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ON THE CAUCHY PROBLEM ASSOCIATED WITH
THE MOTION OF A BINGHAM FLUID IN THE PLANE

JONG UHN KIM

ABSTRACT. This paper discusses an initial value problem for the variational
inequality which describes the motion of a Bingham fluid in the plane. The
existence of strong solution is established.

0. Introduction. The purpose of this paper is to establish the existence and
uniqueness of strong solutions to the Cauchy problem associated with the motion
of a Bingham fluid in R2:

(0-1) <%,w—u>+((u-V)u,w—u)+ua(u,w—u)
+v D(w)dx—t// D(u)dz > (F,w — u),
R2 R2
(0-2) V.u=0,
(0'3) 'U,(.'E,O) = UO(Z),

where r = (1, 3) is the space variable, ¢ is the time variable, u(z,t) denotes the
velocity vector and F(z,t) is the known external force; the bracket ( , ) denotes
the inner product in L2(R?)?; u > 0 is the viscosity coefficient and v > 0 is the
yield limit;

_ 1 8ui Buj .. _ .
gij(u) = 3 (ij 3xi> , 1,7 =1,2, for u = (ug,uz);

1/2
9 /

D(u)=(2)_ e;w?| ;

=1

2
a(u,v) =2 Z /Rz €ij(u)ei;(v) d;

1,7=1

for a more detailed description of notation, see the following section. Here, (0-2) is
the condition of incompressibility and (0-1) is supposed to hold for almost all ¢ of
a certain time interval for every w(z) of a properly chosen function class, which we
shall specify later on according to the definition of strong solution. Our definition
of strong solution is motivated by the requirement that each term of (0-1) makes
sense as an ordinary function and that the uniqueness of solution is easily proved;
the precise definition is presented in the subsequent section.
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A Bingham fluid is a rigid visco-plastic fluid which is described by special con-
stituent laws such that it behaves like a rigid medium if a certain function of the
stresses does not reach the yield limit, and its motion is close to that of a Newtonian
fluid beyond this threshold. In fact, if v = 0, (0-1) reduces to the Navier-Stokes
equations. For v > 0, the flow contains rigid zones and the model is better described
by the variational inequality which resolves the difficulty of interfaces separating
two different zones; for the derivation of (0-1), see Duvaut and Lions [1].

The initial boundary value problem associated with (0-1) to (0-3) was discussed
by Duvaut and Lions [1], where weak solutions were obtained and the regularity
of weak solutions was studied in the case of space dimension two. But it is not
known whether there exists so regular a solution as to allow the second derivatives
of u(z,t) with respect to z to be square integrable over the space domain at least
for almost all ¢ on a certain time interval even if the initial data and the forcing
term are sufficiently smooth. Our main result Theorem 2.2 asserts that there ex-
ists such a solution which is also unique in a certain function class if the space
domain is the whole space R2. When the space domain has a boundary, the major
difficulty in obtaining the regularity of solutions of (0-1) to (0-3) lies in the fact
that the projection operator associated with the Helmholtz decomposition does not
commute with the Laplacian, and the standard technique of deriving energy es-
timates cannot be applied. On the other hand, if the space domain is the whole
space, then the projection operator commutes with the Laplacian in the suitable
function spaces. We are, however, faced with different trouble: we do not have
a complete set of eigenfunctions associated with the Stokes operator while we can
choose a complete orthonormal basis for L2(R2)2. Hence, if we employ the Galerkin
approximation scheme using a certain orthonormal basis, we cannot obtain enough
a priori estimates for each approximating system of equations since Au does not
belong to the same finite dimensional subspace where u is chosen. Therefore, the
major task for our result is to overcome these difficulties. The recipe is to partition
the whole space by a countable set of identical blocks and to consider the periodic
boundary condition. Then the existence of a complete set of eigenfunctions asso-
ciated with the Stokes operator is ensured and, at the same time, the projection
operator commutes with the Laplacian. For each period, we establish the existence
of a strong solution to a regularized and space-periodic problem by the Galerkin
method. By making use of the convexity of the regularized functional, we obtain
sufficient a priori estimates independent of the period, i.e., the size of each block.
We then pass a sequence of space-periodic solutions to a limit by expanding the
block centered at the origin to the whole space. The limit function is shown to be
a strong solution of the regularized problem in the whole space. Finally, we pass
the regularizing parameter to the limit to arrive at a strong solution of the original
problem, the uniqueness of which is also proved.

It is interesting to compare the regularity of our strong solution and that of the
solution to the Navier-Stokes equations with the same initial condition. Since it is
known that we can raise indefinitely the regularity of solutions to the Navier-Stokes
equations by assuming more regularity on the initial data, we are naturally led to
wonder if the same is true of (0-1) to (0-3). The example in §4 shows that this is
not true at least in terms of the regularity in time near ¢t = 0. We also discuss the
behavior of solutions as v tends to zero. Using the same method as in Duvaut and



MOTION OF A BINGHAM FLUID 373

Lions [1], it is shown that the strong solution of the above problem converges to the
solution of the Navier-Stokes equations as v tends to zero. But the convergence is
weaker than that in [1]. This is due to the fact that the L'-norm is not dominated
by the L?-norm in an unbounded domain.

Finally we comment on the possibility of extending the present method to the
case of R3.

1. Preliminaries.

1.1. Notations. Z™ is the set of all n-tuples of integers and C"™ is the set of
all n-tuples of complex numbers. Er = {(z1,22): — L/2 < z; < L/2,1=1,2}
and C*(EL) denotes the set of all real-valued, L-periodic, k times continuously
differentiable functions in R?. LP(EL), 1 < p < oo, stands for the set of all real-
valued, L-periodic functions which are locally LP? in R2. When B is a Banach
space, C([0,T]; B) is the space of all B-valued continuous functions on [0, 7], and
LP(0,T;B) is the space of all B-valued, strongly measurable, L? functions on [0, .
For a = (a1,...,an), 8= (B1,...,0s) € C", we use the notation a-3 = Y 7, a:f3;
and |a| = (X0, |@s|?)!/2. For a real-valued function g(z) in R?, we write

— (28 9
Vg B (6:131 ’ 3:122)

and
2/ 8g\2 1/2
Vol = <Z (32) ) |
=1 i
For f = (fi1, f2) an R2-valued function in R?, we let
o 1(3fi . 0 .
El](f)_2<axj+3zi)a 7’3]—1’2,
1/2
2 2 af;
_ . F)2 L f = A3
D(f) = (2162 is(f) ) . VS ; Foo
1/2
2 2
of;
IVfl= (E <8£j> ) v MAllzey = 1 lLe (o)
1,7=1
and

IVfllzeey = [V £lllLe(o)s
where G is a measurable subset of R2. When (2 is an open subset of R, D'(f2)
denotes the space of distributions in () and W™P?((1), m=nonnegative integer, con-
sists of all real-valued LP(f2) functions which possess generalized derivatives up to
order m in LP(Q2). W~"-9()), m=nonnegative integer, 1 < ¢ < 00, is defined to be
the dual of Wy"?(2), 1/p+1/q = 1, which is the completion of C§°(Q?) in W™?(Q2).
Following the conventional notation, we write
X™(R?) = {f e W™?(R*?: V. f=0in R?}

with the obvious norm. We introduce

(1-1) $={pcCL(R?)?: V- -¢=0in R?};

(12) %= {f ewr2(r2y: 2 e p(R?), ij=1,2, V- f=0in Rz}
J
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with the norm

I£l7, = 1fllL2r2y + IV fllL2(rey + IV fllLe(r2)s
(1-3) Gp={f e WI(R?*)?: &i;(f) € LP(R?), 4,5 =1,2, V- f =0 in R?}

with the norm

2
Illg, = IfllLacryy + IV Fllacrey + D e (HllLs(r2)-

t,j=1

It is apparent that 7, and G, are Banach spaces for 1 < p < co. For m=nonnegative
integer, we use the notation

(1-4) H™(EL) = {u: u= Z ce2™ 2/l o e C? op =%,

keZ?
S fmlef? < oo}
keZ?

d\*/ a8\ |? v
(aTI) (a—m) uodr)

with the norm

(1-5) IJuIIHm(EL>=( 2 /E

ar+az<m

JT(EL) = {ueHm(EL): udx=0}
EL

with the H™(E) norm;

(1-6) H™EL) ={u€ H™(EL): V-u=0in R?}
with the H™(EL) norm;

(1-7) JM(Ey) = {u€ J™EL): V-u=0in R?}
with theme(EL) norm;

(18) I=(E) = () TPE.

m=1
1.2. Some basic facts.

LEMMA 1.1. Let m be a nonnegative integer. Then JT(EL) is characterized
by

(1-9)  JMEL) = {u = Z cxe?™* 2/l e J™(EL): k- cx = 0 for each k} .
kez?

This lemma is well known and the proof is omitted.

It is clear that JO(EL) is a closed subspace of J°(EL). Let P be the projection
from JO(EL) onto J2(EL). We can easily infer from Lemma 1.1 that the following
lemma holds.
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LEMMA 1.2. For each u =Y ;52 ce?™* /L € JO(EL),

Pu= Y (cx — k(e - k)/|k?)e> /2
keZz?

and the orthogonal complement of JO(EL) in JO(EL) is the set {v = Vq: q €
LQ(EL), Vq S JO(EL)}.

From the above lemmas, it is easily seen that for each u € J2(EL), PAu = Au
holds, i.e., the Stokes operator coincides with the Laplacian. We regard A as an op-
erator in JO(EL) with the domain J2(EL). Then A~! exists and is continuous from
JO(EL) onto J2(EL); furthermore, it is a selfadjoint compact mapping in J2(EL).
Consequently, there is a sequence of eigenfunctions which form an orthonormal
basis of JO(EL):

(1'10) - A(P] = /\J<pj’ Py € Joz(EL)$ .7 = 1a27' [ER)
(1-11) 0<A1 <A, ., =00, as)— o0.

More precisely, {;}52, consists of

-1

V2 kok kok T
(1-12) T (Ca - W) €q — —“C_|2 cos (27('1(3 . Z)

V2 kok kak|7' T\
(1-13) —E‘ <6a - W) €o — W sin (27!"(: . —L-) s

and {};}22, consists of 47m2|k|?/L?, where k = (ky,k;) € Z%, k # 0, o = 1,2, and
e1, ez represents the canonical basis of R?; see Temam [8] and Foias, Guillope and
Temam [2].

LEMMA 1.3. JM(EL), m =nonnegative integer, can be characterized by

oo (>
(1-14) JEL) = {u: u= Zdj@j,d]‘ €R and Ed?)\;" < oo} .

Jj=1 Jj=1

This is also well known and the proof is omitted.
The following estimates for functions of J1(EL) will be used in the subsequent
section.

LEMMA 1.4. For any f € JY(EL), it holds that f € L3(EL)?* N L*(EL)? and

(1-15) 1fllz3Es) < CIFITS B IV IS s, )
(1-16) Iflzaee) < CIFIES B IV ots,
and if f € Jz(EL),
0?2 ..
(1-17) 81‘8];] L(Es) < C”Af”[ﬂ(EL)’ )] = 1a2a
’ L

where C 1s a positive constant independent of L.
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PROOF. Let f(z) € C(EL)? such that [ f(z)dz = 0. Define g(y) = f(Ly).
Then g(y) € C*(E1(y))?, and

L/2 L/2
(1-18) 1f @) 24z "/ / |* dzy dza
L/2
1/2 1/2
=1? / / f(Ly) |4dy1 dy2
1/2J)-1/2

= Lz]lg(y)“L“(El)»

(1-19) 7@ ey = L190) s
(1-20) 1@ e,y = L2190) 2,
L/2 L/2 sz(zl,z2)>
(121) V2 @Eaen) = Z L o, dry

/1/2 /1/2 (3.% yl,y2)> dus dya
ig= 1 1/2J-1/2 Oy;

= Vy9(®)l72(z,)-
By the Nirenberg-Garliardo inequality (see Theorem 10.1 of Friedman [3]), we have

(1-22) lg()llzs (&) < Cllg®)ly 2y la@)llFaray
< ClIVyoW) 1ot s, @)l L2 ey

where (] is an open disc such that E; C  C E,, and C denotes positive constants
independent of g and L. We have used the fact that g is 1-periodic and || g, 9(Y)dy =
0. Similarly, we obtain

(1-23) lo(w)llzs(Er) < ClIVyg )12 ) la@)I122 5,

where C is a positive constant independent of g and L. Combining (1-18) through
(1-23) we derive

(1-24) 1f @2z < CIVf @ m, I1f @ ois, )
(1-25) £ @) Lo (Er) < ClV2f @)1 155, 1 F @255,

where C is a positive constant independent of f and L. Using the standard tech-
nique of approximation, we arrive at (1-15) and (1-16) for any f € J'(EL). (1-17)
follows from the series expansion of f.

Next we derive some useful properties of functions defined in R2.

LEMMA 1.5. Let1 < p < co. Suppose v € WV2(R?)?, ¢,;(v) € LP(R?), for
1,7 =1,2. Then dv;/0z; € LP(R?) and it holds that

Bvi

2
9z < C Z Hekl(’l))”LP(RZ), fO’I' 7:’.7’ = 1,2
J

L?(R?) k=1

(N

where C is a positive constant depending only on p.
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LEMMA 1.6. Let1 < p < oo. If w € L%(R?) and Ow/dz; = z§=l(af,-j/az,~),
i =1,2, where fi; € LP(R?), 1,5 = 1,2, then w € LP(R?) and

2
(1-27) lwllLe(r2y < C E | fi5ll Lo (R2)s

1,7=1
where C 13 a positive constant depending only on p.

PROOF. Recalling that the Riesz transform is a bounded linear operator from
LP(R?) into itself for 1 < p < oo, we can find a function w* in LP(R?) such that

2
. 9% fij
(1-28) Aw* = 2 _—6z¢8xj’
7,0=1
2
(1-29) lw*llzocrey < C D lfisllzera),
ij=1

where C is a positive constant depending only on p. Now let us set g = w — w*.
Then g € L? + L? and Ag = 0 holds. Hence, g is a harmonic function, and it holds
that

(1-30) ' /R quds

for any ¢ € L?*(R%) N LI(R?), 1/p+ 1/q = 1, where C is a positive constant
independent of 1. Define

(1-31) alz) = { 1 for|z—al <1,

< C{ll¥llL2(r2) + 1Yl La(r2) }

0 for|z—al>1.
Then by the mean value theorem,

(1-32) /R2 g¥e dz = mg(a),

and consequently, (1-30) implies that g(c) is uniformly bounded for all o € R2.
Thus, g(z) = constant for all z € R%. In the meantime, there is a sequence of
nonnegative functions {&,,(z)}%_, such that ||émllL2(r2) + [émllLe(rz) < M <00
for all m and ||&m|L1(r2) tends to infinity as m — co. From (1-30), we conclude
that g = 0.

PROOF OF LEMMA 1.5. Borrowing an idea from Duvaut and Lions [1], we make
use of the identity
u; 0 0 0

(911j8$k = —a—m-;eik(’ll) + a—xk'eij(u) - (—9;;8jk(u)

(1-33)

and Lemma 1.6 to prove the assertion.
LEMMA 1.7. %, = Gp, for 1 < p < oo.

PROOF. Obvious from Lemma 1.5.
We next define

(1-34) %= {f e Wh2(R?)?: % € LP(R?), 4,5 = 1,2} for 1 < p < oo,
J

equipped with the same norm as 7,. Then, we have the following lemma.
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LEMMA 1.8. C5°(R?)? 4s dense in %,, 1 < p < 0.
PROOF. Let f € 7, and define

1 for |z| <,
(1-35) Yr(z) =< 2 |z|/r for r <|z| < 2,
0 for 2r < |z|.

Put f,(z) = f(z)¥,(z). Then, |[Vf -V f,| =0 for |z| < r, and

- P p p_l_
(1 36) [Slzl IVfTI de < Cp {/TSIx|S2r IVfI dr+ /rS]z|S2r /1 rP dit}

\/.3_7_': \ 1/2
=G {/rsmszr (frsm 1 de> ’

where C, is a positive constant depending only on 1 < p < co. We notice that
|f] € LI(R?), for any 2 < g < oo, since f € WH2(R?)2. Now it is evident from
(1-36) that

(1-37)/ |f—f,|2da;+/ lVf—Vfr|2dz+/ IVf-VfPdz —0 asr— oo.

In the meantime, using the Friedrichs mollifier, we can approximate each f,(z) by
a sequence of functions in C§°(R?)? with respect to the .’f' norm, which proves the
assertion of the lemma.

LEMMA 1.9. § is dense in %, for 1 <p < oo.

PROOF. By Lemma 1.8, each element of .‘r;p‘ (the dual of %) can be identified as
an element of D'(R%)2. In the meantime, each element of 7 (the dual of 7,) can
be represented by an element of .';;; by the Hahn-Banach theorem. Assume that
S is not dense in #,. Then, there is A € ?:;" which annihilates S, but Af # 0 for
some f € 7,. Since A is a distribution annihilating S, we can find a distribution ®
such that A = V® by simple application of Theorem VI in Schwartz [6]. Using the
same argument that is used to derive a repesentation formula for W—="?(R?), we
see that A = (Aq, Az) can be expressed as

(1-38) — =&+ E a"” Z ‘(99’;” i=1,2,
J

for some ¢&;, n;; € L2(R2) and p;; € Lq(R2), 1/g+1/p = 1, 4,7 = 1,2. Now,
with the aid of the Riesz transform, we can find a(z) € L?(R?), B(x) € LY(R?),
v (z) € L?(R?), 1 = 1,2, such that

: 0%niy
(1-39) Ao = ;:‘1 Szda;"
2
0%piy
(1-40) Aﬁ - Z 8ziazj’
1,7=1
2 82 6_7

(1-41) A~ =JZ=; ran; T 1,2.
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From the relation between the Fourier transforms of ~,’s and &;’s, it is clear that
07:/0z; = 0v;/0x; holds, 7,7 = 1,2, which implies the existence of a distribution
6 such that

(1-42) Yi = 30/6% = 1,2,
on account of Theorem VI in Schwartz [6]. Next we observe that (1-38) yields
8¢ iy o~ iy
(1-43) A® = Z + 21 0z;0z; Z Bziaxj
and thus, in conjunction with (1-39) to (1-42),
o® 09 a6
(1-44) Aé}; _Aaa: A%+A8zk k=1,2
We write
(1-45) g=V®-Vl-Va-Vj.

Then, by (1-44), g is an R2-valued harmonic function, which also belongs to
L2(R2)2 + W—1,2(R2)2 +W_1’q(R2)2.
Let us introduce

1, for [z — | <1,
(1-46) Yo(z)=¢2-|z—a|, forl<|z—a|<2
0, for 2 < |z - al.

Then, ¥q(z) € L2(R?) NnWL2(R?) NW1P(R?), for each o € R?, and, by the mean
value theorem,

(1-47) /R gadz = Lng(a).

Since g € L?(R?)? + W~-12(R?)2 + W~14(R?)2, it holds that

/ g¥q dzx
R2

for a positive constant M independent of . Consequently, g(a) is uniformly
bounded for all & € R?, which implies g(z) = (Ci, C2) for all z € R?, for some con-
stant vector (C1,C2) € R%. Now we choose h(z) € C§°(R?) such that [p, hdz > 0,
and define h,(z) = h(z1 + n,z2 + n). Then, for each n, we see from (1-45) that

2 2
Ohy, Ohy,
- Clhn dz = /};g gihn dr — E /2 771,] _ax - dr — JE Pij a d:t

ahn hnr a6
+ /Rz @ 615, ﬂ oz; de R2 69:, g, dx

(1-48)

< M{[[YallL2(r2) + [Yallwra(r2y + [Yallwie(r2)}

(1-49)

Since &;, n:5, @, 00/8z; € L*(R?) and p;;, B € L"(R"’), 1,7 = 1,2, the right side
of (1-49) tends to zero as n — oo, while the left side does not change as n — oo.
Hence, we conclude C; =0, 7 = 1,2, and

(1-50) V® = Vo + Vi + V8,
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from which it follows that for every f = (f1, f2) € %,

(1-51) ~Af = Z/ az~t f'd +Z/ ﬂgid ‘Z - axif’dx

holds. Since f € W12(R?)2 and V - f = 0 in the sense of distribution in R2, it is
evident that V - f = 0 for almost all z € R? and thus, the first two terms on the
right side of (1-51) are zero. At the same time, there is a sequence {H,(z)}32, in
S such that H, converges to f in the L2(R?)? norm. Therefore,

E 90 ¢ do— tim [ V6.H,dz= lim (V8,H,)
R2 3331 n—oo Jp2 n-—00

(1-52)
= — lim (§,V - H,) =0,

n—oo

where (, ) stands for the duality pairing between C§°(R?)? and D’(R?)?2. Therefore,
Af =0, which contradicts the assumption that S is not dense in 7,.

In conjunction with the above lemma, we state
LEMMA 1.10. §; is separable.

PROOF. Consider a bounded linear operator I' from §; into W12(R2)2 x
LY(R?%)3:

(1-53) = (fie11(f), e12(f), €22(f))-

Then, T'(G;) is a closed subspace of W12(R?)? x L!(R?)3 and T is a topological
isomorphism from §; onto I'(§;). Since W12(R?)? x L!(R?)3 is separable, §; as
well as T'(g;) is separable.

2. Existence and uniqueness of strong solution.

DEFINITION 2.1. u(z,t) is called a strong solution on [0, 7] of (0-1) to (0-3)
if u € L2(0,T; ¥2(R?)) N L*(0,T; G1), 9u/dt € L*(0,T; H2(R?)), u(=,0) = uo(z),
and for each w € §i,

<%¥,w—u> +{((u- Vu,w — u) + pa(u,w — u)

+v | Dw)der—-v | D(u)dz> (F,w—u)
R2 R?

(2-1)

holds for almost all ¢ € [0, T], where ( , ) denotes the inner product in L?(R?)2.
Let 1,0 be the completion of § with respect to the §; norm. Our main result
is

THEOREM 2.2. Let ug(z) € 10 and F(z,t) € L?(0,T;L%(R?)?). Then,
there 1s a unique strong solution u(z,t) of (0-1) to (0-3) and furthermore, u(z,t) €
L°° (0, T; 91)



MOTION OF A BINGHAM FLUID 381

We shall sketch the procedure to prove the above theorem. It is convenient to
introduce the following notations:

(22 fn®) = 155 [ D) da,
(23) ) = 5 [ DM e
(2-4) i(v) = /R D) ds.

Step 1. Regularize (2-1) by substituting jr, ,(-) for j(-). We employ the Galerkin
method, and use the convexity and differentiability of j.,(-) to establish the exis-
tence of a strong and spatially L-periodic solution to this regularized problem. We
also obtain enough a priori estimates independent of L.

Step II. With the aid of the uniform a priori estimates obtained in Step I, we
pass the periodic solutions to a limit by expanding E1 to the whole space. It is
then shown that this limit function is a strong solution of (2-1) with j(-) replaced
by Jn(:)-

Step III. We finally let » — 0 and arrive at a strong solution of (2-1). The
uniqueness of solution is also proved.

2.1. The Cauchy problem with periodic boundary condition. Let vo(z) € J2(EL)
and Fi(z,t) € C([0,T}; J°(EL)), 0 < T < oo, satisfying

(2-5) lvolls2(Er) + 1D (vo)llLr (E1) < K,
(2-6) IFLllL2 0,00 E)) < K
for some positive constant K. Then, we state

PROPOSITION 2.3. Fiz any 0 < n < 1. There is a function v(z,t) such that

(i) v € C([0,T; J3(EL)) N L2(0,T; J2(EL)), Ov/dt € L*(0,T; JQ(EL)), v(x,0)
=wvo(z), D(v)1*" € L>(0,T; L*(EL));

(ii) for each g € L%(0,T; H:(EL)),

T T T
e / Jrm(v+g)dt—v /0 Jm(v)dt > [0 (Fy,g) dt,
0

where (, ) denotes the inner product in L(EL)?;
(iii) ot holds that

(2-7)

(2-8) lvlleo,ryaz(ey) < M, K),
(2-9) lvllz2(0,102(EL)) < M(p, K),
(2-10) 10v/0t|| 20,100 (EL)) < VM (K) + M(p, K),

(2-11) v|| D) "|L1(gy) < VM(K) + M(p, K),  for almost all t € [0, T,

where M(K) 1is a positive constant depending only on K while M(u, K) denotes
positive constants depending only on p and K, and independent of v,m and the
period L.

Before proving this proposition, we list some useful properties of jz. , () defined
by (2-2).
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LEMMA 2.4. (i) For every f,g € HY(EL), it holds that

(2-12) (7,n(1) 0) Z D) e(f)eis(g) da
1,7=1

and

(2-13) JLn(f+9) = JLa(f) > (41,,(f),9)

where j; ,(f) denotes the Gateauz differential of jr »(-) at f and (, ) stands for

the duality pairing between H(EL) and its dual.
(ii) For each f € H3(EL), we have

. 9?
(2-14) (dnh) 22f) <0, i=12

PROOF. (2-12) and (2-13) are well known; see Duvaut and Lions [1]. To prove
(2-14) for 7 = 1, we put

(2-15) fr(z1,22) = f(21 + h, 22),
and notice that as h — 0+,
-2f+f- 0% . .
(2-16) -f‘h—% — Wf in the H!(EL) norm
1
and that

(2-17) WL (£), fr = 2f + f=n) = =(iL.n (fn) = 51,0 (), fn = £),

where the periodicity of f has been used. Now the right-hand side of (2-17) is

nonpositive since jz, ,(-) is monotone, which follows from the convexity of jr ().

Hence, (2-14) is true for ¢ = 1. The same argument applies for the case : = 2.
PROOF OF PROPOSITION 2.3. Put vn(z,t) = Y 1, omk(t)pr(z), where

{pK}2, is the sequence of eigenfunctions in (1-10). We determine

amk(t) € C([0, Tn)), k=1,...,m,

so that
(2-18) (Ovm /0t o1) + (Vi - V)Vm, 1) — u(Avm, 1)
+ (gL (vm), o) = (FL,),  1=1,...,m,
and
(2-19) amk(0) = ax = (vo, Pk), k=1,...,m,

where (, ) denotes the inner product in L?(E)? and (, ) stands for the duality
pairing between H!(EL) and its dual; see (2-12). By the general theory of ordinary
differential equations, there is a solution amk(t) € C1([0,T]), k = 1,...,m, for
some 0 < T,, < T. It follows from (2-18) that

(2-20) (OVm /O, V) — WAV, Vm) < (FL,Vm)

and thus,

l1d 2 / 2

= — vm(,t)|* dz + Vo (z,t)| dx

di [, 1om (@O dz b [ (oo, 0)
1

<3 [ e g [ 1F R

(2-21)
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Combing (2-5), (2-6) and (2-21), we obtain
(2-22) / lom (2, 8)[2 dz < M(K) for all t € [0, T,
EL

where M(K) is a positive constant depending only on K and independent of T,.
Hence, we may set T,, = T and derive

(2-23) u ]0 ) /E Vom(z, )2 dz dt < M(K),

where M (K) depends only on K. Next we substitute ) ;- ; amk(t)Ac@k(z), which
is equal to —Awvp,, for ¢; in (2-18) and derive, using (2-14),

1d

- — Vom|? dz + / Av,y, |t dx
5 dl ELI | uELI I

2-24
(2-24) < (om - V)vmll 2380 | AVl 25

+ IFLllz2 (Bl AvmllL2 (£ )-

In the meantime, by virtue of Lemma 1.4, we get
(2.25) [(Wm - VvmllL2(g,) < Cllvmllsgo) IVomllLeey)
< Cloml ot g I Vomll 3 () | Avm | o g,

and consequently, by Young’s inequality,

|(vm - V)omllL2(g) | AVl L2(EL)
(2-26) u %
< Z“Avm”%ﬁ(Eb) + ;ﬁ”va%ﬁ(EL)“vall4LZ(EL)’

where C stands for positive constants independent of m, u,v,n and the period L.
Now (2-24) and (2-26) yield

ldi {vvm|’~’dz+§/ | Avpn 2 do
(2-27) 2dt Jm, Br

C 1
< E“vm”%ﬂ(EL)”vvm”‘;ﬂ(El,) + ;”FL“%?(EL)'

Borrowing an idea from Temam [7], we set o(t) = va||%,(EL) va’"”%’(EL)‘ Then,
by (2-22) and (2-23),

T
(2-28) / o(t) dt < M(u, K)
0
holds where M (u, K) is a positive constant independent of m,v,n and L; and we
rewrite (2-27),
1d
2dt Jg,

Using the Gronwall inequality, we derive

1
(2-29) Vo) dz < —-Czo(t) / [Vum[? dz + ~||FLll32(g,)-
u EL 1Y

(2-30) / [Vo|?dz < M(u,K), forallt e [0,T],
Ep
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which, together with (2-27), implies

T
(2-31) / / |Av, |2 dedt < M(u, K),
0 EL

where M (u, K) is a positive constant independent of m,v,n and L. Next we sub-
stitute (8/0¢t) Y pe; amk(t)px(z) for ¢ in (2-18):

2
/ av_m dz +Ei/ Ivvmlzdz‘i“’/i]lm(vm)
(2:32) B, | Ot 2 dt dt
) Ovy, OV,
<N wm - V)vmllLa(ey) T + 1 FLllz (e T ;
L2(EL) L2(EL)

using (2-25),
Ovm[*

1
< Z
<L

where C is a positive constant independent of m,v,n and L, from which it follows
by using (2-22), (2-30) and (2-31) that

(2-33) //EL

<5 [ [Vom(@0) da + v (om(2,0)) + M(u, K,
EL

45+ | Fy |25, +C /E | AVl dz 4+ Clloml2a ) | Vom0,
L

%

dzdt+ & / |V (2, )|? dz + i (v (2, 1))
EL

for all ¢t € [0,T], where M(u, K) is a positive constant independent of m, v, n and
L. 1t follows from Lemma 1.3 and (2-19) that v,,(z,0) — vo(z) strongly in J2(EL)
and hence, D(vp(z,0)) — D(vo) strongly in L'(EL) as m — oo. Combining this
and (2-5), we find that there is a positive integer N such that for all m > N,

(2-34) lvm(2,0)ls2(&2) + 1 D(vm(z,0)ll L1 (E,) < 2K
and consequently, by Holder’s inequality,
(2.35) I D(vm(z,0))l|L2+7(&,)
< ID(0m (2, 0)) 13355 1D (om (&, OIS @/ < M(K).
Combining (2-33) to (2-35), we deduce that for all m > N,

[,

and, for all ¢t € [0, T,
(2-37) ViLn(vm(z,1)) < M(p, K) + vM(K),

where M(u, K) and M(K) are positive constants independent of m,v,n and L.
By virtue of (2-22), (2-30), (2-31) and (2-36), we can extract a subsequence still
denoted by {v,,} such that as m — oo,

2
Ovm

dzdt < M(u,K)+vM(K)

(2-38) Vm — v weakly in L2(0,T; J2(EL)),

(2-39) vm — v weak® in L°(0,T; JL(EL)),
3vm 31) . 2 . 70

(2-40) 2t "Bt weakly in L*(0,T; J;(EL)),
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for some function wv(z,t), which satisfies (2-8) to (2-10). We note that v €
C([0,T); JL(EL)), possibly after a modification on a set of measure zero in [0, T]. By
repeatedly extracting a subsequence if necessary, we may assume that €;;(v,,) con-
verges to €;;(v) for almost all (z,t) € Er, x [0,T), for each 7,7 = 1,2, since v,, = v
strongly in L?(0,T;JL(EL)), which follows from (2-38), (2-40) and Aubin’s com-
pactness Lemma (see Lions [5, p. 57]). With the help of Lemma 1.3 of Lions [5, p.
12], we are led to conclude that for each 7,5 = 1,2.

(2-41) D(vm)™ "¢ (vm) — D(v)"1*7¢;;(v) weakly in L?(EL x [0,T)).

Since v, — v strongly in L2(0,T;J1(EL)), we see that vn,(z,t) — v(z,t)
strongly in J1(EL) for almost all t € [0, T] by extracting a subsequence. Hence, by
letting m — oo, (2-33) yields

(2-42) /ot /EL

where M (u, K) and M(K) are positive constants independent of v,7 and L. This
shows (2-11). '
Now we shall prove that v(z,0) = vg(z). For each k and m,

@4)  (m(a0)pn(0) = (0 n(o) + [ (G2 thenla))

ov

ot
<M(p,K)+vM(K), foralmost allte [0,T],

2
dedt + / IVol? de + 2051 (v(a, )
EL

holds, where ( , ) denotes the inner product in L2(EL)2. Since v, (z,t) — v(z,t)
strongly in J}(EL) for almost all ¢t € [0,7T), and Ov,,/0t — Ov/Ot weakly in
L%(0,T; J2(EL)), it follows by letting m — oo that

@) 6@0en) = @)+ [ (G ted) d
holds for almost all t € [0, T]. But v(z,t) € C([0,T]; J}(EL)) and hence,

(v(z,0), ok (z)) = (vo(2), px(2))

holds for all k, which implies v(z,0) = vo(z). Finally we have to show that (2-7)
holds. On account of (2-38) to (2-41), it is apparent that

T
/0 ’ <% a(t)gok(z)> dt + /0 (v~ V), a(t)ox(@)) dt
T T
(2.45) . /0 (Av, a(t) o (2)) dt + v /0 (it (0), ot) o ()
T
_ /0 (F1, a(t)on(z)) dt

holds for each k and a(t) € L%(0,T), where ( , ) stands for the product in
L%*(EL)?. For given h(z,t) € L%(0,T;JLX(EL)), i, ak(t)pr(z) — h(z,t) in



386 JONG UHN KIM

L%*(0,T; JX(EL)) asm — oo, where ax(t) = (h(z,t), pk(z)). Thus, for any h(z,t) €
L?(0,T; JL(EL)), it holds that

/OT <%’h(w’ t)> dt+/0T<(v - V)v, h(z,t)) dt

T T
(2-46) o /0 (Av, bz, 8)) dt + v /0 (. (), bz, £)) dt

T
= [ {Fhta0)de
0
Now suppose g(z,t) € L?(0,T; HL(EL)). Then, it is obvious that

(2-47) iz, = oo t) = 75 [ alait)da
L2 EL
belongs to L?(0,T; J(EL)). Noting that

T T
/ (Bv/dt, c(t)) dt =0, / (A, e(t)) dt = 0,
0 0

T T
/ {((v-V)v,c(t))dt =0 and / (Fr,c(t))ydt=0
0 0

hold for any c(t) € L?(0,T)?, where ( , ) denotes the inner product in L%(EL)?
and recalling (2-13), we conclude that (2-7) holds for every g € L2(0,T; H:(EL)).
2.2. Passing L — oo. In this subsection we still fix 0 < n < 1 and shall
expand E7, to the whole space R2. Through this process, the solutions obtained in
Proposition 2.3 converge to a function in the appropriate sense. We state

PROPOSITION 2.5. Let ug(x) and F(z,t) be the initial datum and the external
force, respectively, given in Theorem 2.2. There 1s a function v(z,t) such that

(i) v(z, t)€ C((0,T; ¥z (R?))NL*(0, T; X7 (R?)), (9v/0t)(z,t) € L*(0, T; P (R?)),
€ij(v) € L=(0,T; L**7(R?)), for 1,5 = 1,2, and v(z,0) = uo(z);

(ii) st holds that

/OT<%,Q> dt+/OT((U-V)v,g)dt+u/0Ta(v,g)dt
(2-48) +V/0Tj,,(v+g)dt—u/OTj,,(v)dt

T
z/<mma
0

for all g € L%(0,T; G14y), where (, ) denotes the inner product in L?(R?)?;
(iil) at holds that

(2-49) lvllco, ;e (r2y) < M(w, K),

(2-50) lvllz2 0,152 (R2)) < M(p, K),

(2-51) 6v/0t||L2(0,7;30(R2)) < M (1, K) + vM(K)
(2-52) Vin(v) < M(p, K) + vM(K), for almost all t € [0,T],

where M (p, K) and M(K) stand for positive constants independent of v and n; and
the constant K depends only on ug(z) and F(z,t).
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PROOF. We shall use the notation x(G) for the characteristic function of a set G.
Let {vr,o(z)} and {FL(z,t)} be sequences of functions such that vy o(z) € J2(EL),
Fy(z,t) € C((0,T]; J°(EL)) and

(2-53) X(Er/2)vL,0(z) — uo(z) strongly in L?(R?)? as L — oo,
(2-54) x(EL/2)Fr(z,t) — F(z,t) strongly in L2(0,T; L*(R*)?) as L — oo,
(2-55) lvrollsa(er) + 1D(vL0)llL (Br) < K,

(2-56) IFLllL20,1500(EL)) < K,

for some positive constant K independent of n and L. We shall construct the above
sequences in §2.4. Let us denote by v (z,t) the solution obtained in Proposition 2.3
with the initial datum vp, o(z) and the external force F(z,t) as above. By means
of (2-9) and (2-10), we can extract a subsequence still denoted by {vr} such that
for some function v(z,t), as L — oo,

(2-57) x(Er)vp — v weakly in L2(0,T; L%(R?)?),
(2-58) x(EL)Avp — Av  weakly in L2(0,T; L?(R?)?),
(2-59) (EL)‘%L 9 eaKly in L2(0,T; L2(R?)2).

ot
It follows that v € C([0,T];W2(R?)?) possibly after a modification on a set of
measure zero in [0,T]. Let us choose any a(t) € L%(0,T) and ¥(z) € C§°(R?).
Noticing that suppy C EL for large L, we have

T T
/ (v, (t)Vib(a)) dt = Jim / (x(EL vz, a(t) Ve (z)) dt
0 — Jo

T

= Llim (vr,a(t)Vy(z))dt =0, since v € C([0,T); JL(EL)).
=0 Jg

(2-60)

Here, the first two brackets denote the inner product in L?(R2%)? and the third
one stands for the inner product in L?(EL)?. From (2-60) and the fact that v €
C([0,T);WY2(R?%)?), we deduce that V -v = 0 for all ¢ € [0,7], and consequently,
v € L*(0,T; ¥2(R?)) N C([0,T); ¥2(R?)) and 8v/dt € L2(0,T;X°(R?)). Now
(2-49), (2-50) and (2-51) follow from (2-8), (2-9) and (2-10). In the meantime,
it is clear that x(EL)e;;(ve) — €:(v) in D'((0,T) x R?), for each 7,57 = 1,2.
But (2-11) holds for each vy, and thus, we obtain by applying the Banach-Alaoglu
theorem

(2-61) l// D(w)**"dz < M(u,K) + vM(K), for almost all t € [0, T,
R2

where M (u, K) and M(K) are the same as in (2-11). Next we shall prove that
v(z,0) = ug(z). Let a(t) € C([0,T]) with a(T) = 0 and ¢(z) € C§°(R?)2. Then
for each L such that supp+ C interior of Ey,/,, it holds that

T

T
/ (x(Bo)vz, 2 a(ty(z)) dt = / (B j2)or, Za(tyu(e)) de
(2-62) o at 0 at”

— (X(Ex2)vL.0, a(0)(2)) / (x(E2) 2L a(tyo(z)
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where ( , ) denotes the inner product in L?(R?)%2. As L — oo, we observe that

2o [ ' < S00V(@) ) dt = (u0,0)0()) - | ' (S altyta)) a

holds, which, together with the fact that v € C([0, T]; ¥1(R?)), implies that v(z,0)
= ug(z). It remains to prove the property (ii). Let g(z,t) = Y re, ox(t)vx(z),
where ¥ (z) € S, ax(t) € L2(0,T), k= 1,...,m, and suppyx C Q, k=1,...,m,

for some bounded open subset (2 of R2. For every large L so that ( C interior of
E1, we see from (2-7) that

(2-64)
T T T
| (B0 a) aer [ B on Vs de—p [ (B0t

T T
+ I// ].L,n (UL + g) dt — I// J.L,n('UL) dt
0 0

T
> [ ((BL)Fi ),
0
where (, ) is the inner product in L?(R?)2. Let {Q2,,}32; be a sequence of bounded
open subsets of R? such that 2, C Q,,; and Ule 0, = R?. With the help of
Aubin’s compactness lemma, we may extract a subsequence still denoted by {vr,}
such that
T
(2-65) / Vo — Vo|ldzdt - 0 as L — oo.
o Ja,

By further extracting a subsequence from the above one,

T
(2-66) / |Vur — Vo|?dzdt - 0 as L — oo.
0 Q3

By repeating this process for all subsequent {2,, and by the standard diagonal pro-
cess, we conclude that for each bounded measurable subset G of R?,

T
(2-67) / / |Vop — Vol2dzdt - 0 as L — oo.
0 JG

Now it is easily seen that as L — oo,

T T
/ D(vy + g)'*" dz dt — / D(vz)+" dz dt
0 EL 0 EL

T T
=/ /D(vL+g)1+" dwdt—/ /D(vL)l"’"dzdt
0o Ja o Ja

T T
/ / D(v+g)*"dxdt — / / D(v)*" dz dt,
0 Q 0 Q

T T
= / D(v+g)**"dzdt - / D(v)'* " dz dt
o Jr? o Jr2

(2-68)

converges to

(2-69)
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where we recall that supp ¢, (z) C Qfor k = 1,...,m. At the same time, by making
use of (2-67) and the fact that x(E)vy — v weak* in L>(0,T; L?(R?)?), we find
that

T

T
(2-70) /0 (L) (vL - V)or, g)a(rays dt = /0 (L, - VYvr, g)agays dt

converges to

T T
(2-71) /0 ((v-V)v,g)L2(q)2 dt =/0 <(U‘V),9>L2(R2)2 dt,

as L — oo. Therefore , by letting L — oo, we deduce that

/OT <%»9> dt + /0T<(v Vv g)dt - "/OT<A”’ o

(2-72) +l//0Tj,,(v+g)dt— V/OT]',,(v) dt

T
> / (F,g)dt,
0

where (, ) denotes the inner product in L2(R?)2. Since § is dense in §14., for each
n > 0 by Lemma 1.7 and 1.9, it is obvious that for each g € L?(0,T; §14,), there
is a sequence {gm}_; such that gm = Y po, Bmk(t)Vk(z), Bmk(t) € L%(0,T),
Yr(z) € S, k=1,...,m, and g, — g strongly in L2(0,T; G1+4n). (2-72) is valid for
each g,, as shown above and consequently, it is still true for all g € L2(0,T; G144)-
Now (2-48) follows from (2-72) and the identity a(v,g) = —(Av, g).

2.3. Passing n — 0. We shall let n tend to zero and establish

PROPOSITION 2.6. Let ug(z) and F(z,t) be the same as in Theorem 2.2. There
18 a function u(z,t) such that

(i) u(z,t) € C((0, T); ¥z (R?))NL?(0, T; ¥2(R?)), du(z,t)/0t € L*(0,T; ¥ (R?)),
gij(u) € L*°(0,T; L*(R?)), ¢,7 = 1,2, and u(z,0) = ug(z);

(il) ot holds that

/0T<%*9> dt+/0T((U'V)u,g) dt
(273) +M/0Ta(u,g)dt+u/;Tj(u+g)dt—u/0Tj(u)dt

T
> / (F,g)dt,
0

for all g € L?(0,T; G1), where { , ) is the inner product in L?(R?)?;
(iii) st holds that

(2-74) lulleqo, v (r2)) < M(u, K),
(2-75) lullz20,msx2(R2)) < M(u, K),
(2-76) 0u/dtl| L2 0,730 (R2)) < M(u, K) + vM(K),

(2-77) u/ D(u)dr < M(u,K) +vM(K), for almost all t € [0,T),
R2
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where the constant K depends only on ug(z), F(z,t); and M(u,K), M(K) are
positive constants independent of v.

PROOF. Let us denote by v, the solution obtained in Proposition 2.5 for each
0 < 7 < 1. By (2-49) to (2-51), we can extract a subsequence still denoted by {v,}
such that as n — 0,

(2-78) vy, — u weakly in L2(0,T; ¥2(R?)),

(2-79) v, —»u weak® in L>(0,T; ¥}(R?)),
Bv,, ou . 2 .0 2

(2-80) 3 " 5 weakly in L*(0, T; ¥, (R?)),

for some function u(z,t). It follows that u(z,t) € C([0,T); X2 (R?)) possibly after
a modification on a set of measure zero in [0,7]. As in the above section, it can
be easily shown that u(z,0) = ug(z). Now (2-74), (2-75) and (2-76) follow from
(2-49), (2-50) and (2-51). We may further extract by Aubin’s compactness lemma
and the diagonal process a subsequence such that

(2-81) v, —u strongly in L?(0,T; W'?(0)?)

for each bounded open subset {2 of R2. Let us choose any bounded open subset
) of R2. Then, there is a subsequence extracted from the above subsequence such
that for almost all t € [0, T, v,(z,t) — u(z, t) strongly in W12(Q)2. Consequently,
we have
/ D(u)dz = hm u/ D(v,)dz
(2-82)

1/(1+n)
< lim v </ D(v,)t*7 dz) (measure of )7/ (147
n—0 Q

using (2-52),
< M(p, K) + vM(K),

holds for almost all ¢t € [0,7], where M(u, K) and M(K) are positive constants
independent of v and (). Thus we infer

(2-83) I// D(u)dz < M(u,K) + vM(K), for almost all t € [0, 7],
R2

which proves (2-77). Next we shall establish (2-73). Choose any g € L2(0,T; G1).
We first notice by Holder’s inequality

(2-84)
T 2/(1+n)
les@sormman < [ ([, D@rras)

T (2-2n)/(1+n) 2n/(1+n)
< / < D(g) dz) (/ D(g)? dz> dt
0 R? R?

T 2 (1=n)/(14n) T 2n/(1+n)
< (/ (/ D(g) dz) dt) (/ D(g)? dx dt)
0 R? o JR?

SM(g)a 2’.7: 1a27
where M(g) is a positive constant independent of 0 < < 1. Using %, (z) defined
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by (1-35), we put g,(z,t) = g(z,t)¥,(z). Then, it follows from (1-36) and its analog
for €;(g,) that for almost all ¢ € [0, TY,

(2-85) lgr(z,t) — g(z, t)lwr.2(R2)2 = 0 asr — oo,

(2-86) leij(9r) — €i(9)llLr(r2) = 0 asrT — o0, 4,5 =1,2,
(2-87) llgr(z,t)llw.2(r2)2 < Clig(,t)lwra(ray2, forallr>1,
(2-88) leij(gr )1 (r2) < Clllesj(9)llLr(r2) + ll9llL2(R2)2),

1,7 =1,2, forall r > 1,

where C is a positive constant independent of g,r and ¢. By the dominated con-
vergence theorem, we see that as r — oo,

T
(2-89) /0 l0r(2,1) = (2, 8) 1By 1.3 oy it — 0,
and
T
(2-90) /0 leis (@) — €55(0)Bamaydt — 0, 5,7 =1,2.

We also observe the inequality

T T
1 / D(vy + )"t dz dt —/ / D(v, + ¢-)' " dz dt
1+n|Jo Jre o Jr2
. /T
(2:91) <t / / |D(vy + g)*" — D(vy + g,)+7] d dt
+nJo Jr2

T
S/O /RZ(D(U,, +9)" + D(vy + g,)")D(g — g) dz dt

(where we have used the inequality |a!*7 — 3177 < (1 + n)(a” + 87)|a — 8], for
alla>0,8>0)

T n/(1+n) T
< (/ / D(v, +¢)'*"dx dt> (/ / D(g —g,)*"dx dt)
o Jr2 o Jr2
. WA g 1/(14n)
+ (/ / D(v, +g,)' 7 dz dt) (/ / D(g—g,)'*"dz dt) ,
o Jmr2 o Jr2

where Holder’s inequality has been used. Now Minkowski’s inequality and Holder’s

1/(14n)
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inequality yield the following estimates:
(2-92)

r 1/(14n) .
(/ / D(v, +g)'*"dz dt) < (/ D(v,)t*" dx dt>
0 R? 0 R?
r 1/(1+n) .
+ < / D(g)™+" dzdt) < ( / D(v,)*" dwdt)
0 R2 0 R2

(1-=n)/(1+n)

T n/(14+n) T
+ < / D(g)? dx dt) ( / D(g) dz dt) ,
0 R? 0 R2

1/(14n)

1/(1+47)

1/(14m)

(2-93)

r 1/(14m) r
</ / D(vy + g-)' " dx dt> < (/ D(vy)'*t" dx dt>
o Jr2 o Jr?

(1=n)/(1+n)

T 2 4o n/(1+n) T ]
; ( /o [ D) d dt) /0 | Dl dzat :
(2-94)

r 1/(1+n)
( / D(g - 9.)"*" dz dt)
0 R2?

T a-n)/+n) / g
< (/ D(g - g-)dz dt) (/ D(g—g,)dz dt)
0 R2 0 R2

Combining (2-52), (2-77) and (2-89) to (2-94), we deduce that for any given 6 > 0,
there is N(6) > 0, independent of 0 < 1 < 1, so that for all» > N(6)and 0 < n < 1,

n/(1+n)

T T
(2-95) Y / / D(vy + ¢)**" dz dt - / / D(vy + g,)' " dz dt| < 6,
1+n\Jo Jre o Jr2
and
T T
(2-96) v / D(u+ g)dzdt — / / D(u+ g,)dzdt] <é.
0o JRr2 o Jr2

Now fix any 6§ > 0 and r > N(6). Suppose that supp g, is contained in a bounded
open subset (1 of R2. Again by means of Minkowski’s inequality and Holder’s
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inequality, we see

r 1/(14n)
(/ / D(vy, + g,)'*" dx dt)
o Ja
T 1/(14n)
_ (/ / D(u + g,)*t" dzdt)
o Ja
r 1/(14n)
lim (/ / D(vy — u)*t7 dxdt)
1=0\Jo Ja

T
Tim (measure ()(1="/(2+20)p(1=n)/(2+2m) (/ / D(vy —u)*dz dt)

(2-97)

lim
n—0

IN

1/2

IA

0, by (2-81);

and, by the dominated convergence theorem,

T T
(2-98) lim / / D(u+g,)*"dzxdt = / / D(u + g,) dzdt.
Q o Ja

n—0 Jo

Hence, we obtain

(2-99) hm/ /D(v +g.) " dzdt = /T/QD(u+gr)dxdt

and similarly,

T T
(2-100) lim/ / D(vy)* " dz dt =/ / D(u) dz dt.
1—0Jo Ja o Ja
It is now apparent that
(2-101)

T T
1// D(u+gr)dxdt—u/ D(u) dzdt
0 R? 0

-—u/ /D(u+g, Ydzdt — v / /D )dz dt
14+n _ 147
—’31—>01+77 (/ /Dv,,+gr) dzdt / /D(v) dzdt)

(/ /ZD(U,, + g, )t da:dt—/ /ZD(v,,)H'" d:cdt)

(/ D(v, + ¢)* T dz dt - / D(v )“”’dzdt)—&.
01+7] R2 R?

=l
b 1

>k

g

!

|
n
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Combining (2-96) and (2-101), we conclude
(2-102)

T T
1// / D(u+g)d:vdt—u/ / D(u)dzdt
o Jr?
1+n 1+n —
%Eﬁ)——l+n(/ / D(vy, +g) ™" dzdt — //D n) da:dt) 26,

and, since § was arbitrarily chosen,
(2-103)

T T
1// / D(u+ g)dzdt — u/ D(u)dzdt
o Jr2 o Jr2

T T
__V__ 1+n _ / 1+n
> I 1o (/0 /R D(wn +g)*ndzdi~ [ [ Dlwy) d:rdt) .
In the meantime, (2-79) and (2-81) yield

T T
(2-104) tim [ (- Vyomar)dt = [ Vg )at

for each r > 0, where ( , ) is the inner product in L?(R?)2, which, together with
(2-78), (2-79) and (2-89), implies

T T
(2-105) tim [ (v D)ong)dt = [ D) e

Since each v, satisfies (2-48) with this g, we combine (2-78), (2-80), (2-103) and
(2-105) to arrive at

/0 <th‘ >dt+/T<(“'V)u,g>dt

T T
(2-106) +u /0 a(u,g)dt +v /0 Jju+g)dt—v /0 J(u)dt

T
> / (F,q) dt,
0

for all g € L?(0,T; §1), where (, ) is the inner product in L?(R?)2.

2.4. Proof of Theorem 2.2. Let up(z) be given in G 0. Then, there is a se-
quence {wg(z)} in § such that wg(z) converges to ug(z) in the §; norm. We
can construct a sequence of increasing positive number {L;} such that supp wi(z)
Cinterior of Ey, /5 for each k and Ly — oo as kK — oo. Now we define vy, o(z) as

follows:
(i) for —Lk/2 <z <L —Lk/4, —Lk/2 <zo < —Li/4,

vL,,0(21,22) = wi (21 + Lk /2,22 + Ly /2);
(i) for —Ly/4 < 21 < Lg/4, —Li/2 < 2 < =Ly /4,
vL, 0(21,22) = —wi(z1, T2 + Lk /2);
(iii) for Lx/4 < zy < Lg/2, —Lk/2 < 29 < —Ly /4,
vL,,0(%1,22) = wi(x1 — Li/2, z2 + Lk /2);
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(iv) for —Lk/2 < zy < —Li/4, —Li/4 < 3 < Li /4,
vL,,0(21,%2) = —wk(z1 + Lk /2, 22);
(v) for —Li/4 < 1 < Li/4, =L /4 < 22 < L /4,
vL,,0(Z1,22) = wi (21, 72);
(vi) for Li/4 <z < Ly /2, — L /4 < z9 < L /4,
vL,,0(T1,22) = —wk(z1 — Lk /2, 72);
(vii) for —Li/2 < ¢1 < —Li/4, Li/4 < 72 < Ly /2,
VLi,0(Z1,%2) = wk(z1 + L /2,22 — Li/2);
(viii) for =Lk /4 < z1 < Li/4, L/4 < 9 < Lk /2,
vL,0(Z1, 22) = —wk (21,22 — Lk /2);
(ix) for L/4 <z < Li/2, Li/4 < x29 < Li/2,
VL, 0(Z1,T2) = wi(z1 — Li/2,22 — Li/2);
. (x) for other (z1,z2), define vy, o(z1,z2) so that v, o(z1,22) be Lg-periodic,
ie.,
vLy,0(21,22) = vr, 0(T1 + Lk, T2) = L, ,0(T1, 22 + Li).
Then it is obvious that vr, o(z) € JP(EL,).
Furthermore, (2-53) holds and
(2-107) lvLeo(@)laz(ee,) + I1ID(vLe o)l (e,,) < K,

where K is a positive constant independent of L and depends only on ||ug(z)||xz(r2)
and ”D(UO)“LI(R2)~

Next we shall construct Fy, (z,t) for given F(z,t) in L?(0,T;L?(R?)?). Since
C([0,T); L*(R*)?) is dense in L?(0,T; L?(R?)?), we can find a sequence {Gx(z,t)}
in C([0,T); L*(R?)?) such that Gg(z,t) — F(x,t) strongly in L?(0,T;L%(R?)?).
For each t € [0,T], we define Fr,(z,t) through the above procedure (i) to (x)
with wy replaced by x(EL,/2)Gk(z,t). Then it is easy to see that F,(z,t) €
C([0,T); J°(EL)) and (2-54), (2-56) hold. With these data, we can use the results
in §§2.1 to 2.3. By the same argument as in Duvaut and Lions [1], it can be shown
that (2-73) implies (2-1); we omit the technical details. For the uniqueness of
solution, we still borrow an argument from Duvaut and Lions [1]. Suppose U;(z,t)
and U(z,t) are strong solution of (0-1) to (0-3). By Lemma 1.10, §; is separable
and hence, there is a countable dense subset {w,}32, in G;. Let us write (2-1) for
U: and each wy,:

_,w
ot

+v | D(wp)dz—v | D(U)dz > (F,w, — Uy)
R? R?

U
< ‘ n—U1>+<(Ul-V>Ul,wn—U1>+ua<U1,wn—U1>
(2-108)
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holds for every ¢t € [0,T] — G, where G, is a measurable subset of [0,T] with
measure G, = 0. Put G = |J;2; G,.. Then, measure G = 0 and (2-108) holds for
all w, at the same time for each t € [0, T] — G, from which it follows that

oU
<a—t1,U2 - U1> + ((Uy - VU1, Uy — Us) + pa(Uy, Uy — Uy)

+vj(Us) —vj(Us) > (F Uz - Uy)
holds for almost all ¢ € [0, T]. In the same way,

(2-109)

oU.
<8—t2’U1 - U2> + ((Uz - V)U2, Uy — Us) + pa(Usz, Uy — U3)

+ l/j(Ul) - I/j(Uz) > <F, U1 — U2)
holds for almost all ¢ € [0, T]. Adding (2-109) and (2-110), we obtain
ol U,
< Eraiy el
+ ua(Uy — U, Uy = Us) <0.

(2-110)

(2-111) U’-’> (U - VYU — (U - VYU, Uy — Uy)

Using the inequality
(2-112)
(U1 - VU1 = (U2 - V)U2,Ur = U2)|

< (U1 = U2) - VUL, Uy = Ua)| + [(U2 - V(Uy = Ua), Uy = U2)|
= [((U1 = Ua) - VU, U = U3)|

< C|VUl|L2 &) lUs — Uzl|7a gy

< C||VULllL2(r2yIIUL - U2||L2(R2)||V(U1 U2)lIL2(R2)

M
< 35IVUL - U2)||L2(R2)+ ||VU1||L2(R2)||U1 Ua22(r2),

where C stands for positive constants independent of U; and Uj, we derive from
(2-111)

d
(2-113) U1~ Ual32(rey + #IV(Ur — Ua)[132(ge)
c? 2 2
< 71|VU1||L2(RZ)||U1 = U2l12(R2)-

Since U, is a strong solution, ||VU; ||%2( r2) € L=(0,T). Now the Gronwall inequal-
ity yields the uniqueness.

3. Convergence of solutions as v — 0. As mentioned in the introduction,
the inequality (0-1) reduces to the Navier-Stokes equations when the yield limit v
becomes zero. So we naturally expect the strong solution of (0-1) to (0-3) with
v > 0 to converge to the solution of the Navier-Stokes equation as v tends to zero.
Our assertion is

THEOREM 3.1. Let up(z) € G1,0 and F(z,t) € L?(0,T; L?(R?)?). Then the
strong solution u,(z,t) of (0-1) to (0-3) converges to the solution u(z,t) of the
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‘Navier-Stokes equations as v tends to zero. A more precise statement is, as v — 0,

(3-1) u, —u weakly in L2(0,T; ¥2(R?)),

(3-2) u, —u weak® i L%°(0,T; X(R?)),
Bu,, ou . 2 . y0/ D2

(3-3) 5t En weakly i L°(0,T; X, (R?)).

PROOF. Owing to the uniqueness of strong solution, the estimates (2-74) to
(2-77) are satisfied by u, (z,t), for each v > 0. Hence, we can extract a subsequence
still denoted by {u,} such that as v — 0,

(3-4) u, —u weakly in L2(0,T; ¥2(R?)),

(3-5) u, —u weak* in L®(0,T; ¥}(R?)),
Bu,, ou . 2 . y0/p2

(3-6) 5 5t weakly in L*(0,T; X, (R?))

for some function u(z,t). It follows that u € C([0,T]; ¥}(R?)) possibly after a
modification on a set of measure zero in [0, T|. By an analogous argument as in §2.2,
we can easily show that u(z,0) = ug(z). As before, we use Aubin’s compactness
lemma and the diagonal process to extract a further subsequence so that for each
bounded open subset {1 of R?,

(3-7) u,(z,t) — u(z,t) strongly in L2(0, T; W12(Q)?).

By the same argument as in §2.4, we may put w = u,(z,t) + b(t)h(z) in (2-1),
where h(x) € S and b(t) € L?(0,T), so that
(3-8)

ou,

T T
/0 <—a—t-,b(t)h(x)> dt+p /0 a(u, b(t)h(z)) dt
T T T
+ /0 (4o - V)uw, b(t)h(z)) dt + v /0 i(uy + b(t)h(z)) dt — v /0 Jluy) dt
> [ " (R b(Oh(2)) d
0

holds. On account of (3-7), we find that

lim (/OT /R D(uu+b(t)h(a:))dzdt—/0T/R2 D(u,,)dzdt)
(3-9) = lim ( /0 ) /ﬂ D(uy + b(t)h(z)) dz dt — /0 ) /ﬂ D(u,,)dxdt)

- /0 ’ /ﬂ D(u + b(t)h(z)) do dt — /0 ) /Q D(u)dzdt,

where supp h C {1, and

T T
(3-10) lim ((uy - V)uy, b(t)h(z)) dt = / ((u- V)u,b(t)h(z)) dt.
0

v—0 Jg
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We may now conclude that for each h(z) € § and b(t) € L%(0,T),

T /ou T
(3-11) /o <§’b(t)"($)> dt + /0 a(u, b(t)h(z)) dt

+ /0 T((u - V)u, b(t)h(z)) dt = /0 T(F, b(t)h(z)) dt,

from which it follows that for each w(z) € ¥!(R?),
(3-12) (Ou/ot, w) — p(Au, w) + ((u- V)u,w) = (F,w)

holds for almost all t € [0, T, since § is dense in ¥}(R?). Hence, u(z, t) is a solution
of the Navier-Stokes equations, and it can be easily shown that u(z,t) is the unique
solution in the above function class, from which (3-1), (3-2) and (3-3) follow.

4. Remark on the regularity of solutions. We shall present an initial
datum which lies in §, but which does not generate a solution as regular in time
variable near ¢t = 0 as the solution of the Navier-Stokes equations with the same
initial condition. Let us define a velocity vector ug(z) as follows

(41) uo(z) = (= f(r)sind, f(r) cosb),
where £1 = rcos#, £ = rsinf, and
(42) f(r) € C§°((0,00)), suppf C (0,2), f(r)=¢ for 3 <r<3.

Then, it is obvious that ug(z) € S, and our assertion is

THEOREM 4.1. Let F(z,t) =0 in (0-1). For the initial datum ug(z) given by
(4-1), there is no strong solution of (0-1) to (0-3) satisfying further regularity

(4-3) u(,t) € C([0, T); ¥2(R?)) N C*([0, T}; ¥2(R?))
for some T > 0.

REMARK 4.2. It is known that the solution of the Navier-Stokes equations with
the above initial condition belongs to C([0, T); ¥*(R?)) N C([0, T); X7~ 2(R?)) for
any m > 3, for some T > 0; see Kato [4] for the result in R3, which is also valid in
R,

We need some elementary technical lemmas.

LEMMA 4.3. Leta,b€ R™, n> 2. Then, it holds that
la + Ab| — |al

3 <1b|, for all X >0,

(4-4)

and if |a| # 0, then
ja+ Xl —la| _ {a,b)
A la|
where { , ) 13 the inner product in R™.
PROOF. (4-4) is obvious from ||a + Ab| — |a|| < A|b]. Suppose |a| # 0 and note
that

(4-6)

(4-5) as A — 0+,

la + Ab] —a| _ 2X(a,b) + A?|b?
A " Xa + Ab| +|a])’

from which (4-5) follows.
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LEMMA 4.4. Let ¢ = (¢1,%2) be a function in R? such that D(y)) € L'(R?)
and suppy C {z: 1 <|z| < 3}. Then, we have

@ ([ P [ Do) [ 30 Eulietv),

1,7=1
as A — 0+, where ug(z) s defined by (4-1).

PROOF. First we observe that
(4-8) e11(uo) = sin@cos @ (—df (r)/dr + f(r)/r),
(4-9) e12(uo) = (cos § —sin® ) (df (r) /dr — f(r)/r),
(4-10) €22(ug) = sinf cos 8 (df (r)/dr — f(r)/7)
and hence D(ug) # 0 forr #1, 1 <r < % By means of Lemma 4.3 and the

)
dominated convergence theorem, we derive (4-7).

Now we proceed to

PROOF OF THEOREM 4.1. Assume that there is a strong solution u(z,t) of
(0-1) to (0-3) satisfying (4-3) for some T > 0. Let us take w = u(z,t) + h(z) in
(2-1), where h(z) € G; and supp h(z) is contained in a bounded open subset Q0 of
R?, so that

(4-11) <6u >+((u-V)u,h)+ua(u,h)+u/ D(u+h)d:c—u/ D(u)dz >0
R? R2

holds for almost all ¢ € [0,T]. Since u € C([0,T); ¥2(R?)) N C*([0,T); ¥O(R?)), it
is evident that

/ D(u(z, ) + h(z)) dz — / D(u(z, ) do
R2 R2?
- / D(u(z, ) + h(z)) dz — / D(u(z,t)) dz
Q 9]

is a continuous function of f € [0,7], and that

(4-12)

(4-13) vG(z,t) ¥ —0u/ot — (u- V)u+ pAu

belongs to C([0, T); L?(R?)?). Thus, it follows from (4-11) that

(4-14) / D(u+ h)dz — / D(u)dz > (G, h)
R? R?

holds for all ¢t € [0,T], and, in particular,
(4-15) /R  Dluo(z) + h(z))dz - /R  Dluo(2)) dz 2 (G(2,0), h(2))

holds for all h(x) € §; with compact support, where G(z,0) is a function of LZ(R?)?
and (, ) is the inner product in L?(R?)2. Next we define h,(z), n > 4, as follows:

(4'16) hn(z) = (_gn(r) sin 6, gn(r) cos 0),
where z; = rcosf, £ = rsinf and

n+l—nr for1<r<1+1/n,
gn( )

(4-17) l1-n+nr forl—-1/n<r<1,

0 otherwise.



400 JONG UHN KIM

Obviously, h,(z) € G; for each n > 4. With the aid of Lemma 4.4, we infer from
(4-15) that

(4-18) /R |y Zultioley(ha) “")5‘3"‘") dz > (G(z,0), hn(2))
1,7=1

holds for every n > 4. It is easy to express ¢;;(hy) analogously to (4-8), (4-9) and
(4-10) so that

S~ 2euin)es(hn) _ (d(0)/dr = F(r)/){dgn(r)/dr — an(r)/7
&= Dlw) [4f (r)fdr — 7)1 |

which, together with (4-18), yields

1+1/n _ 1 _
27r/ (—n—————n+1 m)rdr+27r/ (—n+————1 n+m>rdr
(4-20) 1 r 1-1/n r
> (G(z,0), hn(z)), for every n >4

(4-19)

consequently,
(4-21) —4r > (G(z,0), h,(z)) for every n > 4.

In the meantime, (G(z,0), hn(z)) — 0 as n — oo, since [|hn(2)|L2(r2) — O as
n — oo. This is a contraction, which proves the theorem.

5. Final remark. It is easy to show that Lemmas 1.1 through 1.7 and Lemma
2.4 are also valid in the three-dimensional case ((1-15) and (1-16) should be modified
slightly). Renardy [9] has given a very elegant proof of Lemma 1.8 in any dimension.
Therefore, Lemma 1.9 is still true for R3. Renardy [9] has further shown that
G1,0 = G1 for n = 2,3. Hence, we can obtain a similar result for the local existence
and uniqueness of strong solutions in R3 (according to our definition).
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