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GROUPS PRESENTED BY FINITE TWO-MONADIC
CHURCH-ROSSER THUE SYSTEMS

J. AVENHAUS, K. MADLENER AND F. OTTO

ABSTRACT. It is shown that a group G can be defined by a monoid-presentation of
the form (2; T'), where T is a finite two-monadic Church-Rosser Thue system over
=, if and only if G is isomorphic to the free product of a finitely generated free
group with a finite number of finite groups.

Introduction. In 1911 M. Dehn formulated three fundamental problems for groups
given by presentations of the form (2; L), where = is some set of generators, = is a
disjoint copy of =, and L C (2 U 2)* is a set of defining relators [12]. One of these
problems is the word problem, which can be stated as follows: Let (Z; L) be a
group presentation. Given a word w € (2 U 2)* decide in a finite number of steps
whether w defines the identity of the group presented by (Z; L).

In 1955 W. W. Boone and P. S. Novikov independently proved that the word
problem for finitely presented groups is undecidable [8, 20]. Furthermore, each
sufficiently rich complexity class can be realized by the word problem for a finitely
presented group [1, 10]. However, since the property of having a €-decidable word
problem for some complexity class € is a Markov property, it is undecidable in
general whether the group given by a presentation (2; L) has a €-decidable word
problem [16]. In fact, it even is undecidable in general whether the group presented
by (Z; L) is trivial, i.e., whether it is isomorphic to the trivial group (1) [22].
However, if the given presentation is of a restricted form only, then it may give some
information about the decidability and complexity of the word problem, e.g., if the
presentation contains a single defining relator only, then the word problem is
decidable [17], or if the presentation has the small cancellation property, then Dehn’s
linear time algorithm for deciding the word problem may be applied [16].

Recently there has been much interest in term rewriting systems because of their
various applications to theorem proving, specification of abstract data types, pro-
gram transformation and synthesis (see e.g. [9] for an overview). A restricted class of
term rewriting systems are the so-called string rewriting systems, which actually are
semi-Thue systems. It is hoped that by investigating these restricted systems one gets
some insight into what can and what cannot be expected in the general situation [5].
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On the other hand, string rewriting systems have been used very successfully to
provide efficient algorithms for some decision problems for monoids and groups
[4-7, 21]. For example, if a group G can be presented by a finite Church-Rosser
Thue system, then the word problem for G is decidable in linear time [4].

The classification of groups according to the complexity of their word problem
and the characterization of groups whose word problem may be solved by algo-
rithms of specific types have been studied extensively. Nevertheless there are only
few results of algebraic characterizations of groups whose word problems are of
certain complexities. One important result of this type is due to Muller and Schupp
[19]: Groups with context-free word problems are essentially the virtually free
groups, i.e., groups which have free subgroups of finite index. A subclass of these
groups, the ones with simple context-free word problems, has been characterized by
Haring-Smith [13].

Characterizations of groups that can be presented by rewriting systems satisfying
certain restrictions are also of great interest because these groups have algorithms
for solving the word problem which are directly derived from the presentations, and
because these characterizations show the limitation of the method of using certain
rewriting systems for solving word problems for groups. A very nice example of a
result of this kind is due to Cochet. In [11] he shows that a group G can be presented
by a finite special Church-Rosser Thue system iff G is isomorphic to a free product
of finitely many cyclic groups.

In [2] Avenhaus and Madlener prove that a group G can be presented by a finite
monadic Church-Rosser Thue system that provides inverses of length one to all the
generators if and only if G is isomorphic to a free product of a finitely generated
free group and finitely many finite groups. By coincidence this exactly is the class of
groups for which the reduced word problem is a simple language [13].

In this paper the result of Avenhaus and Madlener mentioned above is extended
to all finite monadic Church-Rosser Thue systems that have rules with left-hand side
of length two only. Since every Thue system can be reduced effectively, and since the
reduced forms of the Thue systems considered in [2] do have rules with left-hand
sides of length two only, the result given here is a real extension of the one given in
[2]. It is proved by reducing it to the one of [2], which is presented in §2 to make this
paper self-contained.

If T is a finite monadic Church-Rosser Thue system over Z, then each congruence
class [u]; is a deterministic context-free language [4]. Hence, if a group G can be
described by a finite presentation involving a monadic Church-Rosser Thue system,
then G is a context-free group in the sense of Muller and Schupp [19]. Thus, the
class of groups considered in this paper is a subclass of the class of context-free
groups.

1. Definitions and notations. An alphaber T is a finite set whose members are
called letters. The set of words over £ is denoted by =*, and 1 denotes the empty
word. In general, |x| denotes the length of a word x, which is defined by [1] = 0,
|xa] = |x] + 1 for all x € £*, a€ 2. For a € 2, |w|, denotes the number of
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occurrences of the letter a in w. The identity of words is written as =, and the
concatenation of words u and v is simply written as uv.

A Thue system T over 2 is a (not necessarily finite) subset of Z* X Z*. The
members of T are called (rewriting) rules. Given such a Thue system T over Z,
domain (T) = {/|3re Z*: (I,r)€ T}, and range (T) = {r|I € Z*: (I,r) € T}.
A Thue system T is called special if domain (T') € £* — {1}, and range (T') = {1},
and it is called monadic if all its rules are length-reducing, ie., |/| > |r| for all
(I,r)€ T, and range (T) < 2 U {1}. Finally, it is called two-monadic, if it is
monadic, and domain (T) C =2.

For a Thue system T over Z, let <—> be the following relation: Vu, v € Z*: u <—> v
iff 3x,ye Z*, (,r)e T: (u—xly and v = xry) or (u = xry and v = xly). The
reflexive and transitive closure e; of <—T> is a congruence on 2X* the Thue

congruence generated by T. If u & v one says that u and v are congruent (modulo
T

T). The congruence class [u]; of u is the set {v € 2*|u <:T> v}.

PROPOSITION 1.1 [15). Let T be a Thue system over =. Then the set of congruence
classes {[u];|u € Z*} forms a monoid under the operation [uly o[v]y = [uv] with
identity [1];. This monoid is denoted as 2* / 6—>

Let M be a monoid. If M = Z*/ <-T+ 1e if the monoids M and =*/ <—> are

isomorphic, then (2;T) is called a (monoid) presentation of M, Z is the set of
generators, and T is the set of defining relations of this presentation.

Let T be a Thue system over Z. Suppose u,v € 2*, and u © v. We write u > v,
if |u| > |v]. Then the Thue reduction defined by T is the ref{exive and transizive
closure —;> of —T> Since words cannot have negative length, this relation is

*
noetherian, i.e., there exists no infinite chain u; = u, = u; - LIfu — v, one

says that u reduces to v, u is an ancestor of v, and v is a descendant of u (modulo

T). If u has no descendant except itself, then it is irreducible, otherwise it is

reducible (modulo T'). IRR(T') denotes the set of all irreducible words (modulo T').
Monadic Thue systems have the following nice property.

LEMMA 1.2. Let T be a monadic Thue system over 3, and let u,v,w € Z* such that

u — ow. Thenu = u,u,, where u, 5 v, and u, S ow.
T T T

PrROOF. We write x it y, if x can be reduced to y in k steps. Now the lemma is
T

proved by induction on k, where u 5 ow.

k = 0: Then u = vw, and nothingThas to be shown.

k = k+ 1: Let uk—+>1 vw. Then there is some z € =* such that u 5 z and z - vw.
Hence, there are x, ; € 2Z* and (I,r) € T with z = xly and vaE xry. Ngw T
being monadic implies that |r| < 1, and therefore r either belongs to v or to w.

Assume the first case, the other case being symmetric. Then v = xry,, and w = y,
with y = y,y,, and z = xly,y,. Thus, with z; = xly;, and z, = y, we have that
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0 . . . . .
z = z,z,, z; 2 v, and z, = w. According to the induction hypothesis there exist u;,
T T

u, € 3* such that u = wu,, u, —‘;zl, and u, —;> z,. Hence, u = wu,, u, —;> v, and
U, > w., O

It can be seen easily that in general Lemma 1.2 does not hold for nonmonadic
Thue systems.

A Thue system T over 2 1s Church-Rosser if every two congruent words have a
common descendant, i.e., u <—T> viffIw e Z*: u —T> wand v —T> w.

PROPOSITION 1.3. The Thue system T is Church-Rosser if and only if there exist no
two distinct irreducible words that are congruent (modulo T').

Since every word is congruent to some irreducible word this says that in a
Church-Rosser Thue system every congruence class contains exactly one irreducible
word.

PROPOSITION 1.4. [4]. If T is a finite Thue system over Z that is Church-Rosser,
then there exists a linear-time algorithm that on input a word u € Z* computes the
irreducible descendant of u.

Hence, if M = £*/ & is a monoid, where T is a finite Church-Rosser Thue
T
system, then the word problem for M is decidable in linear time, i.e., it is decidable
in linear time whether two words u, v € 2* represent the same element of M

Two Thue systems T, and T, over 2 are equivalent, if the congruences S and ©
g T

coincide, i.e., for all u,v € £*, u Svifand only if u & v. A Thue system T over 2

T T
is called reduced or normalized, if rzlmge (T) c IRR(T), 2and if 1€ IRR(T = {(/,r)})
forallrules(/,r)e T.

PROPOSITION 1.5 (2, 14]. Let T be a finite Church-Rosser Thue system over Z. Then
one can effectively compute a finite Church-Rosser Thue system T’ over X that is
reduced, and that is equivalent to T.

In particular, if the finite Church-Rosser Thue system T is special or monadic,
then the reduced Thue system T’ is also special or monadic, respectively. Further, if
M = 3*/ & where T is Church-Rosser and reduced containing a rule (a, 1) for

T
some a € Z, then M is also described by the presentation (2 — {a}; T — {(a,1)}).
Thus we may assume that a reduced Church-Rosser Thue system does not contain
rules of the form (a,1) witha € Z,ie, TN(Z X {1})= O

PROPOSITION 1.6. Let M = 2*/ & . Then the monoid M is actually a group iff
T
every letter a € 2 is invertible in M, i.e., there exist words u,, v, € Z* with
au,< 1o uy,a.
a T T a

In particular, au, © 1 © v,a imply that u, © v,. Further, if M = 2*/ < hap-
T . .
pens to be a group, then every cyclic permutation of a word representing the identity
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also represents the identity, i.e., uv © 1 implies that vu < 1, too. So when T is also
T T

Church-Rosser, then with uv 5 1 also vu 5 1.

Finitely generated free groqus and finit€ cyclic groups can be presented by finite
special Church-Rosser Thue systems, namely (2,U 2 _; {(aa,1),(aa,1)|a € 2. })
and ({a}; {(a",1)}) represent the free group in the generators = and the cyclic
group of order n, respectively. Here = _ is an alphabet in 1-1 correspondence with
3., and the function ~: £, — Z_ is realizing this correspondence. A presentation
for the free product of two groups is obtained by taking as generators the disjoint
union of the generators and as Thue system the disjoint union of the Thue systems
representing each group. So the free product of groups presented by finite special
Church-Rosser Thue systems has itself such a presentation. A characterization of all
groups presented by such systems is given by Cochet in [11].

THEOREM 1.7 [11]. A4 group G can be presented by a presentation of the form (Z;T),
where T is a finite, special, Church-Rosser Thue system iff G is the free product of
finitely many cyclic groups.

2. Thue systems all the generators of which have inverses of length one. Here we
want to characterize the groups that can be presented by presentations of the form
(Z; T), where T is a finite monadic Church-Rosser Thue system such that for every
a € S some b € S exists with ab — 1, i.e., all the generators in the given presenta-

T
tion (Z;T) have inverses of length one.
Since the reduced form of a monadic Church-Rosser Thue system is itself monadic
and Church-Rosser, we can restrict our attention to reduced Thue systems.

LEMMA 2.1. Let T be a finite monadic Church-Rosser Thue system over Z such that
every element of = has an inverse of length one with respect to T. If T is reduced, then
Tc22x(2U{1)).

PROOF. Since T is reduced and monadic, we have |/| > 2 for every / € domain
(T). Now let (/,r) € T with | = az for some a € 3. Since every element of = has
an inverse of length one with respect to T, there is some b € 3 with ab — 1, and

T

ba —;> 1. In particular, (2;7T) is a group, and therefore br Sz T being reduced
T

implies that z is irreducible, and hence br 5o Thus, |br| =1 + |r| > |z|.
If |r]=0, then |z|] =1, and so |/|=2. If |r|=1, then |z| € {1,2}. If |z|] =1,
then |/|= 2, and if |z|] =2, then z = br implying / = az = abr. However, this

*

contradicts the assumption of T being reduced, since ab - 1. O

So the presentations considered here are of a very specigl form.

If a group G is finite, then its multiplication table is finite. So we get a monadic
presentation for G by taking for each element (# 1) of the group a letter and for
T = {(ab,c)|a-b=c}. It is easy to see that this is a finite reduced monadic
Church-Rosser presentation for G.
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So if'a group G is finite or free, then G has a presentation of this special form. If
G, and G, have such presentations, then the free product G, * G, does so as well.
We will show that no other groups have such presentations, and by doing so we will
prove

THEOREM 2.2. A group G can be presented by a presentation of the form (Z;T),
where T is a finite, monadic, Church-Rosser Thue system such that every element of Z
has an inverse of length one with respect to T iff G is a free product of a finitely
generated free group and finitely many finite groups.

We will use a result of Haring-Smith [13] that is based on the work of Stallings
[23], and that gives a geometrical (language) characterization of groups which are
free products of free groups with finite groups. This characterization is based on the
Cayley diagram of a presentation of the group by generators and defining relations.

Suppose that £ =2, U2 _, where 2_= {ala€ 2.}, Z2,NZ_= &, and let
R C S* x 3* be finite. Then the monoid S*/ ? with T = R U {(aa, 1), (aa,1)|

a € Z,})isagroup, and (2 ; R) is a group presentation of this group [18].

THEOREM 2.3 [13]. Let (2 ,; R) be a group presentation of a group G such that the
set My = {w € (Z2,UZ2_)*|w=1inG, but no proper segment of w is equal to 1 in
G) is finite. Then G is a free product of a finitely generated free group with finitely
many finite groups.

We will use this theorem for our characterization by proving

LEMMA 2.4. Given a finite monadic Church-Rosser Thue system T over Z such that
every element of = has an inverse of length one with respect to T. Then the following set
M is finite: M = {w € Z*|w © 1, but no proper segment u of w satisfies u <> 1}.

T T

ProoF. Without loss of generality we may assume that T is reduced. For each
generator a € 2 denote by a the inverse of length one of a.
Now we proceed by showing that each w € =* with w & 1 contains a proper
T

segment v satisfying v S 1, if |w| > n:= |Z| + 2. Here |Z| denotes the cardinality of
T
2.

Suppose that w=aq, -+ a, < 1, where a,,...,a, € Z, and let u; denote the
T
irreducible descendant of the initial factor a;, --- a, of w, ie., a, - a,>u

(1 <i<n)lIf|u|l<1foralll <i< n,then thereareiand j,1 <i <j < n,with

u, = u,. Hence,

*

.
a, 4 QU= U QA A g,
* . * .
andsov =a,,, - - a;© 1,since 2*/ < isa group.
T

Now assume there is some u, with |u,| > 2. Since u,_, = a,, this implies that
* *
|u, | <|u,| for some j < n — 1. Of course, uj? U;.18;,,, and 0 u; . ,a; —T> uj,
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since u; is irreducible. Hence, |u | < |uj+1|*+ 1 <|u,| + 1. Therefore, |u;| = |u;,|

+ 1, and u;=u,;,,a;,,. Thus, a; --- aj—T>qu u;11d,,,, and so there is some
*
k.1 < k <j, such that a; --- ak—T>uj+1, and a,,, - a; -T+a +1- This follows
*
from Lemma 1.2. Hence, w contains the segment a, ., --- a;a;,, P a;14;.1 > 1.
a

Notice that Lemma 2.4 also holds for finite special Church-Rosser Thue systems T
without the assumption on the inverses of length one.

Now we can prove Theorem 2.2. Suppose that a group G is presented by a
presentation of the form (Z; 7). where T is a finite, monadic, Church-Rosser Thue
system such that every element of 2 has an inverse of length one with respect to T.
If we take =, := = and R:= T, then G is isomorphic to the group G, presented by
(2 ,; R). According to Lemma 2.4 the set M = {w € 2*|w<;> 1, but no proper

segment u of w satisfies u © 1} is finite. Since in (Z; T) each generator has an
T
inverse of length one, it is easy to see that with M also the set

My={we (S,UZ )" |w=1inG,,
but no proper segment of w is equal to 1 in G, }

is finite. Thus, Theorem 2.3 gives the intended result.

In the next section we will omit the condition that each generator in the
presentation (Z; T) under consideration has an inverse of length one. However, in
order to be able to prove the intended characterization, we have to restrict our
attention to Thue systems all the rules of which have left-hand sides of length two.

3. Two-monadic Thue systems. If a finite monadic Church-Rosser Thue system T
over = is reduced, and if each generator a € 2 has an inverse of length one, i.e., if
for each a € X there is some b € £ such that ab S 1, then the left-hand side of
each rule of T is of length two, ie., TC 2* X (2 U {Tl}) On the other hand, a finite
Church-Rosser Thue system T C =2 X (2 U {1}) can be reduced without havmg an
inverse of length one for each of the generators from 2, although Z*/ o is a
group. r

EXxAMPLE 3.1. Take 2 = {a,b,c}, and T = {(a? 1), (b3 1),
(ab, c),(ac, b),(cb,a)}. Then T is reduced, and T C 32X (2 U {1)}). It can be
checked easily that T is Church-Rosser.

Itis obvious that the generator ¢ does not have an inverse of length one. However,
¢cba = a* =1, and b&,—> b? —T> 1, i.e., c is invertible, and hence, £*/ ? is a group.

Theorem 2.2 was proved by showing that the theorem of Haring-Smith can be
applied to a group-presentation (Z; T'), where T is a finite monadic Church-Rosser
Thue system that is reduced and that has inverses of length one for all the
generators. Now one may hope that this theorem can be applied also in the more
general situation, where T C =2 X (2 U {1}) does not have inverses of length one
for all the generators.
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*
EXAMPLE 3.1 (CONTINUED). cgq— cb > a, and hence c¢"ac™ <> a. Thus,
T T T
¢™ac™a © 1. But no proper segment of ¢™ac™a is congruent to 1 modulo 7. Hence,
T

the set M = {(w e Z*|w <:T> 1, and no proper segment u of w satisfies u ‘;) 1} is
infinite.

Thus, the theorem of Haring-Smith cannot be applied to every presentation
(2; T) defining a group, where T C =2 X (2 U {1}) is finite, reduced, and Church-
Rosser. To get around this difficulty one can try to introduce the missing inverses.

ExAMPLE 3.1 (CONTINUED). Take 2, = 2 U {¢}. Since ¢ is to act as the inverse of
¢, we need the rules (¢¢, 1) and (cc, 1). Take Ty = T U {(c¢, 1),(¢c,1)}. Now assume
that 2, is a finite alphabet containing 2,, and T, is a finite Church-Rosser Thue

system containing T, such that £2*/ & = Z¥/ o  and when restricted to 2*, the
T T,

* *
congruences < and ¢ coincide. Since b < cch — ¢a, we have ca — b. Hence,
T

T L n T
ba « ¢a* —> ¢, and so ba — ¢. Notice that x & 1 for all x € 3, since the con-
T 7 Ty T
gruences < and < coincide on =*.
T T
Now l
&l > o
T
T
bc
Hence, there is some f € X, U {1} such that (¢cb, f),(bc, f) € T,. Thus,
b = af,
Ty
i1
c? .
and hence there is some g € =, U {1} such that (c? g) € T;. Since £}/ © is a

n

group, Lemma 4 of [3] implies that ¢ has finite order in 2/ & . On the other hand,
Tl

2t/ (% is isomorphic to the free product G:= (a; a’)*(b; b?), and ord;(c) =
ordG(alb) = 0, i.e., ¢ has infinite order A .

Thus, when ¢ is added, then no monadic Church-Rosser Thue system presenting
the group =*/ S can be reached.

Another possible way is to try to get rid of all those generators that do not have
inverses of length one. As we will see in the following this can actually be done for
the presentation under consideration.

THEOREM 3.2. Let T C 22 % (2 U {1}) be a finite Church-Rosser Thue system
such that 2*/ S isa group. Then there exists a subset 2, of Z such that the
following conditions are satisfied:

(1) each letter from =, has an inverse of length 1;

(2) the Thue system T,:= T N (2} X (2, U {1})) is Church-Rosser; and

(3) (Z,; T,) presents the same group as (Z;T), i.e., Zf/ (;» =3*/ <:T> .

1
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Together with Theorem 2.2 this gives our main result.

THEOREM 3.3. A group G has a presentation (£;T) such that T € 2* X (2 U {1})
is finite, and Church-Rosser iff G is a free product of a finitely generated free group
with finitely many finite groups.

It remains to prove Theorem 3.2. This proof is subdivided into several lemmata.
In the following let T € £2 X (2 U {1}) denote a fixed finite Church-Rosser Thue
system such that G = Z*/ <—T» is a group. Notice that T is reduced.

Now each generator from = can be classified according to the length of a
corresponding irreducible inverse.

DEfFINITION 3.4. For a € 2 define A(a) = mm{|u||au—-> 1}. Let Z,={a €
Z|A(a)=1i}.

Since G is a group, we have 2 =U,, 2, where £,NZ, =& for i+ In
particular, 2, # @, since T is two-monadic.

LEMMA 3.5. Leti > 1, and let a € 2. Then the set =' N {u|au —> 1} consists of a

single irreducible word u,, from 2.

PROOF. Let a €3, for some i > 1. Then according to the definition of X,
2N {u|au 5 1} C IRR(T), ie, all the words in 2' N {u|au > 1} are irreducible.

Now let ul, u, € 2N {ulau —> 1}. Then au, —> 1 <— au,. But G is a group, and
hence the equation au, & au, 1mp11es u & u,. Smce T is Church-Rosser, and since
T T

u, and u, are both irreducible, this means u, = u,. Thus, =' N {u|au 5 1} consists
of a single irreducible word u,. It remains to prove that u, € 2¢. This is done by
induction on i.

i=1:Let a € Z,. Then u, € 3. Now au,, 5 1, and since G is a group, u a 51
Hence u, € Zi. ! "

i—>i+1:Leta€Z,,;. Then u, = b, b, - -+ b, € ='*1. Since u, is irreducible,
there is some ¢ € 2 such that (ab,,,,c) € T and cbb,_, --- b, —‘> 1. Hence c € Z,,
and u, = b,b,_, --- b;. According to the induction assumptlon u, € i,
bl,bz,... b, e 2

G is a group, and so au, —T> 1 implies u,a —T> 1. Thus, there is some d € = such

that (b,a,d) € T and b, b, - bzd—>1 Hence, d € 2,, and u,= b, b, --- b,.

Again the induction assumption can be applied giving u, € =i, ie., b,,..., b, b;,,
€ =,. Hence, u, = b, b, --- byb, € Z*1. O

From the proof of Lemma 3.5 we see immediately that, if 2,,, # &, then
3, # @ as well. Hence, 2 = UL, where m < |Z|. Further, Lemma 3.5 implies the
following

. *
COROLLARY 3.6. Let i > 1, and let a € Z,. Then the set Z; N {v|v < a} consists
T

of a single word v,.
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PROOF. Let i > 1, and let a € X,. Then there is a word u, € 2 with au, - 1

Let u, = b, --- b,. Then for each letter b there is some letter b € 2, such zhat
bb—»lTakev Ebv b Thenvu=b bb b—->l<—au Since G is
T T

a group, this implies v, ? a,ie,v, € 2N {vlv 7 aj}.

; * . .
Now let u € 2Z{ N {vjve a}, ie, u=c; -+ ¢, with ¢;,...,¢; € Z; such that
T
*
u <> a. For each letter c;, there is some letter ¢; € 2, such that ¢,c; > 1. Take
T T
@t=¢, -+ ¢, Then
n * n _ _ * 1 *
at e uit=c; - ¢¢, - ;> 1<au
T i 1*1 i T T a’

and hence, @ S u, But |it| =i =|u,|, and u, being irreducible imply that & = u,,
ie., b, = ¢, fo¥j—1 ,i. Hence, Lemma 3.5 glves b ¢, for j=1,...,i, ie,
u—-c,-~-cl—b, bl—v Thus, 2'ﬂ{v|v<;>a}—{v} a

Thus, the group G is generated by X, already. For each letter a € Z,, denote the
word u, € =, by a, and for w = a, -+ a, € =}, denote the word a, --- @, by

-1 Notice that for every a € 2, the rules (aa, 1) and (aa, 1) are in T.

Since we want to get rid of the generators from 2 — Z,, we define a mapping ¢:
2 — Z¥ and a subsystem T, of T as follows.

DEFINITION 3.7. (i) For a € £, let ¢(a) = v, € Zi.

(i) Take T, = TN (22 X (2, U (1)), ie. T, = {(Lr) € T|l,r € 3F).

Because of Corollary 3.6 the mapping ¢ is well defined. It can be extended to =*
in an obvious way.

Now we want to show that (Z,;T}) is a presentation of the group G such that
Theorem 2.2 applies to this presentation. However, before we can start with doing
so, we need to derive one further property of the system 7.

LEMMA 3.8. Let ¢ € 3, for some i > 2, and let a;, a,, b, b, € 2, with (a,a,,c),
(b,by,c) € T. Then a,a, = b\b,.
PrROOF. We have a,a, ¢ < b.b,. Hence
cb,b, <-> b \byb,yb, —> 1 ? a,a,a,a, 7 ca,a.
Since ¢ € £, for some i > 2, this 1mphes that i = 2, and b,b, = ¢! = a,a,. Hence

by Lemma 3.5, a;a, = b)b,. O
Now we are ready to prove

LEMMA 3.9. T, is finite, monadic, and Church-Rosser.

PROOF. 7, is finite and monadic, since it is a subsystem of 7. It remains to prove
that 7, is Church-Rosser. For doing so, we have to check all the critical pairs of 7.
So assume that (ab, d). (bc, f) € T, with a,b,c € 2, and d, f€ =, U {1}. This
gives the critical pair (dc, af ): dc <77 abc 7_» af.

Ifd=1and f=1, thena—bandc—b Hence, dc = b = af.

Ifd=1and fe 2, thendc=c <;_-> af. But T, ¢ T implying ¢ <-> af. Since T is

Church-Rosser, this means (af, ¢) € T and so (af,c) € T;.
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Ifd€ Z,and f=1,then(dc,a) € T, for similar reasons.
So assume d € £, and f € 2,. Now dc ? af implies that dc <—> af, and since T is

Church-Rosser, there is some g € 2 U {1} such that (dc,g)ET and (af,g) e T. If
g € =, U {1}, then (dc,g) € T, and (af,g) € T,. If g € Z, for some i > 2, then
Lemma 3.8 applies giving dc = af.

Thus, in every case the critical pair (dc, af ) can be resolved in 7). Hence, T; is.
Church-Rosser. O

Obviously, in the monoid 2}/ < every generator has an inverse of length one.
T,

In particular, 2}/ S s a group, and therefore Theorem 2.2 applies to this
T

1
presentation. Hence, we have

COROLLARY 3.10. The group 2F/ <;> is a free product of a finitely generated free
group with finitely many finite groups. l

In order to prove Theorem 3.2 it only remams to show that the mapping ¢ defines

an isomorphism from =*/ & onto ¥/ & . Obviously, ¢ is onto, since p(a) = a
P - o P
1

for all a € Z,. Further, if q)(w)?l for some w € 2*, then q)(w)? 1, since
1

T, € T. But @(w) <§_> w according to the definition of ¢, and so w S Thus, if ¢ is
T
indeed a homomorphism from 2*/ < in 2}/ <, then ¢ is an isomorphism.
T T
Therefore, we have to show that @(ab) < ¢(c¢) for all rules (ab, ¢) € T. For this we
Tl

need one further lemma.

k k
LEMMA 3.11. Let u,v € =¥ withu > v. Then alsou™ —> v™".
Ti T

PROOF. Let u=a, --- a,, and v = b, --- b, with a,,b; € Z;. Then u =g,
- a,,and v’ = b, --- b,. Now we proceed by induction on k.

o . 0
k=0:u—>v,ie,u=v. Hence, u ' =v' andsou™ - v\

T T

1
k=l:u;>v,i.e.,ne{m+l,m+2}.

1
If n =m + 2, then there is some i € {1,...,n — 1} such that a,,, = a,, and
v=a,---a;,_,a,,, - a, Hence,
1 — = — - - = —

u- =4, 0a,,.,8,.,4;a,_, " 4
— ~ 3 - -1 1 1 - ~ -~
=4, 0,,,0,18,1,4,, " 4 ?an @04y 0 4y

1

=l

If n = m + 1, then there is some i € {1,...,n — 1} such that (a;q,,,,b;) € T,

and v = a, o a,_ba;,., -+ a, But (a,a;.,,b) € T, implies (a,,,a;,b;) € T,
since 2¥/ o is a group. Hence,

_— - - —_—— 1 — -_—
u-=a,---a,,,a,,,a,a;,_,--a—>a, - a,,ba,
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. k+1 . k 1
k — k + 1: If u —> v, then there is some w € =} such that u > w — v. Now the

T T T
) ) ) ) N R kL
induction assumption and the case k = 1 imply 4™ > w™!' > vl ie, u™! - vl
n I T

a

Now we can start to investigate the relation between ¢(ab) and @(c) for rules
(ab, c) € T. Several cases have to be distinguished depending on which of the letters
a,b,carein X, hand which are not. For w € 2%, let |w|; = 2,5 [W|,, ie., [w|g, is
the number of occurrences of letters from £, in w.

LeMMA 3.12. Let (ab, ¢) € T with |abe|s, > 2. Then g(ab) — g(c).
T,

PROOF. (1) If a, b,c € Z,, then (ab, c) € T}, and so p(ab) = ab = ¢ = ¢(¢).
T

() Ifa,be ,andc€ 2~ 2, thenc € 2,,and v, = ab accorlding to Corollary
3.6. Thus, ¢(ab) = ab = @(c¢).

(i) If a,c € 2, and b € 2 — £, then (ab, c) € T implies (ac, b) € T. From (ii)
we conclude that ¢(b) = ac. Hence, ¢(ab) = aac ? c = @(c).

(iv) If b,c € ), and a € 2 — 2, then (ab,¢) ET implies (cb, a) € T. Hence,
@(a) = cb, and so p(ab) = chb —e= e(c). O

1

LemMMA 3.13. Let (ab,c) € Twitha € 2, b€ 2, and c € 2, for some i, j > 2.
Then |i — j| < 1, and @(ab) — ¢(c¢).
T

PROOF. Since a € 3, we have a™' =a, --- g, € ZF,and 9p(a)=v, = a, - - a,,
and ¢ € Z; implies ct=c o€ ZY and p(c)=0v,=¢; - &.

Since =*/ © is a group, ab o implies ba, - - a, = (ab)™! < cl=c e
and @, ---a,=a'obe - ¢;. Now c € 2, and hence j < i + 1. On the other

T
hand, a € 2, implying i <j + 1. Thus, |i —j| < 1. Now, three cases must be
distinguished. B
(i) j=i—1:(ab,c)€ T and b € Z, imply (cb, a) € T. Hence,

a,---a,=a’'! <-;> (ch) ' =be, -+ ¢;_,.
But a, --- q, isirreducible, and so a, - -+ a; = bc, - -+ ¢;_,. Thus,
p(ab) = p(a)p(b)
=a, - ab
=¢ . -.-Cbb—>¢ _,---C
Ci-1 1 T, i—1 1
= ¢(c).
(i) j = i: (ab,c) € T implies that
ba, -+ a,= (ab)_léc'l =c, 0 C
Since ¢, --- ¢, aswell as a, - - - a, are irreducible, this means that (ba,, c,) € T and

a, =c, for A = 2,...,i. Hence, (l_ml, ¢,) € T}, and so (a,b,¢,) € T;. Thus,

plab)=a,---ab—-a, - a5 =¢ & =9(c).
T
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(iii) j =i + 1: (ab, c) € T implies that

7 -1

ba, - a, = (ab) ©c Y=c¢ -0 ¢y

Since ¢, - - - ¢,,, isirreducible, we have ba, --- a, = ¢, --- ¢;;;. Hence,
ci=o¢(c). O

g(ab)=a,---ab=¢,y -

A symmetric lemma can be proved accordingly
LEMMA 3.14. Let (ab,c) € T witha€ 2, b€ 2, and c € Z; for some i, j

Then |i — j| < 1, and ¢(ab) —> o(c).
It remains to consider those rules (ab,c) € T for which a and b both are in

> 2.

2 — 3,. To handle these rules, we need
LEMMA 3.15. Let u,v € 2F be irreducible modulo T, and let ¢,d € 2, such that

* *
udv = ¢. Then udv — c.
n

7
PROOEF. Since u and v are irreducible modulo T, the reduction udv — c is of the
T

following form:
udv = uydyw, = udv, = - > u,du, o
OOOT 111T T k kkT s

where in each step the words u,, v; € 2} are irreducible, and one of the following

three conditions is met:
() u,,, =u;, v, = fv,,, with f,€ =, and (d,f;,d;,,) € T withd,,, € Z
(i) v, = v, u; = u;,,g with g, € Z,,and (g,d;,d,,,) € T withd, , € 2,

(i) u, = u,,,8;, v; = f;v;,, with g, f, € 2, and ((g,d;,1) € T and d,,, = f; or

d,f,1)eTand d,,, =g).

Thus, in each step the rule applied is of the form (ab,c) with a € 2, or b € 2,
Hence, ¢(ab) — @(c) for every rule applied during this reduction according to
Lemmas 3.12-3.14. Therefore, we have for each i = 0 k=1

) = u;p(d;)v; '7? Ui 1@ (dis1) Visy
1

‘P(“idivi =
= q’(“i+1di+1vi+1)’
and so
udo = g (ugdepy) > 9(c) = ¢. O
1

Now we are ready to deal with the remaining rules that are of the form (ab, ¢)

witha € 2, and b € 2, for some i, j > 2.
2, and ¢ € Z,. Then

LEMMA316 Let (ab,c) € Twitha € 2, b € Z, withi, j >

- a,. Since

o(ab) —>qo(0)
-a,€2f,and p(a)=a, --

PROOF Since a € £, wehavea™! = g, -
beS, bl=b, b, and p(b)=b - .Bl.
(ab)” Ebl-ubjal---ai—;)E
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*
But b, --- b, and a, - - a, are irreducible. Hence b, - -- ba; --- a, = ¢ according
. T
to the previous lemma. Thus,

¢(ab) = a, 511_’,' b,

1o -
= (b1 b;a, ai) ;l’ (¢) '
=c
= ¢(c)

according to Lemma 3.11. O
Thus, we have shown so far that ¢(ab) —» <p(c) for all rules (ab,c) € T with

labc|s, > 1. Hence, the proof of Theorem 3.2 i 1s completed by

LemMA 3.17. Let (ab,c) € Twitha € 2, b € 2, andc € 2, for some |, j, k > 2.
Then @(ab) — ¢(c).
Tl

PROOF. Let a' =a, ---a,€2}, bl =b, ---beZf,andc'=¢ - ¢, €
Z¥. Now (ab, ¢) € T implies that
by ---ba, - a,= (ab)"lf;c‘l =c G
The word ¢, --- ¢, is irreducible, and so b, --- ba; -+ a;, 2> ¢, -+ ¢,. But
b, --- b, and a, --- a, are irreducible as well. Hence there are / and m such that
-
by - b_y=¢ ¢y, by biay - Am 2 Cps and @, " @, = Cppq G
Now ¢, € 2, and b, --- b, as well as a; - - - a,, are irreducible. Thus, Lemma 3.15
applies giving b, - - - bja, --- a,, > c,andso b, - ba, - - a,;» ¢, + - ¢, Hence,
T 1
@(ab)=a,---ab, -+ b,
-1 * -1
= (b, b,a, a,) = (q )
Ty
=6
=g(c). O

Together Lemmas 3.11-3.17 imply
LEMMA 3.18. The mapping ¢ defines an isomorphism from the group Z*/ <:T’ onto

the group ¥/ % .
1

This proves Theorem 3.2.

4. Concluding remarks. Theorem 3.2 may be used to prove a lot of algebraic and
algorithmic properties for the class of groups presented by two-monadic reduced
Church-Rosser Thue systems. For instance, by Kurosch’s Theorem [16, 18] this class
is subgroup-closed, i.e., finitely generated subgroups are also presented by two-
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monadic reduced Church-Rosser Thue systems. In addition, centralizers of elements
are cyclic or finite groups.

Free products of a finitely generated free group with finitely many finite groups
have nice algorithmic properties, i.e., the conjugacy problem, the root problem, the
power problem, the order problem, and other problems are easily solvable. At first
sight it is not clear at all how to solve these problems without using the characteriza-
tion theorem, i.e., by using only properties of monadic Church-Rosser Thue systems.
Nevertheless, Theorem 2.3 is effective in the following sense: Given M, it is possible
to effectively construct a presentation for G as a free product of a finitely generated
free group with finitely many finite groups. Since M, is effectively constructible we
may construct a presentation for G as a free product from a given monadic
presentation for G and then apply the usual algorithms in free products for solving
problems like the conjugacy problem.

Notice that the type of presentations considered here leads to efficient algorithms
for solving the word problem, but this may happen at the expense of the size of the
presentation: For finite groups a presentation by a reduced monadic Church-Rosser
Thue system providing inverses of length one for the generators is actually the
multiplication table representation.

It is conjectured that the class of groups which can be presented by monadic
Church-Rosser Thue systems is exactly the class considered in this paper. The
question arises of whether this same proof technique can be applied in the general
case. Our first observation is that such Thue systems do exist.

EXAMPLE. Take 2 = {a,b,c,d }, and T = {(abc,1),(ca, d),(db,1),(bd,1)}. Then
T is monadic, reduced, and Church-Rosser. Obviously, the generators b and d are
invertible. Further, abc ? 1, and bﬂzl -; bd -; 1, ie., a 1is invertible, and

cap -;_» db —T> 1, i.e, c is also invertible. Hence, 2*/ *;:3 is a group.

Can the technique used to prove Theorem 3.2 be applied to Thue systems of this
form? One difficulty consists in determining the generators that shall be kept.

EXAMPLE (CONTINUED). 2, = {b,d}, and Z, = {a,c}. Now Z¥f N IRR(T) =
{b'|i = 0} U {d'|i > 1). Further, each w € =} gan be reduced to an irreducible
w € Z¥. Thus, there is no w € =¥ such that a <-> wor ¢ ¢-> w, i.e., the generators
from 2, cannot be expressed as words over Z,. And obwously, (21, TN (ZFXZIH)
presents the group F;, which is not isomorphic to the group =*/ <—> = F,, where F,
is the free group on i generators.

Thus, if this technique should work at all, then the partition of the set of
generators 2 must be chosen in a different way. One such way is the following.

DEFINITION. Let T be a finite, reduced, monadic, Church-Rosser Thue system
over 2 such that =*/ <-> is a group, and T contains rules with left-hand sides of

length greater than two. For a € Z, define i(a):= min{k|3u, € =*: a- u, 5 1}.
Take =, = {a € 3|i(a) = ). i

Notice that for a Thue system the rules of which have left-hand sides of length two
only, this new definition coincides with the one given in 3.4.
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Since =*/ <;> is a group, the Thue system T contains rules of the form (u, 1), and
thus, 2, # &. Obviously, 2, N 2, = & for i # j. Further, 2,,, # & implies that
2, # @ as can be seen easily. Now we return to our example.

EXAMPLE (CONTINUED). X = {a,b,c,d}, and T = {(abc, 1), (ca, d),
(db,1),(bd,1)}. Hence Z, = {a,b,d },and 2, = {c}.

Each word w € 21“‘ can be reduced to an irreducible w € 2. Thus, there is no
w € Z¥ such that ¢ 6; w, L.e., again we cannot express the generators from X, as

words over 2.

So the question of whether the technique developed in §3 can be applied to Thue
systems that do have rules with left-hand sides of length greater than two remains
open. If it applies, one has to find a different way of partitioning the given set of
generators; if not, one has to find a new technique in which new letters are
introduced to deal with Thue systems of this form that present groups.
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