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DECAY WITH A RATE FOR NONCOMPACTLY SUPPORTED
SOLUTIONS OF CONSERVATION LAWS

BLAKE TEMPLE!

ABSTRACT. We show that solutions of the Cauchy problem for systems of two
conservation laws decay in the supnorm at a rate that depends only on the ! norm
of the initial data. This implies that the dissipation due to increasing entropy
dominates the nonlinearities in the problem at a rate depending only on the L' norm
of the initial data. Our results apply to any BV initial data satisfying u,(+ 00) =0
and Sup{uy(-)} < 1. The problem of decay with a rate independent of the support
of the initial data is central to the issue of continuous dependence in systems of
conservation laws because of the scale invariance of the equations. Indeed, our
result implies that the constant state is stable with respect to perturbations in L} .
This is the first stability result in an L? norm for systems of conservation laws. It is
crucial that we estimate decay in the supnorm since the total variation does not
decay at a rate independent of the support of the initial data.

The main estimate requires an analysis of approximate characteristics for its
proof. A general framework is developed for the study of approximate characteris-
tics, and the main estimate is obtained for an arbitrary number of equations.

1. Introduction. Consider the Cauchy problem for a system of n conservation laws
(1) ut+f(u)x=0’ u(x,0)=u0(x),

where u = (uy,...,u,), x € Rand r € R*. We study decay and continuous depen-
dence in solutions of (1), which are obtained as limits of approximate solutions
generated by the random choice method of Glimm [6]. Thus we are interested in
solutions that take values in a neighborhood U of some constant state #. We assume
that df, the matrix derivative of f, is smooth, has real and distinct eigenvalues
Aj <A, < -+ <A,inU, and that VA, - R, > 0in U in [9]. Here R, denotes the
unit right eigenvector corresponding to the eigenvalue A ,. By changing the frame or
translating the flux function f if necessary, we assume without loss of generality that
u=0and }\p >0,p=1,...,n.

Let u(x, t) denote a weak solution of (1), which is a limit of approximate solutions
generated by the random choice method. The main result of this paper is the
following theorem, which is proved in the case n = 2:
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THEOREM (1). For every V > 1 and 0 < o < 1 there exist constants § = 6(V) < 1
and C(o) > 1 such that, if uy(-) satisfies

(2) uO(i w) = 0,
(3) TV{uy(-)} <V,
and
4 luo(-) lls <8,
then
, ~1/Q+0)
5 u(-,t)|ls < Clo log[—]}
(s (-0} < (o) b
for all t > ||lug(-)|| ;2. Here constants depend only on f and their arguments, || ||
denotes supnorm and || || denotes L' norm; i.e.
oo
luo() lls = Sup  Jup(x)], o () 2 E/ lu(x)|dx.
—00<x<+o0 — o0

If we fix the initial data uy(-) and let z — oo, then (5) gives the decay of the
solution u(-,?) in the supnorm at a rate independent of the support of the data.
Said differently, (5) verifies that the dissipation in solutions of (1) due to increasing
entropy overcomes the nonlinearities in the problem at a rate depending only on the
L'-norm of the initial data (cf. [9]). If we fix 7 and take a sequence of initial data
tending to zero in L!, then (5) gives a rate at which the supnorm at time ¢ tends to
zero with the L! norm of the initial data. Because the values of u at time ¢ have a
bounded domain of dependence, (5) also gives a rate at which u(-, ¢) tends to zero in
L} . as the initial data tends to zero in L}, This is the first continuous dependence
result for systems in the norm L.

Other decay results for systems have been obtained by Glimm-Lax, DiPerna and
Liu [4, 5, 7, 10-14]. For these results decay is obtained by means of estimates for the
decay of the total variation. In the case of nonperiodic initial data, a rate of decay in
the total variation is obtained only in the presence of compactly supported data, and
the rate depends on the support of the data. It is crucial in (5) that we estimate the
decay in the supnorm instead of the total variation norm because simple examples
show that the total variation does not decay at a rate that depends only on the L!
norm of the initial data.

Our interest in the L' norm in (5) stems from an interest in the problem of
stability, by which we mean the problem of the continuous dependence of solutions
on the initial data. To put the issue of stability into perspective, we make the
following definitions: we say that solutions of (1) are strongly stable in a norm || || if
there is a constant C > 0 such that

(6) Hu(-,t)—v(-,t)||<C||u(-,0)—v(',0)||
for all weak solutions 4 and v. We say that solutions of (1) are weakly stable in || ||
with a rate if

(7) lu(-.0) =o(. )< F(lu(-,0) = o(-,0)])



DECAY FOR NONCOMPACTLY SUPPORTED SOLUTIONS 45

for all weak solutions u and v, where F is a fixed function satisfying lim, _, , F(§)
= 0. It is well known that solutions to scalar conservation laws are L'-contractive
(cf. [8]). In the language above this says that solutions of a scalar conservation law
are strongly stable in L! with constant C = 1. Moreover, by studying solutions
containing a single shock, it is apparent that solutions of (1) are not weakly stable in
the supnorm or in the total variation norm, and are not strongly stable in any L?,
p > 1. This leaves L' as a leading candidate for studying stability in systems of
conservation laws. Estimate (5) proves that the constant state is weakly stable in
L' . As a further comment, in [22] it is proven that solutions to systems are not
L!-contractive relative to a constant state in any metric that is compatible with the
u-space topology. This directly implies that there is no metric D and constant w > 0
for which the following Gronwall type estimate holds in any neighborhood of u:

%f_oow D(u(x,t),u)dx < wfio D(u(x,0), @) dx.

Thus, (5) gives the stability of the constant state in L) in a regime where a
Gronwall inequality fails in some essential way. It is an open problem whether the
constant state is strongly stablein L.

In the case of periodic initial data, Theorem (1) holds with u,(-) replaced by the
initial data in one period. Thus (5) gives a decay in L* at a rate independent of the
period. Again, for periodic initial data, the total variation does not decay at a rate
depending only on the L! norm of the data, and for the previous decay results the
rate of decay in the total variation depends on the length of the period in the initial
data. Our methods also give directly that periodic data decays like ( p/¢)!/4, where P
is the length of a period. This, however, is not sharp in light of the ( p/¢) decay rate
obtained by Glimm and Lax [7].

We now indicate the proof of Theorem (1). Theorem (1) is obtained by estimating
the decay of the quadratic functional Q, which was constructed by Glimm in [6].
Specifically, let 4 denote a mesh length in x, and let u”(x, ¢) denote a corresponding
approximate solution generated from initial data uy(-) by the random choice
method. Roughly speaking, the values of u” at time ¢ are obtained by approximating
the actual solution by a set {v,} of simple waves each of which moves at close to
characteristic speed. The function Q(¢) is defined by

(8) 0(1) = Xlnllval,

where, again roughly, the sum is over all pairs of waves at time ¢ that will interact at
some later time due to differences in the wave speeds. (In the words of Glimm,
summed over all “approaching” waves.) Here, |y,| in (8) denotes the strength of the
wave v, (for details see §§2 and 3). In [6] it is proved that Q is a positive decreasing
function of time. Heuristically, this is because a term is lost from the sum in (8)
whenever two waves cross each other in the x¢-plane. The functional Q measures the
potential for interaction of waves, but contains no information regarding the time at
which interactions will occur. Theorem (1) is a corollary of the following technical
lemma, which is a sharp estimate for the rate at which Q decreases as a function of



46 BLAKE TEMPLE

the supnorm and the L' norm. For this lemma, assume that n = 2 (or that there
exists a coordinate system of Riemann invariants).

LEMMA (2A). Let Q denote the quadratic functional associated with an arbitrary
approximate solution u" which is generated from initial data u,(-) that satisfies
conditions (2)—(4) of Theorem (1). Then there exists a constant G > O depending only
on f and V and a mesh length h, = hy(e, M) such that, if

(9) lu"(-,0)[|s > 1/M,

(10) (-, 0) 2 =¢

and

(11) h < hg,

then

(12) 0(0) — 0(e(6M)?) > 1/(GM)’”.

In words, (12) states that Q will decrease by an amount on the order of the
supnorm squared in a time that is on the order of the L'-norm divided by the
supnorm squared. For the case n > 2, we obtain (12) under the assumption that the
total variation of u,(-) is small (cf. [6]).

LEMMA (2B). If n > 2, then there exists V < 1 such that, if uy(-) satisfies (2) and
(3) of Theorem (1), then the conclusions of Lemma (2A) hold.

In the case of periodic initial data, Lemmas (2A) and (2B) hold with u,(-)
replaced by the initial data in each period.

The proof of Lemmas (2A) and (2B) is given in §6. (See Theorem (6.3) for a
detailed restatement of Lemmas (2A) and (2B).) The proof is quite technical and
uses the theory of wave tracing. The theory of wave tracing was developed by Liu to
prove that the random choice method converges weakly so long as the sample
sequence is equidistributed [15]. Wave tracing is a method of keeping track of left
and right states on approximate characteristics [1, 4, 5, 7, 10, 15, 16]. Previous decay
results for systems use the theory of approximate characteristics, but rely on global
mechanisms and do not require keeping track of left and right states. (It is
important, however, to recognize that in [5], these methods are localized and decay
in Q is used to control decay in the total variation for noncompactly supported data.
Of course, no rate can be obtained for decay in the total variation.) Here we develop
the theory of wave tracing from what we believe is a simpler set of definitions and a
simpler notation than has been previously given. The presentation is general, and
essentially self-contained. Motivations for the constructions can be found in [15, 16].

We now deduce Theorem (1) from Lemma (2A) using the basic results of Glimm.
The remainder of this paper is then devoted to the proof of Lemmas (2A) and (2B).
We first give a precise statement of the results in [6]. (See [23] for a proof of the
supnorm estimates.)
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LEMMA (GL): Assume u, satisfies conditions (2)-(4) of Theorem (1). Then each
approximate solution u" is defined for every h > 0 and t > 0 and, moreover, there
exists G, > 0 such that

(13) TV{u"(-, 1)} < GTV{uy(-)},

(14) "“h(',t)"s < Golluo(+) [ls»

(15) ““h(‘,tz)_uh('stl)”LlSGo{h+|t2_f1|}
and

(16) 0(1;) - 0(1) <0

for all t; < t,. (From here on we use G, to denote a generic constant that depends only
1<% 0 74
onVandf.)

In the case of arbitrary #, the results in [6] are that (13), (15) and (16) hold so long
as V is sufficiently small. The reason we can obtain (5) in the case n = 2 and not
n > 2 is that we use (14), a result that is not known for n > 2. (For n > 2, one can
show by our methods that there exists a sequence of times ¢; for which |[u(-, ¢;)||s = 0
and (5) holds.)

So assume that Lemma (2A) and the assumptions of Theorem (1) hold. Let
M > 1 be given. We estimate the time at which ||u”(-,?)||¢ < 1/M for h < h,. Let
G, > 1 be large enough so that Q(0) < G,. Set

(17) G, = GG
and let
(18) N=[(6,m)] +1,

where [ ] denotes “greatest integer in”. Define the times ¢, ..., #, between which Q
decreases by an amount (G, M)~ ? as follows:

(19)  1,=0, 1, =Sup{t>1,00(s,+) - Q1) <1/(G,M)*}.

Define

(20) e, =|u"(-.t, +) |-
Let m < N be that smallest integer for which
(21) it = > €, (GLM)’

if such an integer exists. Otherwise let m = N. Now if ¢,, < oo, then Lemma (2A)
implies that

(22) u"(- 1, +) s < 1/GoM.

To see this, note that the contrapositive of Lemma (2A) states that if Q(0) —
Q(e(GM)?) < 1/(GM)?, then ||u”(-,0)||s < 1/M.If t,, < o, then this applies with
u”(-,0) replaced by u”(-,t, + ) and M replaced by G,M. (Note that if m = N and
ty < o0, then (21) holds in this case because Q can incur no more than N decreases
of magnitude (GM)~2) Thus if ¢,, < oo, then by (14) ||u(-,1)||s < 1/M for all
t > t, as stated.
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It remains only to estimate ¢,,. We show that
2
(23) ty < (GoM) T g,

where G, = 2G,G,. Without loss of generality, assume that ¢, > € and ¢, > 4 so that
(15) gives

(24) e, < Got,,

where again we take G, to be generic. Thus if n < m,

(25) tuar = 1 < &,(G1M)" < Got, (G, M),
so that

(26) thr < {1+ Go(G,M)* e,

By induction this implies that
m—1 m—1
QD 1, < {1+6G(G,M)*}" 1< {1+ Go(6G, M)’} &(GM)’

<{1+ GO(GIM)Z}MEO <{1+ GO(GIM)Z}NSO

}(GIM)2 (G,M)ze

< {1+ G(6,Mm)’
where G, = 2G,G,. Thus we have that
(28) lut(- ) s < 1/M

so long as > (G,M)©@M’%  In particular, let t = (G,M)%M’* and choose
0 <o < 1. Then

& < (G, M)

0

(29) log[t/eo] = (G,M)’log(G,M) < (C(a)M)*™°
for some C(o6) > 0. Thus
(30) C(o){log(t/e0)} /" 2 1/M 2 [[ul (-, 1) [ls.

Now if u is a limit of approximate solutions u” as h — 0, then it follows that
1+, 0)|| ;2 = lluo(+)ll 2, and we conclude that

(31) fu(-,2)|ls < C(O){log[t/lluo(°)llu]}

This completes the proof of Theorem (1).

In the case of periodic data, the estimate (31) is obtained in the same manner by
replacing u,, by the initial data in one period. In this case C(o) is independent of the
period. For periodic data we can also use Lemmas (2A) and (2B) to obtain a rate of
decay which depends on the period, since for periodic data,

(32) lu (. 0) | < GoP,

where P is the length of one period. In this case we can use (32) instead of (24) and
argue as follows: if u*(-,t) > 1/G,M, then Lemmas (2A) and (2B) give

0(1) = (1 + GoP(G,M)*) = 1/(G, M)’

~1/(2+0)
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u=20 u=u u=20
FIGURE 1

Since Q(0) < G,, we see that Q can incur only G,(G,M)? decreases of magnitude
1/(G,M)? before Q(t) < 1/(G,M)?, in which case

lut(-,1)||s < 1/GoM.
Thus ||u,(-, t)||g must be smaller than 1/G,M before time
T = G,P(G,M)*G,(G,M)* = CPM*.
This gives that ||u*(-, )||s < 1/GoM for all 1 > CPM*, in which case

(33) lut (-, 0)|ls < C(1/p) ™%
We note that (33) is not sharp (¢~! is sharp, cf. Glimm-Lax [7]). This might be
expected since we are not invoking global mechanisms of decay as in [7].

The remainder of this paper is devoted to the proof of Lemmas (2A), (2B) and (3).
Before embarking on the proof, we briefly discuss the idea behind it. The idea is
that, since uy(+00) = 0, if |juy(-)||ls = 1/M and ||uy(:)||p = &, then there must be
a “spike” in the initial data of height on the order of 1/M in |u| and width in x on
the order of eM. For example, if |uy(x)|>1/2M for all x € [x,, x;], then
e = |lug()lp = |xp — x4/2M, which implies |x; — x,| < 2Me. Thus consider the
case

ug(x) = {ﬁ, x, < x. < Xxg,
0, otherwise,

where || = 1/M, x5 — x, = eM. This data resolves into four simple waves associ-
ated with the Riemann problems [0, %] and [#%, 0] (cf. [9, §2]). Label these waves a;,
a,, B, and B, as in Figure 1. It takes the longest time for waves to interact if a, = 0
or 8, = 0. Assume that a, = 0 and to be specific, assume that «, is a shock wave. In
this case, 8, must be a rarefaction wave because # = 0 is both the leftmost and
rightmost state in the problem. (Here we use the assumption that the waves are
weak.) Now we can estimate the time at which Q must decrease by order 1/M?; i.e.,
the time it takes ; to interact with 8;. But the differences in speeds between a, and
B, at time zero is on the order of 1/M, so interaction must occur within a time on
the order of T, where T satisfies

IxB"xAl"T/M=0;
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ie, T = M|xp — x,| = M?. Since two waves a, and B, of strength on the order of
1/M interact before time T, by (8) we expect Q to decrease by an amount on the
order 1/M? in time 7. This is

0(0) - 0(T) = ou)#,

which is (12).

We implement the above idea as follows: given data u,(-), we locate p-waves «
and B whose speeds at time ¢ = 0 differ by 0(1)%; and whose x distance apart at
t =0 is 0(1)eM as above. We identify these waves at a later time by means of
approximate characteristics. We then assume for contradiction that Q does not
decrease by 0(1): in time 0(1)eM 2. A consequence of this is that a and B may be
chosen so that the corresponding characteristics do not intersect before time 0(1)eM 2,
We finally derive a contradiction by estimating that since the decrease in Q is small,
the speed of the characteristics @ and B agree with the speeds at time zero
sufficiently to guarantee that they intersect before time 0(1)eM 2. By this contradic-
tion we can conclude the proof of Lemmas (2A), (2B) and (3). In the above analysis
we must keep track of left and right states on approximate characteristics. This is
essentially the wave tracing idea of Liu [15].

In §§2 and 3 we review the Riemann problem and the random choice method and
establish notation. In §4 we define approximate characteristics. In §5 we establish
properties of approximate characteristics. (This is done in a general setting.) Finally
in §6 we give the proof of Lemmas (2A), (2B) and (3).

I wish to thank James Glimm for sharing with me many of his valuable insights. I
would also like to thank Tai Ping Liu, Ronald J. DiPerna and I-Liang Chern for
many helpful discussions.

2. The Riemann problem. The Riemann problem is the initial value problem (1)
where the initial data has the form

u, forx<O0,

ug(x) = {

up forx>0.

We assume that the Riemann problem is uniquely solvable by the method of Lax [9]
for all 4, and u, in a neighborhood U of u = 0. In particular, assume that all states
that appear in the solution of a Riemann problem posed in U lie in a set U; 2 U.
Assume that A, (u) <A, (v) for all u,v € U;, 1 <p <p’<n, and that (1) is
genuinely nonlinear in all characteristic fields throughout U;.

Let #,(u,) denote the integral curve of R, that contains the point u,. Let
.@;(u 1) denote the p-rarefaction curve associated with the point u,; i.e., that
portion of #,(u,) for which A, (u) > A,(u). By [9] there exists a unique curve
&,(u,) that makes C 2 piecewise C? contact with #,(u,) at the point u;, and such
that for each u € &, (u, ) there is a scalar s such that

(2.1) s[u] =[f],
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where [u] = u — u,, [f] = f(u) — f(u). Statement (2.1) is the Rankine Hugoniot
Jjump condition, and we say that &,(u, ) is in the Hugoniot locus of u;. Let &, (u,)
denote the p-shock curve associated with u,; i.e., that portion of %,"(u,) for which
A (u) < A, (u.). We assume that A, is monotone on both ¥,(u;) and #,(u;), so
that the curve

(2.2) Y (u) = (u) UR, (u)

is a C? piecewise C? curve throughout U,. For uy, € %,(u;), the Riemann problem
is solved by a p-wave: a shock wave if A,(ug) < A,(u.) and a rarefaction wave if
A, (ug) > A, (ur) [9, 17]. We let y? denote any p-wave. For a given y?, let L(y?)
denote the left state of y? and let R(y?) denote the right state. For arbitrary states

u;, up € U, the Riemann problem is solved uniquely by n waves y.,...,y", which
are separated in the xt-plane (going from left to right) by the constant states
u;=u;,...,u,,; =ug The states u;,, and hence the waves y”, are uniquely
‘determined by the condition
u, €% (u), 1<k<gn.
We call J, (cf. [11]) a wave strength measure for the p-waves if, for each

u, € U, J,(0;u;) is a parametrization of %,(u,) in U, 6 € R, and moreover
g, € C? with bounded third derivatives with respect to both arguments, 7,0, u,)
= u, and

)3 BXP(Z(a,uL))
(2.3) S PR
If L(y?) = u, and R(y?) = J,(0; u.), then we define the signed strength of y? to
be a. We let y? = o so that “y?” denotes both the name as well as the signed
strength of the wave. By (2.3), y? < 0 for shocks and y? > 0 for rarefaction waves.

In the following three sections we study the random choice method approximates
and associated approximate characteristics using arbitrary  to define wave strength.
In §6 we define J by means of a best approximation to a coordinate system of
Riemann invariants. The next lemma is a direct consequence of the fact that the
speed s of a shock is equal to the average characteristic speed to within terms that
are quadratic in the strength of the shock [9, 11, 17]:

> 0.

LEMMA (2.1). Assume that ugp = ,(0;u;), 6 < 0. Then the speed s of the corre-
sponding shock wave satisfies s = A Sup +ug)/2)+ 0(1)o2

3. The random choice method approximates. In this section we define the ap-
proximate solutions of (1) generated by the random choice method of Glimm [6],
and develop notation required for the subsequent sections.

Let h be a mesh length in x, and let
(3.1) k= Ch
be the corresponding mesh length in ¢, C > Sup, ¢y {|A,(¥)}. For i, j € Z, j > 0,
let x; = ih and ¢; = jk. Let a be a sample sequence, a = {a,;}%;, 0 < a; < 1. For
given initial data u,(-) C U, define the random choice method approximate solution
u"(x,t) = u"(x, t; a) by induction on j as follows: First, for x; < x < x,,, define
(3.2) u"(x,0) = ul(x) = uy(x, + h/2).
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Next, assume for induction that u”(x, r) has been defined for ¢ < 7;. Define
(3.3) uh(x,1,) = u"(x, + a;h, 1, ),

and for 1; <1 <1, define uh(x, t) to be the solution of the Riemann problem
posed in (3 3) at time ¢;. By (3.1), u" is well defined so long as u”(x, ¢, ) € U for all
t.

’ Let u* be any approximate solution that is well defined by the above procedure.
Let v/ denote the name as well as the signed strength of the p-wave that appears in
the solutlon of the Riemann problem that is posed at (x;,¢;) in the approximate
solution u*. Define

(3.4) L(y,.‘;’») = left state of the wave v/,
' R(y}}) = right state of the wave v/.
If v/ is a shock wave, define
(3.5) s(v2) = speed of wave /.
If 7 is a rarefaction wave, then the wave is “split” at time ¢, ; if
(3.6) A, (L (yu))k/h <a; <A,(R(y2))k/n.
In this case define v/, L and y2 A R by
L(ngL) = L('Y,’;),
(3.7) R(Y,};L) = u"(x, + a;1h, ti =)= L(Yi’jiR)’
R(¥£R) = R(vf)-
More generally, if (3.6) does not hold, then define:
vb ifa; 2 A, (R(Y2))k/h, vE >0,
(3.8) vE=0yp ita, > s(v2)k/h, vh <0,
0  otherwise,
o it a; <A (L(v2))k/h, v > 0,
(3.9) Y=y it e, <s(v2)k/h, v2 <0,
0  otherwise

(Here, for example, y,!}" is defined to be zero if the wave lies to the right of the
sample point x; + a;h, and v/ if it lies to the left.)

By construction, the waves Y/ solve the Riemann problem for u, =

u'(x;_y + a;_1h,1;) = L(y}}), ug=u"(x;+ a;_1h,1;)= R(y}}) that is posed at
(x,, ;) in the approximate solution u"(x, t). Because we assume that all wave speeds
are posmve the waves v/, are formed by the interaction of the waves y/- R _j—1 with
the waves y?}_; at time t,_1, p=1,2. To emphasize this, we let A, denote the
diamond of interactions centered at (x,,¢,) [6, 16]; i.e., consisting of vertex points
(x;o1 +a;_qh, ), (x;+ a;_1h, 1), (x;,8; = 1k) and (x,, t+ 1k). We say that the
waves 7, which cross the upper wedge of the diamond, are formed due to the
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interaction of the waves y?% ;_; and y/_,, which cross the lower wedge of the

diamond. We call y# a wave that leaves the diamond A, ;, and we call the nonzero

ij ijs
waves among Y/R ;-1 and y,{l’r_l the waves that enter the diamond A, .
Two waves v/ and y,ﬂj'. are said to approach at time ¢, if one of two conditions

holds [6]:

(3.10A) p<p and i>i'.
or
(3.10B) p=p andeither y5<0 or ¥f <O.

Fort, <t <t;,,, define[d]

(3.11) (1) = ZIY{IJ)’I I'Yil”;‘ [

where the sum is over all pairs of waves y,.’; and y,ﬂj'. that approach at time ¢;. Define

(312) D, = Zl'Yip—ﬁ,jﬂHYf'ﬁll,

where the sum is over all pairs of approaching waves that enter the diamond A, ;
and finally define the cancellation

(3.13) Ch= %{I'Yip-Rl.j—I( + I'Yff—ll - lYip—Rl,j—l + Yi",’,’“-1|}-

Then C/, measures the amount of p-waves cancelled from both yPR -y and v/7,
at the interactionin 4,;.
The following lemmas are due to Glimm [4]. Let

(3.14) v,= X |vE
i,p

estimate the total variation of u*(-,¢)fors, <t <t,,,.

LeMMA (GL1). If u" € U, then for all i, j,
(3.15) |¥6 = ¥P8. -1 = ¥P 7| < GoDyy.
This immediately implies
(3.16) w5l =[v2A | + 2| - 2¢5 + 0() D,
with |0(1)| < G,. (Again, G, denotes a generic constant.).

LEMMA (GL2). There exist a constant V > 0 and a number G, > 0 such that if
(3.17) Vo<V,
then u" is well defined, takes values in U for all time and, moreover,
(3.18) V, < GoVy,
(3.19) Go_lzDij< o(1,—) - o(1;+) < GOZDU
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and
(3.20) (- 1) = u"(-,8) || < Go{h +] = 5]}
forallj, s, t > 0.

LEMMA (GL3). Assume that uy(+ c0) = 0 and that there exists a coordinate system
of Riemann invariants (e.g. n = 2). Then for every V > 0 there exists M > 0 such
that if

(3.21) Vv, <V
and
(3.22) Jutlls < 1/M,

then u" is well defined for all t > 0, takes values in U, and (3.18)—(3.20) hold together
with

(3.23) (-, ) |ls < Gollu"(-,0) |s.

(See [23] for a proof of Lemma (GL3).)

4. Definition of approximate characteristics. In this section we define the set of
approximate characteristics (heretofore referred to as “characteristics”) associated
with a given approximate solution u” and time level . In the next section, we study
properties of the characteristics. The procedure is as follows. We first define an
index set #(J) for the timelike piecewise linear curves that connect successive mesh
points (x;, ;) in the xt-plane (cf. [16]). A subset #(J) C A (J) corresponds to the
set of characteristics. We call this the index set for the characteristics. Each element
| € A (J) gives the position of an “elementary wave” v, at different time levels. The
piecewise linear curves that are undefined at ¢ = ¢, correspond to elementary waves
cancelled, and those undefined at z = O correspond to elementary waves created by
nonlinearities. We let /°C #(J) denote the index set for all such characteristics (cf.
(15D).

We define the elementary wave y, associated with / € .#(J) by assigning a left
state u/[¢] and right state u}[¢] to each time level that intersects the piecewise linear
curve defined by /. We define y[t] = (uf[t], uf[t]), we call T(J) = U, c ¢ {7}
the set characteristics defined for time ¢,. The assignment of states to characteristic
curves is done as follows: We first state three properties that the assignment should
satisfy, and then we assume the properties to hold in order to define the characteris-
tics at the induction step. Thus the characteristics are defined and the properties are
verified simultaneously at the induction step.

The characteristics determine a partitioning of the waves in u” appearing before
time ¢,. It is important to estimate the “fineness” of the partition. For Liu [15], the
fineness is built into the procedure by an initial partitioning of the waves. The cost
of having .#(J) as an index set is that we must estimate the fineness of the partition
as a function of J. This together with an estimate for the speed of characteristic
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curves is given in Theorem (5.12). The remainder of §5 is essentially devoted to
obtaining estimates for the change |uf[¢] — u7[0]|, ¢ = L, R, in terms of changes in
Q and in terms of strengths of elementary waves assigned to characteristic curves
that cross the characteristic curve of / in time [0, ¢,]. We now proceed with the
definition of the characteristics in detail.

Let #(j% jY = {j%j°+1,..., '}, where j° <! are in the set {0,1,...,J}.
Let

(41) (0N ={#(% ) ~>2:1(j) - 1(j - 1) € {0,1}}.
For each element of | € #(j°, j!), define the function

(4.2) x; [to, 2] = R

as follows:

_ 0 _ ;o i1
x/(tj)—xl(j)» JSJ<J,

x,(t,01) = x,(1))
x, (1) = x, (1)) + —L k (t=1),  4<t<t,,.
Thus each element / € #(j°, j') corresponds to a continuous, timelike, piecewise
linear curve in the xt-plane given by the graph of x,. Note that the graph of x, is
defined in [¢ 0, 251] and connects successive mesh points; i.e., the slope of the curve is
either 0 or k/h. If j,t is outside the domain of /, x,, then we write I(j) = &
x,(t) = @, respectively.
Let

(4.3) M()= U (5.

0</0<t<J

Then for | € #(J), define j?, j} (the initial and final indices of /) to be the positive
integers such that / € #(j, j}). Let 1) = t,0, 1} = 1, and note that ¢} < J.

We presently define the set #(J) of mdlces for the characteristics, as well as the
set I'(J) of characteristics, by induction on J. For p = 1,..., n, the set of indices
for the p-characteristics is a set .#,(J) C M(J), and A(J) = p=1# ,(J), where
the RHS is a disjoint union. Corresponding to each / € A (/) is the charactenstlc

Y = (“la“I)EF(J)

each entry being a function of ¢ for ¢{ <t < t, < t;. We let y,[t] = (uF[t], uf[2])
denote the value of v, at time ¢. The functions u/[¢], u}[¢] (the left and right states
of the characteristics y, at time ) are constant on intervals ¢; <t <t for
JP < j <jk T(J) is the disjoint union ['(J) = Uy-1T,(J). For convenience we set
y,[t1=0for ¢t & [¢),t}).

Before defining .#(J) and I'(J) precisely, we first list three properties (Properties
(4.1), (4.2) and (4.3)) which the characteristics satisfy. Then for p =1,...,n we
simultaneously define # ,(J), T,(J) and verify Properties (4.1)~(4.3) by induction
on J.

Property (4.1) states that each set #,(J), p = 1,...,n,is partially ordered and
expresses the fact that characteristics of the same family never cross:
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PrROPERTY (4.1). If [}, [, € # ,(J), then for every
(4.4) je (it ] i i),

we have that either 1,(j) < [,(j) or L,(j) < L()). I [J, ji1 0[5 ji]# @ and
1(J) < 1,(j) for j satisfying (4.4), then we say that /; </, (or /; lies to the left of
1,).

Property (4.2) states that the left and right states of the p-characteristics | € # ,(J)
that satisfy /(j) = i, j < J, strict inequality J, partition the p-wave curve J,(-, L(v/))
between L(v/) and R(v/):

PROPERTY (4.2). Let i € Z, j € [0, J — 1] be such that v/ # 0. Let {/q,...,/,_1}
be the set of p-characteristics / € # ,(J) satisfying /(j) = i, and ordered so that
Iy < liiy in the sense of Property (4.1). Let u; = L(v/), ug = R(v/}) and let
og = v/; (so that, e.g., ug = J,(0g; uy)). Thenfort; <t < ¢,

ug(t) =up, (1) =ug
and

u,’:_l(t) = “ILk(t) = '7;(015 ur),
where o, € (0,0%) and |0, ,| > |0, < k < a — 1. We define
(4.6) Y/k(t) =0py1 — 0

(i.e., round brackets around ¢ to distinguish it from y,[]) to be the signed strength of
the characteristic y, at time ¢ € [¢;,¢;,,), 1 < k < a — 1. Moreover, for ¢ € (0,1)
and t € [tj, tj+1), we define

(4.7) “7,((’) = ‘Z(ok +0(0p4y —04)5up)

forl<k<a-1

Note that if Property (4.2) holds, then we can use (4.6) and (4.7) to determine
Y,(¢) and uj(¢) for all | € # ,(J), t < t;. We use (4.7) to define two characteristics
¥+ and y;x corresponding to each ¢ € (0,1) and each I € # (/) satisfying /(J) = i,
as follows:

I(j) ifj<J-1,

(4.8) 18(j)=1i ifj=J,q=1L,
i+1 ifj=J,¢qg=R,

(4.9) ve[t] = (uf[e],uf[2]),

(4.10) y[t] = (uf[t], uR[1]).

(Le., o determines a splitting of the characteristic v, into a characteristic v,z of
strength 6,(¢) and a characteristic y;x of strength (1 — ¢)7,(?).)

Property (4.3) expresses the fact that characteristics trace nonzero elementary
waves of a given family and sign:

PROPERTY (4.3). If ] € # ,(J), then the signed strength v,(7) of the characteristic
¥, is constant and nonzero in [z}, #}).
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When Property (4.3) holds, we write

(4.11) sgn{v,(¢)} = sgn(/).
For convenience, we set y,(z) = 0 for ¢ & [¢0, t}).

We now define #,(J) and I',(J) by induction on J. We simultaneously verify
Properties (4.1)-(4.3), which are assumed in the induction step.

First assume J = 1. Define

M, (1) = {If: v # 0, p=1,2,9 = L, R},
where /{ is defined by

5O =i 130 - |
Then for 0 < ¢ < k = ¢, and yf? # 0, define
ui(t) = L(v4%),  uii(r) = R(vf?).

It is easy to verify that Properties (4.1)—(4.3) hold for .# ,(1) and I',(1).
Now assume for induction that ./ ,(J) C #(J) has been defined, and that for
every | € A (J),

i ifg=1L,
i+1 ifg=R.

el = (uf (e, uf[2])
has been defined in such a way that Properties (4.1)—(4.3) are satisfied. We define
M, (J + 1), T,(J+1)in terms of # (J), I',(J) and see that Properties (4.1)-(4.3)
hold for # ,(J + 1), I,,(J + 1), respectively.
To define # ,(J + 1) and I',(J + 1), we define the sets

M(T+1)={led,(J+1):1(J)=i},
for each i € Z. The sets 4 ,(J + 1) and I',(J + 1) are then defined by
(T +1)= (M, (J)OA(T - 1)) u{U/f;‘,(J + 1)},

I(J+1)={y:led,(J+1)].

So fix i € Z. It remains to define J/l;,(J +Dand {(y: leA,(J+ 1} It y5=0,
then define
M (T +1) =, Li(J +1) = {y: €L,

where
(4.12) &y = {le.//{p(J):l(J)=i,sgn(l)#sgn(yi1})}.

So assume y% # 0. Let {ly,...,1,_1} € #,(J) denote the indices in 4 ,(J)
satisfying

L(J) =i, Sgn(lk)=sgn{}'£~},
and ordered so that /, _, < /;,1 < k < a — 1, in the sense of Property (4.1). Define
up = L(v}), ug = R(v5),

k=1
0=0, oo= Xy(t,-), k=1,..a,
s=0

ug=J (o5 uL).
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Let o, be defined for up = 7 (og; u;). Note that o, is defined by 0 < k < q, and
Y,(t; =) =041 — 04 k=0,...,a — 1. Choose n so that oz € (0,,0,,,]. If |og]
> |o,|, let 6,,, = o, so that then n = a. Let

u(x; + ay b, t;0 =) if Y55 # 0and y5R # 0,

= 6 PL
Uy = UL if v, =0,
6 PR _
Ug if y;" =0,

and let o,, be defined by u,, = I (0,,; u;). Now for 0 < k < n, define
L(j) ifj<J,
i if j=J+1, |0, <oyl

L(j)=

€ =140 if j=J+1, |0, > |y,
g ifj>J+1,
Ylk[t] ift <1,

Yli[t]E (ups ) i 2, <2<ty
0 ift >1,,,

For k = n, define (cf. (4.8)-(4.10))

1o} if j<J,n=a,
i if j=J,n=a,
L(j) iftj<J, n<a,

IE(j) = .
D=V =41 a) <oy,
i+1 ifj=J+1,le,| =0yl
g ifj>J+1,
2 ifj<J+1,n=a,
L(j) ifj<J,n<a,
IR(j)y=1{(i if j=J+1,0,| <|oy|, n<a,
i+1 ifj=J+1,|o,| >|oyl, n<a,
o} ifj>J+1,
0 ift<t,n=a,
(gruory) ift;<t<t,,,n=a,
oR— 0, .
ve[t] = Ylm,‘[‘]"’:“"—ok — ift<t, n<a,
" n+1 n
(u,,ug) ift,<t<t,,,,n<a,
0 ift>t,,4,
0 ift<t, ,n=a,
0 if1, <t n<a,
velt] = 1(,::[:‘],0=—(1’3-——i ift<t,n<a,
" Oy1 — Oy
0 i1,
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&L, ={l;:0<k<n}, &=L}, £, ,={:n<k<a-1}.

(4.13) Fr={lef v v(t,+)=+0}.
For/e %> let o/, g = L, R, be defined by uf(1; + ) = I (of; u,), and set
(4.14) ZLoy={leL* oy (af,0})}).

Moreover if / € £* and oy, € (o}, o), then let ¢ = (a), — o) /(af — o}), and
set (cf. (4.8)~(4.10))

(4.15) L= {18 1€ £*, 0, € (af,0r),q=LorR}.
Finally, we define
(4.16) M(J+1)=2,, UL VUL, UYL,

in the case v/ # 0.

Since v, is defined for all / € . # ;,(J + 1) this completes the definition of
M(J +1) and T;(J +1). We leave it to the reader to verify from the above
construction that Properties (4.1)-(4.3) are satisfied by #,(J + 1) and [,,(J + 1).
This completes the definition of the approximate characteristics.

We say that y, € T'(J) is cancelled at (x,, ¢;) if /(j) = i and j = j}. From (4.16) it
is clear that y, € I'(J + 1) is cancelled at (x,,¢,) if and only if /€%, , U %, or
I = IR where n = a.

5. Properties of approximate characteristics. In this section we study properties of
the characteristics I'(J) and index set #(J) defined in the previous section. Let u”
be a given approximate solution generated by the random choice method from initial
data u,. The sets I'(J) and #(J) associated with u* are determined by the choices
of uy, J, a, h and J, which we take to be given. We let & =.#(J), I' = T'(J).
Throughout the remainder of the paper, ¥, is taken to mean L,., whenever
£ C M. We now develop some definitions.

Let A7(t) denote the index set for the “null” characteristics that are either
cancelled or else are created by “nonlinearities” in time [0,¢], ¢ < ¢,; i.e.,

(5.1) N(t)y={led: 1) >00rt; <t}
We partition A"(¢) into A(¢) and A,(?) as follows:

(5.2) Ho(t) = {1en(1): 1) = 0},
(5.3) No(t)= {1 eN(1): 1) > 0}.

By Property (4.3), the index set .# partitions into # = AU M ~, where #*= {I
€ M: sgn(l) >0} and A = {| € M sgn(l) < 0}. We call #" [resp. A "] the set
of rarefaction wave [resp. shock wave] characteristics. For p =1,...,nand g = +
or —, define

(5.4) M= M, MO
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Similarly, define #,9(¢) = #°(¢) N A ], and set
(5.5) A1) = M) N A (1),  ME(t) = H(t) N A (1),

so that A,9(¢) is the disjoint union of A4(¢) U N5(1).

We say that two characteristics vy, and v, intersect at time ¢; if /(j) = m(j) and
I(j = 1) # m(j — 1). The following lemma which can verified by induction on J
implies the uniqueness of intersection times for characteristics in different families.

Lemma (5.1). If le #,, mE M, and p < p’, then x, — x, is a nondecreasing
function of time for t € [t}, t,] N (e, t1 Ll

The next lemma follows from Properties (4.1)-(4.3):

LemMA (5.2). Ifl,m € M ,, sgn(l) # sgn(m), and | intersects m at time t; < t < 1,
then either 1 € A" (T) or m € A°(t). Moreover, if | and m are both shock wave
characteristics, then there is at most one interesection time t,, and for all t € [t,,1}) N
(26, 2L,) we have x,(t) = x,(1).

Define

(5.6) Nij(I)E {"Yl(tj+)‘—l71(tj—)( if 1(j)=i,

0 otherwise.
We call N, (/) the nonlinearity contributed by the characteristic y, at the mesh point
(x;5¢;) (cf. [16]). In particular, since y,(¢) is constant on [¢, ¢}], we must have
N,;(I) = O unless ! € #7(z)) and either j = j or j; = j. Define

(5.7) c,(1) = {lw(tj )| if1(j)=iand j=j},
’ 0 otherwise,

(5.8) E, (I)= {]Y;(tj+)| if I(j)=iand j =7,
g 0 otherwise,

so that

(5-9) Nij(l) = —Cij(l) + Eij(l)-

We call C; (/) the cancellation and E,;(/) the error in the nonlinearity N, (/). The
following proposition is a restatement of Lemma (GL1) in the language of ap-
proximate characteristics:

PROPOSITION (5.3). There exists G, > 0 such that

(5.10) Y E,; (1) < GyD,
M
and

(5.11) { L 0} -¢

ij

forp=1,...,nandq= + or —.
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(Note that since E;;(/) = C;;(I) = 0 for ] & A"(¢}), sums over A and # can be
replaced by sums over #7(¢;) and #,%(¢;) in (5.10) and (5.11), respectively.)

COROLLARY (5.3). There exists G, > 0 such that

(5.124) Y vl< G [e(0) - o(2)],
A (1)
(5.12B) 2 lvl< G

PROOF. If [ € A,(t), then t{ > 0. Thus by (5.5),
v/l = Eyp, 0(1)
and so by Lemma (GL1)
L Inl<XLE ()< %GOD,,» < Go[Q(0) - 2(1)].

Au(t) y A

This verifies (5.12A). For (5.12B), note that since |y,(¢)| is constant on [z}, ¢}), we
must have

Y < Gl
AN\N (1))

Thus by (5.12A)

Yhvl= X lul+ X lul< Gl
M MN\N5(ty) Na(ty)

For j < J, define the set of indice pairs associated with waves that approach at
time ¢ (cf. (3.11)): #(¢) = X (t) U %(¢), where

(5.13) ZN(t)={{I,m): ,me#,forsomep=1,...,n, x,(1) < x,(t),
and either / or m isin A~ },
(5.14) «%(1)={(I,my:le M, meM, forp<p' and x,(t) > x,(¢)}.

(Here we use {/,m) to denote the set or unordered pair {/,m}. Note also that
x,(t) < x,,(t) implies x,(¢) # @ # x,,(t), so that |y,(¢)| # 0 # |v,()])

We call »71(z) and #Z%(¢t) the index sets for the characteristics that approach at
time ¢ and are in the same and different families, respectively. Define

(515) o= {CLm): 1(j) = m(j) = iand (I,m) € #(1;~)}.

The following is a consequence of Property (4.3) together with the definition of Q
and D, ;:
ij

LEMMA (5.4). We have
(5.16) o()= X |l

{I,m)yesd(1)
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and

(5.17) Dij = Z I'Y/“'Ym‘-
(,myes;

From here on out, we write ¥, in place of L .,y e > €IC.
Define o2,(t) and 4,(t) as follows:

(5.18) (1) = {{I,m) € #(0): either | or misin Ny(1)},
(5.19) Hy(t) = {{I,m) € L(1): either lormisin Np(1)}.

LEMMA (5.5). Let &’ C £ (0)\(T), T < t,. Then
(5.20) #Z(T) € £(0) Ust,y(1)\ L'

PrOOF. By the definition of #(t), (/,m) € &/(¢) implies that vy,(¢t) # 0 and
m are in M\ N ,(T)
and (/,m) € &(T). It remains only to show that (/,m) € &/(0). But by the
definition of &, the only way (/, m) could fail to be in 27(0) is if / and m intersect
at two distinct times in [0, T'], which contradicts Lemma (5.1) or (5.2). For example,
ifle#, and me#,, p<p’,thenby (5.14), x(T) > x,,

Y.(¢) # 0, thus Z(T)N/" = . Assume then that / and

(5.1), x,(¢) > x,,(¢) for all t < T. Hence (I, m) € «(0).
LEMMA (5.6). There exists G, > O such that, for all T < t,,

(521) L |nllv.l< Go[(0) - o(T)].

Ho(T)

PROOF. By (5.12) and (5.13),
Y vl X vl X Ival< Golo(r)

Hp(T) le#  meN,

LEMMA (5.7). There exists G, > O such that, if

(5.22) &' A (0)\Z(T), T <t,
and
(5.23) 21vllval> L,
7
then
(5.24) 0(0) — Q(T) = L/G,.

PrOOF. By Lemma (5.5) and (5.22) we have
#(T) cA(0) ULt,(T)\ .
Thus

o(T)= X lvllval< X lvllval+ X lvllv.

AZ(T) < (0) 2y(T)

< 0(0) + Gy [2(0) - o(T)] - L.

- 0(0)].

|= X1yl
M,

(T). Thus by Lemma
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Combining terms, this gives Q(0) — Q(T) > L/(G, + 1). Since G, is generic, this
verifies (5.24).
PROPOSITION (5.8). There exists G, > 0 such that, if

(5.25) Y lvl>L
N(T)

for T < t;, then
(5.26) 0(0) = Q(T) > L*/G,.
Since T is fixed here, we set /.7 = A U(T), etc.

PROOF. Assume that (5.25) holds. Then for some p € {1,...,n} and ¢ = + or —
we must have

(5.27) Y lvl=L,2n.
Hp(1)

For convenience, assume g = +. By (5.7) and (5.8),

(5.28) Y lvl<X ¥ E;(N+X ¥ ¢,;()
A (D) G A0
< ZGODij + Z Z Cij(l)a
i G

where the sum on i, j is over {(i, j): —o0 <i< +o0, £;<t}. But ¥, D;; <

G,o[Q(0) — Q(2)], together with (5.27) and (5.29), implies that for some G, > 0,
(5:29) Y X Cy(l)=L/2n - Go[Q(0) — 0(1)]

g AT
and so by (5.11)
(5.30) LCh> L/2n = Go[Q(0) - Q(1)].
ij

Thus we can apply (5.11) again with ¢ = — to obtain

X X Cij(l)_ZC5<GO[Q(O)_Q(t)],

i Ay ()

or

(5.31) Y X Ci(D)=L/2n - Gy[Q(0) - 0(1)].
LG

Therefore, by (5.7) and (5.8),

Z |YSI>Z Z Ci,(S)“Z Z Eij(s)

sENT(D) §osed; (1) i s€N (1)
> L/2n = Go[Q(0) — 0(1)].
We now have that for some G, > 0, both

(5.324) L |vl>L/2n - Go[Q(0) — 9(1)]

+
res,
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and

(5.32B) Y |vl> L/2n = Go[Q(0) - 0(1)].

set
By Corollary (5.3), this implies that for some G, > 0, ¢ = + and —, we have
(5.33) 2 lul> L/2n = Go[Q(0) - Q(2)].
A2h
Let &’ = {(r,s): r € N5, s € N5} Then by (5.2), (5.5) and the definition of 2,
&' € o (0)\ L (T). Moreover,

(5.34) 2|y,|1ymn> Y T vl (L2n - Glo(0) - 0(1)])?

re./Vo SEAN,

> L?/4n* - Go[0(0) — 0(1)],
where we use the fact that L < V; < G, and [Q(0) — Q(¢)] < G, for some G, > 0.
Thus by Lemma (5.7),

0(0) - Q(T) > L?/Gean* - [Q(0) — Q(T)],

or

(5.35) 0(0) — 0(T) > L?*/8G,n*.
Since G, is generic we can take 1/8G,n? to be G, so (5.35) establishes Proposition
(5.8).

COROLLARY (5.8). There exists G, positive so that if T < t; and

(5.36) 00)-o(T)< L

then

(5.37) Y lvl< G2
H(T)

We next define index sets for characteristics that intersect a given characteristic in
a given time interval. Let

(538)  B(j)={med:m(j)=1(j)and(l,m) € £*(t;-)},
(5.39) B(j)= X |¥ul

()
and for t; €[t;;_y,1;) and 1, € [15,25,,), let

(5.40) Bl 1y] = leB,(j).

In addition, for / € ./Il; , define
Bir(j)={med,: m(j)=1(j), m(j-1)>1(j - 1)},
B(j)={med,:m(j)=1),m(j-1)<I(j-1)},
B (j) = BiR(J) Y Z.()).
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For g = L, R or absent, define %, [1,,1,] as in (5.40). (Note here that script %
denotes a set, while upper case B denotes a real number.)
In the next section, we use the following technical result:

PROPOSITION (5.9). Let

(5.41) M lip,igl = {le,:100) € [iy,ig]}.
Assume that s € M, \ N (T), s(0) = i,, that
(542) Y lul=4L
My lip,ig]
and that
(5.43) lvhl< L
foralli € [i,i] such that v} < 0. Then there exists G, > 0 such that, if L < p and
(5.44) r lul>L,
%[0, T}
Then
(5.45) 0(0) — Q(T) > Gy'L2.

Moreover, if the hypotheses are satisfied with s(0) = ip and %,/[0,T]> L, then
again (5.45) follows.

To prove Proposition (5.9), we use following lemma:

LeMMA (5.9). Let { L}/, be a nonnegative sequence of numbers which satisfies

(5.46) 0<L,<L,

(5.47) i L, >3L.

Then -

(5.48) Y LL>L%
1<i<j<m

PROOF. Let i* = inf{i: ¥i— L, > L}. Then L,. < L implies that ¥, ;. ,L; > L.
Therefore,

Y LL>|YL ( > Li) > L2
l<i<jsm i=1 i=i*4+1
PROOF OF PROPOSITION (5.9). Let B, = %[0, TI\A(T) and %, = %[0, T]
NA(T). Let Ly=1Lg|v| and L, = Lg |v,| Without loss of generality, assume
L, > 3L. If not, then L, > L, in which case Proposition (5.8) implies that

0(0) - o(T) > L*/G,,
which gives (5.45). Let B,, = {I € %,,: I(0) = i}, and define L, = L4 |v,l.
Let i” = max{i: L, # 0}, and let i’ = min{i"”, i }. By (5.42) and (5.44),
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Moreover by Property (4.3), L, = —v4 if v <0 and L, = 0 otherwise, so that
L, < Lforalli € [i,,i"”]. Thus the conditions of Lemma (5.9) hold, and we have

> LL>L%

ip<i<j<i’
But by definition, (1, m) € &’ (0)\«'(T) if [, m € B, and /(0) # m(0). Thus
ﬂ(O)\M(T)>Z|y,||ym|> Z LiLj>L2-
o

ip<i<j<i’
Therefore, by Lemma (5.7) we conclude
0(0) - o(T) > L*/G,.
Finally, define A [¢], the speed of the characteristic y, at time ¢ as follows: Let
le#, t €t,t;,,) N[, 1}), and assume that /(j) = i. Then

A(v2) if 1 <0,
5.49 Ale] = ’
(5.49) A1 A (ufle]) if1>o0.
We now estimate the change in uf, uX and X, for I € #(J)\ A" (J).
LeMMA (5.10). Letl € A(J)\AN(J). Then
(5.50) uf[t, +] = uf[t; = ]| < Go{ B()) + Dy, ;.
(5:51) N1, +] =N [t =] | < Go{ Bi(j) + Bi (4) + Cuy, + Digyy, )
forqg=L,R.
COROLLARY (5.10). Let i € M\ N (T), t, <t, < T < t;. Then forq = L and R,
(5.52) luf[t,] = uf[n]< Go{ B[t 1,] +[0(1) = 0(2,)]},
(5.53) A L[] =N la]l< GO{B[[tl’tZ] + B [1,1,] +[Q(1,) — Q(tz)]l/z}-
Moreover,
(5.54) luflt,] — uf[n,]] < GV,
(5.55) IN6] =N [a]l < Govp.
Let a be a fixed equidistributed sequence, 0 < a < 1[15,16). Let I = (c,d) C
[0,1} and let 0 < N; < N,. Define
N(I,N,,N,) = Card{j € [N;,N,]: a, € I}.
The following is a result regarding equidistributed sequences [15, 16]:

LEMMA (5.11). For every M > 1 there exists N, > 1 such that, if N > N, then
N(1,j,j+ N) <L

N M
for all j < MN, I = (c,d)C[0,1], |I| =|d — c| Moreover, for the best equidistrib-
uted sequences,
(5.57) N(M,a) < GoM ™,
where N(M, a) denotes the infimum of all such N, for a given a.

(5.56) 1~
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Forle M, t € [t,1}), define
t
(5.58) E(1) = x,(t) = x,(ef) = [\ [e] ar,

]

THEOREM (5.12). For each equidistributed sequence a there exists a positive function
Z(p) <1, Z(p) = 0 as A — 0, such that the following two statements hold:
Ifh < /Ry, t € [10, 1), then

(5.59) i< n

foralll € M*(J) suchthatt) = 0, t} > v. If h < ()i, t € [t0, 1}), then
(5.60) /()| < pt,

foralll e A.

(Here (5.59) says that the strength of rarefaction characteristics tends to zero
uniformly with 4 due to the splitting of characteristics; and (5.60) says that as
h — 0, characteristics move with characteristic speed.)

Proor. First, for / € #, define (cf. (5.51), Lemma (5.10))

j2
(5-61) Al(jl’jz) = Z GO{BI(j) + Bl_(j) + Cl(j),j + Dl(j),j}'

Jj=n

Set A = Max{2,G,V,}, so that
(5.62) A4,(/1,72) < GV, < 4, A =2,
for all j1, j2 < J.Letaand p > 0 be given. Let M be the smallest integer such that
(5.63) M > 3G,A(2 + k/h)p™ 1,
and define
(5.64) /(1) = 1/MN(M,3),
where in addition to all previous estimates, G, satisfies
(5.65) lvil < GofA, (w5 [11) = A, (uf[1])]

for all e #;, p=1,...,n, 1) <t <1} <t, (Recall that the strength |y,(¢)| is
constant and equal to |y,| for all ¢? < ¢ <1t}.) Such a G, exists by Property (4.3)
together with the assumption of genuine nonlinearity. Here N(M,a) is defined in
Lemma (5.11). We first verify (5.59). For this case choose » > 0, and let / € ./
satisfy 7} > ». Fix h < Z(p)v, and set N =vM~'h~! so that h = v/MN, and by
definition of #, N > N(M, a). By (5.51),

(5.66) i N[ +] =Nt -] < 4,0 ).

=0

Thus for some integer m, 0 < m < M — 1, we must have

4,(0.)}) _4
(5.67) A,(mN,(m+1)N)<T<—]q.
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But this implies that for some j € [mN,(m + 1)N],
x,+ahe (x,+ A (j)k,x, + XN (j)k +34/M),
or equivalently,
a; € [N [4]. A1) + 34/M) ks
where i = /(j). This follows because (5.66) and (5.67) imply that there is a fixed and

openinterval I, I C [A; (), A (j)+ 34/M}k/h for all j € [mN,(m + 1)N], such
that |I| > A/M > 1/M, where we use (5.62). Thus by Lemma (5.11),

N(I,mN,(m +1)N) > {|I|- 4/M}N >0,
and so N(I, mN,(m + 1)N) > 1. By definition of approximate characteristics, this
implies that
Mol [ +]) = At [1; = ]) | < 34/M
for that value of j € [mN, (m + 1)N] for which a; € I. Thus by (5.65),
[v(;+)| < 3G,d/M < .

This verifies (5.59) since ¢, < » < ¢; implies |y,| = |v,(¢; + )|.

We now verify (5.60). Fix h < #(u)t;, and set N = t,M'h~! so that h = t;,/MN,
and by (5.64) N > N(M, a).

Without loss of generality, we do the case / € #(¢;)\ A(t,), the case [ € A(¢,)
being similar. Thus let / € #(J)\ A"(¢;) be fixed. Define

I I3 t
(5.68) E(/1,,2) = xl(th) - xl(tjl) - j:ﬂ Ae]a,
j1
and let A, = A [¢; — ]. By the definition of approximate characteristics,
j2
E(1,j2) = ¥ E()),
Jj=a
where
k . k
(le)h, 1faj<Z)\j,

E(j)=
k . k
(zkj_l)h’ 1faj>ﬁ?\j.

For j € [1,N], |\, — M| < 4,(1, N) = 4,. Define
. k = : . k}\
Nl={_]<N:aJ<'}T>\J}, N2={]<N-aj>7{ j}’

(5.69) I, = [0,1 - AO], L= [1 ~ 5+ A0,1],

and set
(5.70) N,,-=-N(I,,,1,N), n=1,2,3.
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Then by (5.70),

Now we can estimate

Y E(j)|< %

Jj=1

(5.711) |EQ,N)|= (%Al)hﬁl —(1 - le)hﬁz + = AohN

But since N = N(p, a),

k 1 k 1 k
N, < (1 - ZAI)N + _A?N’ N, > (ZM)N MN N; < 2A°hN + ——N
Substituting into (5.71) gives
k 1
B M) < (a1 = )W+ (50 3708
k k 1
(= n a1 = o g
+2%A0hN+ —hN + hA hN
1 k
< 2—]‘2}11\/ + 3Z'A0hN.

Now since hN = t;/M, conclude that
1 k
|E,(1,N)]|< ﬁ{2ﬁ+3ZA’(0’N)}'

Similarly,
|E,(mN +1,(m+ 1)N)|< t,% 2% + 3%A,(mN +1,(m+ 1)N)}.
Therefore,
M1k 1
|E, (40, j1) |< 'El {2H + 3;I-A,(mN,(m + l)N)}t,M—

k 0 . 1
= {2 + BZAI(JIO’ Jll)}tjﬂ_l.
k 1
thus verifying (5.60). For the best equidistributed sequences, N(M,a) = Gou~! by
Lemma (5.11), and so in this case Z(p) = Gyu? by (5.63) and (5.64). This completes
the proof of Theorem (5.12).

6. The main estimate. In this section we study approximate solutions u”(x, t)
generated by the random choice method from initial data u/i(x) which satisfies
(6.1) ul(+o0) =
We study the approximate solutions in a coordinate system of Riemann invariants if
one exists, and if not, then in a coordinate system that is a good approximation to a
coordinate system of Riemann invariants near « = 0.
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Thus, let z = (z,,..., z,) denote a coordinate system of Riemann invariants if one
exists; i.e., in this case assume that the mapping u — z is a 1-1 smooth map taking
0 — 0, and which satisfies the condition
(6.2) 9/9z, X R,.

Such a coordinate system exists if and only if there is a choice of eigenvector fields
{ R }%-1 such that [R}, R}] =0 for all j,k € {1,...,n}, where [ ] denotes the Lie
bracket. A coordinate system of Riemann invariants always exists in the case n = 2.

If a coordinate system of Riemann invariants does not exist, then choose z =
(z4,-..,2,) to satisfy (cf. [6, 17])

0
(6.3) a_Zk' o = Rk(O)'
In either case, let z, be the wave strength parametrization of the p-shock-rarefaction
curve %,(u,) in a neighborhood of u = 0 (cf. (2.1)).

For example, we take o = z,(u) — z,(u,) in the equation u = T,(o; u), so that
(6.4) v? =z, (uf) - z,(u")
defines the signed strength of a p-wave y? with left and right states u~ and u*.

We let U denote a neighborhood of u = 0 in which Riemann problems are
uniquely solvable such that z, is a regular wave strength parameter for all p-wave
curves in U, and such that Lemma (GL1) (cf. (3.15), (3.16)) applies with this measure
of wave strength. We say that V is sufficient for U in Lemma (GL2) if any
approximate solution u” satisfying (6.1) together with
(6.5) o= LIval<V,

Lp
takes values in U for all x and ¢, and satisfies the conclusions (3.18)—(3.20) of
Lemma (GL2) as well. We say that M is sufficient for U and V in Lemma (GL3) if

(6.6) W<V,
together with
(6.7) Jlug(-) s < 1/M,

guarantee that u” takes values in U for all x,¢, and satisfies the conclusions
(3.18)-(3.23) of Lemma (GL3) as well. It is clear from the statements of Lemmas
(GL2) and (GL3) that for every neighborhood U of u = 0 there is a V'’ such that
any V <V’ will be sufficient for U in Lemma (GL2); and in the case of a
coordinate system of Riemann invariants, for every U and V there is an M’ such
that M > M’ will be sufficient for U and ¥V in Lemma (GL3).

For u € U, let |u| = Sup, |z,(u)|, and for functions u: R — U, define

(6.8) |u(x) | = Sup |z, (u(x))],

(69) lu() e = [ fux)|dx,
(6.10) () lls = Sup {lu(x)1}.
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The following two lemmas will be needed. The first lemma estimates the change in
z,, across a p-wave, p’ # p:

LEMMA (6.1). Let y? be any p-wave with left and right states u™ and u® satisfying

(6.11) lu?| < 1/M, q=L,R.
Then

R L Go
(6.12) |zpr(u )=z, (u )I<ﬁ|7p|-
Moreover, if z is a coordinate system of Riemann invariants, then
(6.13) e (%) = Z, (1) | < 25171

PROOF. Statements (6.12) and (6.13) follow directly from (6.3) together with the
fact that &, (u*) makes C* P.W. C? contact with #,(u") at the state u” (cf. (2.1)).
It is clear from (13) that if U is sufficiently small, then

(6.14) Izp(uR) ~z,(u") | > 2|zp»(uR) - zp,(u’“)'
for all p-waves with left and right states u~ and u® in U, p’ # p.

The next lemma is a technical but elementary uniform estimate for the speed of a
p-shock in terms of z,,.

LEMMA (6.2). Let S denote a p-shock with speed s and left and right states u™ and
uR. Then there exist a constant M, > 0 and a constant G, > 0 depending only on M,
and f, such that, if M > M, and

(6.15) wil<er  a=L.R,
A RO

(6.16) z,(u) 3 > 16
and

1

= R
(6.17) |z, (@) = z,,(u®) | < G
for allp’ # p, then
_ 1

(6.18) Ap(u)—s> G()w.

PrROOF. Lemma (6.2) expresses in a uniform way the fact of Lemma (2.1) that

L R
L) +oyst

The existence of M, follows from (6.3) and the uniformity follows from the
compactness of U together with the fact that (3,/9z,)A , > 0.
In the analysis to follow, it is important to bound changes in A, by changes in z,.
This can be done because z — u is a regular map, and VA, - R, > 0. Define
AN (o; ut
(6.20) A = Inf ”( A ) ,

0. ut do

(6.19) 5= x,,(
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where ¢ = z,(u) — zp(uL) and the infimum is taken over all values of o, u’ such
that u = 7, (o; ubye U.
Now let G, be large enough to satisfy all previous conditions, as well as

(6.21) G, > Max{1,A L,V }.

Define the following constants:

(6.22) 8§ =8(G,) = 1/64GZ.

(6.23) G =G(8,G,y) =1/82,

(6.24) M, = M,(8,G,) = G2/8.

Choose U to be a sufficiently small neighborhood of u = 0 so that (6.14) holds and
(6.25) Uc {u|ul< M}

for i = 1,2. We prove the following theorem, which is a restatement of Lemmas
(2A), (2B) of the Introduction.

THEOREM (6.3). Let u* be a fixed random choice method approximate solution
satisfying (1). Define

(6.26) /M =[ug(-) s,

(6.27) e=[ug(-)|lu,

(6.28) T =e(GM).

In the case that z is not a coordinate system of Riemann invariants, assume that
(6.29) Vo<V,

where V is sufficient for U in Lemma (GL2) and

(6.30) vV <8/G2.

In the case that z is a coordinate system of Riemann invariants, assume that V is
arbitrary and that

(6.31) VsV
and
(6.32) M>M,
where M is sufficient for U and V in Lemma (GL3). Under these assumptions, if
N RN e\
6.33 h < Min , , )
(639 { GoM? ( 302 Gé”) ( (12/2 M)Gs/z) }
then
(6.34) 2(0) - Q(T) > 1/(GM)",

where Q is the quadratic Glimm functional associated with u” (cf. (3.11)). Note that by
(6.25), any u" that satisfies either (6.29) or (6.31), (6.32) must also satisfy ||u"(-,t)||s
< 1/M, fori = 1,2, so in particular

(6.34A) M > G2/s.
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The remainder of this section is devoted to the proof of Theorem (6.3). From here
on assume that u” is a given random choice method approximate solution that
satisfies (6.1), (6.33) and either (6.29), (6.30) or (6.30), (6.31). Let I and .# denote
the characteristics and index set associated with u” and the time level ¢,, where
(6.35) J=Min{[T/k] +1,[2T/k]}.

(Here [ ] denotes “greatest integer in”.)

The choice of z, for the p-wave strength parameter determines the definition of

wave strength for the characteristics in I' (cf. (4.6)). In this case, for / € 4,

(1) = 2, (uf[1]) = 2, (uf[1])
defines the signed strength of the characteristic y, at time ¢ <¢,. Recall that
v,(¢) = v, is constant for ¢ € [t), t}), and identically zero elsewhere.

The idea in the proof to follow is this: Since |juy(-)|is = 1/M and |juy,()lly = &
there must be a “spike” in the initial data of height 1 /M and width on the order of
eM. We use this to construct two characteristics y, € [} and y, € T, which would
intersect before time T if there were no interactions to deflect the speeds of these
characteristics from their initial speeds at time ¢z = 0. We then assume that Q(0) —
Q(T) < 1/(GM)% By this assumption, there exists such y,, y, which are not
cancelled in time [0, T']. We then use the same assumption to obtain estimates for the
change in the speeds of v, and y, between time ¢ = 0 and ¢ = T. These estimates are
sufficient to guarantee that in time [0, 7'] the wave speeds of y, and y, are not
deflected enough from their initial speeds to prevent them from intersecting before
time 7. This intersection implies that one of them is cancelled before time 7T (cf.
Property (4.1)). This is a contradiction and thus we conclude that Q(0) — Q(T) >
1/(GM)?. We first use Lemma (6.1) together with (6.30) or (6.24) to estimate the
total variation in z, contributed by characteristics not in the p-family.

LEMMA (6.4). Our assumptions on u" imply
(6.36) ¥ |z, (uR[0]) - z,(uF[0])| < /M.
N

P

PROOF. A restatement of Lemma (6.1) in the language of approximate characteris-
tics is that

(6.37A) |2, (4 [0]) = 2, (}[0]) | < Golv,(0) |/ M
forall / € #\ A ,; and if z is a coordinate system of Riemann invariants, then
(6.37B) |2,(4F[0]) =z, (uf[0]) | < Golv,(0) |/ M.
But by Property (4.2)
(6.38) Tlv©)]= < .
M
Thus statement (6.36) follows directly from either (6.37A) or (6.37B) by estimating

the right-hand sides using either (6.30) or (6.34A), respectively.
By (6.26) there exists p, 1 < p < n, such that

1/M = Sup {zp(ug(x)) |



74 BLAKE TEMPLE

For convenience we assume that
(6.39) 1/M = Sup{zp(ug(x))},

the case when 1/M = —Inf, {zp(ug(x))} being handled analogously.
By (6.39) there exists a point X = (i + 3)h such that

(6.40) z,(ulh(%)) > (1 - 8)/M.

Define i, and i by

iy=Sup{iri<i+}andz,(uh(x,—))<8/M},

6.41 ]
(6.41) iBEInf{i:i>i+%andzp(ug(xi+))<8/M},
Let

(6.42) xg=(ig=3)h,  xp=(iz+3)h

Define 2 C A, and ¥ C A, by

R={le#’: x,(0)€ (x,,%)},
(643) { p 1() (—1 )}
s={led,: x,0) e (X x,)},

and let (cf. (5.1))
(6.44) Ry=R\N(T), SLo=AN(T).

LEMMA (6.5). The following estimate holds:
(6.45) |xp— x| < eM/8.
PrOOF. By (6.40),
o0
e=f [ub(x)|dx > 8|x5 — x,|/M.
Solving for |x, — x| gives (6.45).

PROPOSITION (6.6). If Q(0) — O(T) < 1/(GM)?, then there exist r € R, and
s €, s, = i, such that the following conditions hold:

(6.46) {z,(uF[0]), z,(uR[0])}  (3/4M,7/8M),
and either

(6.47) z,(uR[0]) < 3/8M

and

(6.48) vZ| > 8/M,

or else

(6.49) z,(uR[0]) € (1/8M,1/4M)

and there exist i;, ip Withi, < iy < i, <ip < ip such that

(6.50) vhl< 8/M
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foralli € M [i;,ig], and (cf. (5.41))

(6.51) Y lvl=48/M,
Mg, i)

(6.52) Y lyv|=48/M.
M, i, ig]

PrOOF. We first verify the existence of r € %, satisfying (6.46). Let
(6.53) Z= {le: x,(0) € [x,, %]},

and let I; denote the interval [zp(u,L[O]), zp(u,R[O])]. Let |I,| denote the length of the
interval J,. Let

(6.54) m = Inf{ z(ul(x)): x € [x,, %]}
By (6.39) and (6.41),
(6.55) -M<m<é§/M.

Property (4.3) states that the approximate characteristics partition the waves in the
approximate solution u” at each time step. This together with (6.40) implies

(6.56) Uro[m,(-8)/M].
&
By Lemma (6.4),
(6.57) Y Ll < 8/M.
DA,
and since we assume Q(0) — Q(T) < 1/(GM)?, Corollary (5.8) implies
(6.58) Y ||<é8/M.
LN (T)

Since z,(uf[0]) — z,(u/[0]) is positive for / € #* and negative for / € #~, and
since z, increases from m to (1 — §)/M going from x, to X at time ¢ = 0, we can
write

(6.59) Ur,- {gz,} U { 38{ pz,}.
Since B C R, U { LN A (T))}, (6.57), (6.58) and (6.59) imply
(6.60) Uz > [0,1/M]\ X,

%o

where X is a set of small measure,
(6.61) m{X}<46/M <1/16M,

where we have used (6.22) to estimate 8.
By (5.59), if r € %, then

(6.62) ly,| < 1/16M

because & < Gy '(1/16M)*T by (6.14). Thus (6.60)-(6.62) immediately imply the
existence of r € %, such that (6.46) holds.
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Similarly, we conclude as in (6.60) that

Urn210,1/M]\ x,
%

where X satisfies (6.61), which directly implies the existence of s € %, satisfying
either (6.47), (6.48) or (6.49), (6.50).
Define (cf. (5.38)-(5.40))

(6.63) RE = {l€ R, x,(0) < x,(0)},
(6.64) SR ={l1eF: x,(0) > x,(0)},
(6.65) B, = {l €M ,: p’ + pand vy, intersects , in [0, T/2]}
(6.66) By =2 |l
%,
(6.67) %,=%0,72], B=Yl|vl
(6.68) B, = %,0,T/2], B = §|71|,

(6.69) ®,,= %.,[0,T/2], B, = Z lv,[, ¢ =L, R or absent.

Theorem (6.3) is a direct consequence of Proposition (6.6) together with

PROPOSITION (6.7). If Q(0) — Q(T) < 1/(GM)?* where u" satisfies our previous
assumptions, then eitherr € A/ (T) ors € A (T).

PROOF OF THEOREM (6.3). If Q(0) — Q(T) < 1/(GM)?, then by Proposition (6.7)
either r € A (T) or s € A (T). But by Proposition (6.6) both r and s are in
M\ A (T). Thus by contradiction we must have Q(0) — Q(T) > 1/(GM)>.

It remains to give a proof of Proposition (6.7). Proposition (6.7) is a consequence
of the following lemmas. The idea is to show that if 9(0) — Q(T) < 1/(GM)?, then
for t < T, A,[t] andA [¢] are sufficiently close to A,[0] and A [0], respectively, to
guarantee that the characteristics y, and y, must intersect before time 7. Then by
Proposition (5.2), r € #(T) or s € #(T).

LEMMA (6.8). Assume that Q(0) — Q(T) < 1/(GM)?. Then
(6.70) Z lv|>8/M,

(6.71) Z lv|> 8/M.

PrOOF. By Property (4.2),
TV {2,(u3(0))} = Lz, (uf(0]) ~ 2, (u o)) |

This together with (6.40)—(6.43) and (6.46) implies that

Y lv,| = 3/4M — 8/M.
QL
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(Here we use the fact that z,(u RieD - z,(u (1)) is positive [negative] for I € A
[/ € A ,, respectively]). But
Yivl= X=X vl
@t at H(T)
and by Corollary (5.8)
Y 1vl< Gy/GM < /M
H(T)
since we assume Q(0) — Q(T) < 1/(GM)? Thus by (6.22), § < 1/32, so
Y lvl>3/4M - 28/M > 8/M.
R
Similarly, in the case (6.49), (6.50) of Proposition (6.6), we must have
Yhl=Xlul- X lul>1/8M~-8/M~8/M > §/M.
SR &R H(T)
Since s € %R, the case (6.47), (6.48) immediately gives the conclusion (6.71). This
completes the proof of Lemma (6.8).

LeMMA (6.9A). If 1€ M, \A(T), p' # p, and x,(0) € (x,(0), x,(0)), then in
time [0, T}, vy, either intersects all the characteristics in R (the case p’ < p) or else it
intersects all the characteristics in &% (the case p’ > p).

LEMMA (6.9B). If 1€ M, \A(T), p' # p, and ¥, intersects v, or Y, in time
[0, T/2), then in time [0, T, v, either intersects all the characteristics in R or else it
intersects all the characteristics in .

PRrROOF. Since a is assumed to be equidistributed, statement (5.60) of Theorem
(5.12) implies that for any / € # ,\ A (T),1 <p<n,and 1< T,

x,(t) — x,(0) - fot Ale] dtl S pi; = (Goht,)'.

Thus

(6.72) |%,(2) = x,(0) = A, t| < (Goht,)"/* + G,T/M = E,

where without loss of generality we have taken G, large enough so that
N (1) =X, | < Go/M

foralll e #,(J), t <t,.

For the proof of Lemma (6.9A), assume that / € # ,\ A/ (T), p’ # p. We do the
case p’ < p and v, intersects v, in time [0, T/2]; i.e., we show that x,(T) — x,(T)
< Oforall ' € ¢ (cf. Proposition (5.1)). By (6.72),

(6.73)  x(T) = x,(T) = x,(T) = x,(T) + x,(T) = x,(T)
< [x,00) = x,(0)] +[A, = A,|T+2E
+[x,(0) = x,(0)] +[X, = A,]T + 2E.
Since v, intersects v, in time [0, T'/2], (6.72) also implies
0> x,(T/2) = x,(T/2) > [x,(0) = x,(0)] +[\,(0) —A,(0)]T/2 - E.
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Moreover, by Lemma (6.5),
[x,(0) = x,(0)] <Ix5 — x,| < eM/s.

Therefore substituting into (6.73) yields
(6.74)

x,(T) = x,(T) < [N, (0) = A, (0)]T/2 + {eM/8 + SE}
< —AT/2 +{eM/8 + 5(Gyht,)"* + 5G,T/M )

= { =1+ 2eM/8TA + 10(G,ht,)"?

By (6.28) and (6.34A) we have

2eM 2 2
6.75 < <
(6.75) 8TA =~ 5G°M\ ~ 8G*(G2/8)A

by (6.33), & < (TY*A/30V2 G}/*)?, so

/T +10Go/MA T /2.

1
3?

10 172 10\563/2 1/2 1,
(6.76) T)\(Gohtj) < (W h'/% < 35

and by (6.34A) again,
(6.77) 10G,/MA < 1/3.
Thus (6.74) implies x,(T) — x,(T) < 0. This completes the proof of Lemma (6.9A).

For the proof of Lemma (6.9B), assume / € # , \ #°(T), p # p’. We do the case
p’ <p; ie, we show that if /€4 ,, p’<p, and x,00) € (x,(0),X), then v,
intersects v,- in time [0, T'] for all r* € @¢. It suffices to show that x,(T) — x,(T)
< 0.
x(T) = x,(T) < [x,(0) = x,(0)] +[X, = A,]T + 2E

eM eM

eM gy M2 12, 2G,
<5 }\T+2E—{ 1+8T>\+T>\(G°hT’) +M)\}T>‘<O’

where we have applied (6.75)—(6.77). This completes the proof of Lemma (6.9B).

LEMMA (6.10). Assume that Q(0) — Q(T) < 1/(GM)?. Then for ¢ =0, r and s
(cf. (6.63)-(6.69))

(6.78) B,<8/M.
PROOF. Write
B,=Ylvl= X Iul+ X lul
2, BN\AN(T) BN\N(T)
By Corollary (5.8),
(6.79) Y vl <GyGM,
B,NN(T)

since we assume that Q(0) — Q(T) < 1/(GM)% On the other hand, if /€
BN\ AN(T), then Lemma (6.9) implies that v, intersects all the characteristics in
either ZF or #F in time [0, T']. For example, assume the case 2, and define

o'={{l,r'y: 1€ B\N(T)and r’ € RE}.
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Then &/’ C &Z(0)\(T). Thus Lemma (5.7) implies
(6.80) Linllv | < Gy/G*M?,
ﬂl
since we assume Q(0) — Q(T) < 1/(GM)?. But by Lemma (6.8),
1 0
680 Zhilvl-3{ T wl{Zhl}s 5 T Il
o BN\A(T) RE BNA(T)
Combining (6.80) and (6.81) gives

(6.82) Y vl <2G,/86°M;
BN\N(T)

and combining (6.80) and (6.82) gives
B, < 4G, /8G*M < 8/M,
where we have applied (6.22) and (6.23). This completes the proof of Lemma (6.10).
LemMA (6.11). If Q(0) — Q(T) < 1/(GM)?, then
(6.83) B, <8/M
for g = L and R.

PROOF. First assume that (6.48) of Proposition (6.6) holds, and write

B = ;h’[l = Z + Z

B, ON(T)  BA\N(T)
By Corollary (5.8),

Z lv| < Gy/GM,
AW (T)

and moreover (as in the proof of Lemma (6.10)), &’ C &7(0)\ & (T) where
Z'={(l,s": 1€ B;,s" € FF, x,(0) = x,(0)}.
(Here we apply Lemma (5.2).) Thus as in (6.80)—(6.82), Lemma (5.7) implies that
B, < B <4G,/0G*M < 6/M, q=L,R,

where we apply (6.48) in place of Lemma (6.8).

Now assume (6.49)—(6.52) of Proposition (6.6) holds. In this case (6.50)-(6.52)
satisfy the hypotheses (5.42), (5.43) of Proposition (5.9) with L = § /M. Since we
assume Q(0) — Q(T) < 1/(GM)?, and 1/(GM)? = 8%(8/M)* < Go(8/M)?, we
can conclude #;, < 8/M for g = L, R. This completes the proof of Lemma (6.11).

LEMMA (6.12). Assume that Q(0) — Q(T) < 1/(GM)?. Then

>

(6.84) A, [0] = A,[0] > 1/GyM.

PrROOF. We prove Lemma (6.12) by satisfying the hypotheses of Lemma (6.2).
First, (6.46) implies

(6.85) z,(uE[0]) > 3/4M,
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and (6.47), (6.49) imply
(6.86) z,(uR[0]) < 3/8M.
Let & = u/[0], and let S denote the p-shock S =y, ,. Let {u”, u®} denote the left
and right states, and o the speed of the p-shock S. By (5.49), A,[0] = o, and (6.86)
gives
0<z,(u?) < zp(uf[O]) < 3/8M.

By (6.39) we must have z,(u") < 1/M. Thus

z,(u") + z,(u®) Bty

2 S 8M

By (6.85)
z (ut) +z (uR
2 (@) - K 4z, 1
4 2 16M
Moreover, for p” # p, the difference in z, between u® and # is bounded by the

total variation in z, of all waves that lie between x,(0) and x(0) at ¢ = 0. By
Property (4.3), this can be estimated by

|2,0(7) = 2,,(u®)| < By + )y |z (uf[0]) = z5(uf[0]) |
4
8,8 _2
M M M
where we have applied Lemmas (6.4) and (6.10) in the second inequality. Thus
Lemma (6.2) applies with L = 1/M to give
A () —0>1/GyM.

Therefore we conclude
AfO] = A 0] =A,(7) —0>1/GyM.

PROOF OF PROPOSITION (6.7). Assume that Q(T) — Q(0) < 1/(GM)?. We show
that vy, intersects y, in time [0, 7/2]. By Proposition (5.2) this implies that either
r&€ A(T) or s € A (T). Thus it suffices to show that x,(7/2) ~ x,(T/2) < 0. By
(5.53),

(6.87)  [A[7/2] - A,[0]] < Go{ B, + B +[Q(0) - @(T)]"?)
3G,6
M’
where we applied Lemmas (6.10) and (6.11). Therefore we can use (5.42) and (5.44)
to obtain

(6.88)  x,(T/2) < x,(0) + fo T2\, (1) dt +(Gyht))?

< Go{d/M+8/M+1/GM} <

1/2

< x,(0) + A, [0]T/2 +(38G,/M)T/2 +(Gyht,) /"
Similarly,
1/2

(6.89)  x,(T/2) > x,(0) + \,[0]T/2 — (386G, /M) T2 ~(Gyht,) ™
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Subtracting (6.89) from (6.88) gives
(6.90)  x,(T/2) = x,(T/2) < [x,(0) = x,(0)] +{A,[0] - A,[0]} T2
+2{38G,T/2M +(Goht,;)'"*};
and by Lemmas (6.5) and (6.12), respectively,
|x,(0) — x,(0)| < eM/8,  A[0] —A,[0] < -1/G,M

Therefore
(6.91)
EM 38G0 1/2 T
x(T/2) = x,(T/2) < { + = + 2Gohty) 2G0M}
1/2
= EQ__JW_ZS + 6G2 + 4G, M(Gyht;) / 1 T .
8T T 2G,M
By (6.28) and (6.22), (6.23),
2G,M% _ 2G,M%*  2G, ., 1
(6.92) T = s = 5oz =280 < 3
By (6.22)
(6.93) 6G28 < 1/3.
By (6.28) and (6.33),
(6.94)
4G0M(G0htj)1/2 < 42 MG}/ *h*/? < 42 MG}? T1/2 . 1

Finally, putting (6.92)—(6.94) into (6.91) yields
x,(T/2) - x,(T/2) < 0.

This completes the proof of Proposition (6.7), and hence also completes the proof of
Theorem (6.3). The proof of Theorem (6.3) also applies to the case of periodic data,
in which case || || 4, || || and Q(¢) are defined on each period.
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