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BOUNDS FOR PRIME SOLUTIONS
OF SOME DIAGONAL EQUATIONS. I

MING-CHIT LIU

ABSTRACT. Let b; and m be certain integers. In this paper we obtain a bound for
prime solutions p; of the dlagonal equations of order k, b, p¥ + --- +b pk = m.
The bound obtained is C™%85) + C|m|'/* where B = max; { e, |b|} and C are
positive constants depending at most on k.

1. Introduction. Throughout p denotes a prime number and k > 2 is an integer.
Let 6 > 0 be the largest integer such that p? divides k. We write p°||k. Let

(1.1) s,= {3k —1 if thereis a p satisfying p|k and k = ((p — 1)/2) p°,
' ° 2k otherwise.

(12) . = 2k 41 if2 < k<11,
’ ! 2k2(2logk + loglogk + 2.5) — 1 if k > 12.
_[0+2 if p=2and2|k,
(13) b {0 + 1 otherwise.
(1.4) K= 11 »p"

(p=Dk
In this paper we shall prove

THEOREM 1. Let b,, ..., b, be any nonzero integers which do not have the same sign.
Let m be any integer satisfying

(1.5) fs_‘, b=m (modK).

Jj=1

If s is the least integer with s > s, and if no prime can divide more than s — s, b;
then there are constants C;(k) depending on k only such that the equation

(1'6) Z bjpjk =
j=1
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416 MING-CHIT LIU

always has a solution in odd primes p; satisfying
1/k 2
(1.7) max p, < C,|m| 4 cfoes)
1gy<s

where B = max{|b,},...,|b,,e}.

Investigations on bounds for integral solutions of diagonal equations similar to
type (1.6) were made by Cassels [3], Birch and Davenport [2], Pitman and Ridout
[11], Pitman [12}. On the other hand, results on bounds for prime solutions of (1.6)
were obtained by Baker [1] and the author [9]. In all previous works on prime
solutions, bounds obtained are of the form C(k, 8)™15D° for any 8 > 0. So (1.7) in
Theorem 1 gives an essentially better bound than the previous one [9, (1.6)] and our
Theorem 1 improves Theorem 1 in [9]. The new bound, C%& 3 is obtained by using
[S, Theorem 6] a zero density estimate for L-functions which, as a consequence,
replaces the Siegel-Walfisz theorem on prime distribution applied in both [1, Lemma
1] and [9, Lemma 6]. By this zero density estimate we can obtain a better error
estimate as shown in our Lemma 2 which enables us to treat terms belonging to
category (A) in §4 below. This change causes not only an improvement on the bound
but also a greatly different emphasis in methods.

By (1.1) and (1.2) we see that the divisibility condition on b, in Theorem 1 is
better than (for k > 4) the condition, (b;, b;) = 1 for j # /, which is usually assumed
in additive problems involving primes. By (1.4) and (1.5) our condition on m
coincides with that in the Waring-Goldbach problem [7, p. 100 and p. 108] where the
case b, = 1 was considered.

2. Notation. Throughout we assume that N satisfies
(2.1) log N > N,(log B)®
where N, > 0 is a large constant depending on k only.

x (mod g) denotes a Dirichlet character and x, (mod q) denotes the principal
character. x* (mod r) is a primitive character, ¥ (mod #) is the exceptional primitive
character and B is the exceptional zero (see Lemma 1 below). Throughout the
constants ¢, and all implicit constants in the Vinogradov symbols <, the O-

symbols are positive and depend at most on k. The constants A , are positive
absolute. ¢(q) is the Euler function and for real a write e(a) = exp(i27a). Let

(222) P=P(N) = exp(/d,logN /10), Q= N*P",
where A, is given in Lemma 1. The constant \/Zl‘ /10 in (2.2) will be needed in the

proof of Lemma 2. Let
q

Wax)= L x(n)e(i‘gf),

)=

S(ha) = Y logpe(bap*), S(ba,x)= X x(p)logpe(bap*),
G<p<N G<p<N

where

G = N(6*s|b])"" .
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Forl1<a<q<P, (aq)=1let #(q,a) be the major arc which is the set of
real a satisfying |a — a/q| < §, with

(2.3) 8,=(q0)™".

These major arcs are disjoint. Let .# be the union of all major arcs and » denote
minor arcs which is the complement of .# with respect to the set of a satisfying
Ol<ax<1+ QL

For a € #(q, a) write « =a/q + 7. If p> P then (¢, p) =1, since ¢ < P. It
follows from the orthogonal relation of characters that

(2.4) S(ba) = ¢(q)"' L W(ab,x)S(bn, x).

X
Note that if p > P then

(2.5) S(bn,x) = S(bn, x*)
where x* (mod r) induces x (mod g). Put
Ibn)= X e(nn)n /% (k|b|*)
|b|G*<n<|b|N*
(2.6) . .
Ibn)=- X e(an)n A% (k|p/*)

|b|G*<n<|b|N*
where + denotes the sign of b. I(b7) is defined only if there is 5. Let

S(bn,xo) = I(bn)  if x = x,,
(2.7) A(bn, x) = { S(bn, xxo) —1(bn) if x = XXo>

S(bn,x) if x # xo and x # XXo-
By (2.5) we have
(2.8) A(bn, x) = A(bn, x*).
3. Lemmas.

LEMMA 1. Let z = o + it. There is A, such that the Dirichlet L-function L(z, x*) # 0
whenever 6 > 1 — A, /log(P(|t| + 2)) for all primitive characters x* (modr) and
r < P with the possible exception of at most one primitive character, % (mod#). If
there is such an exceptional character then it is quadratic and the unique exceptional
zero B of L(z, %) is real and simple and satisfies
(3.1) A,/ (logF)* <1 — B < A,/log P.

PROOF. See [4, §14].

LEMMA 2. For any real A > 1 we have

r z(f_f;

r<P x*

A \IA
A(bn, x*) | dn) < |b|N1-k/Ap-2

where the summation L, . is taken over all x* (mod r).
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PROOF. The proof is essentially the same as Theorem 7 [S]. In the proof we apply
Theorem 6 [5] and put the T there to be P’.

LEMMA 3. Let q=¢q, --- q, with (q;,q,)=1 for j# I Let x (modgq) be
factorized into T1_; x; (mod q;). If (a,q) =1 then there exist uniquely a; (mod q,)
with

(32) (a.q)=1 (j=le.t)ia=Y q—q
j=1

and

4
W(ab,x) = U (ajb,xj).

PROOF. This is essentially Theorem 4.1 in [8, p. 159].

LEMMA 4. Let hy = h/(h,q) and q, = q/(h, q). Let x* (mod r) induce x (mod g).
Then

0 ifrtq,

W(h,x) = ¢(‘I)¢(q1)_1W(h1’X1) if r|q, where x, (mod g,)
is induced by x* (mod r).

REMARKS. Lemma 4 is parallel to the known result on the Ramanujan sum and its
generalization [6, p. 450]. In fact, we can also prove that W(h, x) = 0 if r|q, and
(r.q/r)t k.

ProOOF. Write ¢, =¢q/q, and n=uq, + v with u=0, 1,...,9,—-1; v =1,

(3:3) L x(me( ™) - % e(h;‘jk)rm

n=1 v=1
(v.gq))=1

where T(v) = X9, x(uq, + v).

Let r t+ ¢q,. By the same argument as in showing S(v) = 0 in [4, p. 66] we can
prove that T(v) = 0 and hence W(h,x) =0

Next consider r|q,. Let d=T1,, ,,, p and f={ug +v: 1 <u<gq,}. If
(v,q;) = 1 then

G4 L 1-T T am-x e gr10-,m.

JEF JEFL n|(j.d) nld pld
(j.q)=1
It follows from x*(uq, + v) = x*(v) and (3.4) that if (v, ;) = 1 then
9
T(v)=x*(v) X = x*(v)9(9)¢(q)”

u=1
(ug, +v,q)=1

By (3.3) this proves Lemma 4.
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LEMMA 5. (a) If (a, p) = 1 and p' is the modulus of x then |W(a, x)| < 2kp'/.

(b) If (a,q) =1 and q is the modulus of x then for any € > 0 there is a positive
constant C(e, k) depending at most on €, k such that

W(ab,x)| < C(k,e)(g.b)"*q"/>e.

PROOF. Part (a) follows from a similar argument as part 1 of the proof of Lemma
8.5 [7].

(b) Let x* (mod r) induce x (modq), ¢’ = q/(b,q), b’ = b/(b, q). Suppose that
rlq’. Put ¢’ =TIj_, py and factorize x’ (mod ¢’) into [1/_, x ; (mod p}’), where x’
(mod g’) is induced by x* (mod r). Then by Lemmas 4, 3, and Lemma 5(a)

W(ab. x)| = (a)6(g) W(ab'.x0) | < (b.q) n W(ap.x,)]

t
< (b,9)"*((b,9)¢)"? [ 2k.
2

This proves Lemma 5(b).
4. Major arcs. 1. Write

”/j = ¢(q)_12 W(abj’ X)A(bj"?, X),

(4.1) 2 =¢(g) "' 1(bn)W(ab,, x,),

2= ¢(9)"'1(b;n) W(ab,, Xxo),
where 4, is defined only when the exceptional character exists. By (2.4), (2.7) we
have

R,(m)= Y Z’/ ( m(%+n))jljl S(bja)dn

q<P a

(4.2) s
- Y (_ma)fs"e(—mn)l—[("’”j"'«“,*i,)dn
gq<P a ‘sq Jj=1

where the sum Y/, is taken.over all a with1 < a < g and (a,9) = 1.

There are two categories of terms in the last product of (4.2), namely, (A) terms
having at least a factor #; (B) terms having no factor %;. We shall treat category
(A) in this section and category (B) in §6.

Let £’ denote either 4 or jj In category (A) for each fixed h =1, 2,...,s we
choose H =1 W IT;_4.1F as the representative of those terms having exactly h
factors #/. Put

s

(4.3) T,(m) = ZP e (—ma)/_:, j]:[l %j=u14’e(—mn)dn
Let

(4.4) X (modg) = x, (modg) or fxo (modq).

(4.5) I'(bm) = 1(bm) or I(bm).
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Then by Schwarz’s inequality and (4.1), (4.3) we have

(4.6)
h s
—s —ma ’
Tm)l< £ o(a)” T[T e[S IT wlab.x,) IT Wlat,x))
p<P X; a Jj=1 j=h+1
j=l.....h
h 5 ", 1/n, § " 1/n,
<[4 x ) an] T (f4lrten " an)
j=1\7-8, =h+1\"-8,
where ZX/‘ j=1.....» denotes h summations each of which is taken over all x (mod gq)

and n; > 1 are integers satisfying X5_,1/n; = 1. Note that each x, (modgq) is
mduced by a unique x¥ (modr;) wnh r;|q and that each x* (mod r) and each g
with r;| g induce a unique x (mod q). Then by (2.8), (4.6) we have

(4.7)

oc h
T(m) | < S{ X e(e) T e TT wlab xaxs)
r<P * =1 Jj=
P r,lq.,/q=1 44444 h

s

x [1 w(ab,x))

j=h+1

" 1/n, s
a(bn.x3)| 'd") [ (fi
-

Jj=h+1

h 5 ", 1/n,
Xn(/_s" I’(bjn)l dn) .

j=1
By Lemma 5 with ¢ = (10s)~!, the infinite sum inside the curly brackets of (4.7) is
(4.8) < Z é(q)” SHH }b |1/2 1/2+1/105  ps/2
g=1

since by (1.2) we have s > 5 for any k > 2. Also by (2.6) we have I'(b;n) < N and
then by (2.3), (2.2)

(4.9) ( I

_81

n, l/nl
]I(bj")| dT)) <« Nl1=-k/mpi/n;

It follows from (4.7), (4.8), (4.9) and Lemma 2 that

N

h
(4.10) T,,(m)<<B“'/2(1_[|bj|N1“"/"/P‘2)( [T N=/mpi/o

j=h+1
< B¥/2Ns~kp-l = E|, say,
sinceX’_,1/n,=1.
5. Singular series.

LEMMA 6. For a given p let p®||k and p*||b. Suppose that p' and p’ are the moduli of
X and x, respectively and

3 ifp=2,

u=2q§+0+{1 ifp>3
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If1<j<u—2¢—-0,t>u+ 1land(a,p)=1then
W(ab,x,) = W(ab, x1x0) = 0.
PROOF. The proof is essentially the same as Lemma 1 [9].

LEMMA 7. Let q = q,9,, (4,,9,) =1 and factorize x,; (modgq) into H,Z=1xj,
(modgq)(j=1,2,...,5). If

B(m,q) = 4’(‘1)-:2“/ e( —r;a)jljl w(ab;,x,),

then

B(m,q) = B(m,q,)B(m.q,).
PROOF. Apply Lemma 3.
By Lemma 1 the exceptional character ¥ (mod 7) is real and primitive. Then it is
known [8, p. 159] that

(5.1) F=2p, - p,
where p; are distinct odd primes and / = 0 or 2 or 3. If 7|q write
(52) q9=q9,, (4.9,)=1 and ¢, =2"pp - p;

where [, > 1(j=2,...,t); , > [if [ # Oand /; = 0if / = 0. Put
N
-s -ma ,
(5.3) B,(m,q)=9¢(q)"°Y e(—q )]—[1 W(abj,xj) (h=0,1,...,s),
a J=

where x’; is defined in (4.4) and there are exactly & x; = XX, (modq) in the last
product of (5.3). Define singular series (h = 0) and pseudosingular series (h =
1,2,...,s5) by

64 Alm)= 5 B(ma) md S = L Bm.q)
Ha

By Lemma 5(b) all series in (5.4) are absolutely convergent.

LEMMA 8. Let F and q, be defined as in (5.1), (5.2). If B,(m, q,) # O then g, = d,F
or 2d,F where d, is a divisor of k.

PrOOF. For each p; (j =1,...,1) in (5.1) with p, = 2 let p/s||k. Suppose that
I, >4+86,0rl,>2+ 0 for some j > 2. For simplicity we only give the details for
the case j = 2. Let

(5.5) l,>6,+2.

Since no prime can divide all b, we may assume that p, t b,. Factorizing the
exceptional character ¥ and the character x} in (5.3) we have

t
% (mod#) = ¥, (mod?2’) ]—[2 % ; (mod p,),
=

t
X} (mod g,) = l_I1 x;; (mod p¥),
J=
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where each xj; is either x, (mod pl’J) or X,Xo (mod pj’J). By (3.2) for each a with
(a,q,) =1 there are a; (j=1,...,t) with (a;, p;) =1 such that W(ab,, x'1) =
IT/_, W(a;b,, x,)- Then by (5.5) and Lemma 6 with ¢ = 0, for each a in ¥, of (5.3)
we have W(a,b,, x1,) = 0. So by (5.3) if B,(m,q,) # 0 then /I </, <[+ 1+ 86,
and 1 < lj <1+ f)j (j=2,3,...,s). This proves Lemma 8.

LEMMA 9. (a) %(m)> B*1~% and (b) &,(m) << F(m)(logN)? (h=
1,2,...,5).

PROOF. Part (a) is Lemma S in [9].

We come now to prove part (b). For each ¢ with 7|q define ¢, and ¢, as in (5.2).
Since, by the hypothesis on b;, no prime can divide more than s — s, b;, we have

N

[1(q.5) <qi .

j=1
Then by (5.3) and Lemma 5 with ¢ = (10s)~" we have
B,(m,q;) < ¢(q)) " qi/? 1/ 0q 0> < gf/s 2,
Then by Lemma 8 and s, > 2k > 4 (see (1.1)) we have
By(m.q)) < 75,

So by Lemma 8 again we have

o0

(5.6) Y, B,(m,q,) < %5
q=1

On the other hand, by Lemma 5(a), the divisibility hypothesis on b, and
|[W(ab,, x',)| < ¢(p’), we see that the product in By(m, p') in (5.3) satisfies

,1—[1 W(abj’ le)
J=
So by (5.3) and s, > 4 we have

(5.7)  [Bo(m, p)[< o(p)

For each p there exists some b, = by, say, which is not divisible by p. By Lemma
6 for each a with (a, p) = 1 we have W(ab,, x,) = 0if t > » + 2 where » is defined
in (1.3) and p’ is the modulus of x,. So by (5.3) we have By(m, p') =0if t > v + 2.
Then by Lemma 7 and (7, ¢,) = 1

(5.8) i By(m,q,) = l_[(l + Zl Bo(m’P'))

g, =1 pir =1

< (k)" p*%(p') .

so+1

(Zk)-‘oplso/Z < (4k)5pl(l—so/2) < C1P_’-

plF =1

= i Bo(m,Q)/l_I

1+ Z Bo(m,P’))

where »; = » + 1. Separate the last product I1,; into I1,; , <., and I1,; ,>.,
where ¢, = 4c,. Same as that in the proof of Lemma 5 in [9, see (4.16) and the
product [T, on p. 197] which depends essentially on (1.1)-(1.5) and the divisibility
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condition on b, in Theorem 1, we have that the first product I satisfies

mfi+y Bo(m,p')) IT 6(s")"»

PlF.p<c;

plF t=1 p|F
pP<q P<c
> [] pn@ 9 =¢,>0.
1A%
For the second productIl,; ,. ., by (5.7) we have
v 0
59 T1(1+ Eatmp)> 11 [1-a L]
t=1 C<psr t=1

plr
P>
> [I (-=c,2p)> (log#) .

<p<F

The last inequality is a simple modification of Theorem 9.3 in [8, p. 92]. Now by
(5.8), (5.9) we have

o0
(5.10) Y By(m,gq,) < F(m)(log#) .
q:=1
Finally, by (5.2) we see that xx, (mod ¢) can be factorized as the product of Xx,
(mod ¢,) and x, (mod g,). Then by (5.4), Lemma 7, (5.6), (5.10) we have

Fy(m) = 5 Bym.g) T Bo(m.as) < %y(m)(ogN) ™

since by (3.1) we have
7/5(log 7)™ > (log N ).
This proves Lemma 9.
6. Major arcs. I1.
LeMMA 10. We have

i

where I'(b;n) is defined in (4.5).

dn < (¢Q)° " 'N*a-K

PrOOF. If 0 <75 <1/2 then for any n>1 we have L je(/n) < [~} Let
¢ = 1/k or B/k. Then by Abel’s partial summation formula and (2.6)

d¢1dy}

b*I'(by) < n‘{bN" |51V
(bn) <|n| {|bN¥| 5’

|b]G*
<07 (161G*)* " < |n| "N,

So the lemma follows.
Let

61) (m= [ TI(6m) T1 HbmeCmmydn  (h=0.1,....5).

172 j=1 j=h+1
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LEMMA 11. (a) |J,(m)| < Jy(m) (h = 1,2,...,5).

(b) If
(6.2) Im| < (N/4)"s!
then

Jo(m) > B-3/kNs—k,

PROOF. Part (a) follows from (6.1) and part (b) is essentially Lemma 8§ [9].

We come now to treat those terms in category (B) defined in §4. In category (B)
we choose H fﬂj w1 (h=0,1,...,5) to represent those terms 5., #
having exactly h factors ] Put

Tym) = ¥ Z'e(j—ng)fq(nf)e(—mn)dn,

g<P u q Jj=1

(63)  T(m= L T[22

g<P ua -
Flq

h K
(115 11 5 |eCcmm an
Jj=1 / h+1

(h=1,2,...,s).
By (4.1), s > 5, Lemmas 10 and 5 with ¢ = (10s)~! we have

-may\ (1/2
£ T[22 115 T1 5 feCcnm)a
q<P a q j= /=h+1
Pl

(6.4) et et 172 1, 1

< N*1=RQs=1 3" o(q) (l_[(q,b_,') q'**¢)q*

q<P Jj=1
< N kBs/2p-3/10 = F, say.

So, if we replace the integral /% in (6.3) by [1/
Then by (6.1), (6.3), (4.1) we have
(6.5)

{), we have the error E, given in (6.4).

h s
T,(m) = Jh(m)< L o(a)"L e ( %) TT w(ab, xxo) T1 W(ab,,xO)}
g<P j=1 j=h+1
Flq
+E,.
Similarly, by Lemma 5, if we replace the sum & ¢ 5 ; , in (6.5) by X7, 5, we have
an error << B*/2P-3/19 8o by (5.4), (6.5) we have

(6.6) T,(m) =J,(m)(&,(m)+ E}))+ E;, (h=1,2,...,5),
where E; = O(E,N*~*). By the same argument we have
(6.7) To(m) = Jo(m)(F(m) + E3) + E,.

Note that each representative in either category (A) or (B) defined in §4 represents at
most O(1) terms. It follows from (4.2), (4.10), (6.7), (6.6) that

(68)  Ri(m) = Jo(m)(S(m) + Es) + 0| T J,(m){&(m) + ;)

he=1
+0(E, + E)).
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By (4.10), (6.4), Lemmas 9(a) and 11(b) we see that for j = 1,2

(6.9) E,/%y(m) and E,/Jy(m)%(m) < B¥'P~3/1,
It follows from (6.8), (6.9), (2.1), Lemmas 11(a) and 9(b) that
(6.10) Ry(m) > 11y (m) Fo(m).

7. Minor arcs.
LEMMA 12. If a € m then

Y e(abp*) < N|b|p=e®
p<N

where w(k)™' = 4%+2(k + 1)

PrOOF. This is essentially Lemma 11 [9] (see also Lemma 5 [1]).
Let

R,(m) =fm ;1—11 S(b,a)e(-ma) da.

Then by Lemma 12 and the same argument as Lemma 12 in [9] we have
R,(m) < N*~%Bsp=“®(log N)“.
By (4.2), (6.10), Lemmas 9(a), 11(b) and (2.1)

(7.1) le:Q-l jlf[l S(b,a)e(-ma)da = R,(m) + Ry(m)

> N*~*B~(1 = ¢;B*¢+*VP-“W(log N)“} > 0.

Choose the least N satisfying (2.1) and (6.2). So (7.1) implies the existence of a
solution of E",_lbjp}< = m in primes p; and

max p; < N < Cy(k)m'/* + Cz(k)“"gmz.
lgjss
This completes the proof of Theorem 1.
REMARK. Combining the Circle Method with the Sieve Method, when k = 1 and
s = 3, the author [10] is able to obtain a bound for solutions of (1.6) to be B where
A > 0 is an absolute constant. However, for k > 2 it seems that these two methods
do not combine well to replace the (log B)? in (1.7) by log B.
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