

o f)=0[ T (=) [K,(a0)] ] < im(3: ,(2,, Ro(Z[n]) = Li(Z[7D).

j<n/2
(See Corollary 2.3 for a proof.) O
We shall obtain an analogous result for normal maps f: M" - N" of closed
oriented manifolds with finite fundamental group m;(N) = =, such that the kernel
modules K,(M) are torsion of projective length 1. In Theorems 1.11 and 1.14 we
shall prove that the surgery obstruction of such a normal map with simply-connected
Kervaire invariant 0 if n = 4k + 2 and K,(M) = 0if n = 2i + 1is given by

W) =3 T ()x(K,(M)| < ima: £,(Z,, Ko(ZLa]) = £i(2Ln))

with x(K,(M)) € K(Z[7]) the projective characteristic.
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We shall be making extensive use of the commutative braid of exact sequences

(1.3)

Ly (Q[~]) - L§(zZla)) - A, (2, K(Z[7]))
N 2 N 7
L,:(Z[=]) Ly (Z[n])
Ve N 2 N
A,(Z,.Ko(2]7])) - L,(z[7]) - L,(Q[~])

incorporating (1.1) and the localization exact sequences of Pardon [11], Ranicki [16],
Carlsson-Milgram [4]

- = LESH(Z[w]) - LI(Z[7]) > Ly(Q[7]) —» Ly (Z[7]) - ---,
= Ly§(Z[7]) - Ly(Z[7]) -» Ly(Q[=]) - Ly (Z[=]) - ---,
as well as the analogue of (1.1) for the torsion L-groups

C o (2, Ro(Z[7]) 5 Lh(Z[7]) - L2 (2] 7))

- H, (Z,,K(Z[7])) > ---.
The inclusion Z[7] —» Q[~] induces maps L{(Z[n]) = LL(Q[~]) from the projec-
tive L-groups of Z[x] to the free L-groups of Q[], since for every f.g. projective
Z[w]-module P the induced Q[x]-module Q ® , P is f.g. free, by the theorem of
Swan.
The action of Z, on K,(Z[n]) is by the duality involution

+: Ko(Z[n]) - Ko(Z[]); [P] > [P*],
using the involution on Z[x]
“ Z[n] - Z[w];a= Y ng—oa= ) ng!

gew geE™
to define a left Z[#]-action on the dual f.g. projective Z[7]-module
P* = Hom (P, Z[=])
of a f.g. projective left Z[7]-module P by
Z[#] X P* > P*;(a,¢) = (x = ¢(x)a).

Thus the homology Z,-groups appearing in (1.1) and (1.3) are given (as usual) by
{[P] & Ro(Z[7])I[P*] +(-)"[P] = 0}

{lel-(=)"[e*lilel e Ko(zlaD)}

The even-dimensional L-group L{,(Z[]) (resp. L4,(Z[w])) is the Witt group of
nonsingular (— )’-quadratic forms
(K. A: KX K> Z[7], p: K > Q,i(Z[n]) = Z[n]/{a (=) 'aa e z[~]})

on f.g. projective (resp. free) Z[w]-modules K. Nonsingular means that the adjoint
of A is a Z[w]-module isomorphism

AN K> K* x = (y = AMx, p)).

ﬁ"(Zz,IE'O(Z[w])) =
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Given a f.g. projective Z[w]-module L, there is defined a hyperbolic nonsingular
(—)"-quadratic form with lagrangian (= subkernel) L

H_i(L)y=(L®L* A\: L& L*> Z[]; ((x,4).(y.0))

- o(y) +(=)0(x). p: Lo L* > 0 _i(Z[7]); (x.4) > ¢(x))

such that H _,i(L)=0¢€ LY (Z[7n]) (resp.= 0 € LY(Z[7)) if L is free). For
n = 2i the map 9 in (1.1) is given by

a: ﬂzi(zz’leo(z[ﬂ])) - L5,(Z[n]); [L] - H(—)i(L)'

REMARK 1.4. An element x € L%, (Z[7]) is the image 9(y) of the element
y € I:Izi(Zz, K,(Z[n))) if and only if x is represented by a (—)-quadratic form
(K.\,p) on a fg. free Z[w]-module K which admits a f.g. projective lagrangian
L C K such that

[L]=y € H,(2Z,,K(Z[])). O
The odd-dimensional L-group L5, (Z[7]) (resp. L5, (Z[7])) is the Witt group
of (—)-quadratic formations (K, A, p; F,G), with (K, \,p) a nonsingular (—)"-
quadratic form and F, G projective (resp. free) lagrangians. For n = 2i + 1 the map
d in 1.2 is given by

a: ]:121+1(22’ ko(z[ﬂl)) - L5, (Z[7]);
[P]- (H_ji(P®-P); P& PP ®(-P)*)

with P, — P f.g. projective Z[x]-modules such that P & (—P) and P & (—P)* are
f.g. free Z[ 7 ]-modules.

A Z[n]-module M is said to have projective length 1 (PL 1 for short) if it admits a
f.g. projective Z[7]-module resolution 0 - P, > P, > M — 0. We shall be prim-
arily concerned with PL 1 torsion Z[7]-modules M, assuming throughout that = is
a finite group.

REMARK 1.5. If M is a f.g. torsion Z[#]-module such that (|M]|, |7|) = 1, then M
is PL 1. (See e.g. Carlsson-Milgram [3].) O

A Z[n]-module M is said to have free length 1 (FPL 1 for short) if it admits a f.g.
free Z[w]-module resolution 0 » F, » F, > M —» 0. A PL 1 module M has a
projective characteristic

x(M) = [B] ~[P] € Kol Z[7]).
such that M is FPL 1 if and only if x(M) = 0.
The torsion L-groups L' (Z[n]) (resp. L4 (Z[x])) are the Witt groups of +
quadratic structures on PL 1 (resp. FPL 1) torsion Z[=]-modules.
The torsion dual of a PL 1 torsion Z[w]-module M is the PL 1 torsion
Z[m]-module defined by
M"= HomZ[,,](M, Q[n]/z[=]),
with
Z[r] XM > M";(a,¢) = (x = ¢(x)a).
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The dual of a f.g. projective resolution of M
0P 5Py M—0

is the f.g. projective resolution of M "

0-Pr S prSMrs,
with

e P¥ro>M" ¢ (e(x) - &sy—))
(xe P, yeP,s€Z—{0},sx=dy €PFy).
The projective characteristic of the torsion dual is thus given by
x(M") = [P¥] = [P¢] = —x(M)* € Ko(Z[7]).

The even-dimensional torsion L-group LZ'(Z[w]) (resp. L%*(Z[n])) is the
Witt group of nonsingular (—)-quadratic linking forms

(K,A: K x K - Q[7]/Z[7], p: K > Q_,i(Q[7]/Z[=]))
on PL 1 (resp. FPL 1) torsion Z[«]-modules K. Nonsingular means that the adjoint
of A defines a Z[#]-module isomorphism

AN KS KN x - (y = A(x, ).

In order to describe the map
3% ﬂZi—l(ZZ’ Ko(Z[7])) - L3 (Z[7])
appearing in (1.3), note first that for any f.g. projective Z[]-module P there exists a
PL 1 torsion Z[#}-module L such that
x(L) = [P] € Ko(Z[=]),

since Q ®, P is a f.g. free Q[7]-module by Swan’s theorem, so that there exists an
integral lattice Z[#]™ c P and L = P/Z[x]™ will do. Now for any PL 1 torsion
Z[n)-module L there is defined a hyperbolic (—)-quadratic linking form with

lagrangian L
0 1 0 1
Leo A7x= i s =( )
I )

exactly as the hyperbolic form H_,i(P) = (P & P*, A, p) but with the torsion dual
L* in place of the projective dual P*, such that H!*)i(L) = 0 € L§;"*(Z[=]) (resp.
H!*i(L)=0¢€ Lhtor(Z[x]) if L is FPL 1). The map 9'" is given by

3" Hy,_1(Z,, Ko(Z[7])) » L3(Z[=]); [P] > Hi(L),
with L any PL 1 torsion Z[x]-module such that x(L)=[P]€ Ko(Z[7]). The
torsion analogue of Remark 1.4 holds:

REMARK 1.6. An element x € L4 (Z[n]) is the image 3'"(y) of y €
H,;_\(Z,, Ko(Z[ 7)) if and only if x is represented by a (—)-quadratic linking
form (K, A, ) on an FPL 1 torsion Z[x]-module K which admits a PL 1 torsior
lagrangian L C K such that

x(L) =y € H,,_,(Z,,Ko(Z[=])). O

H!i(L) =
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The odd-dimensional torsion L-group L3'\°"[(Z[7]) (resp. L4 (Z[7])) is essen-

tially the Witt group of nonsingular (—)-quadratic linking formations (K, A, u;
F,G), with F, G PL 1 (resp. FPL 1) torsion lagrangians of the (—)’-quadratic linking
form (K, A, p), together with some extra structure needed to capture the Kervaire
invariant in L,(Z)—the precise definition need not detain us here.

Explicit calculations for the groups and the sequences in (1.3) are made in
Carlsson-Milgram [5] and Hambleton-Milgram [9]. Indeed, from [5] we have

LEMMA 1.7. For any finite 2-group =
Lyr(Ze) = (2/2) . LY(Zn) = Ly™(Zym) = (2/2)°
where c, d are explicit functions of the rational group ring Q. O

A nontrivial element in LY"?(Z#) is sent by 9 to the nontrivial Z/2 in
L{(Z)= L% Z) = Z/2. Recall that the Z/2 in L%(Z) is the Kervaire invariant, and
that the identification of the set of degree-one normal maps f: M" — N" with the
set of homotopy classes of maps [N,G/CAT] allows one to get an explicit formula
for the Kerviare obstruction. Indeed, from the work of Rourke and Sullivan [17],
(see in particular Wall [20]), we have that there exists classes k,; ., €
H**X(G/CAT, Z/2) so that

(1.8) o*(f)=<V22f*(k4i+2),[M]>622
i=0
where o,(f) is the Kervaire invariant of the surgery problem induced by the map f:
M — G/CAT. (Here, V is the total Wu class of M.)
A. Surgery below the middle dimension.

PROPOSITION 1.9. Let f: M" — N" be a normal map of closed n-dimensional
manifolds with (N ) = = finite, such that the kernel Z|m]-modules K,(M) are PL 1
torsion. For each j < n/2, f is normal bordant to a (j — 1)-connected normal map
£ MY — N with kernel modules

0 ifr<jorr>n-—j,
'. PjeKj(M) ifr=j,
KMP)Y=\g (M) ij<r<n-j,
px ifr=n-j,

J

where P, is a f.g. projective Z[m]-module such that

(7] = (=)' £ (=)x(K, (M) € Ro( L))

r<j

PROOF. We shall make repeated use of the next lemma, whose proof is obvious.

LEmMMA 1.10. Given a f.g. projective Z[n]-module P and a PL 1 torsion Z[n]-mod-
ule K, there exists a surjection of a f.g. free Z[m]-module F

(§): F=2zlr]" -~ PeK,
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in which case Q = ker(({): F - P ® K) isaf.g. projective Z|w]-module with a short
exact sequence
d Q)
0-Q->F->PoK—-0
such that
x(K) +[P]+[Q] =0 € K(Z[n]).

The torsion dual K " fits into the exact sequence
(.* dt e/\
0-oP*>F*>Q*>K">0. O

Assume inductively that f): M) - N has already been constructed for some
Jj < n/2 — 1. By the lemma, there exists a surjection

(§): F=z[7]" > K,(M©) = P,® K,(M)
with kernel Q = P, ,, a f.g. projective Z[r]-module, such that
[Pl = = [B] = x(5,00) = (=) T (-)x(K,(00))) € Ko(2[7)).
r<j+

Let fU*D: MU*D N be the normal map obtained from f¢ by surgery on m
disjoint framed embedded spheres S/ C M) representing the corresponding m
Z[w)-module generators of K,(M”). The trace normal bordism is denoted by

(8055 00, £0°0): (WD MO, MO™D) N X(130,1),
and is such that
WUD = M X T U gy pr-s U D/*1 X D"
= MU+D x T U ypit Xgn--1 U D/l x D"/
=MDy 4 U D/
=MUYUDyY jo -1 U D",
It follows that

F ifr=j+1,

K,(W‘“”,M(f)) = (0 ifrej+1

K(WU*D MU+D) = (F* ifr=n-j
0 ifr#n-—j,
and hence that
K(WUrD)y=K (MY) ifr+j,j+1,
K(WUrbhy=K (MY*D) ifr+n—j—1,n—j.
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The exact sequences
0 = Ka(MY) = K (W) o K (WU M)

N Kj(M(j)) N KJ(WUH)) - 0,
(MUD) — K, (WU > K, (WUTH MU*D)

S K (MUY o K (W) o

0 - K

n—j

are naturally identified with the exact sequences
M do
0= K y(M) > P @K, (M) = F5 P@ K (M) > 00,

(.* d* e/\
050> P*>F*>P* S K(M)>0

Jj+1
respectively, with d: P,,; — F the inclusion. In particular,
K, (MU) =B @ K, (M), K,(MU™D) =0,
K"_j_l(M(jH)) = Pj’s-l’ Kn_j(M(jH)) =0,
establishing the inductive step. O

REMARK. The quadratic kernel of an n-dimensional normal map f: M" - N"
with 7 (N) = 7 is an n-dimensional quadratic Poincaré complex

d d
(caoc= -~ asc)

with C a f.g. free Z[#]-module chain complex such that H(C) = K,(M) and ¢y a
quadratic structure, such that the surgery obstruction of f is determined by (C, {)
ox(f) = (C.¢) € L,(Z[7])

(Ranicki [15]). Proposition 1.9 can also be proved by algebraic surgery on (C,¢). O
B. The even-dimensional case. The quadratic kernel (C,¢) of a 2i-dimensional
normal map f: M?' — N? determines a (—)'-quadratic form

(Ki(M)v A Ki(M) X Ki(M) - Z["T]’ [N KI(M) - Q(—)i(Z["]))
which is nonsingular if all the kernel Z[#]-modules H,(C)= K,(M) are f.g.
projective. In the (i — 1)-connected case K,(M)=0 for r# i, K,(M) can be
assumed to be f.g. free and (K;(M), A, p) is the geometric intersection form defined
by Wall [20].

For a (2i + 1)-dimensional normal map of manifolds with boundary
(g,ag): (W2i+1,aw) - (V2’+1,8V)
the form (A, p) on K, (dW) restricts to (0, 0) on the submodule
im(3: K,, ,(W,0W) - K,(0W)) C K,(aW).
If the kernel modules K,(3W'), K, (W) are all f.g. projective, then
im(Kin(W’aW) - Ki(aW))
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is a projective lagrangian of (K,(dW), A, p). In particular, this is the case if (g,3g)
is (i — 1)-connected, with K (dW) = K (W) = 0 for r # i, when the lagrangian is
in fact free.

THEOREM 1.11. Let f: M?* — N% be a normal map of closed 2i-dimensional
manifolds with m(N) = = finite and K,(M) PL 1 torsion, and such that for odd i the
Kervaire invariant o,(f) € L,,(Z[{1}]) = Z, is 0. Then the surgery obstruction of f is
given by

ox(f) =20 (')i Z (—)jX(Kj(M))
j<i

€ im(3: H,(Z,, Ro(Z[7])) = Ls(Z[7])).

PrROOF. From Proposition 1.9 we have a normal bordant (i — 2)-connected normal
map f¢~D: MU~D - N such that

0 fr<i—lorr>i+1,
o | P @ Kia(M) ifr=i-,
K.(MP) = g (M) ifr=1i,
P*, ifr=i+1,

with P,_, a f.g. projective Z[=]-module such that
P = ()7 E ()x(K,0)] € Kol L))
j<i-1
By Lemma 1.10 there exists a surjection of a f.g. free Z[7]-module
(g): F=Z[z]">K,_(M""P)=P_, ® K, (M),
and P, = ker((¢): F - K,_,(MY"D)) is a f.g. projective Z[«]-module fitting into a
short exact sequence
d (2
O->P->F—->P_,® K, ,(M)-0
such that
[P]=~[P 1] - x(Ki_1(M)) = (—)"( > (-)’x(Kj(M))) € Ko(Z[7]).
J<i
Let f@: M® — N be the (i — 1)-connected normal map obtained from f¢~1 by

surgery on the corresponding m Z[7]-module generators of K;_;(M“~D). The trace
normal bordism

(g(i); f(i_l),f(i))I (W(i); M(i"l), M(i)) - N X(I', 0,1)
is such that
W= MU=D X [ U jgi-15pist U D' X D1
=MD XTIV piysUD X D!

=M DU e UD = MO U U Dt
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It follows that
F ifr=i,

K,(W"",M""”)=(0 if r#

. . * : =7
Ko = [0

and hence that
K(W®)=K(M"D) ifr+i-1,i
K,(W®) =K (MD) ifr+i,i+1.
The exact sequences
0- K,-(M""“) N K,.(W"") N K'_(W(i),M(Fl)) N Ki_l(M(i—l))
- Ki—l(W(i)) -0,
0 - K, (WO MI=DyM®D) 5 K (MI=Dy MO, MU-D) (= Ki(M(i)))
- K (WO, MWD) 5 K (WD, MDDy M®) 50,
0K, ((M?) - K, ((W?P) > K, (WO, M)
- K(M?) - K (W®) >0
are naturally identified with the exact sequences

) (d0)y (%)
0->K(M)->P&®K(M)—>F->P_,0K,_(M)-0-0,

) (d0) ()
0->P*>P®P*>F5P_®K,_(M)-0,

(2 2
* d* 0 e”
0-0-P* SF*>'PeP* - 'PeKk(M)-0,
respectively, and in particular

Ki—l(M(i))=Ki+1(M“))=0’ K (M®")=P o P
The (—)'-quadratic forms (K, (M=), Xi=D pG=Dy (K, (M), A, uD) are such
that (AV~D_ pli=Dy @ — (A, u(1) restricts to (0,0) on

im(K,, (WO, MU=Dy M) > K,(MU-Dy MD))
= {(e"(x),0,x)|x € P*} c K,(M) ® P, ® P*
withe”: P* - K, _(M)"= K,(M) a surjection. Thus for all x, y € P*
AO(x, p) = N=D(e"(x),e"(y)) € Z[7],
p(x) = p=P(e (x)) € Q(\i(Z[7]).
Since K,(M~1) = K,(M) is torsion,
AN=D(K, (M) x K,(M)) c (torsion subgroup of Z[7]) =0 ¢ Z[~],
so that A/~ = 0, Thus
XD(P* x P*) = AN"D(K,(M)X K, (M))=0
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and P* is a projective lagrangian of the nonsingular (— )’-symmetric form (K,(M "),
A?) on the f.g. free Z[7]-module K, (M) = P,® P*. Forall z € K,_;(M"™1)

Ai=D(z,2) = 0 = pi=(z) +(=) g0 V(z) € Z[=],
so that

pO(P*) = pi=D(K,(M))
aeZ[n)la+(-)'a=0)
{b-(-)Blb e Z[]}

For i even fi,.(Zz, Z[7]) = 0 (since a — a is the oriented involution on Z[~]), so
that P* is a projective lagrangian of the (—)"-quadratic form (K;(M ), A, u®),

It is now immediate from Remark 1.4 that the surgery obstruction is given by
ou(f) = (KI(M(i))’ }\(i),#(i)) = 3([P,~*])
€ im(3: H,/(Zy; Ko(Z[7])) - L3,(Z[7]))

and Theorem 1.11 is proved in this case.

For i odd H,(Z,, Z[7]) is a direct sum of copies of Z,, one for each element in =
of order 1 or 2. It remains to understand the failure of u(”(P*) to be 0.

First consider the localization exact sequence

s = L3(Z[7]) - L4(Z[7]) - Li(Q[7]) - -+

Since f: M — N is a rational homotopy equivalence, the surgery obstruction
ou(f) = (K(M©), X, uD) & LY(Z[7]) has

Q ® 0,(f) = 0 € L3(Q[7]).

(Alternatively, note that Q ® P* is a free lagrangian of Q ® (K;(M "), A, uD))
Thus the surgery obstruction must come from the torsion L-group. Moreover, since
we are dealing with a closed manifold surgery obstruction with finite fundamental
group, the restriction to the Sylow-2-subgroup determines the surgery obstruction,
and we may assume from now on that # is a finite 2-group. But the image of
Lit"(Z[#]) in L4(Z[7]) is well understood in the oriented case of a finite 2-group.
In particular, the image of o,(f) in LJ(Z[w]) is either 0 or restricts to the
simply-connected Kervaire problem (see e.g. Hambleton [8] or Taylor and Williams
[18]). As we have assumed that the Kervaire invariant of f is 0, we thus have

ox(f) = 0€& L3(Z[r]).

To complete the proof, we proceed to analyze the (—1)-quadratic form (K;(M ),
AD, DYy with

- 1:1,.(22; Z['”]) = { - Q(_)i(Z[ﬂ]).

(K 13%) = (mo 2 9 1))

In view of Remark 1.4 it suffices to prove that the (—1)-quadratic form defined on
the f.g. free Z[#]-module V= P, ® P* & P, ® P* by

(o) = (0 o202 8 3).(S )
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is such that (V,¢,¢)=0¢€ L% Z[n]). Now F=0®& P*® P, ®0 is a free
lagrangian of the (— 1)-symmetric form (V, ¢). Also,

(V.9.9) = 0x(f) = 0 € LE(Z[7]),
so (V, ¢, ¢) admits a projective lagrangian L.

LemMaA 1.12. Let (V,¢,y) be a nonsingular (—1)-quadratic form over Z(w), 7 a
finite 2-group, such that (V,¢) admits a free lagrangian F and (V,¢,y) admits a
projective lagrangian L. Then (V, ¢, y) admits a free lagrangian.

PROOF. Since 120(22('”)) =0, L= 22 ®, L is Zz(w) free. Moreover, since L is a
lagrangian V=L®L*s0Z,®, V=L@ L*Letf, ---f, f* - f* bea basis
for L and L*, respectively, and Suppose e; - e, , ef --- eX are bases for F, and
F*, respectively. Now, project p: L — F, where p is projection rel F*. We claim it
is possible to choose L so that p is an isomorphism. Indeed, the Jacobson radical J
in Z,(m) satisfies Z,(m)/J = F,, the field with two elements and tensoring over
Z,(m) with F, we obtain p: F," (= F, ® L) - F".If p(f)), ..., p(f,) are indepen-
dent, but if p(f,,) is dependent on the previous r vectors, then p(f*,) must be
independent of p( f)s..., P(f). Hence, after a finite number of interchanges, the
claim is true over F,. But this implies the truth of the claim over Z,(7) by standard
arguments. Hence there is an « E-GLM(ZZ( m))sothat p-a =1, ie.

pla(f))=e. 1<ism.

The element

a 0
0 (@) € Sp(2m),
and it is possible to choose fi, ..., f,, such that p(f;) =e,;,1 < i < m. But then

fi=e +20,j/

with the 0, € Z,(m). Approximating these 0,; (mod2) by elements in Z(w) which

we denote 0, ,» we have that

-—e +20,jj

form the basis of a free lagrangian of (V, ¢,y ). This completes the proof of the
lemma, and hence also the theorem. O

The following example illustrates the necessity for the assumption that the
Kervaire invariant be zero in Theorem 1.11.

EXAMPLE 1.13. Let f®: M® = §3 x §3 -5 N = §° be the 2-connected 6-dimen-
sional normal map with Kervaire invariant

o(fP)=1€L(Z)=2,,

so that

wen o= (2970 303 1)
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Let f®: M® — N be the normal bordant 1-connected normal map obtained from
f® by surgery on (2,0) € K;(M®) = Z & Z, with trace
(g(B); f(Z),f(3)): (W(B); M(2), M(3)) - N X(I; 0,1)'
Then
(K3 (M®), AP, p4@) =(Z,,0,1),  K(M®)=Z,
and (A2, u@®) & —(A®, u®) restricts to (0, 0) on the image of

e/\
0
1

In particular,

K (WO MO UM®) = Z > K,(MPUMO)=Z,06Z® Z.

pP0 e z)=p?(Z,)=1+#0€0_(2)=2,. O

C. The odd-dimensional case. The quadratic kernel (C, ) of a (2i + 1)-dimensional
normal map f: M%*! > N%*1 determines a (—)'*'-quadratic linking form on the
torsion submodule T;(M) € K,(M)

(T,(M),\: T,(M) X T,(M) > Q[w]/Z[x], p: T(M) = Q_y(Q[7]/Z[]))
which is nonsingular if the kernel modules K,(M) are PL 1 torsion, so that in
particular T,(M) = K;(M). In the (i — 1)-connected case K,(M)=0 for r+ i,
K,(M)= T(M) is FPL 1 torsion and (K;(M), A, p) coincides with the geometric
linking form of Wall [19].

For a (2i + 2)-dimensional normal map of manifolds with boundary (g,dg):
(W?+2 3W) - (V?**2,9V) the linking form (A, p) on T;(3W) restricts to (0,0) on
the submodule im(7,,,(W,0W) — T,(dW)) C T,(0W). If the kernel modules
K.(3W), K (W) are all PL 1 torsion, then the submodule

im(T,,(W,3W) > T,(3W)) = im(K,,,(W,0W) - K,(aW))
c T,(aw') = K,(3w)
is a PL 1 torsion lagrangian of (T,(dW), A,p). Such is the case if (g,9g) is
(i — 1)-connected with K, (0W)= K, (W)=0 for r # i and K,(0W) = T,(dW),
K,(W) = T(W) PL 1 torsion modules, when the lagrangian is in fact FPL 1 torsion.

A sublagrangian of a nonsingular (—)'*!-quadratic linking from (K, A, p) on a

PL 1 torsion Z[w]-module K is a submodule L C K such that
(i) L and K/L are PL 1 torsion modules,

(@ii) (A, p) restricts to (0,0) on L,

(iii) the Z[7]-module morphism K — L"; x = (y — A(x, y)) is onto.

It follows that the Z[7]-module L+ = ker(K — L") is PL 1 torsion, asis L* /L. A
lagrangian is a sublagrangian L such that L+ = L, or equivalently such that the
sequence 0 » L —» K — L"— 0 is exact. For any sublagrangian L there is induced

a nonsingular (—)‘*!-quadratic linking form (L /L, [A], [r]) such that the sub-
module

A={(x,[xD|xeL*}cke(L*/L)
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is a lagrangian of (K,\,p) ® (L*/L, —[A], —[p]) isomorphic to L+ . If K is FPL
1 then

x(L*) = x(K) = x(L") = =x(L") € Ky(Z[n]),
so that in the Witt group of nonsingular (—)'*!-quadratic linking forms on FPL 1
torsion modules

(K.A.p) = (L*/L, [A].[8]) @ H)i(L) € Lio5(Z[ ).
In particular, if = is finite and L is a lagrangian
(K, A, p) = 3(x(L)) € im(3: Hy,,1(Z5; Ro(Z[])) > L525(Z[ 7))
(cf. Remark 1.6).

THEOREM 1.14. The surgery obstruction o,(f) € L4, (Z(7)) of a normal map f:
M2+ — N2*1 of closed (2i + 1)-dimensional manifolds with m(N) = = finite and
K,(M) = T, (M) PL1 torsion is the image of

(Ki(M)’A’p‘) ® H(tgr)'”(L) € Lgftfrz(zl'”])’
with L a PL 1 torsion Z[m]-module such that
x(L) = (=) £ (-Vx(&,(M)| € Ko(2La)). ©
J<i
COROLLARY 1.15. Ifalso K,(M) = 0, then
ol 1) =3[ (=) T () x(K, )]
j<i
€im(3: Hy,1(Z,, Ko(Z[7])) = L4,1(Z[7])).
ProoF. Immediate from the theorem and the factorization
n . alor
3: Hy 1(Z,,Ko(Z[7])) = L55(Z[#]) » LS, (Z[7]). O

PROOF OF THE THEOREM. From Proposition 1.9 we have a normal bordant
(i — 1)-connected normal map f): M) — N such that

0 ifr<iorr>i+1
K, (MD) = PoK (M) ifr=i
pP* ifr=i+1

with P, a f.g. projective Z(7)-module such that
[P]= (=) Z(=)x(K,(M))] € Ko(Z[r]).
J<i
Choose an integral lattice F = Z[n]™ C P, so that there is defined a PL 1 torsion
Z[w)-module J = P,/F with an exact sequence

d e
0> FSP 570,

and
x(J)=[P] e Ky(Z[7]).
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Surgery on the corresponding m elements of P, C K,(M ") results in a normal
bordant (i — 1)-connected normal map f¢*V: M¢+D - N with FPL 1 torsion
kernel K,(M*1), The trace normal bordism

(gU+h; fO, FUDY: (WG+D, MO MU+D) S5 N x (15 0,1)
is such that
WD = MO X [ U gy et D1 X DI*1
= MG x T Uypisixs Y Di+1 x pi+l
= MWD U [ U Dl = MU+D Y o U DI+
It follows that

i i F if =i+1,
K'(W(+l)’M())=(o freitl

K’(W(i+1),M(i+l)) — (OF* lzr : l ::: }’
r+i R

and hence that
Kr(W(i+l)) = K,(M(i)) = K’(M(i)) ifr#ii+l.
The exact sequences
0 K, . (MD) > K, ((W0*D) 5 K, (WD M)
- Ki(M“)) N Ki(W(iﬂ)) >0,
0— K, [ (MUD) 5 K, (WED) 5 K, (WU+D MG+D)
- K,(MU+D) - K (WU*D) 5 0,
0 - K, ,(MOUMU*D) 5 K, (WD)
- K, (WD MOy ME+D) K,(M®y ME+D) K,(witb) -0

are naturally identified with the exact sequences

(5) (¢ 9)

1 0
0> P*>P*>F>PoK(M) - JoK,(M)-D0,

(") (59

d* 0
00-P*>F* > VeK(M) - JeoK,(M)-o0,

coco~
loeroco
- o r~o

1 0
O->P*>P*>PoJ"®K,(M)

(o 0 & 0)
2 Ve k(M) -0

PoK(M)oVeK, (M)



398 R.J. MILGRAM AND ANDREW RANICKI

with V" a PL 1 torsion Z[=]-module fitting into an exact sequence 0 — J " 4 vV 5 J
— 0. The proof is completed by observing that the submodule
L=im(K, (WD, MO UMDY 5 K (MO UMD, M"’))
=h(J")C KM=V &K, (M)

is a sublagrangian isomorphic to J " of the nonsingular (—)'*!-quadratic linking
form

(Ti(M(Hl)) — Ki(M(i+1)), A(,+1)’“(i+1))
such that

(L_L/L, [AG+D], [#(i+1)]) - (K,-(M),)x,u),
so that the surgery obstruction

o(f) = o(f0) = 0u(f) € L}, 1(Z[7])
is the image of

(T,(MO+D), XD, i) = (K, (M), A, ) @ H (L) € L5 (Z[]).

2. Algebraic surgery semi-invariants. In §1 we showed that the surgery obstruction
o.(f) € L'(Z[7]) of an n-dimensional normal map f: M" - N" with 7,(N) ==
could in certain circumstances be expressed in terms of the projective semicharacter-
istic invariant

X2 = > (_)IX(KJ'(M)) € Ko(Z[7]).
Jj<n/2

We shall now describe a general approach to such surgery semi-invariants using the
algebraic theory of Ranicki [15], for any ring 4 with involution ™: 4 - 4; a — a.
(See Davis and Ranicki [22] for a further development of this approach.) We assume
that the reader is already familiar with the definition of the quadratic L-groups
L,(A) as the cobordism groups of quadratic Poincaré complexes over 4. In dealing
with quadratic Poincaré pairs (f: C — D, (8¢,¢) € Q,(f)) the terminology is
contracted to (D, C; 8¢), and the algebraic mapping cone of f is denoted D/C.

The projective L-group L?(A) is the cobordism group of n-dimensional quadratic
Poincaré complexes (C, ) over 4, with C an n-dimensional f.g. projective 4-module
chain complex

d d
C:C,5C,_,» - > C>C,

The finiteness obstruction of C is the reduced projective class
[C]= X (-)'[C] € Ko(4)
r=0

and is such that [C] = 0 if and only if C is chain equivalent to an n-dimensional
(stably) f.g. free A-module chain complex. The free L-group L”(A4) is the cobordism
group of n-dimensional quadratic Poincaré complexes (C, ') over 4 such that C is
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an n-dimensional f.g. free A-module chain complex. The forgetful maps L!(A) —
LP(A); (C,¢) — (C,¢) fit into an exact sequence

o LA(A) = LE(A) > LEH(A) > L (4) = -

with LP"(A) the relative cobordism group of n-dimensional quadratic Poincaré
pairs (D, C; 8y) over A such that C is free and D is projective. See Chapter 2 of
Ranicki [16] for the definition of the relative cobordism group; in particular, (D, C;
8y) represents 0 in LP"(A) if and only if it is the relative boundary of an
(n + 1)-dimensional quadratic Poincaré triad

c - &C
U SR
D - D

with 8C free and 8D projective.
The n-dual of an n-dimensional f.g. projective A-module chain complex

d d
C:C.n_)Cn—l—)”'_)Cl_)CO
is the n-dimensional f.g. projective A-module chain complex
d* d)l
Cn—-*:CO__)Cﬂ_) _)Cw—l_)cn
with C" = C*. The n-dual has finiteness obstruction
[C*] = (=)"[C]" € Ko(4).

If (C,¢) is an n-dimensional Poincaré complex over A, then C"™* is chain
equivalent to C, so that

[C]=[C"*]=(=)"[C]* € Ko(A)

representing an element [C] € ﬂ,,_ (Z,, K o(A)). Similarly, for an n-dimensional
quadratic Poincaré pair (D, C; 8¢) D/C is chain equivalent to D"~ * so that

[D]-[C] = (-)"[D]* € K,(4),

and for an (n + 1)-dimensional quadratic Poincaré triad (I',8y) (as above)
8D /(D U 8C) is chain equivalent to 8D"*17* 50 that

[8D] —[D] -[8C] +[C] = (-)"""[8D]* € Ko(4).
THEOREM 2.1. The finiteness obstruction defines isomorphisms

x: LP"(4) > A, (Zy; Ko(4)); (D,C; 8y) - [D].

PRrROOF. Apply the 5-lemma to the map of exact sequences

Li(4) - LI)(4) - Lp*(4) - Ly, (4) - LI..(4)
) I 1x \ !
Li(A) = L4~ A(ZuKo(4) = LA - L2(4)
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where the bottom sequence (of which (1.1) is the special case 4 = Z[7]) was
obtained and proved exact in Ranicki [13]. O
REMARK 2.2. It follows from Theorem 2.1 that there are defined isomorphisms

ker(Lf;(A) - L,f’(A)) - coker(L,{’H(A) - H,,(Zz’ RO(A)));
(C.y) — [D]

sending a projectively null-cobordant free n-dimensional quadratic Poincaré com-
plex (C, ¢) to the finiteness obstruction [ D] of any projective null-cobordism ( D, C;
8¢ ). Remark 1.4 is an expression of this for forms and lagrangians, which is just the
(i — 1)-connected case for n = 2i. O

COROLLARY 2.3. Let (C, ) be an n-dimensional quadratic Poincaré complex over A
such that the homology A-modules H.(C) (0 < r < n) are f.g. projective, and such
that H(C) =0 if n = 2i. Then (C,y) =0 &€ LP(A), and if C is free then (C,{y) €
L"(A) is given by

(C* ¢) = a(Xl/Z(C)) € lm(a 1:1"(22, KO(A)) - Lf:(A))’
where the semicharacteristic is defined by

X1,2(C) = Y (=) [H(C)] € Ky(4) (n=2ior2i+1).
r=0

PROOF. C is chain equivalent to the chain complex of homology modules
H(C): H,(C) 3 H, ((C)— -+ > H/(C) 5 H,(C),
so that there is defined a projective null-cobordism (D, C; 8¢) of (C, ¢) with
D: H(C)SH, (C)> ++ > H, (C)>0— - =0

such that
[p]= % (—)r[Hr(C)] = [C] _Xl/Z(C) € ko(A)~
r=i+1
If [C] = 0 € K,(A), then
[D]= —Xx12(C) =x,,(C) € H,(Z,.Ky(A)).

Now apply Remark 2.2. O

REMARK 2.4. If A is a semisimple ring with involution, then every projective
(2i + 1)-dimensional quadratic Poincaré complex (C,{) over A is such that the

homology A-modules H,(C) (0 < r < 2i + 1) are f.g. projective, so that LY., (A4) =
0 (cf. Ranicki [14]) and the semicharacteristic defines an isomorphism

X1,2° LSH-I(A) - COker(Lsz(A) - 1:12,'+1(Zz’ ko(A)))3

(C.y) - Xl/z(C)~

(See Davis [7] for a recent account of the applications of the semicharacteristic in
surgery theory.) O
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More generally, given any *-invariant subgroup X C K(A), there are defined the
intermediate quadratic L-groups L¥(A) of n-dimensional quadratic Poincaré com-
plexes (C,¢) over A with C projective and [C] € X C Ky(A). Given *-invariant
subgroups Y € X C K,(A), there are defined relative cobordism groups L}*(A4) of
n-dimensional quadratic Poincaré pairs (D, C; 8¢) over A with[C] € Y,[D]€ X C
K,(A), fitting into an exact sequence

- = L(A4) > L(A4) > LfT(A4) > Ly ,(4) - -+
The finiteness obstruction defines isomorphisms
x: LYY(4) > A, (25 Y/X); (D,C; 8¢) - [D].

The isomorphisms of Theorem 2.1 are just the special case Y = {0} C X = K,(4),
since

LR (a) = Li(a),  LED(4) = LUA).
Let Z, act on the Whitehead torsion group K,(4) by
x: K (A4) > K (A4); 7(a: A" > A™) > 1(a*: A™ > A™),
where a* = (a;,) if a = (a,;). Given a *-invariant subgroup X C K,(A) there are
defined the intermediate L-groups L)(A) of n-dimensional quadratic Poincaré

complexes (C, §) over A with C a based f.g. free A-module chain complex and the
Poincaré duality chain equivalence (1 + T)y,: C"™* — C such that

T((1 +T)yy: C"* c) € X c K (4).

In particular,
LLO)QR‘M)(A) - L‘*(A), Lfl(A)(A) = Lﬁ(A).

Given *-invariant subgroups Y C X C K,(4) there are defined relative cobordism
groups LXY(A) of n-dimensional quadratic Poincaré pairs (D, C; 8¢) over A4 with
D, C based f.g. free and

(C,y)=7((1 + T)yo: C"17* > C) € Y C K (4),
7(D,C; 8¢) =1((1 + T)8¢,: D" * > D/C) € X C K,(4).
The Whitehead torsion defines isomorphisms

i LXY(A4) > H, (Z,; X/Y); (D,C; 8¢) - 7(D,C; 8¢),

by analogy with Theorem 2.1.
Let now S C 4 be a multiplicative subset of central nonzero divisors invariant
under the involution, so that the localization

S7'4={a/slac A, se S}

is defined and the inclusion 4 - S7'4; a - a/1 is a morphism of rings with
involution. An A-module M is S-torsion if S™!M = 0, or equivalently if for all
x € M there exists s € S such that sx =0€ M. Let K,(4,S) denote the
Grothendieck group of stable isomorphism classes xS(M) of PL 1 S-torsion
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. . L . d
A-modules M, i.e. A-modules with a f.g. projective resolution0 — P, — P, SM-0

such that S™'d € Homg 1,(S™'P,, S™'P,) is an isomorphism, subject to the rela-
tions

X*(M) = x5(M") +x*(M”) = 0 € K,(4,5)

for exact sequences 0 > M - M’ — M" — 0. The S-torsion duality defines an
involution

+: Ky (4,85) > Ki(4,8); x3(M) - x5(M")
with 4 actingon M "= Hom ,(M, S '4/A4) by
AXM" "> M"; (a,¢)— (x = ¢(x)a),

so that M " has the dual f.g. projective resolution
0o Pl Pra M0
with
e Pr > M"; 0 - (e(x)—0(y)/s)
(xeP,yeP,seS, sx=d(y) € P).
The localization exact sequence of algebraic K-theory
. - J 3 -
R\(4) > Ry(S7H) > K\(4,S) = Ro(4) > Ko(S74)
involves the maps induced in K, and K, by the inclusion 4 — S~'4, and also the
maps
Ji Ky($74) - K,(4,5);
'r(a/s: S—lAm N S—lAm) - XS(Am/a(Am)) _ XS(Am/SAm),
9: K,(4,S) = Ko(4); x5(M) = x(M) = [P] =[P\],
which are such that j* = *j, 0* = — *0.

An A-module chain complex C is S~ 'd-acyclic if ST'C=8"'4®,C is an
acyclic S~ '4-module chain complex (Hy (S 'C) = S~ 'Hy(C) = 0), or equivalently
if the homology 4-modules H,(C) are S-torsion. An S ~'4-acyclic n-dimensional f.g.
projective A4-module chain complex C has an S-torsion characteristic x3(C) e
K (A, S) such that

3(xS(C" ) = (=) 'X(C)" € Ki(4,5).
If C is such that each H(C)(0 < r < n — 1)is a PL 1 S-torsion 4-module, then

n—

x*(C) = L (=)x*(H(C)) € Ky(4.5).

The localization exact sequence of algebraic L-theory for a *-invariant subgroup
X C K(A4,S)

C o LYV(A) = L) (STU) > LY(A,8) = LE(A) > -
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involves the cobordism groups L}(A4,S) of S~ '4-acyclic (n — 1)-dimensional
quadratic Poincaré complexes (C,y) over A with x5(C) € X € K,(4,S). If X
contains the elements x5(A4/s4) (s € S) the S-torsion L-groups L¥(A4,S) (resp.
L%, (A, S)) may be identified with the Witt groups of (—)"-quadratic linking forms
(resp. formations) defined using PL 1 S-torsion A-modules M with xS(M)e X c
K,(A,S), otherwise they are the Witt groups of formal differences of such objects
with virtual S-torsion characteristic in X. See Chapter 3 of Ranicki [16] for the
details, and also Pardon [11], Carlsson-Milgram [4] for the localization exact
sequence of Witt groups.

THEOREM 2.5. The algebraic L-theory localization exact sequences for *-invariant
subgroups Y C X € K (A,S) fit together in a commutative diagram of exact se-
quences

! ! ! L

- > H/(Z,,0%/Y) - LY(4) - LX) - H,_(Z,,0x/3Y) -
l i i) l

= 1,(2y. 7 XYY > LV(STIA) > LX) - A, (2,0 7 XTY) -
i ! ! l

- - H(Z,.X/Y) > LN(AS) - LY(AS) - H, (Z.X/Y) -
l ! l l

- I:l,,,,(ZZ.E)X/aY) - LY, (4) - L, (4) - ,:,n—Z(ZZ'aX/aY) -

i N\ M M

PROOF. This is just a restatement of Proposition 3.7.1 of Ranicki [16]. O
Define

K,(A)° = ker(K,(4) > Ko(S7'4)) = im(3: K,(4,S) - K,(4)),
L(A,S)= Lzer(a:'K.(A.S)—»ko(A»(A’S)’
LP(A,S)=LKA5(4,85).
In the case
Y = ker(3: K,(4,8) > Ky(4)) c X =K,(4,S),

the diagram of Theorem 2.5 collapses to the commutative braid of exact sequences

Lh, (S714) L. (A.S) A, (2, Ry (4)°)

g

n+I(A'S) LI’I-(“(A,S(A)

N TN

i,(7,. Ry (4)°) > Li(A) Lh(57'4)
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In particular, for (4,5)=(Z[7],Z — {0}) (7 finite) Ko(A)® = K,(Z[7]) by
Swan’s theorem, and this is just the braid (1.3) with
LA(A.S) = L (Z[n]).  LUA.S) = LI™(Z[x)).

Given *-invariant subgroups Y C X C K,(A4,S) there are defined relative
cobordism groups LXY(4, S) of S~ 'A-acyclic (n — 1)-dimensional quadratic Poin-
caré pairs (D, C; 8¢) over 4 such that

x*(C)ey, x¥(D)eXcCK(4.5),
fitting into an exact sequence

- > LY(A,8) > LXA4,S) > L¥"(A4,8) > L) (4,5) -

THEOREM 2.6. The S-torsion characteristic defines isomorphisms

x5 LXY(4,8) > A,

(Z,,X/Y):  (D.C:i8¢) = x(D).

PrOOF. By analogy with Theorem 2.1. O
REMARK 2.7. By analogy with the isomorphisms of Remark 2.2 the S-torsion
characteristic also defines isomorphisms

Ker( LI(A,S) = LX(4.5)) > coker(L}.,(4.8) = A,(Z,. X/Y));

(C.y) = x*(D),
with (D, C; 8y any S~ '4-acyclic null-cobordism of (C, ¢) such that x5(D) € X C
K,(A,S). Remark 1.6 is an expression of the isomorphism

ker(L4,(A,S) = LE(A.S)) — coker( L%, ,,(4.8) = A, (Zy, Ko(4)%)):

(C.¥) = x(D)
in terms of linking forms and torsion lagrangians, which is just the (i — 2)-connected

case. O
Corollary 2.3 has only a partial analogue for the torsion L-groups:

COROLLARY 2.8. Let (C, ) be an n-dimensional quadratic Poincaré complex over A
such that the homology A-modules H*(C ) are PL 1 S-torsion, such that H,_,(C) =
H(C)=0ifn=2iand H(C)=0ifn=2i+ 1. Then (C,y)=0€ Lr (A,S),
and if C is free

(C.¥) Z( )'x(H.(C))| € im(aS: H,,(Zz§ KO(A)S) Ly, (4, S))

r=0

PROOF. If C is any n-dimensional f.g. projective A-module chain complex with PL
1 S-torsion homology A-modules H,(C), then for any f.g. projective A-module
resolutions

d
050 5P >H(C)»0 (0<r<n-1)
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C is chain equivalent to the chain complex

(5) (5 3)

© d)
c:Q,.,»P_19Q,, » P_,8Q, ;> - >P&Q, > P,

Now if (C,¢) satisfies the stated conditions, there is defined an S~ 4-acyclic
null-cobordism (D, C; §¢) with
o) © d)
D: Qn—l_)Pn—IQQn—Z—) 7 i+2®Qi+1 - Pi+1 -0- - -0

such that

(D)= ¥ (=)x(H,(C)) € Ky(4.5).

r=i+1
Now apply Remark 2.7. O
A full analogue of Corollary 2.3 for the torsion L-groups would be that any
2i-dimensional quadratic Poincaré complex (C,¢) over 4 with PL 1 S-torsion
homology A-modules H,(C) is such that

(C9)=2%| T (-)x(#(0))

€ im(asz 1?2,(22, K'O(A)S) - L'Z'HI(A,S))

= ker(L3,.,(4,5) = L3;,1(4,5)).
However, Example 1.13 shows that this is false for (4, S) = (Z, Z — {0}) with i
odd, for in that case (C,y) is an S-acyclic 2-dimensional quadratic Poincaré
complex over 4 with

(C¥)=1€Ly(Z)=2,, Hy(C)=H|(C)=2,, Hy(C)=0,

so that H,(C) is PL 1 S-torsion while IE’O(A)S = 0. The full analogue does hold for
the torsion L-groups if (A4, S) is such that H,( Z,,S7'4/4) = 0, with Z, acting on
S~'4/4 by the involution. In that case there is defined an S ~'4-acyclic null-cobor-
dism (D, C; 8¢) with

@ ©
D:Qy =Py 190y 5> - 2P0 > P>0-> - >0

such that
2i-1
x5(D) = ¥ (-)'x(H,(C)) € K,(4,S),

and Remark 2.7 applies as before. For arbitrary (A4, S) the ith quadratic linking Wu
class of (C, ¥) (defined in Chapter 3.3 of Ranicki [16])

vi(¥): H'(C) = H(C) -» A,(Z,,S7'4/4)

is an obstruction to defining such a null-cobordism (D, C; 8y). In Example 1.13 this
obstruction is nonzero, with

vs(¢) =1: H(C) = H,(C) =2, - H,(2,,0/Z) =2, (i=1)



406 R.J. MILGRAM AND ANDREW RANICKI

detected by the Kervaire invariant. If (4, S) = (Z[=], {odd}) for a finite 2-group =,
then 1:1*(22, S7'4/A4) = 0 and also every f.g. odd torsion Z[7]-module is PL 1 (cf.
Remark 1.5); it follows that the surgery obstruction of an rn-dimensional normal
map f: M" - N" with m(M) == a finite 2-group, K,(M) odd torsion and
K,(M)=0if n=2i + 1isgiven by

i1
ou(f) =8| X (=)'x(K,(M))| € im(3: A,(Z,, Ko(Z[7])) > L}(Z[=]))

r=0

(n=2io0r2i+1).

Note also that this example contradicts the quadratic even-dimensional case of
Proposition 7.1 of Ranicki [15, I]: if 4 is a Dedekind ring with involution and (C, ¢)
is a 2i-dimensional quadratic Poincaré complex over 4 the cobordism class (C, ¢) €
L7 (A) is not in general the i-fold skew-suspension S'(F(C), ) of the nonsingular
(—)'-quadratic form on the f.g. projective A-module F(C) = H'(C)/torsion. How-
ever, the instant surgery obstruction formula of Proposition 4.3 of [15, I] (for any
ring with involution A) applies to show that the cobordism class (C, ) € L{.(A) is
the i-fold skew-suspension S'( P, 8) of the nonsingular (— )*-quadratic form over 4

d* 0

(P.0) = (coker( (_)i+1(1+T)\b0 J :

cl'eC,>CoC,,

Lol

with P a f.g. projective A-module. The error is repeated in Proposition 4.2.1iv) of
Ranicki [16]. However, if (C, ¢) is a 2i-dimensional quadratic Poincaré complex over
any A4 with f.g. projective homology 4-modules H,(C) then Corollary 2.3 above
shows that (C,¢) € L2(A) is represented by S'(H'(C), ¢). Thus the description of
the isomorphism L, ,(Z) - Z, in Propositions 7.2 of [15, 1] and 4.3.1 of [16]
should read (C,y¢) — Arf invariant of (H,,,,(C; Z,),¢). For a 2i-dimensional
symmetric Poincaré complex (C, ¢) over a Dedekind ring A the proof of Proposition
4.5 of [15, 1] does show that (C,¢) € L}(A) is represented by SI(F(C),¢).

3. Some product formulae. We consider a product (m + n)-dimensional normal

map
g=1Xf: M"X M" > M" X N"
with M" a closed m-dimensional manifold, f: M" — N" an n-dimensional normal
map, and
m(M)=m, m(N)=a, (M XN)=m Xm.

The surgery obstruction o,(g) € L, ,(Z[m, X «]) is determined algebraically by
the symmetric signature 6*(M,) € L}'(Z[m,]) and the surgery obstruction o,(f) €

L"(Z[7)); there is defined a product operation
(3.1) Ly(z[m]) ® Ly(Z[7]) - L}, ,(Z[m x 7]);

m+n

(C’¢)®(D74’) - (C®ZD’¢’®4’)
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which on the chain level is just the tensor product of chain complexes, and
(3.2) 0u(g) = 0*(M,) ® 0u(f) € L,.,(Z[m X 7]),
where

o*(M,) = (C.¢) € LY(Z[m]), o) =(D.¥) € Ly(Z[7])

with H(C) = H(M,), Hy(D) = K(M); see Ranicki [15] for details.

It is not in general possible to evaluate (3.1) for finite groups =, @, since the
symmetric L-groups L*(Z[m,]) are comparable in size to the entire bordism groups
Q,(Bm,) (by unpublished work of G. Carlsson, for example). So it is better to try
and evaluate the particular products of (3.2) in the favorable circumstances where
0.(g) can be expressed in terms of the homology modules Hy(M,), Ky (M).

THEOREM 3.3. Iff: M" — N" is a normal map such that
ou(f) =3([P]) € im(3: A,(Z,; Ko(Z[7])) > Li(Z[n]))

for some f.g. projective Z[w]-module P, then the induced f.g. projective Z[m, X w]-
module Z|m ] ® , P is such that

ox(g) = x(M)3([Z[m] ®, P])
€ im(8: A, ,(Z,, Ro(Z[m, x 7])) > Lk, (Z[7, x 7]))

m+n
with x(M,) € Z the Euler characteristic of M,. In particular, if m is odd, then
Xx(M,) = 0 and o,(g) = 0.

PROOF. Let (C = C(M,), $) be the symmetric Poincaré complex of M;, and let
(D, ¢) be the quadratic Poincaré kernel of f, so that

Hy(C) = H(M,), H.(D)=K.M),
[C]= [C(Ml)] = X(Ml)[Z["Tl]] € KO(Z[W1]) (unreduced).

By Remark 2.2 (D, ¢) admits a projective null-cobordism (8D, D; ) with [6D] =
[P] € K,( Z[7]). Then (C,¢) ® (D, ) admits a projective null-cobordism (C ®
8D,C ® D; ¢ ® 6y ) such that

[C® D] = [C(Ml) ®8D] = X(Ml)[Z[WI] ®ZP] € kO(Z["Tl X '”]),

and the theorem follows from Remark 2.2. O
The product of (3.1) has a version for the torsion L-groups

L Z[m]) ® Ly (Z[=]) » L, (Z[m X 7]);
(C,¢)®(D,y) > (C®D,6®Y),
so that if
ou(f) € im(L1Y(Z[7]) - Li(Z[])),
then

o,(g) € im(L’r,n':(-’::+l(Z[”1 Xw]) > L}, (Z[m x 7’]))

m+n
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THEOREM 3.4. Let n = dim N = 2i + 1 be odd in (3.1), and suppose that o,(f) €
L% . (Z[7)) is the image of (V,\,p) € L45(Z[n]) with (V,\,p) a nonsingular
(—)"*'-quadratic linking form on an FPL 1 torsion Z[m|-module V such that (|V|,
|, X «|) = 1 (assuming m, and 7 are finite), and such that |V| is also prime to all the
torsion in H,( 1\711). Then

@ ifm=dmM, =2j+1,

ox(g) =9 i (_)kX(Hk(Ml) ® V)

k=0
€ im(3: Hyi2y0a(Zy Ko(Z[m X 7)) = L3150 0(Z[my X 77]))»
(b) if m =2, 0.(8) € Lgi+2‘j+1(z[771 X m]) is the image of
(H(M)®V, ¢ ®(A,p)) ® H- (L) € L4 5(Z[m X 7])
with L a PL 1 torsion Z|m, X w]-module such that

j—1

x(L) = (—)’A; (—)kX(Hk(MI) ® V) € KO(Z["H X 7’])

In particular, if H j(Ml) = 0, then

j—1

ox(g) =129 ;2;0(_)kX(Hk(M1) ® V)

= im(a: [:12i+2j+1(ZZ’IZO(Z[7T1 X x])) = Lgi+2,'+1(z['”1 X 77]))

PROOF. By surgery below the middle dimension we may assume that

(Vv ifr=i,
Kr(M)‘(o if r i

It follows by the Kiinneth theorem and the assumption on ¥ that

0 ifr<iorr>i+m,

K,(M, x M) = (H,_,.(Ml)® Vo ifi<r<i+m,

sothat g =1 X f: M; X M - M, X N has PL 1 torsion kernel Z[#; X 7]-modules
Ko (M, X M) (cf. Remark 1.5). Moreover, if m + n = 4k + 2, the Kervaire in-
variant o,(g) € L,,.,(Z) = Z, is 0, since it is the evaluation on a*(M;) ® o,( f) of
the product L"(Z)® L,(Z) - L,,.,(Z) (a special case of (3.1)) and ou(f) €
L,(Z)=L,,.(Z)=0. The theorem now follows by a direct appliction of Theo-
rems 1.11,1.14. O

EXAMPLE 3.5. We start with the surgery problem

(3.6) id X f: RP4*1 x K4+2  RP4+1 x §4/+2

where f represents the usual Kervaire problem. Then Wall has proved {20, Theorem
13B.7, p. 181] that this problem represents the nontrivial element in the surgery
group L%(Z/2) = Z /2. Hence (3.6) can be surgered to

(3.7) g: NHi*H+3 o Rp4i+1 x §4/+2
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with

xu(g) - [° it %2(i+j)+1
«\&)= Z/(8k + 3) with trivial Z/2 action, 8k + 3 primeif * = 2(i +j) + 1.

Consequently, we have that
id X id X f: RP* =1 x RP#*! x K4*2 - RP**! x RP#*! x §4+2

is represented by 3{Z/(8k + 3)}. But since Ko(Z/2 X Z/2) =0, it follows that
o,(id X id X f) = 01in all these cases. O

4. A nontrivial example and other applications. We shall now construct a family of
products with nontrivial surgery obstructions. The first of these examples was
discovered by J. Morgan and W. Pardon, and later analyzed by L. Taylor and B.
Williams using different techniques.

Let # = Z/4 X Z/2, with generators t € Z/2, u € Z /4. Define a 4-dimensional
normal map of closed manifolds

g=1XfT*XT?>T*x §?
with f: T? - S? the 2-dimensional normal map with Kervaire invariant
o(f) =1€Ly(2) = 2,.

The original Morgan-Pardon example is the element o,(g) € L%(7) obtained from
the actual surgery obstruction o,(g) € L%(Z X Z) via the evident surjection of
groups

m(T}) =ZxZ=(T,UTU=UT) »a; T-1tU-u.
1

In fact, this example turns out to be a special case of the product formula, which we
will apply in Corollary 4.10 to obtain the complete answer for this group.

The following result provides a nice example of the use of the torsion projective
semicharacteristic (Theorem 1.11).

PROPOSITION 4.1, The element 0,(g) € Lh(m) is the image under 9 of the nontrivial
element [Pl € Hy(Z,; Ky(Z[7)])) = Z/2 represented by the PL 1 odd torsion Z[=]-
module

P=Z[7]/Q-1t.1-u)=2/3,
that is 0,(g) = 9([P)) € Ll(x).
PROOF. Define rings
A=2(2)=2z[T,T],
N=A®A=2Z(Zx2Z)=2Z[T, T, U U],

with the involutions T = T~!, U = U~". The surgery obstruction o,(g) € Li(A’) is
represented by the 4-dimensional quadratic Poincaré complex over A’

ou(g) = 0*(51) ® 0*(51) ®au(f),
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with 0*(S') = (C, ¢) the 1-dimensional symmetric Poincaré complex over A of the
circle S* and o,(f) = (D, ¢) the 2-dimensional quadratic Poincaré kernel over Z of
/.

d=1-T:C,=A—- C,=A,

1:C° - ¢,

=1:C'-> C,,
-T:C' > C,, b1 '

o =

¢O=((1) }):Dl=ze2—»Dl=zez, Dy =D, =0.

The product
o*(S) @ o (f)=(C®D, ¢ Y)
is a 3-dimensional quadratic Poincaré complex over A with homology A-modules

Z®Z r=1,
0, r+1.

Algebraic surgery on the two A-module generators of H,(C ® D) results in a
cobordant 3-dimensional quadratic Poincaré complex ( E, ) over A with

_ 2 _
Hr(E)=(é\/(1 T+ T?), :;Ei,

H,(C®D)=(

where

_ 2 _|1-T 1

1-T+T ' T 1-T

(= the Alexander polynomial of the trefoil knot). Thus
(C.9) ®(D.y) = (E,0) € Li(A)

and o,(g) = (C,¢) ® (C,¢) ® (D, ¢) is cobordant to the 4-dimensional quadratic
Poincaré complex over A’ (E’,8") = (C, ¢) ® (E, ) with A’-homology modules
H(E') = (A/(l ~T+TL1-U), r=12,
0, r+1,2.

Changing the coefficient ring from A’ to Z[«] by the surjection A’ - Z[#]; T — ¢,
U — u we have

R L R
0 r 1.2,
so that by Theorem 1.11

ox(g) = Z[n] ®, (E"0)

=a([r)) € im(a: ﬂo(zz§ KO(Z[W])) - LZ("T))' a

LEMMA 4.2. K o Z[ 7)) = Z /2 with explicit representative generated by

x[Z(i)/(1 = 20)] =x((Z**/3)) =x({Z"7/3)) = x((Z7"/3)) =x({Z~7/3)).
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PROOF. We assume it is well known that Ko(Z[Z/2 X Z/2]) = 0. There is an
exact sequence
(43) K(Z7)- KI(Z(%)ﬂ) ® Kl(Zzﬂ) - KI(QZW) - KO(ZW) -0
(see e.g. Hambleton-Milgram [9]), and
KI(QZW)/KI(Z(%)'”) ® im(l + 1{22(’”)})
_ U(Zy()) e U(2,(i) ") ®(2,)"
T+ 8u)® (1 +8uy,y® - &1 + 8ug)

To obtain the rest of the calculation, consider the exact sequence which calculates
K\(Zy(m)),

0 - K,(Z,m) - K((2,(2/2 % 2/2)) @ K,(2,(i)[Z/2])
- K,(F,(Z/2 x Z/2)).

Here F,(Z/2 X Z/2)* = (Z/2)® with generators u, t, 1 + u + ¢ (where ¢, u are
generators for Z/2 X Z/2). The first two are cancelled from K,(Z(3)w), but the
third is not and forces the Z/2 in K,(7). To see that this element x((3)**) is also
represented by the other elements claimed in 4.2 consider the unit 1 + (¢ — 1)u
(12 =1, u* = 1) in Z,(n). Its images are

++ +- -+ —=

+i i
1,1,-1,-3,1,1-2i.

Next consider 1 + (¢ — 1)(u? + 1) with image
4+ - -4 - -

+1i
1,1,-3,-3,1, 1.

Also, u(1 — u + u?) has image

4+ - -+ — - i =i

+1i
1 9_37 1 a_3,1,1
and finally, 1 — (¢ + 1)(u? + 1) has image

+4+ A= -4 == i =i

-3,-3,1,1,1, 1
This completes the proof. O

COROLLARY 4.4. The L"-groups of m = Z/4 X Z /2 are given by
Z80 Z/2, x=0,

Z/2, x =1,
La(m) = (2/2) ® 22, * =2,
(z,2)°, * =3

In particular, L%(7) - L{(7) is an injection and

(4.5) 0 - {Ay(Z/2, Ro(m)) = 272} S Li()

is injective.
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PrOOF. Using Hambleton-Milgram [9, Lemmas 5.4, 5.7] and 4.2 we have that the
compositions

L§(m) > Z° > I:Iodd(z/z’ ko("f))’
L{(m) > Z* > Hodd(z/2v ko(”))
are both zero. (This is an exceptional case, normally the map would have been onto,

but Z[i] does not have any nontorsion units.) But L{(7) — I:ICV(Z/2, Ko(w)) is
onto, and since L{(7) = 0, the result follows. O

THEOREM 4.6. The elements in LL(w) which are detected by surgery problems on
closed manifolds are Z ® Z/2 C L!(w) coming from the simply connected index
obstruction, and the Morgan-Pardon example, Z/2 C L%(w) (the simply connected
Kervaire problem) and (Z/2)* C L'(7). O

REMARK 4.7. The Morgan-Pardon surgery problem is the simplest example of a
nontrivial obstruction in the image of the map 9 in (4.5). O

PROOF OF 4.6. Since Q,(pt) ® Q — Q. (7) ® Q is an isomorphism, it follows that
the only Z-free classes which occur have some finite multiples in the image of L,(1).
Thus the only thing left to prove is that the extra class in L{(7) also detects.

Consider the surgery problem

(4.8) id X p: L3 X RP3 X K® > L3 X RP° X S°.
Doing surgery on RP> X K®, we can assume (4.8) equivalent to
(4.9) dxp:LyXM” - L,xS®
with K.(p’) = K(p’) = (Z/3)"". Then applying 3.3, we have

ou(id x p') = 3{x(Z27®(2/3)")} = 8(x(Z/3"")},
and the result follows from 4.2. O

COROLLARY 4.10. Let m; = Z/2' X Z/2,i > 2.

(a)im(3: H,(Z/2, Ky(m)) = Li(m)) is never 0.

(b) There is a closed 4i-dimensional manifold N with fundamental group w; and a
surgery problem f: M — N with nontrivial L"-surgery obstruction in the image of 9.

PROOF. The problem
id X p: L3, X RP> X K¥*2 > L5, X RP° x §¥+2
will serve since a covering of this problem is the one used in the proof of 4.6.
Moreover, the index invariant of this problem is zero, so the image of the surgery
obstruction in L(m) = Z"” is 0, and the result follows. O

REMARK 4.11. This process ends when we go to 3-fold products. Indeed, Theorem
3.3 shows that the surgery obstruction

id X p: Ly X Ly, X Lo X K¥%2 5 Ly, X Ly, X Ly X §4+2

is always 0. O
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In fact one of us will show in [10] that the Morgan-Pardon example is, in a very
precise sense, the only iterated product that can occur for surgery problems with
finite fundamental group. Indeed, [10], building on the work initiated here will show
that the only possible obstructions in these cases occur from products RP4*!,
situations induced up from Morgan-Pardon examples, and situations induced up
from Cappell-Shaneson examples.

However, the structure of product formulae is much richer when we look at
infinite groups. Indeed, both the Milnor and Kervaire problems can be producted
arbitrarily often with circles to obtain nontrivial surgery problems in L!(Z[Z*)).
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