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MORSE THEORY FOR CODIMENSION-ONE FOLIATIONS 

STEVEN C. FERRY AND ARTHUR G. WASSERMAN 

ABSTRACT. It is shown that a smooth codimension-one foliation on a compact 
simply-connected manifold has a compact leaf if and only if every smooth real-
valued function on the manifold has a cusp singularity. 

Introduction. Morse theory is a method of obtaining information about a smooth 
manifold by analyzing the singularities of a generic real-valued function on the 
manifold. If the manifold has the additional structure of a foliation, one can then 
consider as well the singularities of the function restricted to each leaf. The resulting 
singular set becomes more complicated, higher dimensional, and less trivially placed. 
In exchange, one obtains information about the. foliation. 

In this paper we consider codimension-one smooth foliations and show that, in 
this case, the occurrence of one type of singularity, the cusp, is related to the 
existence of compact leaves. Specifically, we show that a smooth codimension-one 
foliation on a compact simply-connected manifold has a compact leaf if and only if 
every real-valued function on M has a cusp. 

The singularities of a function on a foliated manifold are very similar to the 
singularities of a map to the plane. See [F, H-W, L 1, T1, Wa, W]. However, Levine 
[L 1] has shown that the only obstruction to finding a map of a compact manifold to 
the plane without a cusp singularity is the mod 2 Euler characteristic of the 
manifold. 

Similarly, one can consider the singularities of a smooth (not necessarily closed) 
I-form on a foliated manifold. Compact leaves are not an obstruction to finding a 
I-form without cusp singularity in this case either, as one can easily see by 
considering any foliation of S3. 

The organization of the paper is as follows: §I contains the basic definitions as 
well as canonical examples of the singularities of a generic Morse function on a 
foliated manifold; §2 has the statement of results and derives the main theorem of 
the paper, Corollary 2.2 from the cancellation theorem and Novikov's theory of 
components [N]; §3 proves a two-dimensional version of the cancellation theorem; 
§4 completes the proof of the cancellation theorem. 
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1. Preliminaries. 
DEFINITION. A smooth codimension-one foliation, :F, of a manifold Mn is a 

collection {(V;, h;)LEI of open sets V; eM and smooth diffeomorphisms hi: 
V; -+ Rn such that 

(i)UiE IV; = M, 
(ii) if V; () ~ -=1= 0, then the map 'tij = hi 0 hjl: h /V; () ~) -+ hi(V; () ~) pre-

serves vertical (n - 1) planes. That is, if we write 

'tij(X I , •.• , xn) = ('ti"j(X I , ..• , Xn), ... ,'t/j(XI , ... , xn)) 

then 't;"j is a function of Xl only. 
(iii) The collection {( V;, h;)}; E I is maximal with respect to property (ii). 
Intuitively, :F decomposes M into a union of (n - I)-dimensional manifolds (the 

leaves of the foliation) which fit together locally like (n - 1) planes in Rn. We denote 
the leaf through the point p E M by L(p). The maps gi = 7Ti 0 hi where 7TI : Rn -+ R 
is projection onto the first factor are called the distinguished submersions of :F. 

The tangent bundle of M, T(M), can be written as T(M) = T(:F) EB ~ where 
T( :F) consists of vectors tangent to the leaves and ~ is a line bundle transverse to 
the foliation. If ~ is orientable, a choice of orientation for ~ is called a transverse 
orientation of F and :F is called transversely oriented. 

We will be studying real-valued functions on foliated manifolds and will need an 
analogue of the usual theory of singularities of differentiable maps from M n to R2. 
See [F, H, Ha, L t , L2, T1, T2, Wa , W]. The analogy is this: locally, the foliation is 
given by the level sets of a submersion, g, of an open set U of Minto R; the singular 
set of f on (M,:F) will be, locally, the singular set of the pair (flU, g). This is easily 
seen to be independent of the choice of g. Alternatively, if :F is transversely 
orientable, we may define the foliation by a nonsingular one-form w which is unique 
up to multiplication by a nonzero function. The singular set, S, is then S = {p E 

Mlwp /\ dfp = O}. 
DEFINITION. A point p E M is an .%regular point if d(fIL(p»p -=1= O. 
Note that p is an .%regular point for f iff p is a regular point of fIL(p) or, 

equivalently, the leaf L(p), meets the level set rl(f(p» transversely at p. 
If P is not an .%regular point we say that p is a singular point of f on (M,:F) 

and we let S = S(f) denote the set of singular points. 
We say that S is in general position with respect to :F if, for any distinguished 

submersion g, glS is a Morse function, i.e. has only nondegenerate critical points. 
Let C(M) denote the set of smooth real-valued functions on M with the C k 

topology for some k ~ 2. 

PROPOSITION 1.1 [F]. There is an open, dense set (9 c C(M) such that for each 
f E (9 

(i) S(f) is a submanifold of M of dimension one and, 
(ii) S(f) is in general position with respect to f. 

Henceforth we will only consider functions in (9. 

There are three types of generic singularities of a real-valued function in (9. We 
will list them, name them, and give the canonical form for each. 
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Let the points of Rn be denoted by (x, y, Z) where x, y E R and Z E Rn-2, let 
R" be foliated by the planes x = constant, and let the vector field a lax determine a 
transverse orientation for this foliation. Our canonical forms are achieved by 
leaf-preserving diffeomorphisms which respect the transverse orientation of the 
foliation. If n ~ 3, these diffeomorphisms can be chosen to be orientation preserving 
as well. 

The canonical form at an ..%regular point is given by I(x, y, Z) = y. 
DEFINITION. A point p is a regular pseudocritical point if 
(i) dip *" 0, 
(ii) d(/IL(p»p = ° and, 
(iii) d 2(/IL(p»p is nonsingular. 
The canonical form for a regular pseudocritical point is I(x, y, Z) = ±x ± y2 + 

Q(Z) where Q is a nonsingular quadratic form. Note that, in this case, the level set 
r 1(/( P » is a manifold tangent to L (p ) at p. See Figure lao 

DEFINITION. A point p is an "%critical point of I if 
(i) dip = 0, 
(ii) d 21p is nonsingular, 
(iii) d 2(/IL(p»p is nonsingular. 
The canonical form for an ..%critical point is I(x, y, Z) = ±x 2 EEl y2 + Q(Z) 

where Q is a nonsingular quadratic form. Note that conditions (ii) and (iii) are 
independent on R2, 1= xy satisfies (i) and (ii) but not (iii), 1= y2 satisfies (i) and 
(iii) but not (ii). At an "%critical point p the level set r 1(/( p» is not necessarily a 
manifold. See Figure lb. 

Up) 

S(f) 

Level surface of f 

FIGURE lao The point p is a regular pseudocritical point 

FIGURE lb. The point p is an ..%critical point 
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FIGURE 2a 
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FIGURE 2b 
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The point p is a negative turning point The point p is a positive turning point 

DEFINITION. A point p is called a turning point of IE (P if 
(i) dip =/:- 0, 
(ii) d(fIL(p))p = 0, 
(iii) gIS(f) has a critical point at p for some distinguished submersion g, 
(iv) d;(fIL( p)) is singular ofrank n - 2 and, 
(v) d;(fIL(q)) is nonsingular for q in a deleted neighborhood of pin S. 
The canonical form for a turning point is given by I(x, y, Z) = ±x ± xy + 1/I(y) 

+ Q(Z) where Q is again a nonsingular quadratic form and 1/1 is an odd function 
with 1/1'(0) = 0, 1/1 III (0) > 0. The unusually complicated expression for I is due to 
our restriction to leaf-preserving diffeomorphisms. 

THEOREM 1.2 [Fl. There is an open dense set (P' c (p such that every I E (p' has only 
the singularities listed above. Furthermore, any IE (P' may be approximated CO by an 
1 E (P' such that at every turning point p 011 we may take 1/1 (y) = Y 3. 

The regular pseudocritical points and the j1i:critical points correspond to fold 
points and the turning points correspond to cusps under the analogy to maps to the 
plane. 

Turning points having the form I(x, y, z) = ±x + xy + 1/I(y) + Q(Z) are called 
positive, those with canonical form I(x, y, Z) = ±x - xy + 1/I(y) + Q(Z) are 
called negative. See Figures 2a and 2b. (We require $ to be transversely oriented.) 

At every point p E S(f) we have the (possibly singular) quadratic form 
d 2(fIL( p )); the index of this form is called the leaf index of p. Note that the leaf 
index is constant along S(f) except at turning points and at a turning point of leaf 
index A the leaf index changes from A to A + 1. 

We now recall the definition of a Novikov component of a codimension-one 
foliation, $, on a compact manifold M. 

DEFINITION. We say that x and yin M are equivalent and write x - y if either 
(i) x and y lie in the same leaf of $ or 
(ii) there is a closed transversal to the foliation which passes through x and y. 

THEOREM 1.3 (NOVIKOV [ND. (a) - is an equivalence relation, 
(b) il there is no closed transversal through p, then L (p) is compact. 
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DEFINITION. The equivalence classes defined above are called the Novikov compo-
nents of g;. 

THEOREM 1.4 (NOVIKOV [N]). Every Novikov component is either a compact leaf or 
an open submanifold with boundary a finite union of compact leaves which are 
components. 

2. Statement of results. Let g; be a smooth codimension-one foliation on a 
compact-connected manifold Mn, n;:;, 3. We then have the main theorem of the 
paper. 

THEOREM 2.1. Statements (a), (b), and (c) below are equivalent 
(a) g; has only one Novikov component. 
(b) There is a generic function f: (M, g;) ~ R which has no turning points. 
(c) There is a generic Morse function f: M ~ R such that flL is a Morse function 

for every leaf L of g;. 

COROLLARY 2.2. If Hl(M; Z2) = 0 then (a), (b), (c) are equivalent to 
(d) g; has no compact leaf. 

PROOF OF COROLLARY 2.2. If g; has no compact leaf then each Novikov 
component is open and hence, by connectedness, g; has only one Novikov compo-
nent. Thus (d) implies (a). 

To see that (a) implies (d) we note that there must be a closed transversal through 
any point in M if g; has only one component. If L is a compact leaf of ,'#P, then L 
separates M because HI (M; Z2) = O. Furthermore, g; is transversely orientable 
because wl(O E Hl(M; Z2)::::: H1(M; Z2) = O. Thus the proof will be complete if 
we establish 

LEMMA 2.3. There does not exist a closed transversal to a transversely orientable 
codimension-one foliation through any compact separating leaf. 

PROOF OF LEMMA 2.3. Choose a nonzero section N of ~ and a Riemannian metric 
for M. Let w: I ~ M be a closed transversal through the compact leaf L. Then 
(w'(t), Nw(t) =1= 0 since w is a transversal. If M - L = A U B and if NIL points 
into A and w(tl ), W(t2) E L, tl < t2 and wet) E A, say, for tl < t < t 2 , then 

and hence (w'(t), NW(I) = 0 for some t, contradicting the fact that w is a trans-
versely. D 

REMARK. It is easy to construct a codimension-one foliation g; on the Klein bottle 
having a compact separating leaf L such that there is a closed transversal through L. 
Of course, g; is not transversely oriented. 

DEFINITION. A transverse arc, w: I ~ M, to a transversely oriented codimension-
one foliation g; is positively oriented (resp. negatively oriented) if (w'( t), Nw(t) > 0 
(resp. (w'(t), Nw(t) < 0) where N is a positively oriented nonzero section of ~ and 
( , ) is any Riemannian metric. 

Our main tool in proving Theorem 2.1 is the following cancellation theorem. 
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THEOREM 2.4. Let :F be a smooth transversely oriented codimension-one foliation on 
the compact manifold M. Let f: (M,:F) -+ R be a generic function and let w: I -+ M 
be a positively oriented transversal. Suppose w( t) is an .9fo.regular point of f for 
o < t < 1, w(O) = P is a positive turning point of index A, and w(l) = q is a negative 
turning point of index X. Let U be any neighborhood of w(I). Then there is a generic 
function j: (M, :F) -+ R such that f == j outside of U and j has two fewer turning points 
thanf· 

PROOF. The proof of Theorem 2.4 will comprise §§3 and 4 of this paper. 
We now show that Theorem 2.4 implies Theorem 2.1. 
PROOF OF THEOREM 2.1. (c) => (b). If p is a turning point for f then d(fIL(p»p 

= 0 and d;(fIL(p»p is singular and hence p is a degenerate critical point of 
fIL(p). Thus fIL(p) is not a Morse function. 

(b) => (c). Follows as easily by looking at the canonical forms. 
(b) => (a). If f has no turning point then S(f) consists of closed transversals as 

can be seen by looking at the canonical forms for a regular pseudocritical point and 
an .9fo.critical point. If :F has more than one component then there must be a 
compact leaf, L o, which is in the boundary of a Novikov component and hence is 
itself a Novikov component. But flLo has a maximum at Po, say, and thus 
d(fILo) Po = 0 so Lo n S(f) =/= 0. Thus there is a closed transversal through Lo· 
This contradiction shows :F can have only one Novikov component. 

(a) => (b). Let f: (M,:F) -+ R be a generic function. Since the turning points of f 
are isolated they are finite in number and it suffices, by induction, to show we can 
apply Theorem 2.4 to cancel a pair of turning points. 

Let p be a turning point of maximum leaf index X; then the leaf index changes at 
p from A to A + 1 and as we travel around this component of the singular set the 
leaf index must return to X i.e. there must be another turning point of index X, q 
say, and there is no intervening turning point by the maximality of X. We show now 
that p and q can be cancelled. 

Suppose that :F is transversely oriented by a nonzero section N of €. Let y: 
1-+ S(f) be a parameterization of the component of S(f) containing p and q. 
Note that at a positive turning point (y'(t), Ny (!» changes from positive to negative 
and at a negative turning point (y'(t), Ny(t» changes from negative to positive. 
Thus positive and negative turning points alternate and we may assume p positive, q 
negative. Finally, since :F has only one component there is a positively oriented 
closed transversal w: I -+ M through p and q which we may assume, by general 
position, meets S(f) in p and q only. Let w denote the positively oriented 
transverse arc from p to q obtained by restricting q. This fulfills the conditions of 
Theorem 2.4 if :F is transversely orientable. 

If :F is not transversely oriented let 77: M -+ M be a 2-fold cover such that 
:f; = 77 *:F is transversely oriented. We show first that :f; has only one N ovikov 
component by noting that we can lift either a closed transversal wor w 2 from M to 
M and hence there exists a closed transversal through every leaf of M and thus :f; 
has only one Novikov component. Next transversely orient :f; and let i = f 077; 
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then S(j) = 'IT-I(SIf) and the arc in S(f) from p to q can be lifted to an arc in 
S(j) from p to ij with p a positive turning point of index A and ij a negative 
turning point of index A_ Let w: I ~ M be a positively oriented transversal from p 
to ij such that w( t) is an '%:regular point for 0 < t < 1 and such that 'IT 0 w is a 
diffeomorphism-we use the fact that n ~ 3 here. Then there is a neighborhood U 
of w(l) such that 'lTIU is a diffeomorphism onto U ~ M. We have flU = j 0 'IT-IIU. 
Now let j be the generic function of Theorem 2.4; j has no turning points in U and 
JIM - U = JIM - U. We define / by /IM - U = flM - U and /IU = j 0 'IT-IIU. 
Note that the turning points p and q have been cancelled_ 0 

If $ has only one component then Theorem 2.1 says that we can find a generic 
function f: (M, $) ~ R such that S(f) is a disjoint union of closed transversals. In 
fact, one can do a bit better. 

THEOREM 2.5. If $ has only one Novikov component, then there is a generic 
function g: (M, $) ~ R such that S(g) = So U SI' ... ' Sn-I' where the S; are closed 
transversals and the leaf index of S; is i. 

SKETCH OF PROOF. One starts with an f: (M, $) ~ R having no turning points. 
Let (!J c M - S(f). One then modifies f to get a generic function j such that 

JIM - (!J == flM - (!J and with s(j) = S(f) U S where S c (!J and S contains 
(n - 1) pairs of turning points at index 0,1, ... , n - 2. It is easier to introduce 
turning points than to cancel them and one can explicitly write down jl(!J. Next, on 
each circle in S(f) of leaf index A we introduce a pair of turning points of index A 
by slightly modifying f. We then cancel one of each pair with a turning point on S. 
The resulting function h has S(h) connected and S(h) has (n - 1) pairs of turning 
points of index 0, ... , n - 2. Finally, cancelling all remaining turning points pro-
duces a function g with S(g) = So U ... USn_I. 

3. The two-dimensional cancellation theorem. The object of this section is to prove 
the following theorem. 

THEOREM 3.1. Let R2 be foliated by x = constant and let f: R2 ~ R be generic. Let 
w: I ~ R2 be a positively oriented transversal with w(O) = p a positive turning point, 
w(l) = q a negative turning point and w(t) an .%regular point for 0 < t < 1. Then, 
given E > 0 there is an j: R2 ~ R such that 

(i) / = f outside of N.( w( /) = E neighborhood of w( /), 
(ii) 1/ -fl < E, 

(iii) / has two fewer turning points than f in N.( w). 

The proof of Theorem 3.1 occupies the remainder of this section. The plan is to 
alter f as shown below in Figures 3. 

The key to the proof is the realization that cancellation of turning points is 
accomplished via the creation of critical points on the leaves. This is not very 
difficult, though the details are somewhat tedious. 



234 s. C. FERRY AND A. G. WASSERMAN 

,Level surface of f 
,Lea~ Level surfaces of T 

s(1) 

S(f) 
s(T) 

FIGURE 3. Before and after the cancellation of the turning points LX and f3 

It is easy to change f by precomposing with a leaf-preserving diffeomorphism to 
get p = (0,0), q = (1,0), and w(t) = (0, t). We will assume that this alteration has 
been accomplished. By sending (x, y) --+ (x, -y), if necessary, we can assume that 
aflay > 0 on the open ~terval from p to q. Hereafter, we wil~enote the open 
interval from p to q by pq and the closed interval from p to q by pq. 

PROPOSITION 3.2. Let f be as above and let e > 0 be given. Then there is an i: 
R2 --+ Rl such that 

(i) i == f outside of N.({ p} U {q}), 
(ii) Ii - fl < e12, 
(iii) i(x, y) = f(x, 0) + xy + y3/3 in a neighborhood ofp andj(x, y) = f(x,O)-

(x - l)y + y3/3 in a neighborhood of q. 

PROOF. See [F). 

PROPOSITION 3.3. Let i be defined as above. Then there is a neighborhood U of pq 
and a leaf-preserving diffeomorphism cI>: U --+ R2 such that 

(i) cI> is the identity in a neighborhood of {p} U {q}. 
(ii) cI> is the identity on pq 
(iii) i 0 cI>(x, y) = i(x, 0) + v(x)y + y3/3 where 
(iv) vex) == x in a neighborhood of p and vex) == 1 - x in a neighborhood of q. 

PROOF. We seek a transformation of the form 

cI>(x, y)(x, [1 + y(x, y)] y) 

where y(x, 0) = o. 
We write 

.. .. 11 a .. f(x, y) = f(x, 0) + 0 a/(x, ty) dt 

= j(x,O) + yil(X, y) 

= i(x,o) + yil(X, O) + y2j2(X, y). 

For our function v(x), we choose il(X, 0) = ailaYbm. Then 

iocI>(x,y) =i(x,O) +(1 + y)yv(x) +(1 + y)2i2(X,y). 
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To find the desired function y, we must solve the equation 

i(x,O) +(1 + y)yv(x) +(1 + y)2y2i2(X, (1 + y)y) = i(x,O) + v(x)y + y3/3 
for y. That is, we must find y = y(x, y) such that 1f;(x, y, y) == ° where 

1f;(x,y,y) = yv(x) +(1 + y)2i2(X, (1 + y)y)y - y2/3. 
Note that 1f;(x, 0,0) = ° and that o1f;(x,O,y)loy = v(x). Therefore, there is a 
unique y = y( x, y) with y( x, 0) = ° solving the equation in some neighborhood U 
of pq. Since y(x,y) == ° is a~lution in a neighborhood of {p} U {q}, y can be 
defined in a neighborhood of pq. This completes the proof. 0 

We will now assume that i(x, y) has the form of i 0 cI>(x, y) above in N.(w). Let 
8 > ° be given. Let v(x) be a function such that 

(i) v(x) = v(x) for x ~ -82 and for x> 1 + 82. 

(ii) -8 2 < v(x) < ° for all x E (-8 2,1 + 82 ). 

See Figure 4. Let i(x, y) = j(x, 0) + v(x)y + y3/3. 

y 

FIGURE 4 

PROOF (THEOREM 3.1). Let p = p(t) be a function such that 

p(t) = {01 for It I > 38, 
for It I < 28, 

and such that p'(t) . t > ° for all T. We claim that for 
8 < min(eI3, eI2(v(x) + 1),1) 

the function j(x, y) = p(y)j(x, y) + (1 - p(y»j(x, y) satisfies the condition of 
Theorem 3.1. 

Condition (i) is clear. 
Condition (ii) follows easily from our choice of 8 and the fact that Ii - II = 

ylv(x) - iJ(x)l. 
To see that condition (iii) is satisfied we compute as follows: 

Then 

j(x,y) = i(x,O) + y3/3 + p(y)v(x)y +(1 - p(y»v(x)y 

= i(x,O) + y3/3 + p(y)y[v(x) - v(x)] + v(x)y 

= i ( x , 0) + [y 313 + v ( x ) y] + P ( Y ) Y [ v ( x) - v ( x )] . 

;~ = [y2 + v(x)] + p(y)[v(x) - v(x)] + p'(y)y[v(x) - v(x)]. 
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For Iyl> 8 and -8 2 < x < 1 + 82, each of the three terms on the right are 
nonnegative and the first term is positive. Therefore, there are no pseudocritical 
points of j in this area. For Iyl < 28 or x < -8 2 or x > 1 + 82, we have p(y) == 0 
and j(x, y) = j(x, y), which is easily seen to have two regular pseudocritical points 
on each segment x = constant, - 38 < y < 38 namely y = ± VB (x). Thus the 
singular set is not tangent to the leaves in this region and this completes the proof of 
Theorem 3.1. 

4. The cancellation theorem. The object of this section is to prove Theorem 2.4. 
Since Theorem 2.4 concerns a modification of a function in a neighborhood of a 
transverse are, w(I), we may, by taking a tubular neighborhood of w(I), reduce the 
proof of the proof of Proposition 4.l. 

PROPOSITION 4.1. Let Rn be foliated by x = constant. Let f: Rn ~ R be a generic 
function such that f has a positive turning point of index A at p = (0, .. ;.1...0) and a 
negative turning point of index A at q = (1, 0, ... , 0). Suppose the open arc pq does not 
meet the singular set, S(f). Then given any open neighborhood (9 of the closed arc pq 
there is a smooth generic function j: Rn ~ R such that 

(i) f == j outside of (9 

(ii) j has two fewer turning points than f. 
The proof of Proposition 4.1 would be trivial if f(x, y, z) were of the form 

h(x, y) + "L7:12 ± z? using the two-dimensional result, Theorem 3.1. In fact, the 
weaker splitting theorem below is enough. 

PROPOSITION 4.2. If f: Rn ~ R is as in Proposition 4.1, then there is an open 
neighborhood of pq, (91 C (9, and a diffeomorphism ~: (91 ~ (9 such that 

(i) f 0 ~(x, y, Z) = h(x, y) + "L7:12 zih(x, y, Z), 
(ii) h(x, 0, 0) = 0, 
(iii) /;(x, y, Z) = fiZ i is a small neighborhood U of {p} U {q} where fi = -1 if 

o ~ i ~ A and fi = + 1 if A < i, 
(iv) ~(x, y, Z) = (x, 'l'Ay, Z», 
(v) ~(p) = p, ~(q) = q. 

REMARK. Subscripts do not indicate partial derivatives. 
We now show that Proposition 4.2 implies Proposition 4.l. 
PROOF OF PROPOSITION 4.1. Let g = f o~. We will modify g (in two steps) so that 

g has no turning points and then set 

j(x,y,Z) = {go~-I(X'y,Z) 
f(x, y, Z) 

if (x, y, Z) E ~«(91)' 

if (x, y, Z) $. ~«(91)' 

Clearly j will then satisfy the conditions of Proposition 4.l. 
Let p: R ~ R satisfy 
(i) p(t) = 0 for t ~ 1, 
(ii) p(t) = 1 for t ~ 1, 
(iii) p'(t) ~ o. 
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By (i) of Proposition 4.2 we have, for (x, y, Z) E l!J1, 

n-2 
g(X, y, Z) = h(x, y) + L Z;/;(X, y, Z). 

i=1 

Set 

where K is a positive constant to be chosen. 
Note that g = g if (y2 + IZI2) ;;;. l/K, on pq, and also in a neighborhood U of 

{p} U {q} by (ii). Choose K large enough so that {(x, y, Z)IO ~ x ~ 1, y2 + IZI2 
~ 11K} C (!)1 and S(g) = S(g). This is possible since, first of all, glU = glU so 
S(gIU) = S(gIU) and, secondly, g - g vanishes to second order on pq and 
therefore dg and dg are close near pq. But d(gIL) * 0 on X - U so, for K 
sufficiently large, d(gIL) * 0 on X - U where X is a compact set containing 
support (g - g). Thus S(g) = S(g). Now, choose an open neighborhood (!)2 of pw 
such that y2 + Izl2 < 1/2K. Then gll!J2 has the particularly simple form 

n-2 
g(x, y, Z) = h(x, y) + L £iZr 

i=1 

The function h(x, y) is a generic function on an open set in R2 with a positive 
turning point at p and a negative turning point at £. By Theorem 3 we can find h: 
(!)1 -+ R such that 

(i) h == h outside (!)2' 

(ii) suplh - hi < TJ, 
(iii) h has no turning points in (!)2' 

Finally, define g by 

g(x, y, Z) = g(x, y, Z) + p(2KI Z 12)(h(x, y) - h(x, y)). 

Note that, for IZI 2 < 1/4K, 
n-2 

g(x,y,Z)=h(x,y)+ L£;Z;2; 
;=1 

thus g has no turning points in this region. Similarly, if IZI 2 > 1/2K, g = g and 
hence there are no turning points in this region either. Writing 

n-2 
g(x,y,Z) = L £;zl + h(x,y) + p(2Klzn(h(x,y) - h(x,y)) 

i=1 

we compute 

;! = 2£;z; + 4Kz;p'(2KIZn(h(x,y) - h(x,y)) 
I 

= z;( 2£; + 4Kp'(2KI Z n( h(x, y) - h(x, y))). 
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Since 12ei l = 2 and p' is bounded we can choose.,., > 0 sufficiently small so that 
3g/3zi = 0 iff Zj = O. Thus all the pseudocritical points of g are contained in the 
region IZI 2 < 1/4K and hence g has no turning points. 0 

Finally, we turn to the proof of Proposition 4.2. 
PROOF OF PROPOSITION 4.2. By Theorem 1.2, there is a leaf-preserving coordinate 

change IPp: Uo --+ Rn whose Uo is an open set about the origin in Rn such that 
IPp(O) = p, 

/oIP/x,y,Z) = x + xy + 1jJ(y) + Q(Z) = h(x,y) + Q(Z) 
where Q(Z) is a nondegenerate quadratic form of index A. Furthermore, by a linear 
change of coordinates we may diagonalize Q getting 

11-2 
/o~p(x,y,Z) = h(x,y) + L ei z j2 

;=1 

where ej = -1 for 0 < i ~ A and ei = ± 1 for i > A. Similarly, we may find a 
leaf-preserving coordinate change IPq : UI --+ Rn where UI is an open set about 
q = (1,0, ... ,0) E Rn, Uo n UI = 0 and with 

11-2 

;=1 

as before. Putting these together yields a leaf-preserving diffeomorphism IPI: U --+ Rn 
where U is a neighborhood of {p} U {q} and 

11-2 
/0 IPI{x, y, Z) = h{x, y) + L eizl-

;=1 

Furthermore, we may assume IPI is orientation-preserving on both components of 
U. If not, we may compose IPI with reflection in the Zl = 0 plane to get an 
orientation-preserving diffeomorphism with the same properties. Let us write 
IPI(X, y, Z) = (x, 'l'Ay, Z». 

The required diffeomorphism IP must be defined on a neighborhood of pq. 
Choose 8 > 0 such that V c U where 

V = { {x, y, Z)I - 8 < x < 38 or 1 - 38 < x < 1 + 8 and y2 + IZI2 < 8}; 

we will construct a new diffeomorphism IP2: V --+ Rn such that 
(i) IP2(X, y, Z) = IP 1(x, y, Z) if Ixl ~ 8 or Ix - 11 ~ 8, 
(ii) IP2(x, y, Z) = (x, LAY, Z» if 28 < x < 38 where Lx: Rn-I --+ Rn-l is a 

linear map for each x. 
Define <1>2 as follows: 

(x, P{X~28) 'l'x(p( {8 )y, p( {8)Z)) if x < 28, 

(x, d'l')y,Z)) if28 ~ x < 380rl- 38 < x ~ 1- 28, 

(x, p((1 _lx )/28) 'l'x(p( 1 ;8 x )y, p( 1 ;8 X)z)) 
if 1 - 28 < x, 
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where 15 is the bump function used in the proof of 4.1. It is well known that this 
"Alexander isotopy" defines a smooth diffeomorphism <P2. 

Next let y: [28,1 - 28] ~ GL(n - 1, R) be a smooth map satisfying y(x) = d..yx 
for 28 < x < 25x and 1 - 2.58 ~ x ~ 1 - 28. We may find such a map since d..yx 
is orientation-preserving for all x. 

Let V = {(x, y, Z)I- 8 < x < 1 + 8 and y2 + IZI 2 < 8} and define <P3: V ~ R" 
by 

{ <P2(X, y, Z) if -8 < x ~ 258 or 1 - 2.58 ~ x < 1 + 8, 
<P3(X, y, Z) = (x, y(x)(y, Z)) if 2.58 ~ x ~ 1 - 2.58. 

Note that the diffeomorphism <P3 is defined on a neighborhood of pq, <P3(P) = p, 
and <P3(q) = q, and <P3(x, y, Z) = (x, ..yAy, Z». In fact, <P3 satisfies conditions (i), 
(iii), (iv) and (v) of Proposition 4.2. To satisfy (ii), however, we need 
(%z;)! 0 <P(x,O,O) = ° or that v(f 0 <PIL(x» is a multiple of %y. Recall that 
the open arc pq does not meet the singular set S(f), therefore, for ° < x < 1, 

s(x) = v(!o<P3IL(x))(x,0,0) =1= 0. 

Let S(x) = s(x)/lIs(x)11 E sn-2. Note that s(x) = %y = (1,0, ... ,0) for x near ° 
or 1 i.e. near p or q. Extend s to R by s(x) = %y for x $ (0,1). 

Let '1T: SO(n - 1) ~ S,,-2 be the standard fibration; '1T(A) = first column of the 
matrix A. Let s: R ~ SO(n - 1) be a smooth lift of s such that s(x) = id for 
x $ (0,1). Define a leaf-preserving diffeomorphism of Rn, <P4: Rn ~ Rn by 
<P4 (x, y, Z) = (x, s(x)(y, Z». We claim that <P = <P3 0 <P4 is the desired diffeomor-
phism. 

Since both <P3 and <P4 are leaf preserving so is <P; similarly, <P3(P) = p, <P4(p) = p 
so <P( p) = p and also <P( q) = q. Condition (i) is free: 

11 0 ! 0 <P (x, y, Z) = ! 0 <P (x, y, 0) + 0 at! 0 <P (x, y, tZ) dt 

n-2 0 
= h(x,y) + f i~1 z;oz/o<P(x,y,tZ)dt 

11-2 1 0 
= h(x,y) + i~1 z;Ia oz/o<P(x,y,tZ)dt 

n-2 

= h(x, y) + L zJ;(x, y, Z) 
i=1 

where 

11 0 /;(x, y, Z) = -;;;-U 0 <p(x, y, tZ)} dt. 
o uZ; 

In a small neighborhood of {p} U {q} we have <P4 = id and <P3 = <PI so 
11-2 

!o<P(x,y,Z}=h(x,y)+ LE;Z} 
;=1 
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and hence, 

f(x, y, Z) = f 2eiz;tdt = eizi 

as required by (iii). Finally, 

f(x,O,O) = t a~fo4>(x,O,O)dt = a~fo4>(x,O,O). 
o I I 

But 4>4 was chosen so that vi 0 4>(x, 0, 0) would be a positive multiple of a/ay, i.e. 
a -a lo4>(x,O,O)=o=f(x,O,O). D 
Zi 

REFERENCES 

[FJ S. Ferry, Codimension one Morse theory, Thesis, Univ. of Michigan, 1973. 
[HJ A. Haefliger, Quelques remarques sur les applications differentiables d' une surface dans Ie plan, Ann. 

Inst. Fourier (Grenoble) 10 (1960), 47-60. 
[H-WJ A. Hatcher and J. Wagoner, Pseudo-isoto pies of compact manifolds, Asterisque, No.6, 1973. 
[LIJ H. I. Levine, Elimination of cusps, Topology 3 (1965), 263-296. 
[L2J __ , Singularities of differentiable mappings, Mimeographed notes, Math. Inst., Bonn Univ., 

1959. 
[MJ J. W. Milnor, Morse theory, Princeton Univ. Press, Princeton, N. J., 1963. 
[NJ S. P. Novikov, Topology offoliations, Trans. Moscow Math. Soc. 14 (1965), 268-304. 
[TIJ R. Thorn, Les singularities des applications differentiables, Ann. Inst. Fourier (Grenoble) 6 (1955), 

43-87. 
[T2J __ , Generalisation de la theorie de Morse aux varietes feuilletees, Ann. Inst. Fourier (Grenoble) 

14 (1964),173-189. 
[WaJ Y. H. Wan, Morse theory for two functions, Topology 14 (1975), 217-228. 
[WJ H. Whitney, On singularities of mappings of euclidean spaces. I: Mappings of the plane into the plane, 

Ann. of Math. (2) 62 (1955), 374-410. 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KENTUCKY 40506 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN 48109 


	0070231
	0070232
	0070233
	0070234
	0070235
	0070236
	0070237
	0070238
	0070239
	0070240
	0070241
	0070242
	0070243
	0070244

