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LOCALLY GEODESICALLY QUASICONVEX FUNCTIONS
ON COMPLETE RIEMANNIAN MANIFOLDS!

TAKAO YAMAGUCHI

ABSTRACT. In this article, we investigate the topological structure of com-
plete Riemannian manifolds admitting locally geodesically quasiconvex func-
tions, whose family includes all geodesically convex functions. The existence
of a locally geodesically quasiconvex function is equivalent to the existence
of a certain filtration by locally convex sets. Our argument contains Morse
theory for the lower limit function of a given locally geodesically quasiconvex
function.

0. Introduction. A function on a Riemannian manifold is geodesically convex
if its restriction to every geodesic segment is convex as one variable function in the
usual sense. Geodesically convex functions arise naturally in a number of geometric
contexts, and the topological and Riemannian structures of complete manifolds
which admit certain geodesically convex functions have been investigated (1, 7-
10, 14]. Specifically, a recent result of Greene and Shiohama [9] states that if a
complete Riemannian manifold M admits a locally nonconstant geodesically convex
function ¢: M — R without minimum and with {z € M;¢(z) = a} compact for
all a > infar o and if M has noncompact isometry group, then M is isometric
to the Riemannian product of a compact Riemannian manifold and the real line.
A function is called locally nonconstant if it is nonconstant on every nonempty
open subset. This result shows that the existence of geodesically convex functions
of certain types imposes strong restrictions on the Riemannian structure of the
manifolds. On the other hand, it is known [2, 6] that the inclusion map of a
closed totally convex set in a complete manifold (it appears, for instance, as a
sublevel set of a geodesically convex function) into the whole manifold is a homotopy
equivalence. A subset of a Riemannian manifold is called totally convezif it includes
all geodesic segments whose end points lie in it.!

From this point of view, it is natural to expect that the topological structure of
manifolds, for instance in the sense of homeomorphism or diffeomorphism type, may
be restricted by the existence of more general functions than geodesically convex
functions. We say that a function p: M — RU {—o0} is geodesically quasiconvez
on an open subset U of M if its restriction to every geodesic segment ~v: [a,b] — U
is quasiconvex, that is,

po(t) < max{po~(a), por(b)}
for all t € [a,b]. A function ¢ is geodesically strictly quasiconvezr on U if the
inequality is strict whenever t € (a, b) and ~ is nonconstant. If each point in M has
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a neighborhood on which ¢ is geodesically quasiconvex (resp. geodesically strictly
quasiconvex), then ¢ is locally geodesically quasiconvex (resp. locally geodesically
strictly quasiconvez). If o is geodesically quasiconvex on M (resp. geodesically
strictly quasiconvex on M), then it is simply said to be geodesically quasiconvex
(resp. geodesically strictly quasiconvex). We abbreviate “geodesically convex” and
“geodesically quasiconvex” as “convex” and “quasiconvex”, etc.

It is well known that convex functions are locally Lipschitz continuous, and
therefore differentiable almost everywhere. On the other hand, locally quasiconvex
functions are not necessarily continuous. It should also be remarked that there
are numerous complete manifolds which admit locally nonconstant quasiconvex
functions, but not locally nonconstant convex functions. We shall give an example
of a Riemannian manifold with this property (Example 3 in §1).

There is one metric consequence of the existence of a certain locally quasiconvex
function on a complete manifold: The volume of such a manifold is infinite (Propo-
sition 3.4). The main purpose of the present paper is to investigate the topological
structure of complete manifolds admitting locally nonconstant locally quasiconvex
functions. We note that every Riemannian manifold admits a continuous noncon-
stant locally quasiconvex function which is constant on an open set (see Example
1). Hence, to obtain a topological implication of the manifold, it is natural to
consider only locally nonconstant locally quasiconvex functions.

Let ¢: M — RU {00} be a locally nonconstant locally quasiconvex function
on a complete Riemannian manifold M of dimension n. We denote by M“(p) the
sublevel set {z € M;p(z) < a} for the sake of brevity, and note that M?(p) is
locally convex (for the definition, see §1). It follows from a result of Cheeger and
Gromoll [6] that each connected component of the closure M¢(p) of M*(p) has
manifold structure with (possibly empty) boundary OM?(yp) for every a € p(M).
If M?(p) has a connected component of dimension n, then it is connected (Lemma
3.3). We consider the lower limit function *: M — R U {—o00} of ¢ defined by
©*(p) = inf{a;p € M(p)}, and note that o is lower semicontinuous if and only if
© = p*, and that p* is also locally quasiconvex. The function ©* is well suited to
our purpose. We set

A1 = inf{a; dim M*(p) = n}, M, = M*(p*).
The set M, is a closed connected locally convex set with dimM, < n if it is

nonempty (Lemmas 3.8 and 4.2). It is just the minimum set, when ¢ is continuous.
We shall prove the following topological structure theorems.

THEOREM A. Suppose that M, s nonempty. Then:

(1) There is a smooth manifold L such that M — M, 1s diffeomorphic to L X R.

(2) M 1is homeomorphic to the normal bundle v(My) of My, in M. If M, has
no boundary, then M s diffeomorphic to v(M,).

COROLLARY. If M admits a lower semicontinuous locally strictly quasiconvex
function ¢ with a minimum such that dim M°(p) = n for every a € (M), a >
infas o, then M is diffeomorphic to Euclidean space R™.

In fact, @ is of course locally nonconstant, and M, coincides with the minimum
set of ¢, which must consist of a single point, because it is connected and locally
convex.

In some special cases, M has a product structure.
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THEOREM B. Suppose that for some a € (M) with dim M%(p) = n, IM*(p)
1s disconnected and has a compact connected component. Then:

(1) ¢* has a minimum.

(2) M, is a compact totally convex hypersurface of M without boundary, and the
normal bundle of M, in M is trivial.

(3) Each compact connected component of dM®(p) is homeomorphic to M, and
M 1s diffeomorphic to M, X R.

THEOREM C. Suppose that p* has no minimum and that for some a € (M)
with dim M2(p) = n, OM%(p) has a compact connected component. Then:

(1) M¢(p) has dimension n and OIM*(p) is connected and compact for every
¢ € (infar @, al. In particular M, is empty.

(2) There 1s a smooth compact manifold L homeomorphic to OM®(p) such that
M is diffeomorphic to L X R.

In the case where M, is empty and all the connected components of M®(p)
are noncompact for every a € (M), it is unknown whether M has a topological
product structure even if ¢ is continuous. We shall construct such a function ¢
on the Poncaré disk M? such that AM?(p) consists of infinitely many noncom-
pact connected components for every a € ¢(M) (Example 9). The end structure,
however, can be completely described:

THEOREM D. If M admits a locally nonconstant locally quasiconvex function,
then M has at most two erds.

For the sake of intuitive comprehensibility, we give some examples of (locally)
quasiconvex functions in §1. After some preliminary arguments in §§2 and 3, the
reduction of ¢ to * is carried out in §4. The main technique for the proofs is
to construct a smooth complete vector field X over M associated with ¢o: M —
RU{—o00}, a> A1 and a compact set K in Int M*(p) with the following proper-
ties: The function ¢* and the distance functions from all points in K are strictly
decreasing along each integral curve of X within M — Int M%(yp), and the integral
curves of X intersect sublevel sets of ©* transversally at all points in M — M%(p). If
the vector field X were constructed, the Morse theoretic argument would apply to
the lower semicontinuous function *. This is achieved in §5. §§6 and 7 are devoted
to prove the topological structure theorems. The end structure is discussed in §8.

For a point p and a subset S in M, and for ¢ > 0, we denote by B(p, ¢) and T(S)
the metric ball of radius ¢ around p and the e-neighborhood of S in M respectively.

Quasiconvex functions are closely related to peakless functions. For information
about the basic properties of peakless functions, see Busemann and Phadke [5].

ACKNOWLEDGMENT. The author would like to express his thanks to Professor
K. Shiohama for valuable advice and constant encouragements. He is also indebted
to Professor A. Morimoto for kind advice on the first manuscript.

1. Examples. Let M be a (not necessarily complete) Riemannian manifold.
A subset A of M is called convez if any two points in A are joined by a unique
minimizing geodesic segment, and if it lies in A. A subset A of M is called locally
convez if any point in A has a neighborhood U in M such that U N A is convex.
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FIGURE 1

In this section, we give some examples of (locally) quasiconvex functions, which
will be useful in later arguments. First of all, we note that a function p: M —
RU{~o0} is quasiconvex if and only if M?(yp) is totally convex for every a € (M),
and that ¢ is locally quasiconvex if and only if every point in M has a neighborhood
U such that M?(p) NU is convex whenever it is nonempty. We denote by d the
distance function induced from the Riemannian metric on M.

EXAMPLE 1. Let M be an arbitrary Riemannian manifold. For any point p
in M, take a positive number r such that B(p,p) is convex for 0 < p < r. The
function p: M — R defined by

A= s

is continuous and locally quasiconvex.

EXAMPLE 2. Let M = (R2,g) be a surface of revolution with finite area as
in Figure 1. The exponential map at the point p is injective on the tangent space
T,M. In particular, the single point set {p} is totally convex. Hence, the function
©: H — R defined by ¢(p) = 0, p(q) =1 (¢ # p) is quasiconvex. By the result of
Yau [15], M does not admit any nonconstant convex function.

The following example also indicates that there are a large number of Riemannian
manifolds which admit locally nonconstant quasiconvex functions, but not locally
nonconstant convex functions.

EXAMPLE 3. Let ¢c: R — R3 be a smooth curve parametrized by arc length
such that ¢ is not a straight line and that the e-tubular neighborhood T¢(c) of ¢
in R3 is well defined for a positive number €. We define M to be the boundary of
T.(c). Let e1, ez and e3 be orthonormal frame fields along ¢ with e;(t) = ¢'(t). M
is parametrized by

z(t,0) = c(t) + £ cos fea(t) + €sinfes(t).

For every t, the curve y(8) = x(t, 0) is a geodesic, so the image {z(t,6);6 € R} must
be totally convex. Since the set {z(t,0);t < a, 6 € R} is also totally convex for
every a € R, the function ¢: M — R defined by ©(z(t,0)) = t is quasiconvex. By
the argument in [9, Lemma 2], however, M does not admit any locally nonconstant
convex function. Otherwise, M would split isometrically as a Riemannian product
of the circle of radius ¢ and the real line, and this would contradict the assumption
on c.
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EXAMPLE 4. Let f: R — (—1,0) be a strictly increasing function. A locally
nonconstant quasiconvex function ¢ on the Euclidean plane M = R? is defined by

_ [ f®) ify<0,
so(z,y)—{y if y > 0.

We note that 9MO(p) consists of the z-axis and that every distinct points p and q
in IM°(p) satisfy o(p) # ¢(q).

EXAMPLE 5. Let M be the Poincaré disk with constant negative curvature, and
let p be the center of M. Let v and o be unit speed geodesics in M with v(0) =
0(0) = p, (¥'(0),0'(0)) = 0. Let f: (0,00) — (~2,-1) and ¢: [0,00) — [-1,0)
be strictly increasing functions. For every ¢ > 0, let S; denote the metric circle in
M of radius t around ~(¢): S; = {q € M;d(~(t),q) = t}. For every t <0, let H;
be the horocircle at v(oo) through ~(t), that is, Hy is the boundary of the convex
set (J,>, B(7(8),8 —t). For every t < 0, let C; be the Euclidean segment in M
perpendicular to ~ at ~(t). The function p: M — R defined by

-2 ifz=p,
ft) ifze S —{p},
p(z) =4 9(0) ifze€ Ho—{p},
g(—-t) ifze H:ND,
-t ifzeC
is strictly quasiconvex with minimum —2, where D is the connected component of
M - o((—00,00)) containing ~(1) (see Figure 2). We observe that although ¢ is
strictly quasiconvex, M °(¢p) consists of the geodesic o.
EXAMPLE 6. Let M be the Euclidean plane. We set I = {(z,0);0 < z < 1},
and define the function ¢: M — R by

1 if (z,y) €1,
oz, y) =<y if (z,y) ¢ I and y > 0,
lyl+1 ify<o.
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The function p is locally nonconstant and locally quasiconvex, but not quasiconvex.

EXAMPLE 7. For an arbitrary Riemannian manifold N, let M = N x R be
the Riemannian product. For each quasiconvex function f: R — RU {—o0}, a
quasiconvex function ¢ on M is defined by ¢(z,t) = f(t).

(1) Let f(t) =t (t>0), f(t) = —t+1 (¢t <0). Then M'(p) = N x [0,1], and
the minimum set M°(yp) is included in dIM*(p).

(2) Let f(t) =t (t >0), f(t) = —t+1 (¢t <0). Then ¢ has no minimum, but
M?(p) is bounded if N is compact.

EXAMPLE 8. There is a complete metric on the cylinder M = S! x R which
admits a locally nonconstant continuous quasiconvex function ¢ with minimum
such that ¢ ~1(a) is compact, but p~!(c) is not compact for some a > ¢ > inf s .
Consider the “convex” curve in the (z,z)-plane described in Figure 3 which is
tangent to the line z = 1 at z = 5. We define the function ¢ on the surface
of revolution of rotating the curve in (z,y, z)-space about the z-axis as follows:
o(z,y,2) = |z| for z < 1. For z = 1, the level sets of ¢ are described in Figure 4,
and we define ¢ there by (1,0, z) = ¥(|2|), where ¥: [0,00) — [0, 00) is a strictly
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increasing continuous function with ¥(5) = 1, ¢(10) = 10 and

[sup){df(t);t €[0,00)} = 20.
0,00

It is a locally nonconstant quasiconvex function with minimum 0. Although ¢ ~!(a)
is compact for a > 20, p~!(c) includes two lines for 10 < ¢ < 20.

EXAMPLE 9. Let M be the Poincaré disk and let S! = [0,1]/{0,1} be the
boundary circle of M. We set M = MUS!. Take asequence 0 =pg < p; < pz < ---
of points in S! with limp; = 1. For each positive integer 7, let Ay;_; (resp. Az;)
be the geodesic arc joining po and p; (resp. joining p; and p;+1). We define p = —i
on Agi_1 U Ag;. Now for each ¢ > 1, take ¢; € S! with p;_; < ¢; < p; and choose
continuous strictly monotone functions f;: [—4,00] — S! and g;: [~%,00] — S?!
such that fi(—1) = p;, gi(—?) = pit1 and fi(o0) = gi(00) = giy1, where we
assume that fo and go are defined on [—1, 00] with fo(—1) = po, go(—1) = p1 and
fo(00) = go(00) = q1. For every ¢ > 1 and every t € [—1,00) (resp. every t € [—1,00)
for ¢ = 0), take a geodesic arc B;;: [~00,00] — M such that B;;(—00) = fi(t)
and B;:(00) = gi(t). We define ¢ =t on B;;. Next, for each ¢ > 1, take an
interior point s; of Ag; 1. Let v;: [~ — 1, -] — M be a geodesic (as image) with
~i(—1—1) = 8;, ~vi(—1) = p;. For each s € [-i— 1, —1), let C; 5 denote the union of
the two geodesic arcs joining pg and ~;(s) and joining ~;(s) and p;+1. Weset o = s
on C; 5. The function ¢ on M just constructed is a locally nonconstant continuous
quasiconvex function such that 9M®(p) consists of infinitely many pairwise disjoint
geodesic arcs (see Figure 5).

2. Locally convex sets and tangent cones. We recall some local properties
of a locally convex set. See (6] for details.
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FACT 1 [6]. Let A be a closed connected locally convex set in M. Then in
the induced topology, A carries the structure of imbedded submanifold of M with
(possibly empty) boundary dA. The interior Int A = A — dA is a smooth totally
geodesic submanifold of M. The boundary dA need not be smooth nor connected.

If A is a connected locally convex set, then the closure A of A is also locally
convex with Int A C A. Hence we can define the boundary A and the interior
Int A of A as 9A = A and Int A = Int A. Now let A be a locally convex set and
let {Aq}o be the family of connected components of A. Since each component A,
is also locally convex, we can set Int A = |J, Int Ao, 04 =J, 0Aa.

FACT 2 [B]. For a closed locally convex set A in M, if v: [0,00) —» M is a
geodesic such that v([0,1)) C Int A and (1) € JA, then (1 +¢) ¢ A for all
sufficiently small € > 0.

Let A be a closed locally convex set. The tangent cone Cp(A) of A at a point
p € A is by definition the set

{v e Tp,M;exp, ev € Int A for all sufficiently small ¢ > 0},

where exp,, : T,M — M is the exponential map. The tangent cone C,(A) is open

in the subspace C‘,,(A) of T,(M) generated by Cp(A).

FACT 3 [8]. The tangent cone Cp(A) is a convex cone in T,M.

PROOF. We give here a simple proof. For each vy, v; in Cp(A) and X € [0, 1], put
¥i(t) = exp, tv; (¢ = 1,2), ¥(t) = exp, tw, where w = (1 — X)v; + Avz. Note that
~i((0,€]) C Int A for an € > 0. For each t € (0, ¢], let o; be the minimizing geodesic
segment from ~;(¢) to y2(t). Fact 2 shows 04([0,1]) C Int A. Now an elementary
calculation implies that the curve 7(t) = 0¢()) in Int A is tangent to w, from which
we have w € Cp(A). This argument yields that Cp(A) is convex. Together with
Fact 2, this also implies the convexity of Cp(A).

If p € DA, then Cp(A) does not coincide with C,(A) and is contained in an open
half-space in C'p (A). Such an open half-space is called a supporting half-space for A
at p € A. A tangent vector v to M at p € A is called normalto A at p if (v,w) <0
for all w € Cp(A). The set v,(A) of all normal vectors to A at p is a closed convex
cone in T,(M). If p € A, the intersection v,(A) N Cp(A) coincides with the set
of outward normals to the supporting half-spaces for A at p. We consider the set
v(A) = U,ca vp(A) with the induced topology from the tangent bundle TM of M.
We call v(A) the normal bundle of A in M. If A has empty boundary, then v(A)
is the normal bundle in the usual sense.

We recall the following fact about a neighborhood of a closed locally convex set.

FACT 4 [13]. If A is a closed locally convex set in M, then there is an open
neighborhood U of A in M with the following properties:

(1) For each q € U, there is a unique minimizing geodesic segment from ¢ to A,
and this segment is entirely included in U.

(2) If m(q) denotes the unique point of A with d(q,n(q)) = d(g, A), then the
mapping 7: U — A is continuous. In fact, the restriction 7|(U —A) of rto U — A is
of class C1. The gradient vector of the distance function to A at ¢ € U — A is given
by the unit vector tangent to the minimizing geodesic segment from ¢ to m(q).

An open set U with these properties is called a tubular neighborhood of A, and
the mapping m: U — A is called the projection of U onto A. The neighberhood
U is constructed as follows: Let r: M — (0,00) be a continuous function, called
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a converity radius function, such that (i) for each p € M the ball B(p,r(p)) is
convex, (ii) for every q € B(p,r(p)) the function = — d?(q, ) is strongly convex
on B(p,r(p)), that is, its restriction to every nonconstant geodesic segment has
positive second derivative. By definition, for each p € A, there is r1(p) € (0,7 (p)]
such that AN B(p,r1(p)) is convex. The neighborhood U can be defined as U =
Upea B(p,71(p)/2). It is straightforward to verify that U satisfies properties (1)
and (2) (cf. {7, Proposition 1.2]).

We note that v € v,(A) if and only if 7(exp, ev) = p for small ¢ > 0. Thus U
is simply covered by geodesic segments normal to A. Hence we may take U to be
homeomorphic to v(A).

The following proposition will be needed in §5 to construct a smooth vector field.
For the proof, see [4, Lemma 11.1].

PROPOSITION 2.1. If C is an open convex cone in Euclidean space R™ with
C # R™, then it contains an element v such that ¥(v,w) < w/2 for all w € C,
where 4 (v, w) s the angle between the vectors v and w.

3. Basic properties. From now on, M will be assumed to be n-dimensional
and complete. Let ¢o: M — R U {—o0} be locally nonconstant and locally quasi-
convex, unless otherwise stated. For a locally convex set A, we denote by dim A
(resp. dim A) the smallest dimension (resp. the largest dimension) of connected
components of A. Note that each sublevel set M?(p) of ¢ is locally convex.

LEMMA 3.1. The level set p~1(a) is included in IM®(p) for every a € p(M)
with dim M?(p) = n.

PROOF. The local quasiconvexity and local nonconstancy of ¢ imply that
0~ 1([~00,a)) is locally convex and is dense in M?%(p). Together with Fact 1,
this yields Int M®(p) C p~1([—00,a)) and p~1(a) C IM®(p).

Since Ma(yp) is closed locally convex and dim M¢(p) = dim M*(p) for every
a € p(M), it follows from the Baire Category Theorem that dim M®(p) = n for
some a € p(M). We set

A1 = inf{a;dim M%(p) =n} (possibly, M 1(p) = @).
LEMMA 3.2. If the set M1 (p) is nonempty, then dim M*:(p) < n.

PROOF. Suppose dim M*1(p) = n. Let N be a connected component of M1 ()
with dim N = n. The set p~!([~00,A1)) NN is locally convex and is dense in N.
From the Baire Category Theorem, there would be some a < A; with dim M?(p)N
N = n, and this would contradict the definition of ;.

It should be noted that if o is continuous, locally nonconstant and locally qua-
siconvex, then it is quasiconvex. Otherwise, ¢ o v(to) = sup{po~(t);0 <t <1} >
max{p o ¥(0),p o 4(1)} for a geodesic : [0,1] — M and to € (0,1). If we set
a = ponr(ty), it turns out y(to) € v~ !(a) = IM?(p) and ~(0),~(1) € Int M2(p).
Since ~([0,1]) € M*(p) and M?*(p) is locally convex, this contradicts Fact 2. In
the general case, we show that ¢ is “almost quasiconvex” in the following sense (cf.
Example 6).

LEMMA 3.3. For every a > A1, M%(p) satisfies the following properties:
(1) M2(p) is connected.
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(2) For all points p € Int M%(p) and g € M*(p), Int M?(p) includes all geodesic
segments ~y: [0,1] — M from p to q except for the end point q.
(3) Int M2(p) 1is totally convez.

(4) For all points x and y tn M3(p), there is a minimizing geodesic in M2(p)
Jotning = and y.

PROOF. We prove (1) and (2) at the same time. Take a connected component
U of M%(p) with dimU = n. For p € U N Int M?(p) and ¢ € M*(p), suppose
that there is a geodesic segment ~: [0,1] — M from p to g such that ~([0, 1]) is not
included in M%(yp). The local quasiconvexity of ¢ implies that there is a subdivision
0=350 <83 < < 8k = 1such that p o~v(t) < max{p o~(s;);0 <1 < k} for
all t € [0,1). Thus ¢ has a maximum b on 5. By the assumption and Lemma
3.1, 4((0,1)) meets IM®(yp). Since 4(0) € Int M®(p) and ~([0,1]) C M®(yp), this
contradicts Fact 2 and shows (1). Together with Fact 2, this argument also shows
that ([0, 1])) C Int M?(yp) for all geodesics v from p to q.

(3) This is clear from (2) and Fact 2.

(4) Take sequences z; and y; in Int M*(p) with z; — z and y; — y as 1 — oo.
Take minimizing geodesics ~; joining z; and y;, which are included in Int M*(p)
by (3). The limit geodesic of a subsequence of ~; certainly lies in Me(p).

We now discuss a metric consequence of the existence of a locally quasiconvex
function. The following proposition is closely related to the result of Yau [15] for
a convex function.

PROPOSITION 3.4. Suppose that M admits a locally quasiconvez function ¢
satisfying one of the following:

(1) ¢ is locally nonconstant.

(2) o 18 continuous, nonconstant and quasiconvez.
Then M has infinite volume.

From Lemma 3.3, we know that for a € (A1,supy, ), Int M2(yp) is a totally
convex set of dimension n with M2(p) # M. Hence this is a direct consequence of
the following

PROPOSITION 3.5. If M has a proper totally convex set A of dimension n, then
M has infinite volume.

PROOF. Let v be a unit element in the tangent cone Cy,(A) of 4 at a point p
of 0A. Take an € > 0 with expev € Int A and exp —ev ¢ A. Suppose that M has
finite volume. By the Poincaré recurrence theorem, we can take unit vectors v; and
positive numbers ¢; such that v; — v, t; / oo and Fy,(v;) — v as ¢ — oo, where F}
is the geodesic flow on the unit tangent bundle. Let U; C IntAand Uy C M — A
be neighborhoods of expev and exp —ev. For a sufficiently large ¢, expev; € Uy,
expeF, (v;) € U; and exp —€Fy, (v;) € Us. If 4 is the geodesic with v/(0) = F¢(v;),
then 4(0) € A, y(t; —¢) ¢ A and ~(t; +¢) € A. This contradicts the total convexity
of A. Therefore M has infinite volume.

REMARK 3.6. (1) When conditions (1) and (2) in Proposition 3.4 drop out, the
proposition does not hold in general (see Examples 1 and 2).

(2) A slight modification of the proof of Proposition 3.5 shows that the proposi-
tion is still valid for a n» — 1 dimensional proper totally convex set A.
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LEMMA 3.7. Suppose that @ is lower semicontinuous and a > ;. For every
tubular neighborhood U of M%(p) and every compact set K with K N M%(p) # O,
there is b € (M), b > a with M*(p)NK C U.

This follows directly from the lower semicontinuity of .

LEMMA 3.8. Suppose that ¢ 13 lower semicontinuous. Then for every two
points in M, = M?*:(p), there is a minimizing geodesic segment joining them
which 13 lying in M. In particular, M, is connected.

PROOF. For every point z and y in My, let B be a metric ball around z
containing y. By Lemma 3.7, for every positive ¢, there is ¢ > A; such that
M¢(p)N B C T(M,). Lemma 3.3(4) shows that there is a minimizing geodesic
segment -y, in M¢(yp) joining z and y. Since v C T.(M,,), passing to a subsequence
if necessary, we can conclude that ~. converges to a geodesic in M, as ¢ — 0.

PROPOSITION 3.9. Suppose that @ is lower semicontinuous and that M, s of
dimension n — 1 and has no boundary. Then M, 1is totally convex.

PROOF. Suppose that there is a geodesic segment o: [0,1] — M such that
a(0) € M, and o(1) € M, but o is not included in M,. By local quasiconvexity,
© has a maximum b > A; on ¢. Since Into meets IM®(yp), Fact 2 implies o C
AM?®(p). In particular, z := 0(0) € M,NIM®(p). We show M,, C dIM®(p), which
is a contradiction since o is transversal to M,, at o(0) and o C IM®(p). Let v be
a unit vector in v,(M®(p)). Since C,(M®(p)) D Cy(M,) = Ty M,, v is unique
and perpendicular to T, M,,. The tangent cone C,(M®(p)) coincides with the open '
half-space in T, M bounded by T, M, and with outward normal v. Using the fact
that M,, is totally geodesic, we have M, C IM®(p).

REMARK 3.10. There is a C! surface M which admits a lower semicontinuous
locally nonconstant “locally quasiconvex” function ¢ with not totally convex M,,.
In this case, a geodesic means a local isometry of R into M. We take as M a
Cl-smoothly capped half-cylinder. More precisely, consider the curve ¢ in the
(z, 2)-plane defined by 22 + 22 = 1 (2 < 0) and z = 1 (2 > 0). Let M be the
surface of revolution of rotating the curve ¢ in the (z,y, 2)-space about the z-axis.
We set

S ={(z,y,2) € M;z <0}, L ={(z,0,2) € M;z <0},
P1= (—1)030)’ P2 = (laO’O)GL

The set S of the spherical part is covered with those minimizing geodesic segments
~eo (0 < 8 < 7/2) joining p; and p2 that make angle 6 with L. We define ¢ by

0 ifge L,

plgg=110 if ¢ € 0 — {p1,p2},
w/2+ 2z ifq=(z,y,2), 2>0.

In the generalized sense,  is locally quasiconvex and M, = L is not totally convex.

4. Reduction. For an arbitrary function f: M — RU {—o0}, we consider the
function f*: M — RU {—oo} defined by

f*(p) = inf{a;p € M(f)}.
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The function f* is the lower limit function of f. We have immediately:
(1) f* < f, that is, M(f*) D M4(f) for all a € RU {—o0}.
(2) infps f* = infps f. If f has a minimum, then so does f*.
(3) f* is lower semicontinuous, that is, M*(f*) is closed for every a € RU{—00}.
(4) f is lower semicontinuous if and only if f = f*.
Let o: M — RU {—o0} be locally quasiconvex.

LEMMA 4.1. o* 13 also locally quasiconvez.

PROOF. For every z € M, take a convex ball B around z such that ¢|B is
quasiconvex. We fix two points p and ¢q in B. For every positive integer ¢, there are
pi and g; such that d(p, p;) < 1/4, d(g, ;) < 1/%, p(p;) < a+1/iand p(¢) < a+1/3,
where a := max{p*(p), v*(q)}. If ~; is the minimizing geodesic segment joining p;
and ¢;, then the quasiconvexity of ¢|B shows ~; € M%+1/i(p) for large i. Hence
M¢4(p*) includes the minimizing geodesic segment joining p and g, which is the
limit of ~;.

LEMMA 4.2. If o is locally nonconstant, then A\, = inf{a;dim M?(p*) = n}.

PROOF. We set A} = inf{a;dim M*(¢*) = n}. Clearly A\] < A;. Suppose
A} < A1. Then dim M*:~¢(p*) = n for small positive e. By the definition of ¢*,
the set M1 () includes M*1~¢(p*). This contradicts Lemma 3.2

LEMMA 4.3. Suppose that ¢ 18 locally nonconstant.

(1) If a > A1, then M%(p*) = M2(p). In particular, OM*(p*) = OM?(p) and
Int M®(p*) = Int M*(p).

(2) p* s also locally nonconstant.

PROOF. (1) To prove M%(p*) = Me(yp), it suffices to show M?(p*) C M2(p).
Suppose that there is a point g in M*(p*) — M®(p). From Lemma 3.3(4), for every
p € Int M%(yp), there is a unit speed minimizing geodesic segment ~: [0,d] — M
in M%(p*) from q to p. Hence, we may assume d is so small that ¢ and p lie in
a neighborhood U on which ¢ is quasiconvex. For each positive integer ¢, we may
take ¢; with d(q,q;) < 1/1, ©(¢;) < a + 1/i. For small € > 0, let ¢ = ~(¢) and
let ~;: [0,d] — M be the unit speed minimizing geodesic segment from g; through
q'. We may assume ¢’ ¢ M2(p). Then it turns out p(q’) < max{p(g), p(v(d))},
which is a contradiction since ¢(g;) < a + 1/i < p(q') and ~;(d) € Int M*(p) for
large 7.

(2) Suppose that there is an open set U on which ¢ takes the value a. We assert
a > ). By Lemma 3.2, we can take p € U such that b := ©(p) > A1. Since
p € OMP®(p), we see U — Mb(p) # &. Hence a + ¢ > b for every ¢ > 0, because
z € Mote(p) for all z € U. Thus a > b > ;. From (1) and Lemma 3.1, we have

(") Ha) = M(¢") = (¢*) 7! ([~0,0))
C M%(p) — o~ !([-00,a))

C Me(p) — Int M%(p) = OM*(p).

This is a contradiction.
REMARK 4.4. As we see in the following, M, = M*1(p*) does not coincide

with M*1(p) in general.
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(1) Let M = N x R be the Riemannian product. For the function o: M — R
given in Example 7(2), we observe A\; = 0 and M°(p) = &, but M, = N x 0.

(2) Consider the function ¢: M — R given in Example 6. We observe that
A1 =0 and M%(p) = {(z,0);z <0, or z > 1}, but M, coincides with the z-axis.

5. Construction of a generalized gradient vector field. Let op: M —
R U {—00} be a locally nonconstant locally quasiconvex function.

LEMMA 5.1. For every a > Ay, we have
Int M%(p) = U Int M¢(p).

A1<c<a

PROOF. Clearly, Int M¢(¢) is included in Int M*(p) for every ¢, A\ < ¢ < a.
Consider the union A = |J,, .., M¢(y), which is locally convex by the local
quasiconvexity of ¢. Since ¢ is locally nonconstant, we have A = M¢4(yp), and
hence Int A = Int M?(yp). Hence it suffices to show Int A = U, .., Int M¢(p).
Clearly, Int A D U, oo Int M¢(p). For every z € Int A, let B be a convex ball
around z such that o|B is quasiconvex and B C Int A. We can take n + 1 points
Yo,---,Yn in B such that the smallest closed convex set C(yo,...,y,) including
the set yo,...,yn has dimension n and contains x as an interior point. Note that
BN M*(p) is convex if it is nonempty. Since {yo,...,yn} C BN M¢(p) for some
¢ € (A1,a), we have

C(yc,---,yn) C BN M<c(p) C M<(p).

Hence z € Int M¢(p).

We recall the definition of critical points of the distance function from a point
in a complete manifold M (cf. [12]). Let p be a point in M and let dist,: M — R
be the distance function from p: dist,(z) = d(p, z). A point ¢ (# p) in M is called
a critical point of dist, if the set V(g;p) of all unit initial vectors to minimizing
geodesic segments from ¢ to p is not included in any open half-space of T, M.
For a subset S of M, we also say that g is a critical point of distg if the set
V(¢; ) := U,es V(g;p) is not included in any open half-space of T, M.

LEMMA 5.2. For a compact set K in M, let q¢ not be a critical point of distg,
and let v be a vector in TyM such that J(v,w) < 7/2 for allw € V(g; K). Let V' be
a smooth extension of v to a neighborhood Uy of q. Then, there is a neighborhood
U of q such that ¥(V(z),w) < 7/2 for every x € U and every w € V(z; K).

PROOF. Suppose the contrary. Then there is a sequence ¢; in Uy converging to
g such that J(V(g;),w;) > /2 for some w; in V(g;; K). Let w be accumulation
point of w; in the unit sphere bundle. By compactness and continuity, we have
w € V(¢g; K) and ¥(V(g), w) > m/2. This is a contradiction.

We denote by C,(y) the tangent cone of M¥#(®)(p) at a point z in M.

LEMMA 5.3. Suppose that © is lower semicontinuous. If a > Ay, then each
point ¢ in M — Int M®(p) s not a critical point of disting pra(p). Furthermore, for
a compact set K in Int M(p), there is some neighborhood U of q and a smooth
vector field V on U satisfying the following conditions:

(1) ¥(V(z),w) < w/2 for every z in U and every w in V(z; K).
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(2) (i) If p(q) > a, then V(z) € Cy(p) for allz in U.
(i) If ¢ € OM*(p) and p(q) < a, then V(z) € Cy(p) for every xz in U with
o(z) > a and V(z) € C.(M2(p)) for all z in IM*(p)NU.

It should be noted that in the case ¢ € dM%(p) and ©(g) < a, there is no
assurance that K C Int M#(9)(p). See Example 4.

PROOF. If ©(q) > a (resp. ¢ € IM*(p)), we take a vector v in Cq(p) (resp.
in Cy(M®(p))) such that J(v,w) < /2 for all w € Cy(p) (resp. for all w €
C,(M*(p))). This is possible by Proposition 2.1 and Lemma 3.1. Lemma 3.3(2)
implies Cq(p) D V(g;Int M2(p)) (resp. Cq(M®(v)) D V(g;Int M*(p))). Hence,
q is not a critical point of distin are(y), because J(v,w) < 7/2 for all w in
V(g;Int M%(p)). Let V be a smooth extension of v to a neighborhood U of gq.
If U is taken sufficiently small, then condition (1) is satisfied by Lemma 5.2. More-
over, the last condition (2)(ii) is satisfied as follows: Since v € Cy(M?(p)), we have
expeV (q) € Int M2(p) for small € > 0. By continuity, expeV (z) € Int M%(yp) for
all z sufficiently close to q. Hence V' (z) satisfies condition (2)(ii).

To assert that condition (2)(i) is satisfied, we suppose the contrary and derive
a contradiction. Suppose that ¢(q) > a and that there is a sequence g¢; in U
converging to g with V(q;) ¢ Cqy,(¢). This can be divided into the following two
cases. Let v and ~; be the geodesics with v/(0) = V'(g), ¥;(0) = V(g:). Set b = ©(q),
b; = ©(g;) and take € > 0 with ~(¢) € Int M®(yp).

Case (I). b; > b for infinitely many 3.

Passing to a subsequence if necessary, we may assume b; > b for all 7. Since
V(g:) ¢ Cy, (), Lemma 3.3(2) shows that the ~;(t) are not contained in Int M ()
for all t > 0. Since b; > b > A;, we have v;(¢) € M — Int M% (p) C M — Int M®(p)
and 4(g) = limy;(¢) € M — Int M®(yp). This is a contradiction.

Case (II). b; < b for infinitely many %.

We may assume b; < b for all ¢ as before. Since y is lower semicontinuous,
po~(6) = bas§ — 0. It follows from Lemma 5.1 that there is ¢ € p o v((0,¢))
such that ~v(¢) € Int M¢(¢) and ¢ > A;. Since ¢ = p(v(t)) < b for some t €
(0,¢), ¢ = ~(0) is not contained in M¢(p). Thus it turns out that for large 7,
¢ & M<(p) and ~;(g) € Int M(p) € Int M () since b; — b. This contradicts the
assumption V(g;) ¢ Cq, ().

The local vector fields constructed in the previous lemma patch together to form
a global one with properties (1) and (2) in the lemma.

PROPOSITION 5.4. Suppose that ¢ 1s a lower semicontinuous. If a > Ay and
K 1is a compact subset of Int M%(p), then there 13 a smooth complete vector field
X over M with the following properties:

(1) X has unit norm on M — Int M%(p).

(2) A(X(q),w) < /2 for every g € M — Int M*(p) and every w € V(g; K).

(3) X(q) € Cy(p) for every g with p(q) > a and X(q) € Cq(M?(p)) for every
q € IM*(p).

We call a vector field X with the above properties a generalized gradient vector
field of (p,distk) supported on M — Int M%(yp).

PROOF. Applying the previous lemma to each point in M — Int M%(yp), we
obtain a locally finite open covering {U;}; of M — Int M%(p) and smooth vector
fields V; on U; which satisfy the conditions in the lemma. Let {p;}; be a partition of
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unity dominated with {U;};. Then X := > p,Vi/| >_ p;V;| makes sense as a smooth
complete vector field over M. It is clear from the convexity of tangent cones and
the construction of X that X has properties (1), (2) and (3).

PROPOSITION 5.5. Let X be a generalized gradient vector field of (p,distk)
supported on M — int M®(p). Each integral curve ¢(t) of X has the following
properties:

(i) If p(¢(0)) > a, then p(H(t)) is strictly decreasing as long as p(¢(t)) > a.

(ii) If ¢(0) € M — Int M?(p), then dist,(¢(t)) ts strictly decreasing for every
p € K as long as ¢(t) € M —Int M%(p). The flow $(t) goes to infinity as t — —oo
and intersects OIM®(p) in a single point.

As a result, we see that M®(p) 13 a strong deformation retract of M.

PROOF. (i) This is an immediate consequence of Lemma 3.1 and property (3)
of X.

(ii) For fixed p € K, let B be a large metric ball around p containing ¢(0). From
the compactness argument using the continuity of dist,, it is easily checked that
the number

§ =inf{n/2 — J(X(q),w);qg € BN (M —Int M%(p)), w € V(g;p)}

is strictly positive. The function ¢ — dist,(¢(¢)) is locally Lipschitz continuous, so
differentiable almost everywhere. Since X has unit norm on M — Int M*(p), the
first variation formula implies that (d/dt)dist,(4(t)) < —siné for almost all ¢ with
¢(t) € BN (M — Int M%(p)), and hence that

dist,(¢(t)) = distp(4(0)) + /0 %dist,,(cb(t))dt
< dist,(4(0)) — tsiné

for t > 0, and dist,(4(t)) > dist,(¢(0)) —¢siné for t < 0. This argument shows that
the function dist,(¢(t)) is strictly decreasing whenever ¢(t) € M — Int M?(p), and
that ¢(t) goes to infinity as t — —oo. By property (3) of X, the curve ¢(t) intersects
OM*°(p) in at most one point. Now suppose that ¢(t) does not intersect IM?(yp).
The curve ¢(t), t > 0, would have to always be lying in BN(M —Int M°(p)) because
of a > A1. Put dp = inf{dist,(z);z € OM?(p)}. The above calculation implies
dist,(4(t)) < do for all ¢ > (dist,(4(0)) — do)/siné. Since this is a contradiction,
the curve ¢(t) intersects 9M®(yp) in a single point.

COROLLARY 5.6. If ¢o: M — RU{—00} 18 a locally nonconstant locally qua-
siconvez function, then for every a > Ay, M — Int M®(p) is homeomorphic to
OM(p) X [0,00) in such a way that in the case OIM°(p) is smooth, the homeomor-
phism becomes a diffeomorphism automatically.

PROOF. Proposition 5.5 is applicable to the function ¢* by the argument in
§4. We note that Lemma 4.3(1) shows M%(p*) = Me(p). Take a point p in
Int M2(p). Let X be a generalized gradient vector field of (¢*, dist,) supported on
M — Int M®(p). For each ¢ € OM®(p), let ¢4(t) be the integral curve of X with
¢4(0) = g. Proposition 5.5 shows that the homeomorphism F: dM%(p) x [0,00) —
M —Int M2(p) can be defined by F(q,t) = ¢4(—t), and that if 9M?(p) is smooth,
F is actually a diffeomorphism.
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6. Proof of Theorem A. We begin with the reconstruction of a generalized
gradient vector field with an additional condition.

LEMMA 6.1. Suppose that p: M — R U {—o0} is lower semicontinuous. Let
¢ > A1 and let a compact set K in Int M¢(p) be given. Let Uy be open and H closed
in M with H C Uy — M¢(p). Let T be a continuous vector field on Uy — M°(p)
with T(z) € Ci(p) for all x € Uy — M¢(p). Then there is a generalized gradient
vector field X of (p,distx) supported on M —Int M<(p) with (X (q),T(q)) < w/2
forallge H.

PROOF. For each g € Uy — M¢(p), take a vector v in Cy(p) such that J(v,w) <
7/2 for all w € Cq(p). The set V(g; K) is compact in the open convex cone Cy(p).
Hence, we can take 0 € Cy(yp) sufficiently close to v so that T'(gq) and V(g; K) are
included in the open half-space with outward normal —9. Using the argument in
Lemma 5.3, we extend 9 to a smooth vector field V; on a neighborhood Uy, of ¢ in
Uy — M<(p) so as to satisfy

(1) $(Vq(2), T(2)) < m/2, $(Vo(z),w) < 7/2,

(2) Vy(a) € Cal)
for every x € Uy and every w € V(g; K). For g in (M —Int M¢(p)) — (Upo — M*(p)),
take U, and V, in the same way as in Lemma 5.3, where we may assume U;,NK = &.
The argument in Proposition 5.4 shows that these local vector fields patch together
to form a required global one.

PROOF OF THEOREM A. We assume that M, is noncompact, because the
compact case is simpler. Let Up and U be tubular neighborhoods of M, with
U C Uy, and let a point p in M,, be fixed. We may assume d(z,7(z)) < 1/10 for
all z € Uy, where m: U — M,, is the projection. We set ¢ = 1/100, B; = B(p, 107),
B! = B(p,10{ +5) (: = 1,2,...). Choose a sequence €1 > €3 > --- withe > ¢; >0
such that the g;-tubular neighborhoods D; = {z; 7 (z) € M,NB;41, d(z,7(x)) < &}
of M, N B;11 are included in U. Since the function z — d(z,n(z)) is of class C!
on U — M,, the boundaries L; of D, are of class C'. We first construct a C!
hypersurface L by connecting these L; as follows: We set A; = {z €Ll +2<
d(p,m(z)) < 10: + 3} C B! — B;. Let fi: A; — [€i41,€i] be C! functions such that

€ on a neighborhood of {z € A;;d(p, 7(z)) = 10z + 2},
fi=
* €i+1 on a neighborhood of {z € A;;d(p, 7(z)) = 10 + 3}.

For each = € A;, let v,: [0,6;] — M be the minimizing geodesic from = (z) to z,
and let C; = {~:(fi(z)); = € A;}. By replacing A; with C;, we can connect L; and
Li+1 and construct the C! hypersurface L. If OM, = &, we may assume that Lis
smooth. We also note that if € L and 7(z) € B; — B!_,, then z € L;.

Let U be the open neighborhood of M, bounded by L and let U; be a tubular
neighborhood of M, with U; C U. By Lemma 3.7, we can take ¢; € p*(M) with
¢ > A1,01 > ¢ > --- so that M (p*) N By C U;p. It should be noted that
there is no assurance that M, C Int M (p*). Let T be the unit vector field on
Uo — M,, such that T'(z) is tangent to the minimizing geodesic segment from z to
M. Take p; € Int M“+1(p*) N B(p, €) and generalized gradient vector fields X; of
(p*,dist{p,_, pipiss}) Supported on M — Int M (p*) with |X;| < 1 on M. From
Lemma 6.1, we may assume ¥ (X;(q),T(q)) < 7/2 for all g € B;41 N (U — Uy). Let
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pi: M — R be smooth functions with 0 < p; < 1 such that

o 1 on Bi_Bi—l,
Pi= 10 outside a small neighborhood of (B; — Bi—1).

If X :=) 2, piX;, we may assume |X| < 2 over M. Let §: L >Rbea positive
function of class C! such that for every z € L, the neighborhood U — U, contains
the point y(z) on the minimizing geodesic segment from z to 7(z) with d(z, y(z)) =
8(z). Let Us be the open neighborhood of M, bounded by the C! hypersurface
Ls = {y(z);z € f}} We note Uy c Uy c Us ¢ Us C U, 8Us = Ls and 8U = L.
Let p,u: M — R be smooth functions with 0 < p, u < 1 such that

p___{l on_A:.f—(j, ll={1 on M — Us,
0 on Us, 0 onU;.

Then Y := pX + p(1 — p)T makes sense as a smooth complete vector field over M.

ASSERTION. The function 6 can be taken so small that for every x € M — Us,
the integral curve ¢,(t) of Y with ¢,(0) = z intersects Ls transversally with a
single point.

We assume this for the moment. The integral curves of Y give rise to a C!
diffeomorphism of M — Us onto Ls x [1,00), which fits with the C! diffeomorphism
of Us—M,, onto Ls x (0, 1] to form a C! diffeomorphism of M —M,, onto Ls x (0, 00).
It follows from a basic result in differential topology that Ls; contains a smooth
structure and that the C! diffeomorphism between M — M, and Ls x (0, 00) can be
approximated by a (smooth) diffeomorphism. For every z € Ls, let 0,: [0,(z)] —
M be the minimizing geodesic segment from m(z) to z, where e(z) = d(z, m(x)).
Let ¢z: [0,00) — M be the extension of o, to g, U ¢z, that is, ¥,|[0,e(z)] =
oz and Y(t) = ¢y(e(z) — t) for t > e(z). Then the correspondence o, (t) —
Y (tan(mt/2¢(x))) gives rise to a homeomorphism of Us onto M. Therefore M is
homeomorphic to the normal bundle v(M,). If 9M,, = @, then M is diffeomorphic
to Us, and to v(M,).

PROOF OF ASSERTION. If we set k; = inf{(T, X)(z);z € B;N(U~-U,)} > 0 and
n; = min{l, k;}, then we see (Y, T) = p(X,T)+(1—p)(T,T) > n; on B,N(U - U).
Take 6 so as to satisfy 6(z) < 9441/2 for all z € LN (B; — Bi_1). Since Y is
transversal to Lg, it suffices to show that for every = € B; — Us, the integral curve
¢(t) intersects the set {y € Ls;d(p,n(y)) < 107 + 2}. Since z € B(p;, 10¢ + ¢)
andY = X on M - U, dist,, (¢5(t)) is strictly decreasing as long as ¢,(t) €
B(p;, 10i+¢)—U. Hence there is t > 0 such that ¢, (tg) € B(p;, 10i+€)N(U~Us) C
B(p, 10i + 26) N (U — Us). We consider the following two cases.

Case (I). ¢z(to) € (B(p,105 +2¢) — B}_;) N (U — Us) for some j < i.

We first note that d(¢;(to), My) < €; and that ¢,(t) € B(p,105 + 1 + 2¢) —
B(p, 107 — 6) for every t € [to,to + 1/2] since |Y| < 2. It follows

(82(8), M) = d(6:(t0). M) + | Gl0x(),10,))

= (o), M)~ | VT (6a(0) dt

<éej—kjr1(t —to) < €5 —mjta(t —to).
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Thus we must have ¢(t) € Ls for some t € [to,to + 1/2].
Case (I). ¢.(to) € (B} — Bj) N (U — Us) for some j <i—1.
Suppose that ¢, (t) € B(p,105 + 5 + 3¢) — Us for all t > to. Since

inf{(Y,T)(¢=(t));t > to} > Kj+1,

it turns out ¢,(t) € Us for some t < tg + €;/K;4+1. This is a contradiction. Hence
we may assume ¢, (t1) € B(p, 105 + 5 + 3¢) for some t; > to. Since d(pj, d=(to)) <
105+5+¢ and d(pj, ¢z (t1)) > 105+5+2¢, there are r € [105+5+¢, 105 +5+2¢] and
ta € (to,t1) such that d(p;, #5(t2)) = r and d(p;, d=(t)) > r for every t € (ta,t1].
Since the function ¢ +— distp, (¢-(t)) is strictly decreasing as long as ¢, (t) € M — U,
we see ¢, (tz) € U. We note ¢.(t2) € (Bj+1 — BN U. Hence by Case (I), ¢(t)
meets Lg.

7. Special cases. In this section, we consider the case where a locally non-
constant locally quasiconvex function ¢: M — R U {—o00} has a sublevel set of
maximal dimension whose boundary includes a compact connected component,
and prove Theorems B and C. For this, we need some lemmas. From now on,
let o: M — RU {—00} be a locally nonconstant locally quasiconvex function.

LEMMA 7.1. Suppose that for some a > A1,0M%(p) has a compact con-
nected component L. For some ¢ € (A1,a], suppose that there s a continuous
curve o: [0,1] = M such that 6(0) € L, o([0,1]) N OM*(p) # & and 0([0,1]) C
Me(p) — Int M¢(p). Then there is a compact set K in M satisfying the following
conditions:

(1) o([0,1]) € K C M?(p) — Int M*(¢p).

(2) If Ly denotes the connected component of IM®(p) containing a point of
a([0,1]) NOM<(yp), then it 1s homeomorphic to L and includes o([0,1]) N OM(p).
Moreover, 0K = LU Ly, where K = KN (M - K).

(3) IfInt K = &, then K = L, where Int K = K—0K. In the case Int K # O, for
each y € Int K, of L, denotes the connected component of OM ©"(¥) (p*) containing
y, then it 1s homeomorphic to L and included in K.

(4) K 1s included in B(p, R) for every p € M<¢(p) and R > 0 with L C B(p, R).
(5) In the case LN M<(p) = O, K 1is homeomorphic to L x [0, 1].

PROOF. Let p be any point in Int M¢(p) = Int M¢(p*), and let X be a gener-
alized gradient vector field of (¢*,dist,) supported on M — Int M¢(p*). For each
z, let @, (t) be the integral curve of X with ¢,(0) = z. From Proposition 5.4, for
every z € L, there is unique s(z) > 0 such that ¢,(s(z)) € IM¢(p*). We note that
X is transversal to L at every point z of L, because X(z) € Cy(M*(¢*)). Define
the mapping F: L x [0,1] — M by F(z,t) = ¢5(s(z)t) and put K = F(L x [0, 1]).
We have to show that K satisfies the given conditions.

(1) From the construction, certainly K C M%(p*) — Int M¢(p*). Now consider
the set

I'={s€[0,1];d5(s)(t) (t <0) meets L}.
The set I is closed, because the mapping (g,t) — @4(t) is continuous and L is

closed. Moreover I is open, because L is a compact hypersurface of M without
boundary. Since 0 € I, we have I = [0,1] and ¢([0,1]) C K.
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(2) The argument in (1) also shows F(L x {1}) D o([0,1]) N dM¢(p*). Since
the correspondence z — ¢,(s(z)) is continuous and injective, F(L x {1}) is a com-
pact submanifold of dM¢(p*) homeomorphic to L. Hence it must be a connected
component of dM¢(p*) and coincides with L. It remains to show dK = LU L.
Clearly LUL;y C OK. We show 0K C LU L;. For z € 0K with the representation
z = ¢(s(z)t), z € L, suppose s(z) # 0 and ¢ # 0,1. Then there is a neighborhood
U of z in L such that s(z’) # 0 for all 2’ € U. It turns out that K includes a
neighborhood of z in M. This is a contradiction. Hence z € L U L;.

(3) If Int K = &, we observe that s(x) =0 for all z € L, and K = L. Consider
the case Int K # . Since Int K C Int M%(p*) — M¢(p*), we see ©*(y) € (c,a)
for each y € Int K. We may consider X as a generalized gradient vector field of
(p*,dist,) supported on M — Int M®(p*), b := ¢*(y). Proposition 5.5 shows that
for every z € L, there is unique 3(z) € [0, s(z)] with ¢.(3(z)) € IM®(p*). Similarly
to (2), we have Ly = {¢,(3(z));z € L}.

(4) The set K is uniquely determined by given L and ¢ and independent of p
as is checked by the following: For any other point p’ in Int M¢(p*), construct K’
in the same manner. Applying (1) to each curve t — F(z,t) (0 <t < 1), we have
F(z,t) € K’ and K = K'. The decreasing property of the function dist,(¢5(t))
shows K C B(p,R) for every p € Int M¢(p*) and R > 0 with L C B(p, R).
Therefore, the assertion is valid.

(5) This follows from the fact that s(z) > 0 for all z € L.

LEMMA 7.2. Suppose that for some a > A1, IM(p) has a compact connected
component L. If M, is nonempty, it is compact.

PROOF. Suppose that M, is not compact. Then it is unbounded since ¢* is
lower semicontinuous. We note that L is not included in M,. Otherwise, L is a
connected component of M,,, because dim M, < n. Since M,, is connected, it turns
out L = M. This is impossible by the assumption. We first carry L near M, using
Lemma 7.1. For ¢ € L — M, take 2o € M, and a unit speed minimizing geodesic
09: [0,do] = M from zq to ¢ with d(q,zo) = d(q, M) and 0¢([0,dp]) C M2(p*).
For R > 0 with L C B(zo, R), put

6§ = 3inf{r(z);z € B(z0,2R)}, €=146/10, ¢ =min{e,dp},

co = inf{p*(0p(t));€ <t <dp} > A1,
where r is a convexity radius function over M. Lemma 7.1 shows that the point
go := 00(€) is contained in a compact set Lo in B(zp, R) homeomorphic to L.
Take a unit speed minimizing geodesic ray v: [0,00) — M emanating from z¢ with
4([0,00)) C M. By our assumption and Lemma 3.8, such  certainly exists. Put
z1 = ~(6) and b = ©*(gp). Since d(z1,qp) < 26 and dim M, < n, we can take a
point g in the set

{expv;|v] < 26, v € Ty, M — Cp, (M,)} N Int Mb(p*).

Let 01: [0,d1] — M be the unit speed minimizing geodesic segment from z; to gi,
and let ¢; be the minimum of ¢* on the broken geodesic 61 = (01][e, d1])U~1, where
~1 is the minimizing geodesic segment from ¢; to gg. Notice that ¢; > A; from the
choice of ¢;. Applying Lemma 7.1 to Lo, ¢; and &1 we see that the point ¢} := 01 (¢)
is contained in a compact set in B(zp, R) homeomorphic to Lg. In particular,
¢y € B(zp, R). On the other hand, we have d(zg, ¢}) > d(zo, z1) —d(z1,¢}) > 6—¢.
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Repeating the above argument for z2 = (26), we get a point g; in B(z, R) with
d(zp,q4) > 26 — e. Continuing this, we see that for every positive integer k, there
is g}, in B(zo, R) with d(z0,q;) > ké — €. This is a contradiction.

LEMMA 7.3. Suppose that for some a > A\, OM®(p) 1s disconnected and has
a compact connected component L. If o: [0,1] — M%(p*) is a continuous curve
with 0(0) € L and 0(1) € IM*(p) — L, then for every ¢ > A1, o intersects both M,
and Int M¢(p*). In particular, M, # O.

PROOF. Put ¢; = inf{p*(c(t));0 < t < 1} and suppose that o does not intersect
M,. Since ¢y > Ay, for p in Int M1 (p*) we can consider a generalized gradient
vector field X of (p*,dist,) supported on M — Int M“1(p*). Let ¢.(t) be the
integral curve of X with ¢,(0) = z. From the open-closedness argument as in
Lemma 7.1, it turns out that the curve ¢o(4)(t), t < 0, intersects L transversally
for every s € [0,1]. This is a contradiction, because (1) € dM*(p) = L. This
argument also shows that o intersects Int M¢(p*) for all ¢ > A;.

PROOF OF THEOREM B. Let L be a compact component of dM?®(p).

(1) By Lemmas 7.2 and 7.3, M,, is nonempty and compact. Hence ¢* has a
minimum.

(2) We consider the following two cases.

Case (I). M, coincides with a compact connected component of dIM?(p).

Then M, is a compact connected totally geodesic hypersurface of M without
boundary. For every x € M,, there is a unique unit normal vector V(z) to M,
at z with V(z) € C(M?(p*)). Since V is a globally defined smooth unit normal
vector field over M,,, the normal bundle of M,, is trivial.

Case (II). M, does not coincide with any compact connected component of
IM?(p).

We first prove

ASSERTION 1. M — M, is disconnected.

We can take z € L — M, and y € dM*(p) — (LU M,). To show that z and y
cannot be joined by any continuous curve in M — M,,, suppose the contrary. Let
o:[0,1] > M — M, be a continuous curve from z to y. Put ¢ = inf{p*(c(t));0 <
t < 1}. Weobserve A1 < ¢ < a. For p € Int M¢(p*), let X be a generalized gradient
vector field of (p*,dist,) supported on M — Int M(p*). For each s € [0,1], let
6(s) be the intersection of OM°(p*) and the integral curve @, ()(t) of X with
bo(s)(0) = o(s). Take to,t; with 6(0) = @z(to) and 6(1) = @y(t1). It turns out
that the curves ¢.(t) (0 <t < tp), & and ¢,(t) (0 <t < t;) form a continuous curve
in M%(p*) — Int M°(p*) joining = and y. This is impossible from Lemma 7.3.

Now, we see that M, has dimension n — 1, n = dim M, because dim M, < n-1
by Lemma 3.2, and because dim M, > n — 1 by the disconnectivity of M — M.

ASSERTION 2. M, has empty boundary.

Suppose that there is a boundary point py of M,,. We show that this yields
the connectivity of M — M, which is a contradiction. For every x € M — M,
take p € M, with d(z,p) = d(z, M,). Let v € v,(M,,) be the unit normal vector
to M, at p tangent to a minimizing geodesic from p to z. The vector v is joined
to a vector v’ perpendicular to C’p(M¢,) by a curve V; in the set of unit vectors in
vp(M,,) as follows: If p € Int M,,, we set V; = v since v is perpendicular to Cp(M,,).
If p € M, we only note that the set {u € vp(M,);|u| = 1} is connected, which
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is easily verified. For a fixed zo € Int M,,, let 4: [0,1] — M be a broken geodesic
in M, from p to po with the break point zo. Let W;, 0 <t < 1, be the parallel
translate of v along ~. Since Int M,, is totally geodesic and since ~ lies in Int M.,
except p and po, we see Wy € v,;)(M,,) for all t. Now for a given unit vector
w € vp,(My), let Z; be a curve in vp,(M,,) joining Wy and w with |Z;| = 1. Take
an € > 0 such that T;(M,,) is included in a tubular neighborhood of M,. The
curves expeV;, expeW; and expeZ; form a continuous curve in M — M, joining
exp €v and exp ew. Thus z and exp ew are joined by a continuous curve in M — M,
in an obvious way. Hence M — M,, is connected.

The total convexity of M, follows from Proposition 3.9.

The disconnectivity of M — M, also implies that the normal bundle of M, is
trivial.

(3) Since v(M,) is trivial, Theorem A shows that M is diffeomorphic to the
product M, x R. To prove that L is homeomorphic to M, we first obtain

ASSERTION 3. L = M,,or LN M, = Q.

It suffices to show that if there is z € L N M, then L = M. In fact, similar to
the proof of Proposition 3.9, we can conclude M, C dM®*(¢*) and M, = L.

Now we may assume L N M, = &. We proceed as in the proof of Theorem
A. Let U be a tubular neighborhood of M, with U N L = &. From Lemma 3.7,
there is ¢ > A; such that M¢(p*) is included in an e-tubular neighborhood U,
of M, with Uy C U. Let T be the vector field on U — M,, such that T'(z) is
tangent to the minimizing geodesic from = to M,. For p € Int M°(p*), let X be
a generalized gradient vector field of (¢*,dist,) supported on M — Int M¢(p*) so
that (X, T)(z) > 0 for all z in AU;. The integral curve of X issuing from each point
of L meets OU; at a single point. This gives rise to a homeomorphism of L onto a
connected component of Uy, which is homeomorphic to M,. We have concluded
the proof of Theorem B.

REMARK 7.4. Under the situation in Theorem B, if ¢ is lower semicontinu-
ous and quasiconvex, M,, coincides with the minimum set of ¢ because a compact
Riemannian manifold cannot possess any proper closed totally convex set (see [2,
Corollary 1]). Hence ¢ must be constant on the compact totally geodesic subman-
ifold M,,.

PROOF OF THEOREM C. (1) Since ¢* has no minimum, Lemma 7.2 implies that
M, is empty, that is, dim M°(p) = n for every c € (infa p,a]. Moreover, Lemma
7.1 shows that OM¢(p) has a compact connected component. From Theorem B,
we have that dM¢(yp) is connected.

(2) We note that M¢(p*) is unbounded for every ¢ € ¢*(M). For a tubular
neighborhood U of M%(p*), take € > 0 with T.(M?(p*)) C U. Since the function
z — d(z, M®(p*)) on U — M?(p*) is of class C, the boundary L of T.(M%(p*))
is a compact C! hypersurface of M. We have to prove that L is homeomorphic
to OM°(p*) and M is C! diffeomorphic to L x R. For each nonnegative integer
t, choose ¢; € p*(M) and p; € M so that a = ¢o > ¢*(po) > c1 > ¢*(p1) >
cg > -+, lime; = infpr * and p; € Int M (p*). Take generalized gradient vector
fields X; of (p*,dist(p, p.,,}) supported on M — Int M*(p*). By Lemma 6.1 we
may assume that (Xo(z),T(z)) > 0 for all z € L, where T'(z) is the unit vector
at = tangent to the minimizing geodesic from z to M?(p*). For smooth functions
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pi: M — R with 0 < p; < 1 such that

1 on Me-1(p*),
Pi= 10 outside a small neighborhood of M¢i-1 (*),

Y := 3 72, piXi makes sense as a smooth complete vector field over M, where
po = 1. From the construction, each integral curve of Y intersects L and dM*(p*)
transversally. This gives rise to a homeomorphism of L onto dM%(p*), a C! dif-
feomorphism of M onto L x R.

REMARK 7.5. From Theorems B, C and their proofs, we have that for every
a > A1, OM*(p) has at most two compact connected components:

(1) If M°(p) has exactly two compact connected components Lo and Ly, then
OM®(p) = Lo U Ly and M*(yp) is homeomorphic to Lo X [0, 1].

(2) If OM2(p) consists of a single compact connected component Lo and if
M, = @, then M2(p) is homeomorphic to Lo X [0,00).

8. End structure. Let M be a noncompact manifold. If K; and K, are
compact subsets of M with K; C K», then each connected component of M — K,
is included in a unique connected component of M — K;. An end of M is by
definition an element of the inverse system

{connected components of M — K; K compact in M}

directed by inclusion and reverse inclusion. Specifically, an end ¢ is an assignment
to each compact set K in M a connected component ¢(K) of M — K in such a way
that e(K) D e(K3) if K1 C K. Every noncompact manifold has at least one end.

It has been shown in [7] that if a complete Riemannian manifold admits a locally
nonconstant convex function, then it has at most two ends. We generalize this result
to manifolds admitting locally nonconstant quasiconvex functions.

THEOREM D. If a complete Riemannian manifold M admits a locally noncon-
stant locally quasiconvez function ¢ - M — R U {+o0}, then M has at most two
ends: More precisely,

Case (I). IM*(p) has a compact connected component for some a > A;.

(1) If My, # @ and AM*(p) is connected for every ¢ € (A1,a], then M has
ezactly one end.

(2) If M, # & and OM®(p) 1s disconnected for some ¢ € (A\1,a], then M has
ezactly two ends.

(3) If M, = O, then M has ezactly two ends.

Case (II). For each a > A1, every connected component of IM®(p) is noncom-
pact.

In this case, M always has exactly one end.

PROOF. (I)(1) From Lemma 7.2, we can take a bounded tubular neighborhood
U of M,. By Lemma 3.7, there is ¢ € (\1,a] with M¢(p*) C U. In particular,
M¢(p*) is compact. On the other hand, M — Int M°(p*) is homeomorphic to
OMe(p*) x [0,00) by Corollary 5.6. Since IM®(p*) is connected, this observation
implies that M has exactly one end.

(2), (3) In these cases, the conclusions have already been shown in Theorems B
and C.
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(II) We divide this case into the following two cases.

Case (). M, = . Let K be a compact set of M. By the lower semicon-
tinuity of ©*, we can take a € p*(M) so that K does not meet M?(p*). For
p € Int M?(p*), let X be a generalized gradient vector field of (¢*, dist,) supported
on M —Int M?(p*). Let U be an unbounded connected component of M — K. Since
M?4(p*) is connected, we observe that U D M%(p*) or U N M%(p*) = &. Suppose
UNM®(p*) = J. Then there is ¢ € U such that the integral curve ¢,(t), t < 0, of
X with ¢4(0) = g does not intersect K. Let P: M —Int M°(p*) — dM®(p*) be the
projection onto AM%(p*) via the integral curves of X. Since the connected com-
ponent L of IM®(p*) containing P(q) is noncompact, we can take ¢’ € L — P(K).
Let o be a continuous curve in L joining P(q) and ¢’. It turns out that for large
t > 0, the curve s — ¢,(5)(—t) joins ¢p(q)(—t) and ¢4 (—t) in M — K. Thus q and
¢’ are also joined in M — K in an obvious way. Hence ¢’ € U and UNM?%(p*) # O.
This is a contradiction. Therefore U is the only unbounded connected component
of M — K with U D M%(p*), and M has exactly one end.

Case (ii). M, # . We note that M, is unbounded by Lemma 3.7. Let
F: M - M, — L x (0,00) be the C! diffeomorphism given in Theorem A, where
L is a C! hypersurface of M. Note that F~1(z,t) goes to infinity as t — +oo for
each z € L, and that F defines the projection pr: M — M,. For every compact
set K of M, we can take p € M, — pr(K). Let U be an unbounded connected
component of M — K. We can choose ¢ € U such that if we set F(q) = (zo, to),
then F~1(zo,t) ¢ K for all t > t9. Now similarly to Case (i), the points p and q
are joined in M — K. Therefore M has exactly one end.

ADDED IN PROOF. In a future paper, we shall show that if M admits a locally
nonconstant locally quasiconvex function ¢ with M, = &, then there is a C*°
manifold N such that M is diffeomorphic to N x R.
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