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FROBENIUS RECIP-ROCITY AND EXTENSIONS 
OF NILPOTENT LIE GROUPS 

JEFFREY FOX 

ABSTRACT. In §1 we use COO-vector methods, essentially Frobenius reciprocity, to 
derive the Howe-Richardson multiplicity formula for compact nilmanifolds. In §2 
we use Frobenius reciprocity to generalize and considerably simplify a reduction 
procedure developed by Howe for solvable groups to general extensions of nilpotent 
Lie groups. In §3 we give an application of the previous results to obtain a reduction 
formula for solvable Lie groups. 

Introduction. In the representation theory of rings the fact that the tensor product 
functor and Hom functor are adjoints is of fundamental importance and at the time 
very simple and elegant. When this adjointness property is translated into a 
statement about representations of finite groups via the group ring, the classical 
Frobenius reciprocity theorem emerges. From this point of view, Frobenius reciproc-
ity, aside from being a useful tool, provides a very natural explanation for many 
phenomena in representation theory. 

When G is a Lie group and r is a discrete cocompact subgroup, a main problem 
in harmonic analysis is to describe the decomposition of ind~(1)-the quasiregular 
representation. When G is semisimple the problem is enormously difficult, and little 
is known in general. However, if G is nilpotent, a rather detailed description of 
ind¥(l) is available, thanks to the work of Moore, Howe, Richardson, and Corwin 
and Greenleaf [M, H-I, R, C-G]. If G is solvable Howe has developed an inductive 
method of describing ind~(l) [H-2]. In all of the above cases, the basic tools used are 
the ingredients of the now standard Mackey normal subgroup analysis, and the 
result obtained might be viewed as saying that a version of the classical Frobenius 
reciprocity theorem holds in each instance. Of course, it would be desirable to obtain 
these results as a consequence of a Frobenius reciprocity theorem. 

When studying semisimple Lie groups, the authors of [G] recognize the correct 
formulation of Frobenius reciprocity for Lie groups and provide a proof that 
depends on the rigid structural aspects of semisimple Lie groups and their represen-
tations. This structural property lets one replace an analytic problem with an 
algebraic one that can be dealt with. In [Po], Poulsen saw what the core of the 
difficulty was and using elliptic regularity arguments solved the technical analytic 
problem in general. From here it was a quick step in proving very general Frobenius 
reciprocity theorems for Lie groups, as Penney did in [P-I] and [P-2]. 
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In §1 we use Penney's Frobenius reciprocity theorem to give a new proof of the 
Howe-Richardson multiplicity formula which is based entirely on COO-vector meth-
ods. Richardson noticed that his lift maps constructed in [R] already solved the 
multiplicity problem for the three-dimensional Heisenberg group, and we essentially 
give an extension of that observation to all connected simply connected nilpotent Lie 
groups. In §2 we develop an inductive procedure for determining the structure of 
ind~(l) that follows closely the Mackey normal subgroup analysis and Howe's 
reduction procedure in [H-2]. By exploiting Penney's Frobenius reciprocity theorem, 
our results provide a great simplification and a generalization of Howe's Theorem 
2.1 of [H-2]. 

In §3 we give an application of the previous results to solvable Lie groups. By 
using Penney's canonical objects we reduce the multiplicity problem to the following 
special case. Let N ~ G be the nilradical of G. Let p be an irreducible representa-
tion of G occurring in L 2( G If). Then we can assume 

(a) PiN is a multiple of an irreducible representation '1T of N (so G stabilizes '1T). 
(b) '1T is square integrable modulo its kernel. 
Though this problem is much more difficult to solve than when G is an abelian 

extension of a Heisenberg group (see [H-2]) it has the advantage that the connection 
with the orbit parameterization of Auslander and Kostant is left intact. Also, we 
have stated our result in terms of multiplicities, but if we had used the results of 
Corwin and Greenleaf on intertwining operators instead of Howe's multiplicity 
formula (cf. Theorem 3.2), it is clear that Theorem 3.2 would give a (manageable) 
way of computing constructible subspaces, primary projection, etc. for solvmanifolds 
once the corresponding problem has been settled for the special case. 

Parts of this paper appeared in the author's dissertation, and it is a pleasure to 
thank my advisor, Calvin Moore, for his support and guidance. 

O. Let G be a Lie group with Lie algebra G. We let !l(G) be the universal 
enveloping algebras of G. By a representation of G we will mean, unless otherwise 
noted, a continuous unitary representation '1T acting on a Hilbert space H( '1T). A 
vector v E H( '1T) is called a COO-vector if the mapping g - '1T(g)v is a Coo-mapping. 
We denote by Hoo('1T) the subspace of Coo-vectors. For X E G and u E Hoo('1T) 
define '1T(X)u by 

(0.1) d 
'1T(X)u = dt'1T(exp(tX». ult=o. 

The mapping X - '1T( X) gives rise to a Lie algebra representation of G on Hoo( '1T), 
so it extends to a representation of !l(G) on H oo( '1T). If a E !l(G) and v E H oo( '1T) 
define Pa(x) = 11'1T(a)· vII. Then {Pala E !leG)} defines a family of seminorms on 
Hoo( '1T) which gives H oo( '1T) the structure of a Frechet space. If we restrict the action 
of'1T to Hoo('1T) then we obtain a Coo-representation of G on Hoo('1T). We will also 
denote this representation by '1T. Let H- oo( '1T) be the topological dual space of 
Hoo('1T). Then there is a natural action of G on H-oo('1T) given by duality. If we also 
denote this action by '1T we have for D E Hoo( '1T), v E H oo( '1T) 

(0.2) ('1T(g)D){v) = D{'1T(g-l)V). 
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Let f k G be a cocompact subgroup of G and a a finite dimensional representa-
tion of f. If p = ind¥(a) then it is well known that p decomposes into a direct sum 
of irreducible representations of G, each occurring with finite multiplicity [G]. 
Theorem 5.1 of [Po] characterizes the COO-vectors for an induced representation. If 
we apply it to p we have the following lemma. 

LEMMA 0.1. Let f k G be a cocompact subgroup of G and a a finite dimensional 
representation of f on H(a). If p = ind¥(a) then 

Hoo(p) = {f: G ~ H( a) I fis a COO-function andf(g'1) = a( '1-1 ) . f(g)} 

with the topology being uniform convergence of all derivatives on compact subsets of G. 

Using this we can write out a version of Frobenius reciprocity that is formally the 
same as for finite groups. Thus, if 7T is an irreducible representation of G which 
occurs in p there exists a nonzero bounded intertwining map T: H(7T) ~ H(p). We 
will also denote by T the restriction of T to HOC ( 7T). Thus we have a continuous map 
T: HOO(7T) ~ HOO(p). Now construct a map DT: HOO(7T) ~ H(a) by DT(v) = 
T(v)(e). Now 

T(7T('1)v)(e) = p('1)T(v)(e) = T(V)(y-1) = a(y)T(v)(e), 

so we have DT E Homr(HOO(7T), H(a» (where by Hom r(HOO(7T), H(a» we mean 
continuous maps of HOO(7T) into H(a». Consequently, if we could show T ~ DT is 
onto, there would be the canonical isomorphism of Frobenius reciprocity. To this 
end we have the following theorem of Penney [P-l]. 

THEOREM 0.1. Let f be a cocompact subgroup of G, a a finite dimensional 
representation of f, and p = ind¥( a). Let 7T be an irreducible representation of G and 
define a map 

D: HomdH(7T),H(p)) ~ Homr(HOO(7T),H(a)) 
as follows. Given T E HomdH(7T), H(p», v E HOO(7T) then D(T)(v) = T(v)(e). 
The map D is an isomorphism. Furthermore, there is a natural inner product on the 
space Homr(HOO( 7T), H(a» which we denote by ( , ). If ( , ) is the inner product on 
H( 7T), ( , ) .. the inner product on H( a), and u, v E HOC ( 7T) we have 

(0.3) (D,E)' (u,v) = 1 «7T(g)D)(u),(7T(g)E)(u) .. dg. 
G/r 

REMARK. If we dualize this theorem we get the classical version of Frobenius 
reciprocity, 

HomdH( 7T), H(p» "" Hom r ( H( a)*, H- OO ( 7T)). 

Suppose N is a connected simply connected nilpotent Lie group with Lie algebra 
N. If f k N is a discrete cocompact subgroup of N, then log(f) contains a basis of 
N, so if we let NQ = spanQ(log(f», NQ is a rational subspace of N such that 
NQ ®QR = N. One says that a group element g = exp(X) is rational if X E NQ • If 
H k N is a connected subgroup with Lie algebra g, then H is called rational if 
H n NQ contains a basis of Hover R. A very nice discussion of rationality 
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properties for nilpotent Lie groups can be found in the appendix of [C-G-I]. We will 
content ourselves to quoting the facts we will need. 

LEMMA 0.2. Let N be a connected simply connected nilpotent Lie group with Lie 
algebra ~. Suppose f ~ N is a discrete cocompact subgroup .. Then 

(a) there is a basis of ~, Xl' ... ' Xn E ~Q such that the structure constants C;~ of 
the Lie algebra with respect to this basis are in Q; 

(b) let H be a connected subgroup of N with Lie algebra II. Then H n f is 
cocompact in H if and only if I:! n ~Q contains a basis for I:! over ~ (i.e. I:! is a 
rational subspace of ~Q). 

REMARK. Lemma 0.2 (a) implies that N has the structure of an affine algebraic 
group defined over Q. It should be noted that the notion of a rational element and a 
rational subgroup in the sense of algebraic groups coincide with our definition here. 

1. In this section we want to extend Richardson's observation to all connected 
simply connected nilpotent Lie groups that the lift maps he constructed in [R] could 
be used to solve the multiplicity problem for L 2( G If) when G is a Heisenberg 
group. To do this we will view his lift maps as elements of H-OO( 7T) and apply 
Theorem 0.1. 

Let G be a connected simply connected nilpotent Lie group with Lie algebra ~. If 
H is a closed connected subgroup of G then one can find element Xl' ... ' X, E ~ 

such that the map F: ~'x H ~ G given by F(t l , ... , t" h) = 
exp(tl Xl) ... exp(t,X,) . h is a diffeomorphism onto G. If I:! is the Lie algebra of H, 
then the set Xl' ... ' X, is called a coexponential basis for I:! in ~. Given a 
coexponential basis of I:! in ~ we have a global cross section for G I H that identifies 
GIH with ~n. 

Let ~* be the dual of ~ and f E ~*. Recall that a sub algebra I:! ~ ~ is 
subordinate to f if I:! is an isotropic subspace for the bilinear form B/ X, Y) = 
f([ X, YD· The sub algebra I:! is called a polarization for f if I:! is a maximal totally 
isotropic subspace for Bj . If I:! is a polarization for f let H = exp(l:!) be the 
connected subgroup of G with Lie algebra I:! and define a character of H by the 
formula Xj(exp(X» = exp(27Tif(X» for all X E I:!. If 7Tj = ind<ft.(Xj) then 7Tj is an 
irreducible representation of G whose equivalence class depends only on the 
coadjoint orbit of f. Now a simple argument shows that if we pick any coexponen-
tial basis for I:! and use this to identify G I H with ~ n then the COO-vectors for 7Tj are 
exactly the Schwartz functions on ~ n [H-3, Proposition 3.3]. 

Suppose f ~ G is a discrete cocompact subgroup of G. Then the following 
definitions and lemmas can be found in [C-G-I]. 

DEFINITION 1.1. Let f be a discrete torsion-free nilpotent group. A weak Malcev 
basis for f is a set {d l , ... , dp } ~ f such that 

(i) for any d E f there is a decomposition d = dfl ... d;p, where n; E 7/..; 
(ii) the set f; = {dfl ... dr' In j E 71., 1 ~ i ~ j} is a subgroup with f;_l normal 

in f; for i = 1, 2, ... , p; 
(iii) f;_l \ f; :::: 71., i = 1,2, ... , p. 
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DEFINITION 1.2. Let G be a connected simply connected nilpotent Lie group. A 
weak Malcev basis for G is a set {Xl' ... ' Xp} ~ G such that 

(i) for any x E G, there exists ti E Rand 1 ~ i ~ p, such that x = 
exp(tIXI)··· exp(tpXp); 

(ii) the set Gi = {exp(tIXI) ... exp(tiX;) I t I , ... , ti E R} is a closed subgroup of 
G with Gi- l normal in Gi for i = 1,2, ... , p; 

(iii) Gi-I/Gi =:: R for i = 1,2, ... , p. 
If f ~ G is a discrete cocompact subgroup of G we say a weak Malcev basis 

Xl' ... , Xp of G is subordinate to f if di = exp( X;) is a weak Malcev basis for f. 

LEMMA 1.1. Let f be a discrete cocompact subgroup of G. If {d I , ... , dp } is a weak 
M alcev basis for f, then {Xi = log( d i) I i = 1, 2, ... , p} forms a weak M alcev basis 
of G subordinate to f. 

LEMMA 1.2. Let G and f be as above, M ~ G a closed connected subgroup of G 
such that M/ M n f is compact. If {Xl' ... ' X,} is a weak Malcev basis of M 
subordinate to f n M, then it can be extended to a weak Malcev basis of G 
subordinate to f. 

REMARK. If M ~ G is a connected subgroup, then M is called rational if M n f 
is cocompact in M. If M is a subalgebra of G, M is rational if the connected 
subgroup of G with Lie algebra M is rational. See the appendix to [C-G-l] for more 
details. 

Finally, we need the following lemma from [H-l] or [R]. 

LEMMA 1.3. Let f, G be as above with G the Lie algebra of G. If Z. is the center of 
G we will suppose that dim(Z.) = 1. Let Z E log(f) n Z. be a generator for this 
lattice. Then there exist Y E G such that if W = span Ii (Z, Y) then Y and Z are 
generators for log(f) n W. Let G I be the centralizer of Yin G, then G I is rational 
and of codimension 1 in G. There is X E log(f) so that if fl = f n exp(GI), then fl 
and exp(X) generate f. If L = spann(X, Y, Z), then L is a three dimensional 
Heisenberg algebra and exp(X), exp(Y), and exp(Z) generate f n exp(L). Finally 
there exist a E I, a =f. 0, so that [X, Y] = aZ and a is independent of the choice of X 
satisfying the above conditions. 

Let f ~ G and 7T = ind~(X!), an irreducible representation of G. Suppose there 
exists g E G such that 

(a) fgH is closed in G; equivalently gHg-i/gHg- I n f is 
(1.1) compact; 

(b) XAd*(g)! I gHg- 1 n r == 1. 
For each g we can define an element Dg E H- OO ( 7T). For cp E HOO( 7T) we have 

(1.2) Dg(cp) = L cp(y. g). 
yEf/fngHg-1 

Condition (1.1)(b) says (1.2) is well defined if it converges. We get that it 
converges and defines an element in H- OO ( 7T) from (1.1)(a). Applying Lemma 1.2 to 
gHg- I we can find a weak Malcev basis Xl' ... ' Xr of Ad(g)(H) subordinate to 
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gHg-1 n f and an extension Xl"'" Xr, Xr+l, ... , Xn to a weak Malcev of G 
subordinate to f. Then 

S = {exp(tnXn)'" exp(tr+IXr+l ) It; E R} 
is a cross section for G/H and exp(tnXn) ... exp(tr+IXr+l ) E f if and only if t; is 
an integer for i = r + 1, ... , n. Writing F(i) = exp(tnXn)'" exp(tr+IXr+l ) for our 
coordinate map, we have 
(1.3) </>(F(m». 

Since </> 0 F E .9'(Rn-r) we have (1.3) converges and defines an element in H-OO( 'TT). 
Note that conditions (1.1)(a) and (b) depend only on the fgH double coset to which 
g belongs and if we change g to g E fgH, then Dg and Dg differ by a scalar of 
absolute value one. Also if gl"'" gn are representatives of distinct double cosets, 
then the supports of Dg, are mutually disjoint, so Dg, are linearly independent. 
Consequently, Theorem 0.1 says the multiplicity of 'TT is higger than or equal to the 
number of double cosets satisfying (1.1). We will have the Howe-Richardson 
multiplicity formula if, for rational H, we can show all of the above distributions 
span the f -invariant elements in H-OO( 'TT). 

Suppose HI and H2 are polarizations for f and set 'TTl = ind~,(Xj)' 'TT2 = 
ind~2(Xj)' Then according to the Kirillov theory, 'TTl is equivalent to 'TT2 so there 
exists a unitary intertwining map T: H( 'TTl) --+ H( 'TT2). Formally, it is easy to write 
down the intertwining map T. For </> E H( 'TTl) we define T( </» E H( 'TT2) by 

(1.4) T(</»(x) = 1. </>(xh)xj(h)dh. 
H2/H,nH2 

To show that (1.4) defines an intertwining operator we need the following lemma, 
its proof almost identical to Penney's proof of Theorem 0.1. 

LEMMA 1.4. Let DE H-OO('TTI) such that 'TTI(h)D = x(h)D for all h E H2. If 
</> E HOO('TTI) defines TD(</» by TD(</»(g) = ('TTI(g)D)(</», then TD defines a bounded 
intertwining operator from H( 'TTl) --+ H( 'TT2). 

PROOF. Define a sesquilinear pairing f3 on H OO ( 'TTl) X HOO( 'TT2) by 

(1.5) 

To see that the integral in (1.5) converges we estimate l('TTI(g)D)(</»I. Since DE 
H OO ( 'fT) we can find elements u; E l!(G) and a constant K > 0 so that , 
(1.6) ID(</»I~ KL 11'fT(uJ</>II· 

i=1 

Consequently we have , 
(1.7) 1'fT(g)D(</»I=ID('fT(g-I)</»I~ L 11'fT(Ad(g)u;) ,</>11. 

i=1 

Let V be a finite dimensional Ad( g) invariant subspace of l!(G) that contains 
ul , ... , Ufo' If 11"'" 1m is a basis of V, there exist polynOlnials ai/g) such that 
Ad(g)u; = 'Lj=la;/g)lj • Consequently we have that 1'TT(g)D(</»1 grows no faster 
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than a polynomial on G/H2. Since CP2 E Y'(G/H2) it is clear that (1.5) converges 
and is separately continuous in each variable. 

Since f3( 7TI (g )CPI' CP2) = f3( CPI' 7T2(g-1 )CP2), we can apply Theorem 2.1 of [Po] to 
conclude that there exist T: H oo ( 7TI) ---+ H oo ( 7T2) such that f3( CPI' CP2) = (TcpI' CP2)' 
where ( , ) is the inner product on H( 7T2 ). Now Schur's lemma implies that T 
extends to a bounded operator from H( 7TI) to H( 7T2). If CPI E H oo ( 7T) and we let cP~ 
run through an Ll-approximate identity we see that T(CPI)(g) = TD(CP)(g), so TD 
does define a bounded intertwining operator from H( 7TI) ---+ H( 7T2)' Q.E.D. 

LEMMA 1.5. For cP E H oo ( 7TI) define 

PROOF. The second assertion is clear and the first follows from the identification 
of H oo ( 7TI ) as Y'( G / HI)' Q.E.D. 

If follows from Lemmas 1.4 and 1.5 that (1.4) holds for all cP E Hoo( 7TI) and 
extends to a bounded intertwining map from H( 7TI) to H( 7T2 ). 

Let f E G*, H a polarization for f, and suppose there exists g E G so that 
conditions (1.1)(a) and (b) hold. By relabeling f and H we can assume that rH is 
closed in G and x/I Hnr == 1. Now this second condition implies that if f is the 
restriction of f to II. then f E II.Q so, by changing f by an element of II..l if 
necessary, we can assume that f E Go. (Recall that f + II..l = Ad *( H) . f, so H 
stays a polarization for f and the representation 7TI does not change at all.) The first 
condition says that H is a rational subgroup of G. 

If H is a rational polarization for the rational functional f, we denote by A(H) 
the C-linear span of the elements of H-oo(ind~(x/» constructed in (1.2). 

LEMMA 1.6. Let S = {gl,"" g{} be a set of double coset representatives for r: H 
such that rgH is a closed coset and XAd*(g)f I gHg-1 n r == 1. Then we can choose 
gl' ... , g{ to be rational elements of G. 

PROOF. Since rgH is closed, r n gHg- I is cocompact in gHg-I; hence gHg- I is 
a rational subgroup of G with rational Lie algebras Ad( g )(H). As before, we restrict 
Ad*(g)(f) to Ad(g)(H). Then we get a rational element in Ad(g)(II.). By changing 
g on the right by an element of H we can assume that Ad*(g)(f) is a rational 
element of G*. Now it follows from the theory of algebraic groups that we can find 
a rational g E G such that Ad *( g) f = Ad *( g ) f. Since g and g must differ by an 
element of the stabilizer of f which is contained in H, g and g define the same r: 
H double coset. This proves the lemma. Q.E.D. 

LEMMA 1.7. Let f E G* be a rational element and HI' H2 two rational polarizations 
for f. Let 7TI = ind~,(x/), 7T2 = ind~,(x/) and T: H( 7TI) ---+ H( 7T2) the intertwining 
operator of (1.4). Let T also denote the restriction of T to the space of COO-vectors and 
T*: H- oo ( 7T2) ---+ H- oo ( 7TI ) the dual map. Then we have T*(A(H2» = T*(A(HI»' 
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PROOF. Since T* is invertible it is enough to show T*(A(H2» ~ A(Hl). This is 
trivial if A(H2) is the zero subspace, so we may as well assume A(H2) is nontrivial. 
We use induction on the dimension of G and, as usual, reduce to the case where 
dim(ker(f) n center(G» = o. Let X, Y, Z, and G l be as in Lemma 1.3, so 
[X, Y] = aZ, /(Z) = A, and a and A are both integers. Let Gl = exp(G l ). Then we 
have G = Gl . {exp(tX) It E R}. We will suppose that HI and H2 are subgroups of 
Gl · 

For any g E G we can write g = r . s with r E Gl and s = exp(tX). In particu-
lar, if g is a rational element of G then r will be a rational element of Gl and s will 
be a rational element of G. Of course we have the same sort of splitting for Y E f. 
We can write Y = exp(nX) . Yl where n E 1. and Yl E fl = f n Gl. Now pick an 
element Dg E A(H2). Then by Lemma 1.6 we saw that we may assume that g is a 
rational element of G. Let g = r· s be as above and set M = H2/Hl n H2. We will 
write M(s) for sH2s-l/S(Hl n H2)s-1, and we will write j for Ad*(s)/. Finally we 
will let C denote a set of coset representatives for fl n gH2g-l in fl. For 
</> E H OO ( 'lTl ) we have 

(1.8) T*(Dg)(</» = Dg(T(</>)) = L 1. </>(ygh)xt(h)dh 
yEr/rngH2 g-' M 

L L 1. </>(exp(nXhlrs · h· S-l . s )xt(h) dh 
nEZ y,EC M 

L L 1. </>( exp( nXhlrh . s )xj( h) dh. 
nEZ y, EC M(s) 

Now suppose </> is of the form </>(exp(tX) . gl) = a(t) . P(gl) with a E 9'(R) and 
P E HOO(ind~:(Xt». The span of such </>'s is dense in HOO('lTl ). Now we compute the 
integral of (1.8) when </> is of this special form. Recalling that s = exp(tX) we have 

exp(nXhlrhs = exp(nX)s . s-lylrhs = exp«n + t)X) . s-lylrhs 
and s-lylrhs E Gl. If we set P(gl) = P(S-lglS) we have that (1.8) can be written as 

(1.9) T*(Dg)(</» = L L a(n+t)1. p(ylrh)x/h)dh 
nEZ y,EC M(s) 

= L a(n + t) L 1. p(ylrh)xj(h)dh. 
nEZ y, EC M(s) 

Now we note that P is an element of HOO(ind~12s-'(Xj». Let Tl be the 
intertwining operator from indGH, s-'(Xt-) to indGH, -'(Xt-) given by (1.4). Let D; E G s 2 _ S ,s _ 
H-OO(inds~2s-'(Xj» be given by D;(P) = L y, E r,/r, n sH2s-' P( Yl . r). Then we have 
that (1.9) is equal to 

(1.10) L a(n + t)(Tl)*(D;)(P). 
nEZ 

Now we can apply our induction hypothesis to get rational elements gl' ... , g, E Gl 
and constants cl , ... , c, in C so that 

(i) flg;sHls- l is closed in Gl ; 

(ii) X Ad*(g,)j I r, ng,sHs-'g,-' == 1; 
(iii) (Tl)*(D~) = L~=lC;D;i. 
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Now we just work backward to compute (1.10). Let S; be a set of coset representa-
tives for f1 n g;sH1s-1g;-1 in fl' Then we have that (1.10) is equal to 

I I 

(1.11) L c; L a{n+t) L lJ{y·g;}= L C; 
;=1 neZ Yl eSj 

This is a sum of elements in A(H1). 

Now we will show how to reduce to the case just considered. Therefore we 
consider a rational polarization H for f such that Xj I H n r == 1. As in the usual 
argument, we form the new polarization H2 = (H n G1) . {exp(tY) It E R}. This 
H 2 is rational since H n G 1 is rational and {exp( t Y) I t E R} is a rational subgroup 
and clearly contained in G1. Let '7T1 = ind~(Xj)' '7T2 = ind~2(Xj)' and T: H('7T1)--+ 
H( '7T2) the intertwining operator given in (1.4). We wish to show that T*(A(H2)) ~ 
A(H1). Thus let Dg E A(H2), with g rational. If X is any vector in H that 
complements ~1 we have that g = r 0 s with s = exp(tX) for suitable t. If we pick a 
rational vector in H to complement ~1' then we can assume that s = exp(X). Now 
r(H n G1)r-1 ~ rHr-1 is a sequence of rational subgroups, so by Lemma 1.2 there 
exists X E Ad( r )(1:1) so that 

f n rHr-1 = {exp{nX) In E Z} .(f n r{H n G1)r-1). 
If we set r = {exp(nX) I n E Z} . f1' then r is of finite index in f. Let 81"", 8L be 
a set of coset representatives for r in f. Thus for y E f we have that there exists 
m E Z, 1 ~ i ~ L, and Y1 E f1 so that y = 8;Y1 . exp(mX). We will let S be a set 
of coset representatives for f1 n gH2g-1 in fl' Finally set p. = f(Y) and note that 
the assumption X Ad*(g)(f) I rngH2g-1 == 1 says that 

Ad*(g)(j)(Y) = Ad*(exp(X»f(Y) = f(Y + cZ) = P. + CA 
is an integer. (Here we have [X, Y] = cZ, but since we have changed the X so that it 
lies in H we can only conclude that c is a rational number.) 

Let cp E Hoo( '7T1). Then we have 

(1.12) T*{Dg)(cp) = L foo cp(ygexp(TY))exp(2'7TiWr)dT 
yer/rngH2g-1 -00 

L 00 

(1.l3) L L L f CP(8;Y1 exp(mX).r.sexp(TY»)exp(2'7Tip.T)dT. 
meZ Yl eS ;=1 -00 

Now we note that 

8;Y1 exp(mX)r· s . exp( TY) 

= 8;Y1rexp( TY)' exp(mAd(r-1 )(X»)· exp( T(C + bm)Z) 
where [X, Y] = cZ as above and [X, Y] = bZ where b is an integer. Now 
exp(m(Ad(r-1)X)), exp(X), and exp(T(c + bm)Z) are all in Hand cp is a function 
such that cp(gh) = Xj(h)cp(g) for all h E H. Therefore we get 
(1.14) 

cp( 8;Y1 exp( mX)r . s . exp( TY») = cp{ 8;Y1r . exp( TY» 

'exp(-2'7Ti(mf(Ad(r-1 )(X») + f(X) + AT(C + bm»)). 
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Therefore for m, i, and 'Yl fixed, we have that the integrand in (1.13) is 

(1.15) CP(8;'Ylrexp(TY»oexp(-2'ITi(mf(Ad(r-1)(X») + f(X) + AT(C + bm»)) 

where C = C + ILIA. 
If in the integrand we make the change of variables T --+ T + d, (1.15) turns into 

(1.16) cp( 8;'Ylrexp( T + d)(Y»exp« T + d)(Y» . L 
where 

L = exp( -2'ITi(J( X») 
.exp(-2'ITi(mf(Ad(r-1)(X) + Ad(c + bm) + AT(c + bm»)). 

Regrouping the term in the exponent of the exponential factor we get that (1.16) is 
equal to 
(1.17) 

K· cp(8;'Ylrexp( T + d)(Y»)exp(-2'ITi(m(J(Ad(r-I)(X») + AT(c + bm»))) 

where K = exp(-2'ITi(f(X) + Adc» is a nonzero constant. If we choose d so that 
f(Ad(r- 1)(X» + Adb = 0, (1.17) becomes 

(1.18) K· cp( 8;'Ylr . exp( dY) . exp( TY» . exp( -2'ITi( AT(c + bm»). 

Hence we can write (1.13) as 

. exp( -2'ITi( AT( c + bm») dt. 
To simplify (1.19) we will use the Poisson summation formula on 

(1.20) L foo CP(8;'Ylrexp(dY)· exp( TY»exp(-2'ITiT«1L + CA) + Abm». 
mEZ -00 

Recall the classical Poisson summation formula on R. If F E .9"(R) we have 

P(~) = foo F(x)exp(-2'ITih) dx 
-00 

and P E .9"(R). If 0: and f3 are any integers we have 

(1.21) L P(nf3 + 0:) = i L F( %) . exp (2'IT( % )0:). 
nEZ ~ nEZ ~ ~ 

Let F(T) = cp(8;Ylrexp(dY)· exp(TY» and set 0: = IL + CA and f3 = Ab (recall 
that both 0: and f3 are integers). Then we have 

foo cp( 8;Ylrexp(dY)exp( T(Y»exp( -2'ITiT«1L + CA) + Abm») dT = P(f3m + 0:). 
-00 

Consequently (1.20) can be written, using (1.21), as 

(1.22) L P(f3m + 0:) = ~ L exp(2'ITi(; )0:) . CP(8;YlrexP(dY)exp(; y)). 
nEZ mEZ 
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If we write m = fJn + k with 0 ~ k ~ fJ - 1, k an integer, then (1.22) becomes 

(1.23) ~ :~: exp ( 2Wi( ~) a L~z q;( ~;Y1 exp(nY) . r . exp ( d + ~ )(Y)). 
Set gk = r . exp«d + k/fJ)(y» for 0 ~ k ~ fJ - 1. Putting this together yields 
(1.24) 

T*(Dg)(q;) = ~:~: exp(2Wi( ~a)). ;~1 m~z y~S q;(~;Y1exp(mY) ·gk)· 

Finally, noting that {~;Ylexp(mY) 11 ~ i ~ L, Yl E S, m E Z} forms a set of coset 
representatives for gkHgi/ n r in r, we conclude that T*(Dg) E A(H). To sum-
marize, we have shown that if H is a rational polarization for f but H is not 
contained in G1, then we can construct H2 = (H n G1) • exp(R Y), a rational 
polarization for f with H2 contained in G1. In addition if WI = ind~I(X/)' W2 = 
ind~l (XI)' and T: H( WI) --+ H( w2) is the intertwining operator of (1.4), then 
T*(A(H2» = A(Hl)· 

Now suppose H and B are two rational polarizations for f and assume that 
neither H nor B is contained in G1. Then we can form H2 = (H n G1)· exp(RY) 
and B2 = (B n G1) . exp(RY) and the corresponding representations WI = 
ind~(X/)' '1T2 = ind~/X/)' 001 = ind~(X/) and 002 = ind~2(X/). We consider the 
following, where all intertwining operators are given by (1.4). 

H CO ( WI) 
Tl 

H CO ( 001 ) --+ 

(1.25) T4 ~ ~ T2 

Hf( w) --+ H co (a2 ) 
13 

By Schur's lemma Tl = C· (T2)-1 . T3 . (T4) for some constant C. Consequently 
we can normalize Tl so that Tl = (T2)-1 . T3 . T4. Recalling that A(H) ~ H-CO( WI)' 
A(H2 ) ~ H- CO (w2 ), A(B) ~ H-CO(a1), and A(B2 ) ~ H-CO(a2 ) we have 

A(H) A(B) 

13· 
Consequently (T1)*(A(B» = A(H). 

Thus we see that HI' H2 are two rational polarizations for f and Wl = ind~I(X/)' 
W2 = ind~2(X/) with corresponding set of r invariants A(H1), A(H2 ). Then 
(T*)(A(H2» = A(H1). Q.E.D. 

LEMMA 1.8. Let f E G* be a rational element and H a rational polarization for f. 
Let '1T = ind~(X/) and A(H) ~ H-CO(w), the subspace of r invariant distributions 
constructed in (1.2). Suppose D E H -CO( w) such that w( y)D = D for all y E r, then 
DE A(H). 

PROOF. Using induction on the dimension of G we reduce to the case where the 
dimension of the center of G is one and f is nontrivial on the center. Let X, Y, Z, 
and G1 be as in Lemma 1.3. Using Lemma 1.7 we can assume that H is contained in 
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G1. Let T = ind~(Xf)' so 'IT = ind~I(T). If we identify GIG1 with R via .the cross 
section GIG1 "'" {exp(tX) It E R}, then we can identify HOO('IT) "'" Y(R) ® HOO(T), 
where we have taken the projective tensor product. We can also identify H OO ( T) with 
Y(R/) for some I, so that 

HOO('IT) "",Y(R) ®Y(R/) ""'Y(R/+1). 

Under this identification, if cp E HOO( 'IT) and p. = /(Y) then 

(1.26) ('IT(exp(sY)) . cp)(t, x) = exp{2'ITi(s;\.at + p.))cp(t,x). 

Now we need two well-known results from distribution theory. 

(1.27) (a) If / E coo(Rn) with all derivatives bounded and D E 

9'*(Rn) and if /. D = 0, then supp(D) ~ /-1(0). 

(b) If x E /-1(0) and 'il/(x) =I:- 0, then there exist a neighbor-
hood U of x such that 'ill =I:- 0 in U (so /-1(0) n U is a 
smooth manifold) and a distribution Do on /-1(0) n U such 
that if g E CcOO(U) then D(g) = Do(glr1(o»' In particular if 
'il / never vanishes on /-1(0) then D(g) = Do(g I r1(o» for all 
g E Y(Rn). 

Let D be a r invariant element in H-OO('IT) and recall that exp(Y) E r. If we set 
/(t) = exp(2'ITi(;\.at + p.» - 1, then r invariance of D implies /. D = O. Conse-
quently (1.27) (a) implies that 

supp(D) ~/-1(0) = lUi ( U (~+ n - -p.-) X R / ). 
k=l neZ I;\.al I;\.al 

Since 'ill =I:- 0 at any point of /-1(0) (1.27)(b) implies there exist a distribution Do on 
/ -1(0) such that D(g) = Do( g I r1(O»' Thus we see that for each nEZ, 0 < k ~ I;\.al, 
there exist a distribution Tk.n E Y*(R /) on the hyperplane kll;\.al + n - p./1;\.al X 
R I such that D = I::~.!!11 (I::n E Z Tk •n). 

Using invariance of D under 'IT(exp(nX», we see that 'IT(exp(nX»Tk,O = Tk,,,. 
If we let s = p.1;\.a we have Ad*(exp(sX»(f)(Y) = 0, so if a = exp(sX) we see 

that each Tk.O defines a r n G1 invariant element in H-OO(ind~~a-l(XAd*(a)(f»)' 
Now we can apply the induction hypothesis to each Tk,o to conclude that Tk,o E 

A1(aHa-1) ~ H-OO( T). Now it follows that D E A(H) ~ H- OO ( 'IT). Consequently we 
have shown that if / E G* is rational and H is a rational polarization then A(H) 
consist of all the r invariant elements in H- OO( 'IT). Q.E.D. 

LEMMA 1.9. Let 'IT be an irreducible representation 0/ G and suppose there exists a 
nonzero r invariant element in H-OO('IT). Then there exist a rational /E G* and a 
rational polarization H for / such that 'IT = ind~(Xf)' 

PROOF. Let C be the center of G. Then 'IT I c(z) = X".(z)· 1, where X". is a 
character of C. Let p = ind¥(l). Then for any y E C n r we have p(y) = Id. 
Consequently if 'IT occurs in ind¥(l), X".(y) = 1 for all y E C n r. Consequently if 
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dim(ker(x.".» > 1, we can divide out by a rational central subgroup and use 
induction on dimension of G. Thus we can reduce to the case where dim(C) = 1 and 
X.". is locally faithful on C. Let X, Y, Z, and ~1 be as in Lemma 1.3 and 
G1 = exp(~1)' Then 'IT = ind~I(T). If we view HOO('IT) as Y(R) ® HOO(T) then we 
saw in Lemma 1.8 that we could choose T so that for I/> E HOO( 'IT), 

(1.28) 'IT ( exp( s Y»( 1/>( t» = exp(2'ITisAat) . 1/>( t). 

With this choice of T we had that Tk,o was a f1 invariant element in H- OO ( T) and if 
D is nonzero then Tk 0 has to be nonzero for some k. Applying the induction 
hypothesis we get a rati~nal H ~ G1 and a rational f E ~1 such that T = ind~I(Xf)' 
Inducing in stages then says 'IT = ind~(Xf)' Q.E.D. 

Lemma 1.9 completes the proof of the Howe-Richardson multiplicity formula. 

THEOREM 1.1. Let G be a connected simply connected nilpotent Lie group and 
f ~ G a discrete cocompact subgroup. Let 'IT be an irreducible representation of G. 
Then Homr (1, 'IT- OO ) is nonzero if and only if there exist a rational f E ~* and a 
rational polarization H for f such that 

(a) 'IT :::: ind~(Xf); 
(b) there exists g E G such that fgH is closed in G and XAd*(g)(J) I r n gHg-1 == 1. 

In this case dim(Homr(1, 'IT- OO» is equal to the number of distinct f: H double 
cosets such that condition (b) is satisfied. 

Now one can generalize the above theorem slightly and in particular the lift maps 
of Richardson. We briefly indicate how to do it. Let M be a closed connected 
subgroup of G such that f () M = a is compact in M. Let a be an irreducible 
representation of M such that 'IT = indt(a) is irreducible. We want to describe 
Hom r (1, H-OO('IT» in terms of Hom~(1, H-OO(a». 

Recall that if M ~ G is a connected subgroup then the notion of a rapidly 
decreasing function on G/M is well defined, which we denote by Y(G/M). If 
'IT = indt(O') is irreducible then HOO('IT) is isomorphic to Y(G/M) ® HOO(a) (pro-
jective tensor product) [P-4]. 

Given g E G, let a g be the representation of gMg-1 given by ag(x) = a(g-1xg) 
for x E gMg-1. If fgM is closed in G, we define Qg ~ H-OO(a g) to be the set of 
f () gMg-1 invariant elements. Thus Qg is nonzero iff a g occurs in 

and dim(Qg) = multiplicity of a g in 

L 2 (gMg- 1/f () gMg-1). 

For each g such that Qg is nonzero we can define a lift map Tg: Qg -+ H-OO( 'IT). 
Recalling that we are identifying HOO('IT) with Y(G/M) ® HOO(a), given I/> E 

Y(G/M) ® HOO(a), DE Qg, define TiD) E H-OO('IT) by 

( 1.29) Tg ( D ) ( 1/» = L D ( I/> ( Y . g». 
yEr /rngMg-1 
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The corollary to the Howe-Richardson theorem can be stated as 

COROLLARY 1.1. Let S be a set of representatives for those r: M double cosets such 
that (i) rgM is closed in G and (ii) Qg is nonzero. Define T( G3 g E S Qg) ~ H- oo( 7T) by 

(1.30) T( EB Dg) = L Tg(Dg). 
gES gES 

Then T is a linear isomorphism of G3 S Qg onto the subspace of r invariant elements gE 
in H-oo(7T). 

2. Let 7T be an irreducible representation of a connected simply connected 
nilpotent Lie group N. We assume that N is a closed normal subgroup of a Lie 
group G such that G fixes the class of 7T. Let r £;; G be a discrete cocompact 
subgroup of G and d = r n N. We assume dis cocompact in N, a condition that is 
automatic if N is the nilradical of G by a theorem of Mostow [Mo]. Suppose a is an 
irreducible representation of G that restricts to a multiple of 7T on N. We want to 
compute the multiplicity of a in ind¥(1) in terms of the multiplicity of 7T in ind~(l) 
and the corresponding problem for the little group GIN. 

Since G stabilizes the representation 7T of N, there exist a 2-cocycle a with values 
in T = {z E ex 1 Izl = I} such that 7T extends to an a-projective representation of 
G. If we denote by iff this extension we have for gl' g2 E G, ijf(gl)ijf(g2) = 
a(gl' g2)ijf(gl . g2). This 2-cocycle gives rise to a group extension and the Mackey 
obstuction can be viewed in this context [A-M]. Let G = T X G as a Borel space ~md 
put a multiplication on G by (tl' gl)(t2, g2) = (tlt2a(gl' g2)' glg2). Then G is a 
Borel group and there exists a unique locally compact topology on G that turns G 
into a Lie group. Since the cocycle a may be taken to be identically one on N, we 
can view N as embedded in G as the subgroup {(I, N) 1 n EN} £;; G [K-L-I]. Now 
we see that ijf gives an ordinary representation of G by ijf(t, g) = t-lijf(g). 

If a is an a- l projective representation of GIN, then a lifts to an 0:- 1 projective 
representation of G which is trivial on N. We can then view a as a representation of 
G by a(t, g) = rl . a(g). If we form ijf ® a, then ijf ® a is a representation of G 
which is trivial on T, whence defines a representation of G IT = G. 

THEOREM 2.1. With notation as above, if Hoo( 7T), H oo( a) are the COO-vectors for 7T 
and a respectively, then H oo( ijf ® a) = H oo( ijf) ® H oo( a), where ® is the projective 
tensor product. 

For the proof see [Ro]. 
Let I' be the inverse image of r in G and, as above, view d as a subgroup of r. 

Clearly I' is a cocompact subgroup of G and d is a normal subgroup of r. 
DEFINITION 2.1. Let d( 7T) = {D E H- oo( 7T) 17T( 8)D = D for every 8 Ed}. 

LEMMA 2.1. ijf(r) acts in d( 7T) as a finite dimensional unitary representation of I' 
with respect to the natural inner product on d( 7T). 

PROOF. By Theorem 2.1, if a is the trivial representation of GIN, then Hoo(ijf) = 

H OO ( 7T). Since d is a normal subgroup of I' we do have an action of I' on d( 7T). To 
see that the action is unitary it is enough to check it on elements of the form 
(1, y) E r. 
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Let D, E E Il( 'IT), U, V E H OO( 'IT) and ( , ) the inner product on H( 'IT). The 
definition of the inner product on Il( 'IT) gives 
(2.1) 

(-iT{y)D,E)· (u,v) = 1 D('IT(y-l) ·'IT{n)u)E('IT{n)v) dn 
Njt:. 

=1 D(-iT(y-l·n)·u)E('IT{n)v) dn 
rNjr 

= 1 D('IT(n)u)E('IT(yn)v) dn = (D,-iT(y-l)E)· (u,v). 
rNjr 

So -iT( y) * = -iT( Y -1) and thus -iT is a unitary representation of f on Il( 'IT). Q.E.D. 

LEMMA 2.2. Suppose DE H-OO(-iT ® 0') is invariant under f. Then D E 1l('IT) ®c 
H-OO(O'). 

PROOF. First note that we can consider the algebraic tensor product Ll( 'IT) ®c 
H-OO(O') as a subspace of H-OO(-iT ® 0'). Given E E 1l('IT), FE H-OO(O'), define 
(E ® F)(u, v) = E(u)F(v). Then E ® F is a jointly continuous bilinear form on 
HOO( 'IT) X H OO ( 0'), so by definition of the projective tensor product it extends to a 
continuous linear functional on H OO ( 'IT) ® H OO( 0'). 

Suppose D E H-OO(-iT ® 0') is f invariant. Let E1, •.• ,EL be a basis of 1l('IT). If 
we fix u E HOO(O'), then Du(x) = D(x ® u) is a Il invariant element in H-OO('IT), so 
Du = r.f_l A;(u)E;. If we fix an x E HOO('IT) we have u ~ Du(x) = D(x ® u) is 
continuous, whence we get A; E H-OO(O') for i = 1, ... , L. It follows that on 
elementary tensors 

L 

D(x ® u) = L (A; ® E;)(x ® u), 
;=1 

so by continuity we have 
L 

D = L A; ® E; E 1l{'IT) ® H-oo(O'). Q.E.D. 
i=1 

Since -iT gives a unitary representation of f on Il( 'IT), we can decompose Ll( 'IT) into 
a direct sum of irreducibles, 

(2.2) Il ( 'IT) = L V{ a). 
Clef 

Here a is an irreducible representation of f / Ll on V( a), and I is the indexing set. 

(2.3) 1l{'IT) ®cH-oo{O') = L (V{a) ®c H-oo{O'», 
Clef 

and each summand is invariant under ('IT ® 0' )(f). Hence we get 

(2.4) Homr(1, Ll{ 'IT) ®c H- OO { 0'» = Homr(1, Il{ 'IT) ®c H- oo { 0'» 
= EB Homr(1,V{a) ®cH-oo{O'». 

Clef 
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Recall that a is an irreducible representation of f which is trivial on ~ = f n N 
and (1 is an irreducible representation of G which is trivial on N. Thus we can view 
a as a representation of fNIN and a as a representation of GIN. Set ~ = fNIN 
and E = GIN. Then we have the following isomorphisms 

(2.5) Homr(1, V(a) ® H-oo(a» "= Homl; (1 , V(a) ® H-oo(a)) 

"= Hom l; ( V( a) * , H - 00 ( a ) ) . 

If we apply Frobenius reciprocity to this last term we have 

(2.6) 

Therefore we have 

THEOREM 2.2. With notation as above 

dim(Hom r (1 , Hoo(?T ® a))) 

L dim(HomrN(?T, indtN( a»)) . dim(Hom E ( a, indH a»)). 
ae(f'N/N)" 

As it stands, this formula is difficult to use because of the group extensions G, f, 
etc. However, in [H-2] Howe has given a very succinct description of the Mackey 
obstruction when N is nilpotent. Staying with the above situation (N ~ G as a 
normal subgroup, 'IT E N left fixed by G, and 'IT occurring with positive multiplicity 
in ind~(1», Howe [H-2, Proposition 2.3] has shown we may find a subgroup R ~ G 
and a representation T of R n N = M such that 

(i) RIR n rand MIM n ~ are compact; 
(ii) G = R· N; 

(iii) 'IT = ind t( T); 
(iv) T is R invariant (of course M is normal in R); 
(v) M is connected; 

(vi) if M' is the connected component of the identity of the kernel of T then 
M 1M' is a Heisenberg group or isomorphic to R. 

In what follows we will assume we are in a situation where (i)-(v) hold (but not 
necessarily (vi». Suppose w is an irreducible representation of R that restricts to a 
multiple of T. Thus w = T ® a, where T is an a-representation of R and a is an a-I 
representation of RIM. (As before, we are assuming a has been normalized to be 
trivial on M.) Since R . N = G and a is trivial on R n N, we can extend a to a 
cocycle of GIN. We can similarly view (1 as an irreducible a representation of GIN. 
N ow 'IT = ind t( T) acts on the Hilbert space 

H('IT) = {q,: N -+ H( T) Iq,(nm) = T(m-I)q,(n) and f Iq,(n) 12 dn < oo}. 
N/M 

Since G = R . N, we can define a projective extension of 'IT, ?T, by defining ?T on R. 
In this case we have 

(2.7) (?T(r)q,)(n) = T(r)q,(r-Inr). 
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It is now easy to see that iff ® (1 is an ordinary representation of G acting on 
H( 7T) ® H( (1) and that if ® (1 is equivalent to ind~( l' ® (1). 

Now recall from §1 that if S is the set of 6.nM double cosets such that (1) 6.nM is 
closed, and (2) Tn Occurs with positive multiplicity in ind1~':.-~n)1), then we 
described 

6.(7T) = {D E H-OO(7T)I7T(c5)D = D foreveryc5 E 6.} 
in terms of the Richardson lift maps. If 

Qn = {D E H- OO ( Tn) I Tn( y)D = D for every y E 6. n nMn-1} 
then we had Tn: Qn ~ 6.(7T). If we formed the direct sum we had 9 sTn: 

nE 

9 sQn ~ 6.( 7T) is an isomorphism. 
nE 

For each n E S we can extend Tn by Tn ® 1 as a map from Qn ® H- OO ( (1) to 
6. ( 7T) ® H - 00 ( (1). If no confusion is likely to arise we will denote Tn ® 1 by Tn also. 

Let D ® E E Qn ® H- OO «(1). We want to compute (iff ® (1)(y)(Tn(D ® E» for 
y E r. Since G = R . N we can find sEN, r E R so that y . n = s . r. Now let 
ep ® u E HOO(7T) ® H OO «(1). We have 
(2.8) 
[(if ® (1){y)(Tn(D ® E))](ep ® u) = Tn(D ® E)(7T(y-l)ep ® (1(y-l)U) 

L (D®E)(iff(y-l)ep(c5n)®(1(y-l)u) 
6 Et.//H)nMn-1 

L D(ep(y· c5. n))· E((1(y-l). u) 
6Et./t.nnMn-1 

L D(ep(yc5y-l. yn)) ·((1(y)E){u). 
6et./t.nnMn-1 

Recall that yn = s . r with r E Rand sEN, so using the transformation properties 
of ep we have that (2.8) equals 
(2.9) L D(1'(r-l)ep(c5s»)((1(y)E)(u). 

6et./t.nynMn-1y-l 

Set D(u) = D(1'(r-l). u) for u E HOO(T). Noting that ynMn-1y-l = srMr-1s-1 
= sMs-1 (since R normalizes M), we have that (2.9) can be written as 
(2.10) 

L D(ep(c5s»«(1(y)E(u» = L (D ® (1(y)E)(ep(c5s) ® u). 

Now (2.10) will be of the form r(D ® (1(y)E) for some s E S iff the following two 
conditions on s hold. 

(i) 6.sM is closed in Nand 
(ii) QS is nonzero. 

Now 6.nM is closed iff y6.nMn-1y-l = y6.y-l . ynMn-1y-l = 6.sMs-1 is closed, 
whence (i) follows. As for (ii), D is certainly nonzero, so we compute for c5 E 6. n 
sMs-l, u E HOO(T) 
(2.11) (TS(c5)(D»)(u) = D( TS(c5-1). u) = D(1'(r-l)T(s-lc5s)· u) 

= D(1'(r-1s-lc5sr)1'(r-l)u) = D(T(n-1y-1c5yn)1'(r-l)u) 

= D(T"(y-1c5y) ·1'(r-1)u) = D(1'(r-l)u) = D(u). 
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In the last line we have used that y-18y E ~ n nMn-i and that D E Qn. Therefore 
s defines a class in S, which we will write as [sj. 

LEMMA 2.3. For each y E f, define a map y: S ~ S by y . [nj = [sj. This defines 
a group action on S. 

PROOF. We first check that the map y: S ~ S is well defined. If n E [nj, and we 
have y . n = s . r = s' . r', then S,-i . S = r' . r- i ERn N = M, so ~s'M = ~sM. 
Now choose a different representative in [nj, say n = 8nm. Then 

y' n = y' 8nm = y' n '(n-iSn' m) = s· r· n-iSnm 

where s E R, rn-18nm E N. By the above this defines the class ~sM. Thus y . [nj = 

[ s j is well defined. 
Let Yi' Y2 E f. Then Yi . Y2[nj = [sj where YiY2n = s . r if Y2n = S2r2 and 

Yi(S2) = Si . riYi[Y2[njj = [sd· But YiY2 n = Yi(S2 r2) = Si . rir2 says that [sd = 
hY2[nj. So we have a group action. Q.E.D. 

LEMMA 2.4. Given [nj E S, the stabilizer of [nj in f is exactly (nRn- i n f)· ~. 

PROOF. If Y • [nj = [nj we have yn = s . rand s = 8nm for S E ~, mE M. Thus 
Y • n = 8nmr or Y = 8nmrn-i E (nRn- i n f) . ~. Clearly (nRn- i n f) . ~ stabilizes 
[n]. Q.E.D. 

COROLLARY 2.1. With the notation as above, (nRn- i n f) . ~ has finite index in f, 
hence Rnf is closed in G for every n E S. 

PROOF. S is a finite set, so every f orbit is finite. Q.E.D. 

LEMMA 2.5. The map Tn ® 1: Qn ® H-OO(a) ~ ~('lT) ® H-OO(a) intertwines the 
action of (nRn- i n f) on Qn ® H-OO(a) and its image in ~('lT) ® H-OO(a). 

PROOF. Recall that if ® a = ind~(i ® a), so we can view q, E HOO(if ® a) as a 
function q,: G ~ HOO(i ® a) such that q,(gr) = (i ® a)(r- i ). q,(g). If Y E (nRn- i 
n f) and D ® E E Qn ® H-OO(a) we have 

(2.12) (Tn ® l)((i ® ar(y)(D ® E))(q,) 

L (D ® E)((i® ar(y-i)q,(8n)). 
/JEfj./fj.nnMn-1 

Now (i ® ay(y-i) = (i ® a)(n-iy-n). But y E nRn-i n f implies n-iy-in E 

R. Thus 

(i ® ar(y-i). q,(8n) = ('T ® a)(n-iy-in)· q,(Sn) 

= q,(8n-iyn) = q,(y. y-iSy' n) = ((if ® a)(y-i)q,)(y-18yn). 

Thus (2.12) turns into 

(2.13) 
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But y-l E nRn-1 n f implies that y-1nMn-1y = nMn-1 so (2.13) becomes 

(2.14) 

= Tn(D ® E)((iT ® a)(y-l)(cp») 
= (iT ® a)(y)(Tn(D ® E»(cp). 
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Thus we have that Tn ® 1 intertwines (7' ® a)n I nRn-1 n r acting on Qn ® H-~( a) 
and (iT ® a) I nRn-1nr acting on a('IT) ® H-~(a). Q.E.D. 

We have that a('IT) ® H-~(a) = EBnesTn(Qn x H-~(a» and we want to de-
compose a( 'IT) ® H-~( a) into f invariant subspaces in a natural way. To this end, 
let n E Sir be a f-orbit in S. If we fix nED and set fn = (nRn-1 n f) . a then 
D is isomorphic to f Ifn. Now we have a representation of nRn-1 n f on Qn ® 

H-~(a) and this representation is trivial on (nRn- 1 n f) n a. Thus we can extend 
it to a representation of (nRn-1 n f) . a on Qn ® H-~( a). Let 13n be this extended 
representation of f n. 

Let V(D) = LmeO(Tm(Qm ® H-~(a»). Then V(D) is a f invariant subspace of 
a('IT) ® H-OO(a) under the action iT ® a. Thus (iT ® a, V(D» is a representation of 
f on V(D). If nED, fn and 13n are defined as above, then it is clear that 
(iT ® a, V(D» ~ ind~n(13n). Consequently we have 

(2.15) a( 'IT) ® H-~( a) = €a ind~ (,8n). 
[n)ESjr n 

Therefore we have 

(2.16) 

If we apply Frobenius reciprocity to (2.16) we get 

(2.17) Homr(l,indt(,8n)) ~ Homrn(I,,8n) 

which implies that 

(2.18) Homr(1, a( 'IT) ® H-~( a)) = €a Homr (1, 13n)· 
nESjr n 

Now Theorem 0.1 says 

Hom r (l, a( 'IT) ® H-~( a» ~ Homd iT ® a, ind¥(I») 

and 

Hom rn(I,,8J ~ HOmnRn-l( Tn ® a,ind~~~~~nr(1»). 

Finally if we identify S/f as the closed Rnf double cosets such that 

Hom nRn-l((7'® a)n,ind~~~~~nr(1)) * 0, 

then we can summarize the above discussion with 

THEOREM 2.3. With notation as above, if A = iT ® a = ind~(7' ® a) then 

HomG (A,ind¥(I») ~ €a HomnRn-l((T ® a)n,ind~~~~~nr(I»). 
Rnr 

closed double coset 
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3. In this section we give an application of Theorem 2.3 to solvable Lie groups to 
obtain a multiplicity formula in terms of Penney's canonical objects. Let G be a 
connected simply connected solvable Lie group with f ~ G a discrete cocompact 
subgroup. Let N ~ G be the nilradical of G and ~ = N () f. As we have seen, ~ is 
cocompact in N. We first state a very general result of Howe [H-l]. 

THEOREM 3.1. Let G be a locally compact group and f ~ G a discrete cocompact 
subgroup. Let E ~ G be a normal subgroup such that E () f is cocompact in E. Let a 
be an invariant representation of E such that p = ind y:,( a) is an irreducible represen-
tation of G. Let m(p) denote the multiplicity of p in L2( G/f) and m( a g ) denote the 
multiplicity of a g in L2(H/H () f). Then the number of double cosets Hgf such that 
m(a g ) > 0 is finite and we have 

(3.1) m(p) = L m(a g ). 

gEr/G\H 

Now we need to describe the canonical objects in Kirillow theory constructed by 
Penney [P-5]. Let N be a connected simply connected nilpotent Lie group with Lie 
algebra~. Let f E ~ * and w the irreducible representation of N associated to f via 
Kirillov theory. Let R(f) be the radical of the two-form B/X, Y) = f([X, YD. Let 
H 1(f) be the ideal generated by R(f) and define inductively Hk + 1(f) = H 1(f I H). 
Set H(f)=nkHk(f) and K(f)=HB(f)= {xE~IB/x,H(f»=O}. In [P-5] 
Penney shows the following. 

LEMMA 3.1. (a) If K(f) is the connected subgroup of N corresponding to K(f) and 
w is the representation of K (f) corresponding to f I K(f)' then ind ~(f) ( w) is eqUivalent 
to w. 

(b) Let A be an automorphism of N (and denote by A the action on ~ and ~ * also). 
Then A . (K(f» = K(A(f». In particular, K(f) is stabilized by any automorphism 
0/ N which fixes f. 

(c) w is square-integrable modulo its kernel. 

We need to recall a small amount of how one constructs an irreducible represen-
tation from an integral element f E ~*. Let f E ~* and G(f) = {g E G IAd*(g)f 
= f}. Recall that f is called integral if there exists a character TJ of G(f) such that 
dTJ = 2wif I G(J). Given an integral elementf E ~* and a character TJ of G(f) one 
can construct an irreducible representation p(f, TJ) of G [M]. 

Let I = / I N and let w(l) be the irreducible representation of N associated to I via 
Kirillov theory. If G(l) = {g E GIAd*(g)(l) = I} then there is a canonical exten-
sion of w to G(l) XS N given by iT(g, n) = v(g)w(n). With the data (f, TJ), a 
representation af of G(l) is constructed such that af X iT drops to a representation of 
G(l)N. One then has that p(f, TJf) = ind~(/)N( af ® iT) is the desired irreducible 
representation of G. If p is a type I representation of G, then there is an integral 
f E ~* and TJ such that p ::::: p(f, TJ) (see [MD. In particular every representation 
occurring in L2(G/f), being CCR, occurs this way. 
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Now fix a representation p(f,.,,) of G and set H = G(l) . K(l) where 1= f I~. 
Then we have w = v ® w is an extension of w to G(l) X s K(l) and of ® w is a 
representation of H = G(l)· K(l). From Lemma 3.1(a) it is clear that ind~(of ® w) 
= p(f, .,,). 

THEOREM 3.2. Let 7' = Of® wand p(f,.,,) = ind~(7'). Ifm(p) is the multiplicity 
of pin L2(G/f) then 

(3.2) m{p) = 
gEr\G/H 

closed double cosels 

where m( 7'g) = multiplicity of 7'g in ind iXi-1 () r(l). 

PROOF. Recall that p = ind~(/)N(of ® iff) and G(l)N is a normal subgroup of G. 
Consequently we can apply Theorem 3.1 to conclude that 

(3.3) m{p) = L m((of® iff) g) 
gEr: G(I)N 

where m«of ® 'iTY) is the multiplicity of (Of ® 'IT)g in ind¥<A)t'(I)N(l). Now it follows 
from Lemma 2.2 that if m« Of ® 'iT)g) > 0, then 'lT g occurs with positive multiplicity 
in L2(N/~). By relabeling we may as well assume that 'IT occurs in L2(N/~). Now 
'lT g corresponds to Ad*(g)(l) under Kirillov correspondence, so if we replace g by 
g . n for some n E N, we can assume that we have chosen coset representatives 
gl' ... ' gL so that Ad*(g;)(l) is a rational element of ~*. 

Now we claim if I E ~* is a rational element, then G(l) . K(l) n f is cocompact 
in G(l) . K(l). First note that if I E ~* is rational then K(l) is rational, so K(l) n f 
is cocompact in K(l). Now let L ~ ~ be the lattice generated by log(~). Since f 
normalized ~,Ad(y)(L) ~ L for all y E f. If Ll. = {f E ~* If(L) ~ Z}, then by 
duality Ad*(l)(Ll.) ~ Ll. for all y E f. If I E ~* is rational, then c . IE Ll. for 
some integer c, and G(c· I) = G(l). Now Ad*(f)(c· I) ~ Ll., and Ll. is a 
discrete, hence closed, subset of ~*. It follows that f . G(c . I) = f . G(l) is closed 
in G, whence f n G(l) is cocompact in G(l). Now consider a sequence xnYnYn 
converging to g E G with Xn E G(l), Yn E K(l), and Yn E f. By passing to a 
subsequence and using compactness of G(l)/G(l) n f we can find 8n E G(l) n f 
so that xn8n converges in G(l). Then (xn8n)(8;lyiln)· 8;IYn converges to g E G, so 
8;IYn8nYn converges in G. Since K(l)· f is closed, it follows that (xn8n)(8n-1Yn8nYn) 
converges to an element in G(l)K(l)f. Therefore, G(l)K(l) . f is closed in G, so 
G(l)K(l) n f is cocompact in G(l)K(l). 

Applying the above claim to Ad*(g;)(l) and using the fact that gj(G(l)K(l»gj-1 
= G(Ad*(g;)(l», we conclude that for gl'.'" gL gjHgj-1 n f is cocompact in 
gjHgj-l. Since ind~,Wg~l( 7'g) = (of X 'iTY, we can use Theorem 2.2 to conclude that 

(3.4) m((of®iff)g) = L m{7'g) 
nE(g,Hg,-I): r()(G(/)·N) 

dosed double cosels 

where m(7'g) = multiplicity of 7'g in indiXr~()r(l). 
Combining (3.4) with (3.3) gives the desired results. Q.E.D. 
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