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A GLOBAL THEORY OF INTERNAL SOLITARY WAVES
IN TWO-FLUID SYSTEMS

C. J. AMICK AND R. E. L. TURNER

ABSTRACT. The problem analyzed is that of two-dimensional wave motion
in a heterogeneous, inviscid fluid confined between two rigid horizontal planes
and subject to gravity g. It is assumed that a fluid of constant density p4+
lies above a fluid of constant density p— > p4+ > 0 and that the system
is nondiffusive. Progressing solitary waves, viewed in a moving coordinate
system, can be described by a pair (), w), where the constant A = g/c?, ¢ being
the wave speed, and where w(z,n) + 7n is the height at a horizontal position
z of the streamline which has height n at £ = +oo. It is shown that among
the nontrivial solutions of a quasilinear elliptic.eigenvalue problem for (A, w)
is an unbounded connected set in R x (H} N C%1!). Various properties of the
solution are shown, and the behavior of large amplitude solutions is analyzed,
leading to the alternative that internal surges must occur or streamlines with
vertica] tangents must occur.

1. Introduction. The study of single-crested progressing gravity waves was
initiated over a century ago. It began with the observations by Russell [24] of
what he termed solitary waves, which progressed without change of form over a
considerable distance on the Glasgow-Edinburgh Canal. The mathematical analysis
of this wave motion on the surface of water, begun in the nineteenth century, has
undergone a rapid development in the last three decades, due to the scattering
theory for the Korteweg-de Vries equation, which models the motion of long waves,
and due to the development of techniques in nonlinear analysis allowing for the
study of finite amplitude motions (cf. [5, 19] and references given there). The work
on surface waves has many parallels in the study of waves in fluids with variable
density. In the case of a heterogeneous fluid with a free upper surface, gravity waves
still occur, in analogy with surface waves in a fluid of constant density (cf. [23, 25,
27]). What is distinctive about a fluid with density stratification, however, is the
presence of waves which are predominantly due to the stratification and not to the
free surface. These waves, called internal waves, exist in a heterogeneous fluid even
when it is confined between horizontal boundaries, a configuration which prectudes
gravity waves in a fluid of constant density.

For surveys of earlier work on permanent waves in stratified fluids and for more
complete references than given here, we refer the reader to the articles by Benjamin
(8], Bona, Bose, and Turner [10], and Turner [26].
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Our concern in this paper is with progressing solitary waves in a system consisting
of two fluids of differing densities confined in a channel of unit depth and infinite
horizontal extent. The undisturbed state consists of a fluid of constant density p_
having depth h in contact with the lower, planar boundary and a second fluid of
constant positive density p; < p_, lying above the first and having depth 1—h, so as
to fill the channel. The motion studied is assumed to be two-dimensional, inviscid,
incompressible, and nondiffusive. We shall always remove the time variable from
consideration by taking a moving coordinate system in which the flow is steady and
symmetric about the vertical axis.

The problem of finding nontrivial wave motion can be posed in terms of a pair of
harmonic stream functions, ¥ for the upper fluid and 1~ for the lower fluid. At the
interface between the two fluids, a free boundary in this setting, one must impose
the continuity of pressure and of normal velocity components. A direct analysis of
the problem in this setting might be attempted along the lines of the work on two
fluid jets by Alt, Caffarelli, and Friedman [1, 2]. However, they make essential use
of having a minimizer for an appropriate functional and must do a delicate analysis
to show that the interface separating the two fluids is of class C!. In the present
context the analogous minima would correspond to trivial parallel flows (cf. [10,
26]) and the nontrivial flows, to what are undoubtedly saddle points. By taking
a different approach we obtain a global picture of the solitary wave solutions and
show that for each wave the interface between the two fluids is analytic.

The approach taken in this paper is to approximate the discontinuous density
function by a sequence of smooth density profiles and to obtain sufficiently good
estimates in the smooth case to allow appropriate limits to be taken. In this way we
also show that discontinuous densities and smooth, rapidly varying densities give
rise to motions which are close to each other. Using methods of global bifurcation,
the first author in [4] gave a global theory for solitary waves in the case of an
arbitrary smooth density. The solutions are given by stream functions which are
smooth everywhere in the channel. This approach is not limited by the particular
shape of the density profile, as was the variatonal approach used in [10]. However,
a limiting process to obtain solutions for the density having a jump, from p_ to
p+, would still entail a confrontation with an unknown free boundary.

An alternative is to use semi-Lagrangian coordinates. To describe these co-
ordinates we first note that the stream function referred to in the last paragraph
differs from the usual one in having an intervening density factor (see formula 2.14).
Using accepted terminology we call it a pseudo-stream-function and denote it by
¥ = (z,y), where z is a horizontal coordinate and y is a vertical coordinate chosen
so that gravity acts in the negative y direction. In the semi-Lagrangian formula-
tion one uses z and 9 as independent variables and y as a dependent variable. In
this formulation the equation to be considered is highly singular. However, what
would be free boundaries in the spatial domain correspond to coordinate lines, ¢ =
constant, in the new variables. This formulation was used by Ter-Krikorov [25] in
combination with fixed point methods to show the existence of small amplitude pe-
riodic and solitary waves in the case of a fixed or free boundary at the upper surface
of a fluid with smoothly varying density. Using this formulation, but applying a
variational method, the second author in [26 and 27] studied the two-fluid system
under consideration here as well as a multiple-fluid system with a free upper sur-
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face. The existence of periodic and solitary wave was shown, the latter waves being
obtained as the limit of periodic ones with ever-increasing periods. In the present
paper, to obtain large amplitude waves in the case of a discontinuous density, we
work principally with the semi-Lagrangian formulation, but as a starting point use
the solutions provided by [4]. It will be shown that there is a global theory for a
discontinuous density analogous to that derived in [4] for a smooth density.

In §2.1 the passage from the postulated physical model to the relevant equations
is made. The equations are of two types. The first is a semilinear elliptic equation
for a pseudo-stream-function v (z,y). The second is a singular, quasilinear ellip-
tic equation which governs the deviation of streamlines from parallel flow when
semi-Lagrangian coordinates are used. In both equations there enters an unknown
parameter which describes the speed ¢ of a progressive wave as seen in “labora-
tory” coordinates. In the second formulation it appears explicitly as an eigenvalue
parameter A = g/c?, where g is the gravity constant.

In §2.2 the main results of the paper are stated in Theorem 2.1. It describes
a branch § of solution pairs (\,w), where w = w(zy,z3) is the deviation at the
horizontal position z; of the streamline which has height z9 at z; = +o00. If T
denotes the domain of the pairs (z1,z3), the branch is unbounded and connected
in R x (H§(T)NC%Y(T)). It emanates from a pair (A\g,0), where \q is a particular
function of py, p_, and h. The speed ¢y = (g/X4)'/? is a critical speed for the
stratified configuration, the analogue of the speed \/gh for long waves on the surface
of water of depth h. For all nontrivial solutions in §, 0 < A < )y, and thus the
associated speeds are supercritical, a result consistent with all analyses of solitary
wave phenomena.

The sign of another parameter e, a function of py, p_, and h, predicts the sign
of streamline displacements. If e > 0, the undistributed state will allow waves
of elevation, while for e < 0 it allows waves of depression. The phenomenon de-
scribed here, as distinct from that associated with simple eigenvalue bifurcation,
is one-sided. If e > 0 there are elevation waves but no depression waves near the
bifurcation point (Ag,0). Finally, all waves are symmetric about their crests and
decay monotonically and exponentially to zero as x — +oo.

The core of the proof of Theorem 2.1 is carried out in the course of §§3 through
6. We begin with a sequence p,, n = 1,2,3,..., of smooth density profiles in
the undisturbed channel configuration, which, as n — oo, converge to the given
discontinuous density function. It is shown in §3 that for each n a subset of the
pseudo-stream-functions from [4] provides an unbounded, closed, connected set of
solutions (A, w) in R x H}(T) with which to work in the new coordinates. In §4 a
general scheme for the limiting process is given. Then, after imposing restrictions
on the gradient of w, regularity estimates for solutions are derived, the estimates
being independent of n. These estimates are used in §5 to obtain connected sets of
solutions in R x H}(T) for the case of a discontinuous density. In §6 the solution
sets are examined in the stronger topology of R x (H¢(T) N C%Y(T)). Here it is
shown that connectedness is preserved. The next step concerns the restrictions
imposed on the gradient of w in §4. It must be shown that for any solution (\, w)
under consideration, the gradient of w does not take values in a range that would
make the underlying elliptic equation singular. This is accomplished by returning to
the original formulation involving the pseudo-stream-functions 1* and obtaining
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bounds on their gradients, that is, bounds for the velocities in the flow domain.
These bounds translate into the desired estimates for the gradient of w.

In §7 results constituting the proof of Theorem 2.1 are collected. Many properties
of solutions are obtained in the course of proving the existence of the set S. To these
are added the proofs that the interface is analytic and that depression (elevation)
waves are absent near the bifurcation point (Ag,0) if e > 0 (e < 0).

Numerical studies have been made of periodic, interfacial, gravity waves for two
unbounded fluids of differing densities (cf. [17, 28]). It is found that along a branch
of waves of fixed wavelength, the separating streamline steepens, eventually man-
ifesting a vertical tangent and, past that, an overhanging region in which heavier
fluid lies above the lighter one. From these studies one might conjecture that, along
the branch of solutions $ found in this paper, w becomes large in C%!. In fact, the
introduction of the C%! topology, apart from having a crucial role in the estimates
of §4, was suggested by the numerical work. §8 concerns the behavior of large am-
plitude solutions on the branch S. The fact of having a channel of finite depth and
solitary rather than periodic waves may change the character of large amplitude
waves. We pursue the implications of assuming that wave profiles do not steepen
to the point of having vertical profiles. A first consequence is that there must exist
a solution (\,@) of the flow equations for which w is not in L?(T). Rather, at
T = F00 it asymptotically approaches a nontrivial parallel flow, a “conjugate” flow
in the terminology of Benjamin [9]. A further consequence is the existence of an
“internal surge” of predictable size and speed. As yet, no contradiction has arisen
from this train of arguments and so the large amplitude behavior remains an open
question. In a project in progress the second author and J.-M. Vanden-Broeck [29]
are carrying out a numerical study of the solitary wave patterns shown to exist here
and hope to shed light on their behavior.

2. Formulation of the flow problem and results.

2.1. The flow equations. Here we describe the physical model under consideration
and the passage to a boundary-value problem for a partial differential equation.
The boundary-value problem, in turn, is formulated in essentially two ways, and
the interplay between these is used in our analysis. Consider an incompressible,
inviscid fluid acted on by gravity and restrict attention to a two-dimensional flow
confined to and filling a region S = {(z,y)| —o00 < z < o0, —h <y < 1— h}.
The acceleration of gravity has magnitude g in the negative y direction. Further
assumed characteristics of the fluid which make propagation of permanent waves
possible and their study tractable are that it is heterogeneous and nondiffusive. To
explain the last term it is worthwhile to first describe a diffusive system. Consider
a mixture of two components, say water and a dissolved salt. In a mixture the
molecules can trade places without having any net mean-molar velocity. However,
if the molecules have different masses, there can be a net movement of mass. Let q
denote the mean-molar velocity and Q, the mean-mass velocity (cf. [11, Chapter
1]). Let p denote the density of the fluid, and suppose, to begin with, that p is a
smooth function of space and time. Subsequently we shall formulate the problem
for a discontinuous density. If v denotes the diffusion coefficient (assumed the same
for the two types of molecules), then the Fick diffusion law (cf. [71; 11, p. 23; 14])

1'We wish to thank the authors for a discussion of the diffusive model.
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gives

(21) Q=qa-vVp/p.

The Euler momentum equation is

(22) p(0Q/0t +(Q-V)Q) = —Vp — pgk,

where p is the pressure and k is a unit vector in the y direction. Conservation of
mass takes the form

(2.3) dp/dt + div(pQ) = 0,
and the volume incompressibility, the form
(2.4) divqg =0.

A set of equations for p and q is obtained by using (2.1) in (2.2) and (2.3). We
will seek a wave motion which has a permanent form when viewed in a coordinate
system moving in the z direction with constant speed and in such a coordinate
system the equations will have no explicit time dependence. To avoid introducing
new notation, let us assume for the remainder of the paper that all quantities are
referred to the moving system, but retain the notation already introduced. With
no time derivatives present, the equations for p and q reduce to

(2.5) p(a- V)a+O(v) = —~Vp — pgk,
(2.6) q-Vp—vAp=0,
(2.7) divg = 0,

where O(v) refers to terms of order v for v small. Time scales for diffusion (e.g., in
stratified salt solutions) are on the order of hours, while a wave of the type sought
here will pass in a matter of seconds. Thus, diffusion plays an insignificant role in
the wave propagation phenomenon. By a nondiffusive fluid we merely mean a fluid
governed by (2.5)-(2.7) with v = 0. The resulting equations are the standard ones
used for nondiffusive stratified fluids, but the condition q - Vp = 0, attributed to
nondiffusivity, is hereby rationalized. Otherwise, it would seem to arise from using
a single solenoidal field q together with mass conservation and not have any clear
connection with diffusion (or lack of it).

The equations which result from setting v = 0 in (2.5)-(2.7) and which are the
basis for our analysis are:

(2.8) p(q-V)q = —Vp - pgk,
(2.9) q-Vp=0,
(2.10) divg = 0.

For use in the sequel we let q = (U, V'), where U and V denote the horizontal and
vertical components of velocity, respectively. It will be assumed that in the original
“laboratory” coordinates the fluid is at rest at * = +o00 and there has a positive
density poo(y) which is nonincreasing in y and satisfies poo(—h) > poo(1 — h). Thus
if a wave under consideration is moving from right to left in the “laboratory” with
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speed ¢ > 0, a corresponding boundary-value problem in the new coordinates is to
find q(z,y), p(z,y), p(z,y), and c satisfying (2.8)-(2.10) and

(2.11) o p(z,y) = poo(y),
(2.12) Jim (U,V) = (,0),
(2.13) V=0 onds,

where 0S denotes the boundary of S. Note that q(z,y) = (c,0), p(z,y) =
—foy Poo(8)gds, and p(z,y) = poo(y) is a solution of (2.8)-(2.13) for any real ¢
and will be referred to as a trivial solution. We shall find nontrivial solutions of the
boundary-value problem (2.8)-(2.13), properly interpreted, for a piecewise constant
density p4(y), given as po(y) and shall do this by way of smooth approximating
densities. In the treatment of smooth or discontinuous densities it will always be
assumed that each streamline (i.e., integral curve for q) is a simple Jordan arc con-
necting £ = —o0 to ¢ = 4+00. In particular, there are to be no “internal eddies,”
that is, no relatively compact regions in S bounded by parts of streamlines.

From (2.9) and (2.10) it follows that q admits a stream function, as does q
multiplied by any function of p, since p is locally constant on streamlines for q. In
particular, there is a “pseudo-stream-function” ¥ (z,y) for which

(214) pl/2q = (wy7 —wl)v

the subscripts denoting partial derivatives. The total head pressure H is defined
by

(2.15) H(z,y) = p(z,y) + 3p(z,y)la(z,9)* + p(z,9)gy,
and from (2.8) it follows that

(2.16) dH/dz = pV (Vz — Uy) + pz(3lal® + gy)
and

(2.17) dH/3y = pU(Uy — Vi) + py(3lal® + gy).
Since q - Vp = 0, the Bernoulli condition

(2.18) q-VH =0

follows. Thus, H and p may be considered as functions of the single variable 1, and
we shall write H(z,y) or H(¥) and p(z,y) or p(¢) when no confusion is possible.
Since all streamlines go to infinity where p and q are known and where p can be
assumed hydrostatic:

(2.19) ply) = - /0  peols)g ds

the functions H(v) and p(¢) can be computed explicitly when po, and ¢ are given
(cf. (2.21), (2.22)). The explicit examples in [10, §6], illustrate the computation.
Define

(2.20) U(y) = c /O o) ds,
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the pseudo-stream-function “at infinity.” Let Y (v) denote the function inverse to
¥ so that Y(¥(y)) = y for —h < y < 1 — h. Then all along the streamline with
value 9, the density has the value

(2.21) p(¥) = po (Y (¥)),

and for a flow with a pseudo-stream-function ¥(z, y), the density at (z,y) is p(z,y)
= poo(Y (¥(z,y))). That is, the streamline through (z,y) must be followed to oo
to ascertain its associated density. Similarly, from the data at infinity we have

(2.22) H(Y) =p(Y () + p(¥){c*/2+ gY (¥)},

and each of (2.21) and (2.22) is defined for ¥(—h) <3¢ < ¥(1 — h).
To obtain a partial differential equation for ), suppose U # 0 (as we shall).
Using the chain rule to express the derivatives of H and p in (2.17), one obtains

dH dp (1,

W voUy —Vz) + & <5Iql + gy)
after cancelling a factor \/pU = 0v¢/dy. If U, — V, is evaluated using (2.14), the
last equation becomes the semilinear elliptic equation

dp dH

(2.23) Ay + gy@ =W

which is Yih’s version of Long’s equation (cf. [10] for references). The associated
boundary conditions are

(2.24) Y(z,—h) = ¥(=h), ¢(z,1—h)=Y(1-h), z € R,
and

(2.25) . Y(z,y) = ¥(y).

The formulation at this stage, given p(y), is to find ¢ and a function ¥(z,y)
satisfying (2.23)—(2.25). If poo is smooth, one seeks a smooth 1. If py, is the
piecewise constant function

_[r-
(2.26) pd(y)—{p+, O<y<1-h,

then the meaning of (2.23) must be clarified. The dividing streamline between the
portions of fluid with different densities is that on which ¢ = 0. Suppose it is
the graph of a function I' = {(z,~(z))| — 00 < £ < co}. In each of the regions
S™ ={(z,y)| —h<y<~(z)} and ST = {(z,y)|y(z) <y < 1 — h}, pis constant,
taking the values p~ and p*, respectively. From (2.19) and (2.22) H is constant in
each region and by calculating its values at £ = oo and y = 05 on either side of T,
one sees the values to be H~ = p_c?/2 and H* = p, c?/2, respectively. Equation
(2.23) requires 4 to be harmonic in S*, as expected. As 1) is a measure of flux, we
require it to be continuous. Thus

(2.27) =0 onTl

and since it should also satisfy (2.24), by the maximum principle it will be positive
in S* and negative in S~. Let )* denote the restrictions to S*, respectively. An
additional requirement on the free boundary T is that the pressure

p=H - 1|Vy|? - pgy
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be continuous. Thus
(2.28) HIVOrE = Ve 1} = (py —p-){c*/2-gy} onT,

using the values H* from above. To summarize, the boundary-value problem for
the given discontinuous density (2.26) is to find ', ¢, and ¥(z,y) such that ¢ is
harmonic in S* and satisfies (2.24), (2.25), (2.27), and (2.28). There will be no
problem interpreting the conditions as it will be seen that I' is smooth as are the
extensions of ¥ to the closures S*.

Next we give alternate formulations of the boundary-value problems correspond-
ing to the smooth and discontinuous densities, respectively. We shall work only with
flows in which no reversal occurs; that is, for which U(z,y) > 0 in S. From (2.14)
this corresponds to ¥, > 0 and for such functions one can solve for y as a function
of the spatial coordinate z and the “material coordinate” 3. The utility of this
semi-Lagrangian description is that for the density (2.26) the unknown interface
function ~ is merely the unknown function y(z, ) evaluated on ¥ = 0; i.e.

(2.29) ¥(z) = y(z,0).

A disadvantage of using y as a dependent variable is that the semilinear equation
(2.23) is replaced by a singular quasilinear equation for y(z,). Since y(z,¥(z,y))
=y, one has the relations

(2.30) Yo +ypthe =0, yy -y =1,
from which one derives the equation
0 (ys 10 [1+y2 d dH
in R x (¥(—h),¥(1 — h)) from (2.23). The associated boundary conditions are
(2.32) y(z,¥(-h)) = —h, y(z,¥(1-h))=1-h, z€eR,
and
(233) lim_y(ev) = Y(0)

One final change of variables will bring the equation to the form used by the second
author in [26]. Let z; = z, 22 = Y (¢), and

(2.34) w(zy, z2) = y(z1, ¥(x2)) — z2

so that w represents the deviation at a horizontal position z; of the streamline
which has height zo at co. It should be emphasized that z, is a rescaled stream
coordinate. In describing an equation for w we set

2 2
P1 TP
2.35 , Pitps

fi = 0f/0pi; i = 1,2; A = g/c%; T = R x (—=h,1 — h); and use the summation
convention. A calculation produces an eigenvalue problem for the pair (A, w):

(2.36) —(8/02:)poo (22) [i(VW0) = ~Apho(z2)w in T,

(2.37) w(zy, —h) =w(z,1 —h)=0, z; € R,
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(2.38) lim w(zy,z2) =0.

|z|—o00
The case for the discontinuous density (2.26) requires a separate formulation. While
T and S coincide, the domain T+ = {(z1,z2) € T | z2 > 0} is what corresponds to
S*. One defines T~ similarly. By a solution of (2.36)-(2.38) for the density (2.26)
we understand a function w € C%Y(T) N C}(T?) satisfying (2.37), (2.38), and the
weak equation

[e ]

(2.39) Apdfi(Vw)gZ = —/\/Tp;wgo = Ap- —p+)/ w(z1,0)p(z1,0) dzy

— 00

for all ¢ € C§°(T'). To keep both (2.36) and (2.39) in mind we shall simply refer to
a solution of (2.36)—(2.39). Throughout the paper standard notation for function
spaces will be used (cf. [13]). We shall write C for a space C° of continuous
functions.

2.2 Results.
THEOREM 2.1. Let pq be the discontinuous density given in (2.26), let
1 p— | P+ )
2.40 A= (__ L P
(240 Sl \E T1-h
and let
_P- P+

(2.41) €= 13 TR
Then if e > 0,

(a) there exists an unbounded, closed, connected set S C R x (H3(T) N C%(T))
of solutions (A, w) of (2.36)—(2.39) with (A\q,0) € §.

(b) There ts a positive constant A = A(p—, p+) such that if (A, w) € §\ {(\4,0)},
then A <A< A, w>0onT, w(—z1,22) = w(z1,22) on T, and dw/dzy <0 on
(0,00) x (—h,1 — h).

(c) The functionw has real-analytic extensions to T+ and T—, dw/dz, € C*(T),
and

(2.42) pa(z2){f2(Vw) — Aw} € C*(T)

for some Holder exponent a > 0, uniformly for w in bounded sets of C%*(T).
(d) There ezists a constant K = K(p_, p+, h) such that for all (A\,w) € §,

0<1/1+wg,) <K inT

and
|wg, /(1 +wz,)| <K inT.
(e) For each (\,w) € §\ {(A4,0)},
lw(z1,22)| + |Vw(zy, z2)| < Cre~C2l=l
where Cy and Cy are positive constants depending on (A, w).
() If |A = Ad| + |w| Hi(T) * [Wlgon () 18 sufficiently small, the only solution of

(2.36)—(2.39) for which w ts even in z1 and for which both w and —Ow/dzx have
signs oppostte to that of e for x1 > 0 1s the trivial solution.
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If e < 0, the results (a)—(f) hold with the change w < 0 in T and Ow/8z; > 0
for 1 > 0 wn part (b).

We shall restrict attention to proving parts (a)-(f) for e > 0 since the case e < 0
is analogous.

The implications of the assertions in the theorem for the fluid flow are not all
transparent and some discussion is in order. The value A4 at which bifurcation takes
place and the sign of e as an indicator of the direction of streamline displacements
both arise in the small-amplitude calculations of Long [16] and Benjamin [8] as well
as in the variational approach of the second author in [26]. In the passage from the
physical flow model to the problem (2.36)-(2.39) we did not address the question
of which solutions (A, w) give rise to physically reasonable flows. In the approaches
using the equation (1.23) for 9(z,y) further restrictions intervene (cf. [4, 10]).
Here, however, each pair (A, w) € § corresponds to a physical flow. The main point
is to verify that all streamlines connect £ = —00 to = +o0 or, equivalently, that
—h < z3 +w(zy,22) <1—hfor —h < 29 < 1—h. Since w =0 for z, = —h and
z2 = 1 — h and since 1+ w,, > 0 by part (d), it follows that zo + w lies in the
desired range. The bounds in part (d) are, in reality, bounds on velocities, for the
use of the relations (2.30) together with (2.14) and (2.34) yields

1 31/) _ c 1 3111 _ CWg,

VPOT 14wy,

2.43 U= —"ZL=_———
(243) VPOYy  1+wg,

The velocity c satisfies
(2.44) (9/2a)'* < ¢ < (g/N)'?

by part (b), and thus U and V have bounds depending only on p_, p., and h.
The velocity (g/Aq)'/? is the so-called “critical velocity” associated with the fluid
system, and (2.44) shows that all solitary waves found here have supercritical ve-
locities. The remaining parts of (b) describing the shape of w are self-explanatory
and are in accord with observed phenomena (cf. [30]). The smoothness of w is more
than sufficient to give a sense to (2.36)-(2.39). The condition (2.42) corresponds
to the pressure condition (2.28). To see this, one uses (2.43) to obtain

— — Wz, + %wga — %wgl _9
poo{fQ(Vw) ’\w} = Poo { (1 + wg, )2 c2w

1 c? | V|2
G

On the dividing streamline w(z;,0) = y(z;,0), and the continuity of the expression
in (2.45) yields the continuity of pressure expressed by (2.28). With w having
the regularity stated in part (c), it is a simple matter to verify that (2.36) holds in
T+ UT~ and that the weak equation (2.39) holds. The exponential decay described
in part (e) shows that the wave is of essentially finite extent. Of course, the proof
makes it evident that the constant Cy approaches 0 as A approaches A\g4, and this is
to be expected in solitary wave phenomena (cf. (6, 8, 12, 25]). The nonexistence
result in (f) exhibits the delicate nature of the bifurcation at (\4,0), a behavior
quite different from that at a simple eigenvalue wherein the bifurcating branch
crosses the line of trivial solutions.

(2.45)
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3. Solutions for smooth densities. Let p,, n = 1,2,..., be a sequence
of nonincreasing functions in C*°[—h,1 — h] which converge as n — oo to the
discontinuous density pg given in (2.26). For definiteness suppose that p, = p_
for —h < y < 0 and that p, = p4 for 1/n <y < 1— h. Let p, play the role of
the smooth density po, in (2.20), and consider solutions (A,), A = g/c?, of the
corresponding problem (2.23)-(2.25). Let u = u(z,y) be defined by the relation

(3.1) eV pn(y)u(z, y) = ¥(y) — ¥(z,y).

To avoid introducing more notation, we will refer to the pairs (A, u) as solutions
of (2.23)-(2.25). In an earlier paper [4] the first author obtained global solution
branches for the flow problem with a smooth density, and those results will be used
here. The description involves a parameter u, defined as follows. Hereafter let I
denote the interval (—h,1 — h) and define

1 - § Pr¥’
— = max .
pn  veHL(D) [} pa(v)
For the smooth density p, the quantity u, plays the same role that A4 in (2.40)

plays for the discontinuous density. That is, (u,,0) is the bifurcation point of a
branch of solutions. It will be shown in Lemma 5.5(c) that

(3.3) lim g1 = Ag.

(3.2)

Corresponding to e defined in (2.2) is a parameter A, (cf. [4, formula (7.25)]) which
satisfies
(3.4) lim A, =e.

n—0o0
For A, > 0 one obtains waves of elevation for the smooth density p,, and that is
the case discussed here. In §7.2 of [4] it is shown that there is a maximal, connected
set D, C R x (H(S) N C(S)) of solutions (A, u) containing (ir,0). Furthermore,
for (A,u) € Dn \ {(t4n,0)} the parameter A satisfies 0 < vy, < A < un, where v, is
a constant, and the function u satisfies u > 0 in S, u(—=z,y) = u(z,y) in S, and
Ou/dz < 0 for z > 0.

For our purposes the nonlinearity in the basic equation (1.1) of [4] can be as-
sumed smooth and bounded for a fixed smooth density p, (cf. the discussion fol-
lowing 7.14 in [4]). Standard elliptic theory applied to such an equation gives local
H? bounds from local H! (or L?) bounds and by embedding theorems, local Holder
estimates (cf. [22]). Hence, if a sequence of solutions converges in H}(S), it will
converge uniformly on bounded subsets of S, according to the Arzela-Ascoli theo-
rem. Since u varies monotonically for £ > 0, the argument given in Lemma 4.6 of
this paper shows that u converges to zero as £ — 400, uniformly on bounded sub-
sets of Hj(S). As a consequence the topology of R x H3(S) is stronger than, and
hence equal to, that of R x (H}(S) N C(S)) when restricted to the set of solutions
Dn. We conclude that we may replace H}(S) N C(S) by H3(S) in the preceding
paragraph.

A solution (A, ) of (2.23) gives rise to a solution (A, w) of (2.36) provided the
strict inequality ¥, > 0 holds in S. If u = 0, then (z,y) = ¥(y), whence
OY/0y =W (y)>0in S. Let

(3.5) Cn= {maximal connected subset of D, | g—;f >0 in 3}



442 C. J. AMICK AND R. E. L. TURNER

and

(36) En ={(Aw) | (A u) € Cn}.

This defines a one-to-one correspondence between C,, and &, a set of solutions of
(2.36)-(2.39). For nontrivial solutions (A, u) we have du/dz < 0 for £ > 0, whence

Ow/dz; < 0 for z; > 0 by (2.30), (2.34), and (3.1). Since w is even in x; and
vanishes at infinity, it follows that w > 0in T if (A, w) € &, \ {(1n,0)}.

LEMMA 3.1. The map from C, to &, taking (A, u) to (A, w) is one-to-one and
continuous from R x H}(S) to R x HY(T). For any rectangle B =J x I, J open
(and possibly unbounded) in R,

(3.7 |w|H1(B) < KlluIHl(B)
and
(3.8) lu|p1(By < Kalw|g1(s),

where K; and K, depend on n and K, also depends on a lower bound for 1, v
being associated with u. The constants K1 and K3 are independent of the horizontal
wnterval J.

PROOF. The assertions of the lemma are valid for any smooth density, and in
the proof we write p for p,, supposing we have fixed n. For any pair (A, u) € C,
the corresponding %, > 0, and hence the correspondence between u and w, via
y(z,), is well defined and one-to-one. A further consequence of 1, > 0 is the
bound ¥(—h) < ¢ < ¥(1 — h) in view of the boundary conditions (2.24). This
bound, together with standard elliptic estimates applied to the semilinear equation
(2.23), yields L™ estimates for derivatives of ¢ of all orders, depending only on p
(that is, on n). In particular ¥, < K, where K depends on n.

In comparing the H! norms of u and w, we first note that since p is smooth and
positive and the speed ¢ = (g/A)!/? is bounded above and below on Cy, it suffices
to prove inequalities (3.7) and (3.8) with u replaced by

(3.9) p(z,y) = ev/p(y)ulz,y) = ¥(y) - ¥(z,y).
From (2.20), (2.30) and the coordinate relation (2.34) one obtains
ow Oy ov

(L‘I’(l‘z))%(wz) -1
_ cV/p(z2) _
31!’(5'3, y(:c, \I/(z2)))/ay

_evp(Y(¥(z,9))

oY(z,y)/dy

oz; 0%

(3.10)

and
dw _ oy 0v(zy)/ds
9z, 0z OY(z,y)/0y’

It follows that, for each fixed r = z;,

(3.12) /I|Vw|2dx2 = /1 m {wg + (c\/p(Y(w)) - ¢y)2} dy.

Al

(3.11)
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For a wave of elevation w > 0 and ¥(zr,y) < ¥(y), and so p(Y (¥(z,y))) >
p(Y (¥(y))) = p(y). Thus

c / "h VoV @z, ) ds + ¥(~h) - (z,3)

y —h
1 > / Vot [ eVolE)ds —v(a,y)
—c /0 Vo) ds - ¥(z,9)

=¥(y) - ¥(z,9)

in view of the definition (2.20). Since ¢ [¥, \/p(Y (¢)) + ¥(—h) — ¥(z,y) vanishes
at y = —h, (3.13) can be combined with the Poincaré inequality to yield

[ Pendr= (@) -2
<[ ([ V@ s + wh -v)
<[ ([ w3
= [ (Vo@D - )"

Since ¥y < K it follows from (3.12) and (3.14) that, for any rectangle B = [a, 8] X I,
(3.15) [ o <k [ Vol < Kl s,
B B

where one uses the bounds on 4, and ¢ in the denominator in (3.12). Since ¥, = ¢,
(3.12) also yields

) K’/B Vwl? > /B {wi + (VoY (8] - /oY () + /oY (¥) - %y}

1
> 2 - 2 _ " 2
_/B{soz+2<py K"p }
where the mean value theorem is used to obtain
2
VoY (@) - VoY )| < K" - w2,
From (3.15) and (3.16) it is clear that

(3.14)

(3.16

(3.17) lolar sy < Kolw|m1(s)
and hence (3.8) holds.

For a fixed (A,9) € Cp, there holds ¢, > K’ > 0 and one readily derives
(3.18) lwla sy < Kilelui (s

from (3.12) using a mean value estimate as in (3.16). Hence (3.7) holds.
To see continuity of the map from C, to &,, consider a sequence of solutions
(AmsUm), m = 1,2,..., converging in R x H}(S) to (A\,u) € C,.. Let w,, and w
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be the respective counterparts of u,, and u. If A = u,, then u = 0 according to
the description of D,. Then since u,, converges to zero in H}(S), elliptic estimates
show Vu,, to be small uniformly on S for all large m. The y derivatives of the
corresponding v,, are bounded below by a positive constant, uniformly for m large,
and hence (3.7) implies the convergence of w,, to zero in Hj(S).

If A < pn, then A\, < (A4 pn)/2 < p, for all large m and the function
corresponding to u satisfies 9y/dy > 0 in S. In fact, there is a constant K > 0
so that 91/0y > K on S and 0v,,/0y > K on S for all sufficiently large m. To
see this, consider first the behavior for large z. The method of proof of Theorem
2.3(b) of [4] is easily used to show that |u,,| < K'e~#I*l and |u| < K'e~Pl=! where
B > K"(un — A). Elliptic estimates show that Vu,, and Vu have the same type of
decay for large z. Let By denote the subset of S (or T') where |z| < N. It follows
from (3.1) and the exponential decay that for some N > 0 and all m sufficiently
large the y derivatives of ¢ and t,, are bounded below by a constant K" > 0. As
noted at the outset of the proof, the second derivatives of the function v,, have a
bound on S, independent of m. By the Arzela-Ascoli theorem it can be assumed
that the functions 0%, /0y converge uniformly to d¢/dy on By. Since dy/dy > 0
on By, it is clear that for all sufficiently large m there is a positive K which serves
on By and on its complement as a lower bound for the y derivatives of ¥ and ¥,y,.

To see that w,, converges to w, first note that, according to the lower bound
just estabished, (3.7) holds for the pair (u,w) and for the pairs (uy,,w,) with
K independent of m, provided m is sufficiently large. For any given € > 0 the
norm of u in H!(S — By) will be less than ¢ for N sufficiently large, and the
norm of u,, in H(S — By) will be less than 2¢ for m sufficiently large. Then
the norm of w,, in H(T — By) will be at most 2K¢, and so it suffices to show
that w,, converges to w in H!(By) for each N. Since the y derivatives of the 9,
have a positive lower bound K for all large m, one readily sees that the inverse
functions y,,(z,%) converge uniformly to y(z,%) on By as do the functions w,, to
w on By. Derivatives of the formulas (3.10) and (3.11) provide C? bounds for the
functions w,,, uniformly in m for all sufficiently large m, and hence another use of

the Arzela-Ascoli theorem gives convergence of w,, to w in C1(By) and hence in
Hl(By). QE.D.

THEOREM 3.2. For each n, &, 1s an unbounded, closed, connected subset of
R x H3(T) containing (pn,0).

PROOF. The continuity of the map from C,, to &, implies that &, is connected.
To see that &, is closed, let (A, wm) € &, m = 1,2,..., converge to (A, w) in
R x H}(T). The inequality (3.8) shows that the corresponding functions u, are
uniformly bounded in H}(S). From §5 of [4] it follows that the sequence (A, um)
converges in R x HJ(S) to a solution (), u). The function u will be smooth as
will the corresponding 1, again from elliptic estimates. In order to show that &, is
closed, it suffices to show that dv/dy > 0in S.

If u = 0, then v = V¥ and its y derivative is positive in S. If u #Z 0, then A < u,
and Vu decays exponentially to zero as |z| — oo as was indicated in the previous
proof. This decay means that 91/dy is positive for (z,y) € S \ B, for some N.
Since p is constant near y = —h and near y = 1 — h, 1 is harmonic near those lines.
Moreover, v is nonconstant near those lines, for otherwise it could not approach ¥
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as |z| — oo. From the maximum principle it follows that dvy/dy is positive on the
boundary 4S5 and so if it vanishes, it must do so at a point (Z,§) € S. Suppose this
occurs. Then since 9y /dy > 0 in S, the gradient of dy/dy must vanish at (z,7)
with the result that

(3.19) 0<09/dy < K'((z - )%+ (y - 9)%)

in a neighborhood of (Z,y). But then (¥,)~! has a nonintegrable singularity at
(%,9). Now apply (3.12) to w,, and ¥y, and integrate the result over an z interval
containing Z. Since w,, is bounded in H' uniformly in m, one can conclude that
the integral of (8vm/8y)~! over a neighborhood of (Z,7) is bounded, uniformly
in m. Fatou’s lemma would then show (8%/8y)~! to be integrable near (Z,), a
contradiction.

The contradiction just reached also arises if one assumes ¢&,, bounded. For then
(3.8) shows that C,, is bounded, and hence there is a sequence (A, um) converging
to (A, u) € D, \Cy, for which the corresponding ), must vanish somewhere. Q.E.D.

For later use we include the following result.

LEMMA 3.3. For eachn, the identity map on &, is continuous from R x H}(T)
to R x (H3(T) N CY(T)).

PROOF. The proof is similar to the proof of continuity in Lemma 3.1, and we use
notation from that proof. In fact the continuity on bounded subsets of T follows
from the arguments in the last paragraph of that proof and so only the “tail”
behavior need be examined. Suppose (A, wm) converges to (A, w) in R x H}(T).
Then from (3.8) the corresponding |um|n1(s—By) can be made arbitrarily small for
large N, uniformly in m. Elliptic estimates then show |um|c1(s—By) to be small,
uniformly in m. Since the function v corresponding to w satisfies dy/dy > K > 0
in S, one has 99, /0y > K/2 in S for the corresponding 1,, when m is sufficiently
large. Then the formulas (3.9)-(3.11) show |wm|c1(s—By) to be small uniformly in
m, so the identity map is continuous. Q.E.D.

4. Sets of solutions with restricted gradients. In §3 it was shown that for
each n the problem

(4.1) —(8/0z:)(pn(22) f:(Vw)) = =g (z2)w inT,
(4.2) w(z1, —h) = w(zy,1 - h) =0, z1 €R,
(4.3) |z11}r—l»loo w(zy,22) =0

has an unbounded, closed, connected set of solutions &, emanating from the pair
(4n,0). As stated earlier, the existence of solutions for the problem with discon-
tinuous density will be obtained by allowing n to approach infinity. The intricacies
of the limiting process will be described in §5. Here we describe a general setting
for obtaining connected sets of solutions by letting parameters approach limits and
also prove some estimates which will be used in the limiting process.

Consider a metric space X and a collection of sets A = {A,}, n =1,2,..., with
A, C X for each n. By definition lim inf A consists of points p € X such that every
neighborhood of p contains points of all but a finite number of the sets A,, while
lim sup £ consists of those p € X such that every neighborhood of p contains points
from infinitely many of the sets A,. The following result from Whyburn [31, p.
15] provides a tool for demonstrating the permanence of connected sets.
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LEMMA 4.1. Let{A,}, n=1,2,..., be a sequence of connected sets in a metric
space such that

(a) Up2; An is precompact and

(b) liminf{A,} # @.
Then limsup{A,} is a compact, connected set.

While our eventual goal is an unbounded, connected set § in R x (H3(T) N
CY%Y(T)), a first step will be the application of Lemma 4.1 to bounded sets in
X = R x HY(T). The bounded sets to be considered are defined as follows. For
6€(0,1) and R > 0 let

(4.4) B(R) = {(A\,w) € R x Hy(T) | [w|gg < R and 0 < A < 2)q}
and
(4.5) Qs = {(p1,p2) ER* | pr€[-671,67], pp€[-1+6,67"]}.

Starting with &, from the previous section, let

Fosr={(\w) €& | (\w) € B(R); Vw(z1,z2) € Qs, (z1,22) €T}
and
(4.6) F, 5,r = {maximal connected subset of F, s.r containing (i,,0)}.

Here &, and F, s g are regarded as subsets of R x H}(T). For (A\,w) € &,, Vw is
smooth and approaches zero as |z;| — 00, so the condition Vw € Qs is unambigu-
ous. It will be shown in Lemma 5.5(c) that u, — Ay as n — oo so that for each
pair (6, R), liminf{F, s r} contains (A\q,0). It may also be assumed that the values
of n under consideration are large enough so that u, < 2\4, making (u,,0) lie in
B(R).

From Theorem 3.2, &, is an unbounded, connected set containing (u,,0). In §5
it will be shown that for each § € (0, 1) and each R > 0 the collection |J,, Fn s r is
precompact. Thus from Lemma 4.1

(4.7) Gs.r = limsup{Fr s r}

is a compact, connected set containing (Ag,0). In §6 it is shown that G, g is still con-
nected as a subset of R x (H}(T)NC%!(T)). Moreover, it is shown that Gs r must
contain a pair (A, w) for which [w|gy = R of for which max{|wz, | Lo (1), (Wzs|Loo(T) }
= 671, The set

(4.8) S=J Gywnn

N=2

will then be seen to fulfill the requirements of Theorem 2.1.

The restrictions embodied in the definition of F, s r reflect an intimate link
between the topologies in which there are unbounded solution branches and those
in which one can do analysis. The solution pairs (A, w) € &, will not be unbounded
in R x C(T) nor could we hope to analyze equation (4.1) adequately for w having
less than C%! regularity. The singularity of f(pi1,p2) for po = —1 and the lack of
uniform convexity for large values of (p;,p2) make elliptic estimates elusive. The
behavior of p,, compounds the difficulty. For solutions in F, s r, however, one can
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obtain the estimates needed for the delicate compactness arguments carried out in
the next section and ultimately used in Lemma 4.1.

For the remainder of this section it is assumed that n, §, and R are fixed and
estimates are derived for solutions (A, w) € F,, 5 r. We suppress n, writing p for py.
The constants in the estimates may depend on one or more of the parameters n, 8,
and R and this will be indicated. Dependence on p,, p_, and h is still suppressed.
Recall that for large n, the number X is bounded above by 2\, for solutions under
consideration. Thus, while the size of A enters in the estimates, it can be absorbed
into constants depending only on p,, p— and h.

LEMMA 4.2. If (\,w) € F, 5, and m € R,

m+1 m+2 m+3
(4.9) / /|wal|2 < KI/ /|Vw|2 < K2/ /w2,
m I m—-1 JI m—-2 JI

where Ky and Ky depend on 6. For e >0 let I, = {3 € I | |z2| > €}. Then
m+1 m+2
(4.10) / Vs, |2 < K3/ /|Vw|2,
m—1 I

m I,

where K3 depends on § and .

PROOF. Let ¢ € C§°(R) be a function which has range in [0, 1], has support in
[m—2,m+3], and is 1 for z; € [m —1,m +2]. Multiply equation (4.1) by ¢?w and
integrate over T to obtain

1 24wy,
(4.11) 5/ 2m|vw‘2 == / [PS‘S‘ T] +2/\/ ps wws,

after an integration by parts. For Vw € Qs the expression (2 + wy,)/(1 + wy,)? is
bounded below by a positive constant depending on §. Thus if Young’s inequality
is used on the right-hand side of (4.11) and a small multiple of [[ p¢?|Vw|? is
subtracted from the left side, the second inequality in (4.9) follows.

Now let v = w,, and fi; = 8?f/0p,dp; for 1,5 = 1,2. The result of applying
0/0z; to both sides of (4.1) is

a v

(4.12) —B;ipfu(Vw)a—xj = —-Ap'v.
Let ¢ denote a new cutoff function which is 1 on [m,m + 1] and has support in
[m — 1,m + 2]. If (4.12) is multiplied by ¢*v and an integration by parts is used,
the equation

ov v ov
2 g — s TS e ! ¢ — 2
(413) 1/1_‘/)5‘ fz] a:l?.,; axj 2/1_‘p§§ vfl] 822]' +2/\/I‘pg VU,

is obtained. A simple calculation shows that the quadratic form determined by
fij(p1, p2) satisfies

1 2 2 2
fiioiay = { 2 2pioao 02(1+P1)}

(1+p2) 1+p2 (1+p2)?

(4.14) Zﬁ{af(l_nwrﬁ[l—pf(%—l)]}
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for all (o,c0) ER* andany n > 0. In Qs, p? <6 2and § <1+py <1+6 %
The choice 7! = 1+ 62/2 in (4.14) yields

(4.15) fijoua; > 63(af + a3)/16.
Furthermore, for (p;,p2) € Qs,
(4.16) |fis] < K/6°,

and so the use of Young’s inequality, as before, yields the first inequality in (4.9).
One cannot hope to obtain an inequality just like (4.9) for w,, independently of n,
for the discontinuity in the limiting density produces a discontinuity in w,, along
z9 = 0. However, for —h < o < —¢/2, p is constant and w satisfies

(4.17) Bfi(Vw)/B:ci =0.

If w is extended to —2h +&/2 < z2 < —h so as to be odd with respect to 2 = —h,
it will satisfy (4.17) in the extended region. Suppose now that ¢ is a cutoff function
which is 1 on [m,m + 1] X [-2h + €, —¢] and which has support on [m — 1,m +
2] X [-2h + €/2,—¢€/2]. Let 2(xy,x2) = wg,(z1,z2). Differentiation of (4.17) with
respect to xo produces

0 0z

If equation (4.18) is multiplied by ¢2z and the pattern of the previous estimates
repeated, there results an inequality similar to (4.10) but with the left-hand member
integrated over —h < x5 < —¢. The constant K3 depends on é and on ¢ (through
the derivative d¢/0z2). The estimate for z; > ¢, valid for all n such that p = p, is
constant for zo > ¢/2 (i.e., n > 1/2¢), is done similarly. Q.E.D.

The next lemma can be obtained using standard elliptic theory as in [26, Lemma
3.2]. However, in the case of two independent variables, Holder estimates follow
from the readily accessible results of Meyers [18], and we choose to use those here.

LEMMA 4.3. Suppose (A\,w) € F,, s r. Then there is an a > 0, depending on
8, such that for anym e R

m+3
(4.19) [l (1) < KO/ 2 /zwz’
m+3
(4.20) [way e (pmm11x1) < K‘/ 2 /sz’
and for n > 1/2¢
m+3
(4.21) [was[Eo (1)1 < K2/ 2 /zwz’

where Ko, K1, and Ko depend on 8 and K depends on € as well.

PROOF. The function w satisfies the equation

g ; ow |,
(4.22) Ex—,-pf”% = Ap'w,
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where
. 1
(4,23) f,’j(:ltl,:ltz) = / fij(ti(zl,u)) dt.

Since Qs is convex, f,J satisfies the inequalities (4.15) and (4.16) obtained for f;;.
Let A be the matrix with components P f” (1,7 = 1,2), and let u = ¢w, where ¢
is a function of z; which has support in m — 1 < £; < m + 2 and which is 1 for
m < z; <m+ 1. Let Q be a domain with a boundary 91 of class C* satisfying

m-1m+2]xIcQC[m-2,m+3]xI.
From (4.22) it follows that

(4.24) div(Agradu) =divf+g inQ,
(4.25) u=0 on 01,
where

f=wAgrad ¢+ (0, A\¢pw)

and
g = —A¢pwz, + grad¢ - (Agrad w).
From Lemma 4.2 and the Sobolev embedding theorem it follows that

(4.26) [flzeqy + 19122 Q) < Kplwlr2((m—2,m+3)x1)

for any p € [2,00). Since A satisfies a uniform ellipticity condition (cf. (4.15),
(4.16)), Theorem 1 of Meyers [18] yields

(4.27) |grad u|rs(q) < Klw|L2((m-2,m+3]x1)

for some p = p(6) > 2 and a K depending on é and p(§). Now from embedding
theory (cf. (13, 22]) the inequality (4.19) follows.

Inequality (4.20) follows in a similar manner by using equation (4.12). One uses
A with entries pf;;(Vw) in place of A, lets f = vAgrad¢ + (0, A¢pv), and lets
g = —X¢pvuz, + grad¢ - Agradv. The Sobolev embedding theorem together with
Lemma 4.2 (with a cutoff function equal to 1 on ) yields

(4.28) [v|Le ) < Klwlp2((m-2,m+3)x1)>

and Meyer’s result gives
(4.29) |grad v|re () < K|w|L2((m—2,m+3)x1)-

This last inequality implies (4.20) and will also be used in what follows. The proof
of (4.21) is done similarly but with a cutoff function ¢ which vanishes for |z3| < £/2.
To complete the proof we merely note that while the values of a occurring in the
three estimates may differ, we may let o stand for the smallest one. Likewise we
let p = p(6) stand for the smallest one occurring. Q.E.D.

The estimates obtain so far can be combined with equation (4.1) to produce
improved estimates for wy,.
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THEOREM 4.4. Suppose (A\,w) € F,, s p and m € R. Then

wm @ ([ f lgrad{/’(fz(vw)-/\w)}|p>2/pSKl /:Z [

where p = p(8) from Lemma 4.3 and K, depend on é.
m+4
430 1) [paV0) M0 e SKa [ [,

where o (as in Lemma 4.3) and Ky depend on é.

m+4
(4.32) (C) IwmIC([m m+1]x1TI) < K3/ /

where K3 depends on 6.
(d) If o' =0 on a convez subset Q of [m,m + 1] X I, then

m+4
(433) |wg;2|Ca(Q) < K4/ /w s

where a 1s the exponent from part (b) and K4 depends on 6.

PROOF. For part (a) let F(zy,z2) = p(22){f2(Vw) — Aw}. Recalling the nota-
tion v = wy,, one has

OF |0z = p{f21(Vw)vg, + fa2(Vw)vg, — v}
and from equation (4.1)
— 0F /022 = (0/0z1)(pf1(Vw)) + Apwy,
= p{fll(vw)vfcl + f12(vw)v12 + ’\wlz}'

Since |wg,|P < 6~ P~D|w,,|?, it follows from inequalities (4.9), (4.28), and (4.29)
that (4.30) holds with p and K, depending on 6.

Part (b) follows from the embedding of WP in C* for p > 2.

For parts (c) and (d) let N denote the L? norm of w on the set [m—3,m+4] x I.
Since p is bounded below by p., it follows from part (b) that

| f2(Vw) = Awlc(mm+1)x1) < KN

for a K depending on é. Since w is bounded by KoN from Lemma 4.3, it follows
that
[f2(Vw(zy,22))| < K'N

on [m,m + 1] x I with K’ depending on §. From the same lemma wy, is likewise
bounded. Now

|pa| |P1|
2(146-1) TE

2py + pi —
2(1+ p2)?

|f2(P1,P2)| =|

and so the estimate
Iw12|C([m,m+1]x1) < KSN

follows.
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For part (d) let p; = wy, (71, 22) and p; = wy, (%1, Z2) for ¢ = 1,2, where (z1, z2)
and (Z1,Z2) are in Q. From (4.19) and part (b) the C* norm of fo(Vw) on Q1 is
bounded by KoN, where Ky depends on 6. Thus

(4.34) |f2(p1,p2) — f2(p1,P2) + fa(p1,P2) — f2(B1,P2)| < KoNA?,
where A denotes the distance between (z1,z2) and (Z1,Z2). From Lemma 4.3 the
C* norm of w;, on (1 is bounded by KN. Now for (p1,p2) € Qs, fa1 is bounded
above and fo; is bounded below by positive constants depending on é. If these
estimates are used in (4.34), the result is

lp2 — p2| < K4NA?,
that is, w,, satisfies the desired Holder condition. This last inequality, combined
with part (c) yields the C* bound in (4.33). Q.E.D.

LEMMA 4.5. Let Q) be any relatively open subset of T on which the density p
is constant. Then for any solution (\,w) € Fy, 5 r, w 13 real analytic on .

PROOF. Extend p to be p_ for zo < —h and to be p; for z9 > 1 — h. Extend
w to be odd about zo = —h for —2h < 2 < —h and to be odd about z; = 1—-h
for 1 —h < 13 < 2(1 — h). Then w satisfies (4.17) in each region where p is
constant. Since w € C1? in (1, the Schauder theory [13, Chapter 6] shows that
w € C%*(Q1). Then the results of Morrey [20; 21, Chapter 6] show w is analytic.
Alternatively a change of variables back to ¥(z,y) which is harmonic where p is
constant, yields analyticity for ¢ and, since dv/dy > 0, for y(z,v) and w(zy,z2)
(cf. (2.34)). Q.E.D.

The estimates up to this point, regarding the restriction of w to [m,m + 1] x I,
have been independent of m. Estimates which reflect the decay in w as |z;| — oo
will also be needed. Before giving these estimates we make the simple observation
that since w,, > —1 for any solution (A, w) € F;, 5 r and since w = 0 for z2 = 1—h,
we have

(4.35) 0<w(zy,z2) <1 inT.

Recall that we are treating the case e > 0 (cf. (2.41)) and hence w > 0 in T. In the
case e < 0 one would have —1 < w < 0 in place of (4.35). For e > 0, w/dz; <0
on (0,00) x I, and this is used in obtaining the following bound.

LEMMA 4.6. For (A\,w) € F,5.R,
(4.36) ma.xw(s,a:g) < R(2/3)'/2.

PROOF. For any s 6 (0, oo) there exists an #(s) € (s/2, s) such that

(4.37) / B / w2 == / w2, (%,72) dz2,

by the intermediate value theorem. Since w is decreasing for r; > 0,

2 i
(4.38) L 2/ /w2 > i/w2(i,x2)d12.
2 o Jr I

Combining these last two inequalities one has

~ 2R?
2<2 i £, zq)dzy < :
max 0(d, 22)* < 2 [ 0@, z2)uny (B, 22) doa < S

Since 2Z > s, inequality (4.36) follows. Q.E.D.
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Now we combine Lemma 4.3, Theorem 4.4, and Lemma 4.6 to obtain the follow-
ing estimates, wherein « is the Holder exponent from the earlier results.

COROLLARY 4.7. Let d(m) = min(1, R/\/m). Then for (\,w) € Fp s r

(4.39) |w|co.1 ((m,o0)x1y < Kid(m),

(4.40) lwz, |co((m,00)x1) < Kad(m),
(4.41) [we, |ca ({[m,00)x13n0) < Kzd(m),
and

(4.42) lp(f2(Vw) = Aw)|ca ((m,c0)x1) < Kad(m),

where (1 1s any relatively open subset of T on which p is constant and the K;,
1 =1,2,4, depend on 6, but are independent of m, n, R, and Q). The constant K3
depends only on 6 and ().

5. Precompactness of approximating flows. In this section it will be shown
that |J,, Fn,s,r is precompact in R x Hj(T). The use of Lemma 4.1 will then enable
us to obtain certain connected sets of solutions of problem (4.1)-(4.3) as a step
toward obtaining the set § in the stronger topology R x (H3(T)NC%!(T)) given in
Theorem 2.1. Throughout this section § € (0,1) and R > 0 will be fixed. It will be
shown below in Corollary 5.3 that for each fixed n, F, 5 g is precompact. The heart
of the compactness question concerns a sequence of solutions (Ap,wn) € Fn s R,
where n = 1,2,3,.... The estimates of the previous section allow one to extract a
subsequence of these pairs which converges to a pair (A, w), the convergence being
weak convergence in H}(T); norm convergence in C, uniformly on bounded sets;
and norm convergence in C%!, uniformly on compact subsets of T — {z = 0}.
Moreover, from Lemma 4.2 it can be assumed that v, = dw, /021 has v = dw/0z
as its weak H}(T) limit. Henceforth it will be assumed that a subsequence has
been chosen and renumbered so that (\,,w,) has the aforementioned properties.
Moreover, it can be assumed that w, # 0 for all n; otherwise there would be a
subsequence with second components all zero and thus convergent. The notation
I* = {23 € I | £22 > 0}; T* = R x I* (from §1); T, = [m,00) x I; TE =
[m, 00) x I*; and d(m) from Corollary 4.7 will be used.

THEOREM 5.1. Suppose (An,wp) € Fpsr forn=1,2,..., that A\, — A, and
that w, — w weakly in HY(T). Then

(a) A < Ay, and

(b) wn, — w strongly in H'(B) for any bounded B C T.

(c) The function w is real analytic in T — {z2 = 0}, even in z, and satisfies

(5.1) |w|CO,1(Tm) < Kd(m),
(5.2) lwe, |ca(T,,) < Kd(m).
The function wy, has extensions to T%, differing on {z2 = 0} in general, and

(53) lwzzlca(ﬁ) S Kd(m)
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whale

(5.4) lpa{f2(Vw) — Mw}|ca(r,,) < Kd(m).
Here K and a depend on 68, but are independent of m and R.
(d) The function w i3 a solution of (2.36)—(2.39) for the density pq.

PROOF. (a) From Theorem 2.3 of [4], we have A\, < u,. It will be shown in
Lemma 5.5 below that u, converges to Ay as n — 0o, whence A < A4.

(b) The convergence of wy, in C%! on compact subsets of T — {z; = 0} together
with the gradient bounds (4.20) and (4.32) show that w,, converges to w in H(B),
yielding part (b). In fact, the Schauder theory provides C** estimates on compact
subsets of T — {2 = 0} and thus wy, will converge to w in C? on such sets.

(c) The analyticity of w follows as in the proof of Lemma 4.5. Since the estimates
in Corollary 4.7 are independent of n, the function w = lim w,, inherits properties
(4.39)—(4.42) and the estimate on w;, extends to the closures TE.

(d) Recall that w,, converges to w in C? on compact subsets of T+ so equation
(2.36) holds on those sets. The conditions (2.37) and (2.38) are also preserved in
the limit. For ¢ € C§°(T') one obtains

dp _ d(wnp)
'prnfl(vwn)a_xi - ’\n[Tpn 6232

from (4.1). Since the vectors grad w,, are uniformly bounded and converge to grad w
on T%, it follows that

Op _ ) 9
/T”df‘(vw)a—{,- = /\/T_ Pdg;;(wﬂo) + )\/T+ pdé};w‘p
[e o]
= Ap- — P+)/ w(z1,0)p(z1,0) dzy,

showing that w satisfies (2.39). Q.E.D.
LEMMA 5.2. Suppose (A\,w) € F,, s g and that 0 =1 — (A\/pn) > 0. Then for
m>0
(5.6) lw| g1 (1) < K//m,
where K depends on 6, R, and 0.
PROOF. Since |w| H(r) < R by assumption, the inequality (5.6) need be demon-

strated only for m larger than some my. If equation (4.1) is multiplied by w and
integrated over T, it yields

1 2+ Wz, 2 / / /2
— — 2 |V = — , \v —
2 / Pn (1 12)2 | w| . pnw(m :Bz)fl( w) d:l:;; A PpW

(5.5)

(5.7 A
< —/pnw(m,zg)fl(Vw)dxg + M_./ pnIle2
I n JT,,

from the characterization (3.2) of u,. For m > mg, mo depending on § and R,
(24 wey)/2(1 + )2 >1-(0/2) and — wfi(Vw) < 2ww,, for z; > m.
Hence, from (5.7)

1
200, /T Vul? < p- /I fw(1m, 22)] [z, (m, 22) da,

which, with Corollary 4.7 and the Poincaré inequality, provides (5.6). Q.E.D.
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COROLLARY 5.3. For each fized n, F, s g is precompact in R x H}(T).

PROOF. Let (Mg, wk), k = 1,2,3,..., be a sequence in F, s g. If a subsequence
converges to (tin,0), we are done. If not, then |A\x — pn| + |wk| g1 () = n > 0 for all
large k. Suppose a subsequence, still denoted (Mg, wg), is such that Ax converges
to pn as k — 0o. Since wy lies in the ball of radius R in H!(T), u lies in the ball
of radius K2R in H'(S) by (3.8). According to [4, §5], the collection {(Ax,uk)},
k=1,2,..., is precompact in R x (L2(S) N C(S)). (The exponent ¢ in (1.4) of [4]
is 1 as established in the discussion following (7.14) of that paper.) It follows that
a subsequence, still denoted (\x,ux), converges to (un,u) in R x (L%(S) N C(9)).
From local elliptic estimates one sees that (u,,u) is a solution and that the wuy
converge to u in C?(S). Then Theorems 2.3 and 2.4 of [4] show that u = 0. From
this information one can conclude that the y derivatives of the corresponding v
are bounded below by K > 0, uniformly on S and uniformly in m for m large.
Elliptic estimates, used once more, show that the L? convergence of uy to zero
implies convergence to zero in H!(S), and (3.7) implies convergence of wy to zero
in HY(T). However, from an earlier inequality it follows that |wk|m1(1) >1/2 >0
for all large k, a contradiction.

From the last paragraph it is clear that A\x/u, < 6 < 1 for all k, and thus (5.6)
holds for all wg, uniformly in k. The precompactness of {wx}, k = 1,2,..., in
H!(B) for each bounded set B C T follows as in the proof of Theorem 5.1. These
two properties combine to yield precompactness in R x H}(T). Q.E.D.

To show precompactness of | J,, Fr s,r it will now suffice to show that the sequence
{(An,wn)}, n = 1,2,..., selected at the outset of this section, converges in R X
H}(T). We next show this together with some of the properties of the branch
required for Theorem 2.1. For the case limA, = A < Ag, we need merely quote
results already established to see the convergence of w,. For A = A4, a delicate
analysis must be carried out using the nonlinearity in equation (4.1).

The case A < Aq.

THEOREM 5.4. Suppose (An,wn) € Fp s.r satisfy A, = A < Mg and wp, — w
weakly in H}(T) as n — oo. Then

(a) w, converges to w strongly in H}(T).

(b) w>01inT and Ow/dz; <0 for z; >0 and z2 € I.

PROOF. (a) It will be shown in Lemma 5.5(c) that u, approaches \g as n — oo.
Hence inequality (5.6) holds for wy,, uniformly in n for all large n. This decay in
the tail together with Theorem 5.1(b) yields strong convergence in H}(T).

(b) From (5.5) it follows that

ow 0
/pdfl] w‘ﬁ>0

for all nonnegative ¢ € C§°(T), where fi]- is defined by (4.23). Hence, from the
strong maximum principle [13, Theorem 8.19)], either w = 0 or w > 0 in T. The
function v = Aw/dz; is in HY(T) by Lemma 4.2, and is the weak H! limit of
vp = Owy/0z;. The equation (4.12) is satisfied by (An,wn,vr), and since v, < 0
for z; > 0, one obtains

/pdfz](vw) :1I~—' 0
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for all nonnegative p € C§°([0,00) X I). From the strong maximum principle v = 0
or v < 0 on (0,00) x I, corresponding to the case w = 0 or w > 0, respectively.
If w = 0, then the functions w,, which are even in z; and decreasing in z; on
(0,00) x I, must converge uniformly to zero on T. The gradient estimates (4.20)
and (4.32) show that Vw, converges uniformly to zero on T', and thus w, converges
to zero in C%1(T). The analogue of (5.7) taken over all of T' yields

2+ (wn)z, 2 _ An / 2
(5.8) /;‘pn 2(1 + (wn)a:z)2 |an| < Hn JT pnIanl '
Since An/un converges to A/A\g < 1 and |Vw,| — 0 uniformly on T as n — oo,
(5.8) leads to a contradiction for large n. Thus w > 0 on T and dw/dz, < O for
z1 >0. QED.

The case A = Aq. As stated earlier, it is assumed that we are working with a
sequence (Ap,wn) € Fy 5 g for which A\, — A = Ag and w, converges to w in the
weak topology of H}(T) as n — oo. In addition, the conclusion of Theorem 5.1
hold. The plan here is to show in Theorem 5.6 that the weak limit is w = 0 and
then to show in Theorem 5.7 that w, — 0 strongly in H}(T) so that the limiting
point is the bifurcation point (A4, 0).

To begin recall that u, is defined by

1 —_
(5.9) max ___II_”LI_z
fin  weHL(D) J; pu(d)

Let 6, = 6,(z2) be the associated positive maximizer normalized by f I pnb2 = 1.
The function 6,, satisfies the Euler equation

(5.10) (Pnbn)' = BnprOn.
An associated quantity «,, is defined by
Ao phu? = [, pu(u)?
(511) an()\) = max { f[ pPru {;Ip (U ) }
weHY(I) i pnu

for each A € R. Let vy, = yn(z2) be the positive maximizer in (5.11) when A = A\,;
again suppose that f 1 pnY2 = 1. The function +,, satisfies the Euler equation

(5.12) (Prn¥n) = AP n = an(An)patn.
Of course, 0,, and ~, both vanish at the endpoints of I = (—h, 1 — h).

LEMMA 5.5. Let (An,wn) bein Fr 5 r \ {(tn,0)}. Then

(a) an(An) <

(b) Assume /\ — Aq asn — o0o. Then the functions {6, } and {'yn} n=12,.
are bounded in C1(I) uniformly in n and for each € > 0 converge in C(I)NC 1( )
I. = IN{|z2| > €}, to the function

o(z2 + h), x9 <0,
Ya(z2)

(5.13) ha_hl(x2 C14h), 2230,

where 02 = 3/h?(p_h + p4 (1 — h)). Let

_ =i (p- = p4)ud(0)
(5.14) Qu) = fI p;(u,’)z = fI pa(w)?
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Then ~yq s the positive mazimizer of Q(u) for u € H}(I) and

Q(va) = 1/Xa,
where \g 1s defined by (2.40).

(¢) limp 00 pn = Ag-

PROOF. (a) From the characterization (5.11) o, is a strictly increasing function
of A and from (5.9), an(#n) = 0. As noted in the proof of Corollary 5.3, for
(Anywn) € Fpsr \ {(#n,0)}, An < Un, and so a,(A,) < 0.

(b)—(c) Since evaluation at z2 = 0 is a compact mapping for functions in H} (1),
the maximum of Q(u) is attained, and the form of @ ensures that this maximizer
must be linear on It and I~. A calculation shows that 74 is the positive maximizer
which has the normalization [, p4¥3 = 1 and that Q(va) = A7 .

Suppose the maximizer 8, for (5.9) is renormalized to have max#,, = 1 on I and
that its maximum occurs at Z;. Since 6,,(Z2) = 0, an integration of (5.10) from Z;

pn0;($2) = plnon’

2
and so |0}, (z2)| < (p— — p+)/p+. This bound easily implies that the eigenfunction
normalized by [; p,02 = 1 must also satisfy |6},| < Ki, where K; depends only
on pi and h. On I, that is, where |z3| > ¢, the derivative p/, = 0 for n > 1/¢
and hence @), = 0. It follows from the Arzela-Ascoli theorem that a subsequence of
{6,} converges as asserted to a function ., which must be linear on I* and I~.
Since [; pab2, = 1, a calculation shows that 6., must be 74 and the uniqueness of
the limit shows that the whole sequence converges. The maximum value in (5.9)
converges to

to zg yields T2
/

(p- = p+)73(0)

f I pd(')':i)2
and thus p, — Ag as n — oo.

All values of A under consideration for a fixed n lie in the interval [0, u,}, and
since ay, is increasing, a,(0) < an(A) < an(u,) = 0. Moreover, the quantity o, (0)
is readily seen to be bounded below by a negative constant K, depending on py
and h, but not on n. By integrating the equation (5.12) for +,, as was done with
(5.10), one finds that |v,,| < K3 on I and |v)!| < K4lan(A)| on I for n > 1/¢.
To see that ~,, like 0, converges to vg, it suffices to show that |a,(A,)| — O as
n — oo. Since A, — Mg, Un — Ad, and a,(u,) = 0, the desired convergence will
follow if it is shown that a, has a modulus of continuity independent of n. To see
this let u, be a maximizer associated with a,(r) in (5.11) and suppose [; ppu? = 1.
Then for r > s,

)= [t~ [ty
I I

(5.15) — —(r—s L2 Ul U )?
_( )/[Pnz Sﬁpnr lpn(r)
< (r—9)Ks(p- — py) + anls),

since u, is an admissible function in the definition of o, (s). Since ay, is an increasing
function, it follows from (5.15) that

lon (r) — an(s)] < Kelr — s
with Kg independent of n. Q.E.D.
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THEOREM 5.6. Let § € (0,1) and R > 0 be fized, and suppose (An,wp) €

Fosr forn=12,.... If \, = g and w, converges weakly to w € H}(T) as
n — 0o, then
(@ w=0inT.

(b) |wn| and |Vwy| converge to zero uniformly in T as n — oo.

PROOF. (a) The argument revolves about the behavior of w, for large z; and
that behavior, as we shall see, is reflected in the projection of w, along the eigen-
function -, of (5.12). Let

(5.16) Wn(z1,22) = Fp(21)Yn(z2) + Ra(z1, 22),
where
(5.17) Fala1) = [ pales)un(ar, 22)m(a2)

I

with v, normalized by

(5.18) [t =1

It follows that ~, and R,, are orthogonal with respect to p, for each fixed z;:

(5.19) /an,ﬁn dzo =0, z; € R.
I

Let

5.20 Gn(z1) = / PR LYY

( ) (zl) Iﬁy P 1+(wn)z2

If the principal equation (4.1) is multiplied by ~,, and the result integrated over I,
there emerges

d
(5.21) —Gn =M / VnPpWn + / VnPnf2(Vwn)
dz; I I

after an integration by parts in the integral containing f;. A simple calculation
shows that

(5.22) fa(p1,p2) = p2 — 303 + A(p1,p2),
where
(5.23) A = (3p3 +4p3 — p})/2(1 + p2)*.

From equation (5.12) for ~, one has

‘/IVZPn(wn)Iz = _‘/Iwn(Pn’Y:z)l = _/Ian(An)wnPn’Yn _’\n/wn/’;ﬁm
I

and the use of this last identity with the expression (5.22) in (5.21) yields

3
628 Gh==an(ha) [ puonre =5 [Ahonl(wn)? + [ AnA(Tu0)
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With the use of (5.16) the second integral in (5.24) can be written

3
iflwilpn(Fw; + (Rnz,)?

3 3
= —iF?%’/I‘pn(FY’:'L)s +3Fn‘/lpn('7:z)2(Rn)zz + 5‘/1'7:zpn(Rn)32a

where here and in what follows the convention (R,)2, is used for [(R,)z,|*. Now
use the definition of 44 in (5.13) to compute

. .3 3
&= lim 3 pu(V0)® = 5/%(7&)3
I I

n—oo

_3 3%/ <P_—_ P+
S Zlp-h o (L-R)P2 AT (1-R)2)

Since the expression (p_ /h%)—(p/(1—h)?) = e (cf. §2.2) is positive by assumption,
€ > 0. Only the positivity of € is important in what follows, so to simplify notation
we omit the tilde. We conclude that, for any € > 0 and all n > N(¢),

3
|§F3/pn(%)3 ~ eF}
I
The use of this last inequality in (5.25) together with Young’s inequality gives

3
'2‘/’7;1Pn(wn)32 - eF;‘:
I

where K, depends on ¢, but is independent of n and z;. From the form of A given
in (5.23) and from the decay of w, and Vw, as ; — oo given by (4.39), it follows
that

(5.28) |A(Vwn)| < K2((FL)? + F3 + |[VR,|?)

for z; larger than some value X. The use of the last two estimtes in (5.24) yields

(5.25)

(5.26)

SEF,%, z; € R.

(5.27)

< 2F? + K, / ou(Rn)2,,
I

(5.20) |Gl + an(An)Fe + eF2| < 26F2 + K(e) / on{(FL)? + F® + |VRJ?}
I

for n > N(e) and z; > X where K(¢) is independent of n and z;.

Note that the term G,, approximates F},(z;) for w,, small and thus (5.29) is akin
to a differential inequality for F,,. The aim is to show that in the limit as n — oo
and a,(A,) — 0, (5.29) is inconsistent with having a positive function w(zy,z3)
which decreases in z; for z; > 0. To arrive at this contradiction we first estimate
the integral in (5.29).

If the principal equation (4.1) is multiplied by wy, and the two sides are integrated
over I there results

0
[ ontiwn)aa a(Fun) = = [ i+ [ puton g 11T
I I I Ty
(5.30) = —/\n/p’nwf,+ di/pnwnfl(an)
I T1 J1

- /Ipn(wn)xl f1(Vwy).
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Let
(5.31) Un(z1) = /Ipnwnfl(an)-

Then since f2(p1,p2) = p2 — (203 + 3p2 + p?)/2(1 + p2)?, equation (5.30) yields
2 2 T P1

(wn)gl
ﬁpn(wn)gg ""/;.Dn—l_!_(wn)x2

d
— /2
(5.32) = )\n/Ipnwn + . Un(zy)

+ % /,Pn%{ﬂwn)i, +3(wn)2, + (wn)2, }.

Now from the representation w, = F,,y, + Ry, the equation (5.12) for ~,, and the
orthogonality (5.19)

63 [ pulwn)2, = F2 [ puleh = 20Fn [ iR+ [ (B2,

A second use of the representation for w,, yields

(5.34) /Ipn(wn)?:g + ’\n/IP:;w?z = —an(\)F7 + )‘n/p;zR?z +/Ipn(Rn)gg-
I
Now define 7, by

1 —Ji#
5.35 — = max —Jiphe?
(539 T weHUD [rpa(w)?

1 YPnYn =0

Since an extra condition on u has been added to the characterization of u, in (5.9),
it is natural that 7, > u, and this is shown in [4, Lemma 3.1]. An argument similar
to that given in Lemma 5.5 shows that as n — oo the numbers 7,, approaches a
limit 75 > Ag so that A, /7 — Ag/Teo < 1. Thus 1 -\, /7, > 6 > 0 for all large n.
Since

| Balar,a2)pn(az)in(en) day =0
for each z,
o [ ARE< 2 [ pn(Ro2, < (1-0) [ on(Ra2,
The use of this last inequality in (5.34) gives
636) [ oo, +d [ st 2 —anOFE 40 [ pulRal,

for all large n. The inequality (5.36) will be used in (5.32). First, however, note
that because of the decay given by Corollary 4.7, for any € > 0 there is an X(¢),
independent of n, such that

(5.37) /p li(wn)n 1—6)/pn (wn)2,,
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provided z; > X(¢). This same decay coupled with the decomposition (5.16) of w,
and Young’s inequality gives

: /, pn%{uwn)z, +3(wn)2, + (wa)2, }

< KIFS +K2€/pn(Rn)§2 +5/Ipn(wn)a2£1

I

(5.38)

for z; > X(e) (taking X (e) larger if necessary). The last three inequalities, with ¢
chosen so that Kye < 8/2, combined with equation (5.32), produce the inequality

(639 5 [ oalBa?, — anO)E + (1= 20) [ pulun)?, < Uslan) + K
I I

valid for n > N(e) and z; > X(¢). To further decompose terms using F,, and R,,
note that

[ ooty = (E2 [0 425, [ prn(Roes + [ onlRa,
(5.40) =2+ [ pulR2,,

using (5.18) and (5.19). It can be assumed that ¢ is chosen so that §/2 < 1 — 2e.
Then since an(An) < 0, it follows from (5.39) and (5.40) that

(5.41) (F!)2 + / pn|VR,|2 < U’+K'F3

For these same parameter ranges, the use of (5.41) in (5.29) yields
(5.42) G, + an(An) Fn + eF2| < 26F7 + KU, + KF3,

where e is positive and K depends on ¢, but not on n or z;. Since F,,(z;) — 0 as
z1 — 00, uniformly in n, we may assume that X(¢) is chosen so that KF,(z1) < ¢
for £; > X(¢), leading to

(5.43) |GL + on(An)Fy + eF2| < 3¢F2 + KU!.

Now one can integrate the inequality (5.43) (without the absolute value taken on
the left side) over the interval [z, £;] where X (g) < z; < £; < 0o. Next let n — oo
using the results of §4 and the fact that a,,(\,) — 0. Finally let £; — oo to obtain

(5.44) / Piva li’ L < (e 3¢) / " F2(s)ds — K /1 pawfr(Vw).

Here w is the weak limit in H}(T) of the sequence {w,} and F is defined in analogy
with F, in (5.17). Inequality (5.44) can be written as

0 gz {1 B [

Now from the mean value theorem
’w(zl, )
Yd(*)

< Klwg, (21, ) Lo (1),
Leo (1)
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and from Theorem 5.1(c) the right-hand side approaches zero as ; — co. It follows
from the last two inequalities that for all large z;

o0
(5.46) 2/pdw$,'7d > (e— 35)/ F2%(s)ds.
1 T
As in the proof of Theorem 5.4 one concludes from the strong maximum principle
that w;, < 01in (0,00) x I or that w =0 on T. The inequality (5.46) ensures that
only the latter can occur, completing the proof of part (a) of Theorem 5.1.

For part (b) recall that w, was taken to converge to w uniformly on compact
sets. Since w, has its maximum on the line z; = 0, the convergence to w = 0 is
uniform on T. Lemma 4.3 and Theorem 4.4 show that |Vw,| — 0 uniformly in T
asn — oo. QUE.D.

THEOREM 5.7. Leté € (0,1) and R > 0 be fized and suppose (An,wn) € Fn s, r
forn=1,2,.... Assume A\, — A\q and w, converges weakly to zero in H}(T) as
n — 0o. Then w, converges strongly to zero in H}(T).

PROOF. In the previous proof it was shown that the inequality (5.43) holds for
n > N(e) and z; > X (), the latter restriction being made solely to insure that w,
is sufficiently small in C%!([z;,00) x I). From the previous theorem we know that
wy, approaches zero in C%1(T) and thus inequality (5.43) can be shown to hold for
all z; > 0. This will enable us to relate the H} norm of w, to the quantity F,(0)
in such a way as to show that w,, approaches zero strongly in H}(T') as F,,(0) — 0.
From (5.43) one obtains the two differential inequalities

(5.47a) (d/dz1){Gn — KUy,} < —an(An)Fn — (€ — 3¢) F2
and
(5.47b) (d/dz1){Gn + KUy,} > —an(An)Fn — (e + 3¢)F2
valid for n > N(¢) and for all z; > 0. As noted earlier, we have

_ (Wn)z, { Kw, }
Since
(5.49) el g Ry

’Yn(') Loo(I)

and |Vwp|pe (1) — 0 as n — 00, N(€) may be increased, if necessary, so that for
all n > N(e)

(1 + G)Frlz = (1 + 5) / pn'Yn(wn)xl <G, * KU,
(5.50) !
<(1-¢) /, om(Wn)e, = (1— €)F,

Recall that F), is negative.

The expression an(An) + (e + 3¢) F,(z1) is monotone decreasing on 0 < z; < 0o
and approaches an(An) < 0 as 1 — oo. Let [Z,,00) be the subset of [0,00) on
which the expression is nonpositive. Suppose first that Z,, = 0. If the inequality
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(5.47b) is multiplied by the positive quantity —(G,, + KU,), the result integrated
from z; to oo, and use is made of (5.50), then

(5.51) (L+e)*(Fl)2 > —(1 - €)(an(An)F2 + (e + 3¢)F2).
Since F},(0) = 0, it follows from (5.51) that
(5.52) F2(0)(an(An) + §(e + 3€)Fy(0)) 2 0.

However, the assumption that Z, = 0 or that a,(\,) + (e + 3¢)F,(0) < 0 is in
contradiction to (5.52), given that a,(\,) < 0.
We now know that Z,, > 0 and that

(5.53) an(An) + 2(e+ 36)Fa(Za) < an(An) + (e + 3€)Fa(Z,) < 0.
Using this inequality in (5.51) one finds
(5.54) (1+€)*(Fa(21))? 2 3(1 - €)(e + 3€) F7 (21) (Fu(Zn) — Fu(1))

on [Z,,00). This last inequality yields

oo Fn(Z,) t2
/ Fz(.’tl)dftl / _F dt

(Zn) 2
(5.55) <K / t dt)
< K,F3/2(Zn) < KIF;“:/?(O).

On the interval [0, Z,],
—an(An) < (4 3€)Fr(zy),
and the use of this in (5.47a) yields
(d/dz,)(Gn — KUy,) < (e + 3¢)F? — (e — 3¢)F?
(5.56) = 6eF?2.

We now carry out a process similar to the one above of multiplying (5.56) by
—(G, — KU,,), integrating from 0 to z;, and using (5.50) to obtain

- 2| 3 |Tt
_(_Glﬂ S66(1+6) F_n s
2 0 3 0

Now (5.50) can be used to show that G, — KU, = 0 at z; = 0 and to bound
(Gn(z1) — KUn(z1))? above by (1 +¢€)?(F.(z1))%. Hence from (5.57) one has

(5.58) (1+€)*(Fp(21))® > 4e(1 + €)(F(0) — F3(21)),

valid for z; € [0, Z,,|. We use this estimate as follows

Zn F,(0) t2
[ AL -
0 Fo(za) —Fn

<K /F"(O) t2dt
- (zn) VER(0) =8

< KoF2/?(0)

(557) T € [0, Zn]
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and combining this with (5.55) yields
o0
(5.59) | Fa@)dn < K22 0)
0

Now we use inequality (5.41) which, like the inequality (5.43) used at the outset
of the proof, will hold on 0 < z; < oo provided n is sufficiently large, thereby
guaranteeing that wy, is sufficiently small in C%!(T). From (5.41) it follows that

[ o] o o] o0
(5.60) | @ [T [ onlvra < ks [T R2am
0 0 I 0

since f0°° U, dz; = 0. The Poincaré inequality yields

o0 [e o]
(5.61) | [mreski [ [mivrar
0 I 0 I

Now, since wy, is even in z; and has the form w, = F,v, + R, (cf. (5.16)—(5.19)),
it follows from the last three inequalities that

(5.62) |wn|%zg(:r‘) < K(F2?(0) + F3/*(0)).

By Theorem 5.6 F,,(0) — 0 as n — oo and hence w,, converges strongly to zero in
H}(T). Q.E.D.
The result just completed, together with Corollary 5.3 and Theorem 5.4, yields

THEOREM 5.8. For each 6 € (0,1) and each R > 0 the set |J,, Fns,r 1 pre-
compact in R x H}(T).

The concluding result of this section, in which the H! topology still plays the
major role, is

THEOREM 5.9. Let 6 € (0,1) and R > 1 be fized. Then
(a) the set
Gs,r =limsup Fy, s r
n

18 a compact, connected subset of B(R) (defined in 4.4) with (A4,0) € Gs g.

(b) Each (A,w) in Gs g satisfies parts (a), (c), and (d) of Theorem 5.1 and
Vw(z1,z2) € Qs for all (x1,20) € T- UTT.

(¢) If (\,w) € Gs,r \ {(Ag,0)}, then A < A\g, w > 0 in T, and dw/dz; < 0 on
(0,00) x I.

PROOF. (a) From Lemma 4.1 and Theorem 5.8 one can conclude that Gs g is a
compact, connected set in B(R). It was shown in Lemma 5.5(c) that u, — Ag as
n — oo and thus (A\g,0) € Gs k.

Parts (b) and (c) follow from Theorems 5.1, 5.4, 5.6, and 5.7. Q.E.D.

6. The set G5 r as a subset of R x (H}(T)NC%(T)). To show the existence
of the unbounded, connected set of solutions § described in part (a) of Theorem
2.1 two issues must be confronted. The first is the connectedness of Gs g when the
stronger topology of H3(T) N C%!(T) is used in place of the H} topology for w.
The second is roughly to show that in the set Gs g there are solutions for which w
has size R in H} or size 6! in C%!. If this can be done for any R > 0 and any
6 € (0,1), then the unboundedness of § will follow. It will be shown that in Gs g
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there is a pair (A, w) for which |w|g: = R or for which Vw(Z,,Z2) € Qs for some
(%1,%2). This almost resolves the second issue. The final step is to show that for
sufficiently small §, Vw cannot take values on that part of 9Qs where p; = —1+ 6.

THEOREM 6.1. For each é € (0,1) and each R > 0, the set Gs g s connected
in R x (H}(T) N COY(T)).

PROOF. Since Gs g is connected in the original topology of R x H}(T), it will
suffice to show that on Gs g the stronger topology coincides with the original one.
That is, if solutions (Mg, wy) of the problem with discontinuous density p; converge
to (A, w) in R x H}, then wy converges to w in C%(T). The Holder estimates
in Theorem 5.1 are satisfied by each wy, uniformly in k. The compactness of the
collection {wy} in C%®!(T) is then assured and the desired convergence follows
immediately. Q.E.D.

Recall that for the density p, the set of solutions &, emanating from (un,0) is
unbounded in R x H}(T') and that F, s g is the maximal connected subset of

{()\,’LU) € €n|V’U)(2:1,272) € Qﬁ’ (xlaQ:?) € T}
which contains (un,0) and is contained in B(R). We can assume n is large enough
so that u, < 2),, and hence for each n there is a pair (\,,w,) € Fy, s g for which

either
(A) |wnlmy = R, or

(B) an(zg"),a:g")) € 0Qs for some (z(ln),xg")) eT.

If alternative (A) holds for an infinite sequence of values for n, a subsequence,
still denoted by (A,,w,) may be chosen so that A\, — A and w, converge weakly
tow in H}(T) as n — oo. Theorems 5.4 and 5.7 show the convergence to be strong
in H} and hence there is a pair (A, w) in G g with lwlgp = R.

If alternative (B) occurs infinitely often, it can be assumed that a subsequence
is chosen so that the following result is applicable.

THEOREM 6.2. Suppose (An,wn) € Fpnsr, n = 1,2,..., and that for each n
there ezists a point (z3™,2$) in T for which

(6.1) Vwn(zi™, 25) € 8Qs.
Then there ts a pair (\,w) € Gs r and a point (Z1,Z2) such that
(6.2) Vw(Z1,Z2) € 0Qs,

where, if Zo = 0, the limit from above or below T2 = 0 i3 intended.

PROOF. The proof is divided into three cases according to which part of the
boundary dQs is in question. Once again a subsequence can be chosen and renum-
bered so that w,, converges to w in H}(T'), Vw € Qs on T, and one of the following
three cases is relevant.

Case 1. |dw(z{™,z{™)/8z,| = 6=1; n = 1,2,.... First note that Corollary 4.7
guarantees that Vw, decays to zero at infinity, uniformly in n, so that (z(ln) , a:g"))
remains bounded. Without loss of generality assume that these points converge
to (Z1,Z2). From the Holder estimate (4.20) it is clear that dw,/dz, converges
uniformly to dw/dz; and thus

]aw(il,ig)/azll = 5_1,
implying (6.2), since Vw € Qs.
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Case 2. Bwn(zgn),xQ ))/333 =61, n=12.. As with Case 1 it can be
assumed that (zg"), (")) — (£1,Z2). If Z; # 0, the Holder estimate (4.21) applies
to give

Ow(E1,%2)/0z9 = 67"

and hence (6.2).

Suppose 3 = 0. From Lemma 4.3 it can be assumed that both w, and dw,, /dz,
converge uniformly in a neighborhood N of (Z;,0). The functions dw,/dz, can-
not, in general, converge uniformly since Jw/0dz is discontinuous along {z = 0}.
However, from (5.3), the limits of the z5 derivatives of w from above and below
{z2 = 0} exist, and we define

= Izl£n+ Wq, (Z1,22)

and
wg, = lim wg,(Z1,22).
T2 —0—

The link among these various limits in provided by the combination

pn(x2)(f2(vwn) - /\nwn)a

which, according to Theorem 4.4(b), has a Holder exponent a > 0, uniformly in n.
This information combines to give

(6.3) lim_pa(2§™){ o (wz,,671) - Aw}
(6.4) = pi{fa(wz,, w 12) Aw}
(65) = p- {f';’(wlu Ig) /\’U)}

where the terms other than w,, are evaluated at (Z;, 0).
Now one considers cases. If

f2(w11,6—1) —Aw =0,
then the bracketed terms in (6.4) and (6.5) must also vanish, yielding
fa(wey,wg,) = fa(ws,, wf) = fo(ws,,671),

Since fa2 > 0, it follows that

and thus (6.2) holds.
Next, suppose

(6.6) f2(wg,,671) = dw > 0.
Since p4 < pn(z2) for all zo, it follows from (6.3) and (6.4) that
p+{fa(wz,,671) = dw} < py{fa(ws,, w],) — Mw}
and so
fa(wz,,671) < fo(ws,, w}).
Again using f22 > 0 one concludes that
671 < wm,

and since any limiting values of the gradient of w must lie in Qs, (6.2) follows.
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If the inequality in (6.6) is reversed, an argument similar to that just given, but
using the equality of (6.3) and (6.5), leads to (6.2).

Case 3. Bw, (2, 28M) /82y = -1+ 6;n=1,2,....

The argument here is similar to that given in Case 2, but with 6! replaced by
—-1+446. Q.E.D.

Our next task is to show that w,, cannot assume the value —1 4 ¢ if ¢ is
sufficiently small. Since —1+6 < w,, < §~1, the value —1+ 6 would be a minimum
for wg,.

LEMMA 6.3. The minimum of w,, is assumed on the line {x2 = 0} as a limit
from above or below.

PROOF. Since w satisfies the equation

(6.7) df;(Vw)/0z; =0 in THU T,
it follows from differentiation that

ad 0 ow _ N _
(68) a—xsz(V’UJ)gz—J'a—xk =0 inTTUT

for k = 1 or 2. By the maximum principle, w,, which is continuous in T+ and in
T—, must take its minimum value on the boundary of T+ UT~. Since w is positive
in T and vanishes for zo = —h and for o = 1 — h, the strong maximum principle
implies that w,, > 0 for z; = —h and w,, < 0 for z2 = 1 — h. Consequently the
minimum is negative and must occur where zo =0 or zo =1 — h.

The function w,, is negative in (0,00) x I (cf. Theorem 5.4) and is zero on the
half line (0,00) x {1 — h}. Since w is even in z1,wy, is zero on {0} x I"* and the
strong maximum principle implies

(6.9) Wz,z, >0 on (0,00) X {1 —h}
and
(6.10) Wz,z, <0 on {0} x I,

The inequality (6.9) implies that the minimum of w,, on the line z; = 1 — h must
occur at £, = 0. Suppose the equation (6.7) is written out in nondivergence form.
Since wz,z, = 0 on {0} x I'", it follows from (6.10) and the ellipticity of (6.7) that

(6.11) Weye, >0 on {0} x IT.

Hence the minimum of w,, on {0} x I+ must occur at (0,0), showing that the
minimum must occur on {z2 = 0}. Q.E.D.

The next result establishes a lower bound for A which serves in Theorem 2.1,
part (b) and which will also be used in obtaining a lower bound for w,,. The proof
of this lemma will be given in connection with related computations at the end of
§8.

LEMMA 6.4. For any 6 € (0,1) and R > 0, let (A, w) belong to Gs r. Then
2
1 (/- +
(6.12) /\25( P+ Vp3)

pP— — P+
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Recall that the switch from spatial to semi-Lagrangian independent coordinates
was made to circumvent the difficulties inherent in a direct approach to a free
boundary. For each solution (A, w) € Gs r the free boundary is merely the graph
I' = {z,w(z,0)} of the function w(z,0). Recall from Theorem 5.9 that w(-,0) €
CYH2(R). In §7 it will be shown that it is real-analytic. Having obtained the
boundary separating the two fluid components we now revert to the pseudo-stream-
function v¥(z,y), where (z,y) are spatial coordinates in the strip S (cf. §2). Recall
from (3.10) that
ow ¢\ /px
dzs  OY/dy
in ST, the upper fluid region, and in S~, the lower one, respectively. Since ¢ >
g/Ad, (6.13) will give a lower bound for wy, if an upper bound for 1, is established.
The next lemma is a first step towards bounding v,.

LEMMA 6.5. Let (A, w) belong to Gs g and let 1 be the corresponding pseudo-
stream-function. Then for any real m

m+1
(6.14) / / |Vy|? dzdy < ¢?K;,
m—1 JI

where K, depends only on p4 and h.

REMARK. From Lemma 6.4 it is clear that c2K; = gK; /) is bounded in terms
of py and h.

PROOF OF LEMMA 6.5. Let the integral in (6.14) be denoted by E. From the
relations (2.20), (2.30), (3.10), and (3.11) there results

m+1 p¥(1-h) 1+yz
dz d
/ /( h) Yy

mAL o1k g2
(6.15) / / Le/ pa(z2) dzy -——dfvz

1+w12

m+1 1-h
= / / pd1+ ldwldiﬂz

Let p(z1) be a smooth cutoﬁ' function whlch equals 1 on [m — 1,m + 1] and
has support on [m — 2,m + 2]. Consider the fundamental equation (4.1) for a
pair (An,wn) € F, 5 r converging to (A\,w) € Gs r. Multiplying (4.1) by u?w,,
integrating by parts, and letting n — 00, one obtains (cf. 4.11)

l 2 2+'w12 2
2/T”"“ ((1+wz,>2) Vol
oo

ww.
(6.16) = —2/Tpduu’H—w’“ +Ap- - p+)] w2 (z1)w?(21,0) dzy
z2

—00
2 m+2
2 Wi, p— 12
<e d —+—/ dz + 4\ (p_ — ,
pr K irwE e ), (') (p- —p4)
where |w| < 1 (cf. 4.35) has been used. If € is set equal to 1/2 in (6.16), the resulting
inequality implies

m+1 2+w ) 1 m+1 ,w2
6.17 / / Sl it Y , _/ / T o KI,
( ) (1+ 1?2)2 2 Jm—1 Ipd1+w::2 N

(6.13) 1+
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where K’ depends only on py and h. The last integrand in (6.15) contains a sum
of (1+ wz,)~! and w2 (1+ wz,)~". The second of these also occurs in the second
integral of (6.17) and so is estimable.

Now consider pg(1 + wg,)~ . Where w,, > —1, this integrand is at most 2pq,
while on the complementary set

1 4 2+ wg, w2
L4+wg, ~ 3(l4+wy,)?

Use of these estimates with the first integral in (6.17) gives a bound for the integral
of pa(1+ wz,)~1, and the combined estimates yield an estimte for (6.15). Q.E.D.

To make use of the bound (6.14) it will be necessary to show that the distance
from the streamline I' to the boundary 95, denoted dist(I', 3S), is bounded below.

LEMMA 6.6. Suppose (\,w) € Gs.r. Then
(6.18) dist(T',0S) > K > 0,
where K depends only on p1 and h.

PROOF. In the case of elevation waves (e > 0) being treated, w > 0 so the
distance from I’ to the lower boundary is at least h. Since w is even in z; and
decreasing on 0 < z; < oo, the distance to the upper boundary is d = 1—h—w(0, 0).

Consider polar coordinates centered at (z,y) = (0,1 — h) so that points within
the strip S have angular coordinates in [0, 7]. From Lemma 6.5

1 g 1-h 1
(6.19) / / |Vo|%r drdf < / / |Vy|? dedy < K,
d JO —h -1

with K; depending only on p4 and h. From (6.19)

tdr

2
(6.20) a_zg df < c*K,.

For each fixed r € (0, 1), ¥(r,0) = ¥(1—h) when 8 = 0 or m, while for each r € (d, 1)
the semicircle of radius r (0 < § < 7) must intersect I'; that is, there must be an

angle 6 = 6(r) in (0, ) for which v(r, 5) = 0. Since
% 9y

2

Y

(6.21) V(1 -h)= ; ao(ro d() 0§7r/0W% de,
it follows from (6.20) that
(6.22) (log é) E—(—;*—h) < c?K;.
From (1.20), ¥(1 — h) = ¢/p+(1 — h) and so
log1 ——Klﬂ ,
d~ ps(l—h)?

from which (6.18) follows. Q.E.D.
The following lemma of Alt, Caffarelli, and Friedman [1] will be used.
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LEMMA 6.7. Let u be a function in C(B,) NW'2%(B,), where B, C R? is a
ball of radius r centered at (Z,3), where u(Z,4) = 0. Suppose u s harmonic in
B, \ {u =0} and set

(6.23) o(r) = = / Vut2dedy - — / V- |2 de dy,
r? r2 Jp,

where ut = sup(u,0) and u~ = inf(u,0). Then ©(r) is an increasing function of r
for0<r<a.

THEOREM 6.8. Suppose (A, w) € Gs r. Then

1
(6.24) I < K,
14wy, Lo (T)
and
Wy
6.25 —l < Ka,
( ) 14+ wg, L (T)

where the constants depend only on p+ and h.

PROOF. In Lemma 6.3 it was shown that the minimum of 1 4+ w;, is assumed
on the line {z; = 0}, from above or below. From the discussion surrounding (6.13)
an upper bound for dy/dy on the upper and lower sides of I' will yield (6.24). The
estimate (6.25) follows similarly from a bound on 8v/dz which is harmonic in S*
and must assume its maximum and minimum on ST U AS~. Since ¥ is constant
on the lines {y = —h} and {y = 1 — h}, it suffices to bound [¢;| on T.

Let ¥t denote the restriction of ¥ to ST and 1, the restriction to S~. Since
%t > 0in St and ¥~ < 0 in S, this notation is consistent with that in the
previous lemma. According to Theorem 5.1 the function w(z,0) describing I is of
class C1* and Vuw is of class C® in T+. Since Vw lies in Qs, the relations (3.10)
and (3.11) show that V¥ is of class C* in S*, respectively. Let (%,7) be a point
on T and let ot = |Vy%(Z,7)|. If B, denotes the ball of radius r centered at (%, ),
then from the previous lemma

1 1
(6.26) o=z [ vk e

is increasing in 7 for 0 < r < a where a = min(h,dist(I', 3S)). From the regularity
just cited it follows that ©(r) has a limit, denoted ¢(0), as r — 0 and

(6.27) 2(6%)? - (07)2 = (0) < pla) < (a~22K,)?

by Lemma 6.5.
Recall that the continuity of pgq(f2(Vw) — Aw) (cf. 4.31) is a translation of the
pressure condition (2.28) which becomes

(6.28) 31(0%)? = (07)%) = (p+ — p-){c*/2 - g3}
in the current notation. The two relations (6.27) and (6.28) easily imply that ot
and o~ are bounded in terms of p+ and h. Q.E.D.

It follows from the last result that there is a §o > 0 so that for 0 < § < 6y and
R > 0 there is a pair (A, w) € Gs g for which

lwlgy(ry = R
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or

ma‘x(lw11 |L°°(T)7 Iwzz]LOO(T)) = 6_1.

Hence S C R x (H}(T) N C%Y(T)) defined by

S= UGl/n,n

is an unbounded, connected set of solutions of equations (2.36)—(2.39).

7. Proof of Theorem 2.1.

7.1. Emnistence and basic properties. The major part of the work involved in
proving Theorem 2.1 has been done. In this section we summarize those results
already obtained and add proofs for the remaining parts of the theorem, with one
exception. As already noted, the lower bound A for A, given by (6.12), is derived
in §8.

Part (a) The basic existence result in Theorem 2.1 was the culmination of the
analysis in §§3-6 and was asserted at the end of the previous section. That elements
of § are solutions of (2.36)—(2.39) follows from Theorem 5.1(d). The inclusion of
(Ag,0) in § follows from Lemma 5.5(c).

Part (b) The inequality A < A4 was given in Theorem 5.1. From Theorem 5.6 it
follows that (Mg, w) € S implies w = 0. All functions w under consideration have
been even in z; and hence their limits are even in z;. The remaining parts of (b)
were shown in Theorem 5.4.

Part (c) The analyticity of w in the closed strips T will be shown in Theorem
7.6 below. As for the other assertions of regularity, they follow from Theorem 5.1.

Part (d) These bounds, which translate into bounds on velocities, were obtained
in Theorem 6.8.

Part (e) In Lemma 7.4 of [26] the exponential decay of solutions was shown both
for periodic waves over a half period and for solitary waves. The proof in [26] can
be simplified if only solitary waves are considered.

Part (f) This nonexistence result is shown in Theorem 7.7 below.

In the event e < 0, one can use (5.43) to arrive at the reversal of inequality
(5.46) and so prove Theorem 5.6. Similar small changes are required for the proof
of Theorem 5.7.

7.2. Analyticity of the interface. As was observed by Kinderlehrer, Nirenberg,
and Spruck [15] the analyticity of w in 7% will follow from results of Morrey [20;
21, Chapter 6] once it is shown that w is of class C? in T%. In [15] solutions of
free boundary problems are examined under a typical assumption that the solution
is known to be C2. Then a partial hodograph or Legendre transformation together
with suitable combinations and reflections of solutions in abutting domains produce
an elliptic system adapted to Morrey’s results. Here we have worked in a semi-
Lagrangian (partial hodograph) setting for most of the analysis and hence need
only do a reflection once the C? character of w in T is established. The C?
estimates could be carried out using the techniques from [3], but a relatively short
direct proof can be given and we do that in Corollary 7.5. A lemma is required
(and could be given in a local version).
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LEMMA 7.1. Let (\,w) be an element of Gs g (cf. (4.7)). Then there is a
p=p(6) > 2 and a constant K depending on 6 and R such that

(7.1) /Tvg., <K {1 + (/T |szl|'~’>2—p/2}

for1=1,2, where v =wy,.

PROOF. It will suffice to work with an element (\,w) € F, s r (see §4) and
obtain an estimate which is independent of n. The subscript n will be suppressed.
The function v satisfies

(7.2) —a—i: (pfg(V’lU)%%) =-XMv inT,

and

(7.3) v=0 ondT.

From inequalities (4.9) and (4.29) it follows that there is a p = p(6) > 2 such that
(7.4) IVolLe(ry < Klw|pary < K'R

for all s in the interval [2,p(6)], where K and K’ depend on §. A version of
the Gagliardo-Nirenberg inequality will be needed for a function v € H(T). B
extending u as an even function across the lines {2 = —h} and {z2 =1 — h} and
using a cutoff function in the z5 direction, one easily derives

-p/4 4
(7.5) lulpsr) < K1|u|m%~)|“|%(r)

from the main theorem in lecture II of [22]. Here p can take any value in the
interval [1,4]. We can, without loss of generality, assume p(§) < 4 and let p = p(9).
Equation (7.2) can be written as

ad v a ov dv
32, (me +Pf22 = Apv ) N (Pfl] £;> —/\P%;
(7.6)
v Bv ov
fl]kax Er flJ —/\Pa—xza
where
v *w

fijk denotes a third derivative, and the summation convention is used. Without
using the equation one has

K} v v
£ (pfn + Pf22— - /\/rv>

{ v v v Ov
=p

(18) o
f21kaz Erm f21 +f22k3 Er +f22 s -)\’7}

With pfz;v;; — Apv denoted by wu, it follows from (7.6) and (7.8) that

(1.9) / |Vul? < Ky [ [ (IVA1? + [Vol? + g, + viz)] ;
T T
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where K, depends on é and R. Since the L? norm of |Vv| and, by embedding, any
LP norm of v are bounded in terms of R (cf. (4.9)), such terms can be accommodated
by including additive or multiplicative constants. Since f22 is bounded below by a
positive constant depending on 6, the use of (7.5) yields

ov 4
4 L 4 ov
/Tvxz _Ks/T u® + (Pf2lax1 /\Pv> ]
(7.10) §K4/u4+K; (/ v4+/vil>

< Ky [|Vu|L2 () [l oy +1+/ z1]~

Using (7.4) to estimate u in LP and (7.9) to estimate Vu in L2, we have

(7.11) /Tvgz < Kg lH/Tv:‘ +{/ (IVA? + 02, + 02 )}2_p/2].

Since 2 — p/2 < 1, equation (7.11) provides a bound

2—-p/2
(7.12) /v; < Ky [H/ va, + {/ IVvlz} }
T T T

where K7 depends only on é and R.
The embedding inequality (7.5) applied to v,, € H}(T), gives

2-p/2 2-p/2
GORE ) SKs{ / lw‘*’} / |vzl|p5Kg{ / |v7|’-’} ,
T T T T

again using p = p(é) and (7.4). The use of (7.13) alone, and in (7.12) produces the
result (7.1). Q.E.D.

THEOREM 7.2. Suppose (A\,w) € Gs gr. Then

(7.14) / |Vwg,q, |* < K,
T
where K depends on 6 and R.

PROOF. Continuing the analysis in the previous proof for a solution in Fy, s r,
one differentiates (7.2) to obtain

9 y O 5} dv v\ L, .
6131' (pfzj(v )822]'> 3 (pfwka 3113 ) /\/)’7 inT

and, since v = 0%w/9z?,
(7.16) ~=0 ondT.
The ellipticity of the equation (7.15) yields

9y Oy
2
/|V'y| / f”@z 3:::]
ov Ov
(7.17) /pazlfukax o2r +2/\/mvzz

<2 [19aP 4K [ 08, 0k, 4 42)
T T

(7.15)
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The bound (7.14) now follows from the previous lemma and Lemma 4.2. We note
again that the estimates are all uniform in n and so hold in Gs,g. Q.E.D.

COROLLARY 7.3. If (A\,w) € Gs,R, then
(7.18) |Vwg, |Le(ry < K
for all p € [2,00), where K depends only on p, 6, and R.

PROOF. From the previous theorem the integral of |V~+|? over T is bounded and
from Lemma 7.1, so are the integrals of v3 and v3,. From (7.9)

7

where K; depends upon § and R. Hence p, fgivxi —Xpvisin LP(T) for all p € [2,00),
according to embedding theory. The same embedding result, used with (4.9) and
Theorem 7.2, shows that v and v, are in LP(T) for all p € [2,00). Since f22 has
a positive lower bound depending only on 8, it follows that v,, is in the same L?
spaces. Q.E.D.

It is now possible to return to the elliptic equation for v to obtain

2
S Kla

v ov
(Pf 21— + Pf22 - /\Pv)

THEOREM 7.4. Let (A\,w) be in Gs r. Then there is a ¢ = q(6) > 2 so that
N = Wg, 4, Satisfies

(7.19) | o<k,
T
where K depends on 6 and R.

PROOF. For (\,w) € F,, 5 r the equation (7.15) for v = wy,z, can be written

o oy .
where 50 8 o0 8
v Ov v v
Fy = pfijk g~ . = pfajk - . = Ay
and 5
_ Y
h= /\pazz

By the previous corollary Fy and F; are in LP(T) fer p € [2, 00), while from Theorem
7.2, h € L*(T). As for equation (4.24), Theorem 1 of Meyers [18] yields (7.19) for
some q > 2. All estimates are independent of n so the inequality (7.19) follows for
all (\,w) € Gs,g. Q.E.D.

COROLLARY 7.5. Let (A, w) be in Gs.g. Then w € C**(TZ%) for some a > 0
and hence the fluid interface y = w(x,0) s of class C%2.

PROOF. The C% character of the interface follows from (7.19) and embedding
theory. The Schauder theory [13, Lemma 6.18] provides the same regularity in
T:. QE.D.
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THEOREM 7.6. Suppose (A, w) is a solution of (2.36)—(2.39) belonging to .
Then w 1s real-analytic in T— and T+ .

PROOF. Since w is of class C? in T%, the techniques of [15] can now be used.
In fact, if we revert to the formulation in which v (z,y) is harmonic in S* and S~
and satisfies (2.27), (2.28), then Theorem 3.2 of [15] yields analyticity.

7.3. Nonezistence of small solutions with e - w < 0. We now prove part (f) of
Theorem 2.1.

THEOREM 7.7. Suppose
e=p-/h®—py/(1-h)*>0.

There is a positive 1 such that if (\,w) € R x (H}(T) N C%Y(T)) is a solution of
(2.39) with w <0, dw/dz; >0 for xz; >0, and

(7.20) |A = Adl + [wlgy () + [wlgos ) <,
then w = 0.

PROOF. Repeating estimates already used, in conjunction with difference quo-
tients in the z; direction, one can show w is smooth in each of T- and T+, and we
shall assume the smoothness necessary for the calculations to follow. First it will be
shown that if the hypotheses of the theorem are met and A > A4, then w = 0. The
steps involved in the proof of Theorem 5.6 up to (5.40) can be duplicated for the
case of a discontinuous density, that is, for pg. The equation (5.12) which formally
becomes

(pa') = Aoy = apary

is replaced by the weak form

(7.21) - [I pa' @’ + A /1 pa(vp) = /1 PdVPs
where ~ and ¢ are in Hj(I). Equation (7.21) arises from the variational problem

{M(p- — p1)u?(0) — [; pa(u')?}
weHL(I) 1 pau?

a= ,
which corresponds to (5.11). The maximizer ~ is normalized by [ pgy? = 1 and,
as in the proof of Lemma 5.5, we have a > 0 since A > A4. In following the
proof of Theorem 5.6 one need only let the derivative of a density in an integral be
interpreted as

/Ipég(xl,zz)dzz = —(p- = p+)9(x1,0)

in the case of the discontinuous p4 from (2.26). As regards (5.35), let 7 correspond
to the density pg. The extra condition of orthogonality yields 7 > A4, and it can
be assumed that ) is sufficiently close to Ay to make 1 — /7 =6 > 0.

As regards the steps in the proof of Theorem 5.6 past (5.40), the only change
is in the discussion following (5.40), for now « is positive rather than negative.
Inequality (5.41) is replaced by

(F')* + /PdIVR12 < %aFZ + %U’ + K'F3,
I
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and in place of (5.42) one has
G' +oF +eF? > —2¢F? — K" (%"W + %U’ + K’F3) .
It follows from this inequality that at each z
G' - KU' 4 (o~ K;|F|L=)F >0

for constants K and K, where |F|L» = maxXz<s<oo |F(s)|. The last inequality,
integrated from z > 0 to oo yields (cf (5.45))

[ wam) [ Kw ] [ Foiss
/Ipd’yl+wz,(:c,xg){l S }dx2+(a K1|F|L) : F(s)ds > 0.

If w is small in C%}(T) and z is large, both 1 — Kw/v and a — K;|F|pe will be
positive. Since wz, > 0 and F < 0, w = 0 for z large. However, w is analytic in
T* sow =0.

Now we may assume A < A\g. If © is set equal to w in the equation (2.39), the
result is

2 0o
[oulZ ) [ g @uhun, = Mo- 1) [ we,0)

or, rewritten,

oo
(120 [ pdVul = Xo- = p1) [ wer,0)das = [ pavuptpition)
T —00 (1 + wlz)
In analogy with (5.16)—(5.18), we decompose w as
(7.23) w(z1,72) = F(z1)v4(z2) + R(z1,72),
where 44 is the function described in (5.13) and
F(z;) = /Ipdw(zl,:cg)fyd dz,, z1 € R.
Note that ~4 satisfies the weak equation
(7.24) /I pas? = Malp— — p+)7a(0)0(0)
for any p € H}(I). A further relation, the analogue of (5.19), is
(7.25) /de(:vl, z2)Yadze =0, z1 € R.
I

The decomposition (7.23) and the relations (7.24)—(7.25), used in the left-hand side
of (7.22), result in

/T pal Vol = Mp— — p4) / w?(z1,0) dzy

- / (P o+ [ pd DRI =X = p) / R*(z,,0) dzy
(7.26) —o0 T - Bt
+ (o= = p1)V3(0)(Aa — ) / F?dzx,

+2(Ad — A)(p= — p+)74(0) /—oo FR(z1,0)dz;.
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In analogy with the discussion following (5.35), the orthogonality (7.25) ensures
that

(7.27) / pal VR~ Ap— — ps) / R*(2,,0)dzy > K / VRP?
T —00 T

for some K > 0 whenever |\ — )\4| is sufficiently small. For the last term in (7.26)
we use the Schwarz and Poincaré inequalities to obtain

[e.e]

2 = N)(p— — p+)7(0) / F(z1)R(z1,0) dz

(7.28) X .
<K [onp s ka0 [ 5
T

— 00

If (7.27) and (7.28) are used in (7.26) and if Ay — X is made still smaller if necessary,
there results
K
(1:29) [ palVul?=Ap-p1) [ (PP dei+y [ VR
—o0 T

Now consider the right-hand side of (7.22). First, for any € > 0,

(7.30) / P A CR ) ”“’“ / VR + ¢ / (F')? day,
T

2191 + wg,)?

oo (oo}

w2(z1,0) dzy 2/

— 0o

provided w is sufficiently small in C%!(T'). Next, with the use of (7.23) one obtains
(7.31)

2 Way (3 + 2wg,) / 3 / 3 //oo 4 K/ 2
otz A ilibets2 VAR L2 Pl
[ o i) < [ o Py @)+ K [ s VR

for w sufficiently small in C%!(T), where K is the constant appearing in (7.29).
The first term on the right-hand side of (7.31) is the integral over R of éF3(z;),
where € is defined by (5.26) and is positive, being a positive multiple of e in (2.41).
If the inequalities (7.29), (7.30), and (7.31) are used with equation (7.22) and the
integrand F* is estimated above by —|F|L~ F3, there results

(7.32) (% -e) /T|VR|2+(1—e) /—Z(F’)2dx1—(é—K’|F|Loo)/_o:o F3dz, <0.

Since F = [; pawya < 0, it is clear from the estimates just completed that if w has
a sufficiently small norm in H}(T) N C%!(T) and if |A — A4| is sufficiently small,
F =|VR| =0 and hence w=0. Q.E.D.

8. Waves of large amplitude. Since the branch of solutions § from Theorem
2.1 is unbounded in R x (H}(T) N C%(T)) and the range of X is bounded, the
norms of w in H}(T) and in C%!(T) cannot both remain bounded on §.

In §6 it was established that there is a §o > 0 so that w,, > —1 + & for all
(A\,w) € §. If the gradient of w were uniformly bounded for (A, w) € S, there
would be a positive §; < 8 such that for all solutions in §, Vw € Qs,. But then
the coefficients f;; would satisfy the bounds (4.15) and (4.16) with 6 = 6;, uniformly
for (A\,w) € §. This, in turn, would imply that in S there would be solutions having
|w|a2(r) arbitrarily large. For, if not, then the local estimates (4.20) and (4.33),
summed over m, would lead to a bound for Vw in L?(T') and hence to a bound for
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w in H}(T). To go one step further, since 0 < w < 1, a large norm for w in L? can
arise only by having a wave which is very “broad.” The alternatives, then, are to
have waves which are arbitrarily broad or ones with arbitrarily large gradients. Of
course, waves may exhibit both properties.

Numerical computations in the related problem of the interface between two un-
bounded fluids of differing densities (cf. [17, 28]) show that there are branches of
periodic waves along which the gradients approach infinity. The condition (6.25)
necessitates w, being large if the vector Vw is large. However, in the computations
cited wz, goes to infinity and thus both components of Vw must grow unboundedly
along the branch. In fact, the streamlines steepen to the point of having vertical tan-
gents and continue past this configuration to one of “overhanging” waves, in which
the separating streamline is no longer a graph over the horizontal axis. Computa-
tions are underway on the solitary wave problem studied here (cf. [29]), and they
show surges occur in certain parameter ranges. We will show that if waves broaden
indefinitely, maintaining uniformly bounded gradients, then a solution representing
an “internal surge” with specified amplitude and speed (determined by (8.23) and
(8.24)) must exist. If, on the other hand, there were a sequence (Ag,wi) € S,
k=1,2,..., with sup |Vw| — o0 as k — oo, one could expect these to converge
to a limiting wave with a vertical tangent on the interface.

8.1. Internal surges. Let (Ax,wi) € S, k = 1,2, be a sequence of solutions of
(2.36)—(2.39) for the density ps. Suppose that for some § > 0, Vwi € Qs for all
k and that |wk|p2(7) — 00 a8 k — co. As already noted, the Holder estimates
(4.20) and (4.33) for the gradients will hold uniformly in k. Consequently one
can use the diagonal method to select a subsequence, still denoted (Ax,wy), for
which Ay — A < Aq and wy converges in C%1(B), for all bounded sets B, to a
function w(z1,z2) € COH(T)NC*(T%). The limiting function v will satisfy all of
the estimates derived in Lemma 4.3 and Theorem 4.4; namely, the local estimates
which are independent of R. Naturally, W inherits the evenness in z; and satisfies
0w/dz; <0 for ; > 0. Since @ is also nonnegative,

(8.1) Im (z1,22) = Woo(22)

Ty —00

exists. To examine further the implication of this convergence, we shift it to B =
[—1,1] x T by letting W (z1,22) = W(z1 +m, z3). Now by, is bounded in C1*(B)
uniformly in m, according to the Holder estimates (4.20) and (4.33). Since W,
converges in C(B) to Woo, it must also converge n C%!(B N Ti) according to the
Arzela-Ascoli theorem, and the limit %, must be in C1® (Ti) as a function of z,
alone.

Now let 3(z1) be an arbitrary element of C§°(—1,1) and 7 an arbitrary element
of C§°(I). Using the product 87 as a test function in (2.39) with w = ,, and
letting m — o0, one obtains

(8.2) /1 pa(z2) f2 (0, %‘i) j—; = Xp- — p1 )tieo (0)7(0),

which is the weak form of

d dios\ <,
(8.3) Epdfz (0, E) = ApgWoo.
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As a consequence the nonnegative, continuous function w., will be linear where
p; =0, that is, on I~ and on .

Suppose W, = 0. That is, suppose that w0 — 0 as £; — oo. Then as z; — oo the
functions wy defined at the outset of this discussion must converge to zero uniformly
in k as elements of L°°(I) depending on z;. Their gradients must converge to zero
in the same sense, according to the local estimates (4.20) and (4.33). Suppose \x
from the pair (Ag,wy) converges to A< Mg as k — o0o. In Lemma 5.2 an estimate
was made of the “tail” of w; that is, the restriction of w to T, = [m,00) x I. There
a bound for w in H}(T) was used to show that the C%!(T,,) norm of w went to
zero with m, yielding the estimate (5.6). Since the functions wy under discussion
have their norms in C%!(T',,) converging to zero with increasing m, uniformly in
k, the estimate (5.6) can be seen to hold for w = wy with the constant K in
(5.6) depending only on A and on the § which serves for all k. A bound for wy
in H([-m,m] x I) follows easily from the estimates in §4, and thus the wy are
uniformly bounded in H}(T'), contradicting the initial hypothesis that |wg| Hi(T) —
00 as k — 0.

In the case that Ay — A = \q as k — oo a similar situation prevails as regards
the behavior of w and Vw for large z,. It suffices in the proofs of Theorem 5.6 and
5.7 to have the norm of w in C%!(T,,) approach zero as m — oo, and this we have
for w = wg, uniformly in k. A consequence of those theorems is that W = 0 and
that wy converges to W = 0 in H}(T), again contradicting the initial assumptions.
Consequently wo, and @ are both positive. We summarize what has been proven
in

THEOREM 8.1. Suppose that (A\x,wx) € S, k=1,2,..., satisfy

(a) |[Vwg|peo(ry < K, for all k and

(b) A — A and |wkl|pz () — 00 as k — oo.
Then wy, converges to w(z1,zz) in C(B)NC*(BNTF) for each bounded set B. The
function W 1s positive on T, nonincreasing for x; > 0, real-analytic in T —{zo = 0},
and satisfies
(8.4) J“l_lyn:;oo W(zy,-) = Woo
in C(T) N COY(TF), where oo 1s positive on I, linear on It and I~, and satisfies
(8.2). Both W and W satisfy (2.36), (2.37), and (2.39).

Note that 1w, is a solution of the flow equations (just enumerated) which is
independent of z. Using the nomenclature of Benjamin [9] we shall call Wy a
conjugate flow. According to Theorem 8.1 the function W, must have the form

. | A(z2 + h), zo€l™,
(8.5) woo(rcz) - {3(12 1+ h), To € I+,

for some value of A where, by continuity Ah = B(—1+ h). Equation (8.2) gives
A = A(A), where

0 =gt o (- ) - (- )]
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Since OWeo/023 = B > —1 on I*, we have 0 < A < (1 — h)/h in (8.6). The
amplitude A and the speed

(87) ¢ = ca=(o/A(A)?

are as yet unknown. To determine A we show that as a consequence of Theorem
8.1 there is a flow in the strip which connects a trivial flow to a conjugate flow.
That is, there is a solution of (2.36), (2.37), and (2.39) which has the following
asymptotic behavior. As £ — —oo it approaches a flow with velocity vector (c4,0)
in a fluid which has density p_ for —h < y < 0 and density p4 for 0 <y < 1 — h.
As z — 400 the conditions approached are

(8.8) velocity = { (H;ACA’O) for —h <y < Ah,

(Zlilh_hAthCA,O> for Ah<y<1-—h,

according to the relations (2.43).

THEOREM 8.2. Suppose the hypotheses of Theorem 8.1 are satisfied. Then
there is a solution (X, 7(z1,72)) of (2.36), (2.37), and (2.39) with the following
properties:

(a) j is real analytic in T — {z2 = 0} and is in CL*(T%) N COY(T) for some
a>0.

(b) 95/0z1 >0 nT.

The element j(z1,-) of CO1(I) satisfies

(¢) limg, oo |5(21,")| o (7) = 0, and

(d) limg, 40 |7(21,-) — woo|(;0.1(7) =0,
where woo 15 a conjugate flow corresponding to some value of A > 0 and \ = A(A).

PROOF. It can be readily verified that
3he

20— —p4)
for A near zero, where Ay and e are deﬁned by (2.40) and (2.41), respectively.
Since e > 0, by assumption, A(A) < A4 for small positive A. Since A(4) — +o0
as A — (1 — h)/h, it is clear that A(A) is not one-to-one on the preimage of the
interval [0, A4}, the set of interest to us. Let the conjugate flow W, in Theorem 8.1
correspond to a value A > 0 in (8.5). From the form of A(A) it is clear that there
is a smallest positive value A for which A(A) = A(A). Let wyo in the statement of
the theorem correspond to this smallest value.

Return now to the sequence wy from Theorem 8.1. The functions wy converge
in C%! on bounded sets to , and @ (z;,0) approaches Ah > 0 as z; — oo. For

each k there is a value & < 0 (precisely one since dwy/dz; > 0 for z; < 0) for
which

(8.9) A(A) =) A+ O(A?)

(8.10) wk(€,0) = 14k < LA,
Define ji, k = 1,2,..., by
(8.11) Jk(z1,72) = wi(z1 + &k,y 22).

As with the functions wy one  finds that a subsequence of the jk, denoted by the same
symbols, converges in C%1(B), for each bounded B C T, to a function j(zi, ;)
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in Cb O‘(Tff) N C%Y(T). Since for each fixed 1, wi(z,0) converges to w(zxi,0) >
oo (0) = Ah, the points & at which (8.10) holds must approach —oco as k — 0.
Again fix a value of z;. For all sufficiently large k, z; + & < 0 and so 97k /z; > 0
at that z, for all zo € I. Thus 95/9z(z1,z2) > 0 for all (z;,z2) € T. Since j is
monotone, bounded, and in C1*(T#%) N C%!(T), the limits

(812) ].j:(.’l)g) = lim ].(.’131,932)
z1—to00

exist. As in the proof of Theorem 8.1 one shows that the limits can be taken in the
CO’A1 (T) topology and that jy are conjugate flows satisfying (8.2) for A = A(A) =
A(A).

Since 74 (0) > 5(0,0) = 3 Ah > 0, the function j; is a nontrivial conjugate flow.
Since j_(0) < 7(0,0) = 3 Ah and since Ah is the smallest height at z2 = 0 for a
nontrivial conjugate flow with A = A = A(A), j_ must be zero. As claimed the
function 7 then represents an internal “hydraulic jump” connecting a trivial flow
at £ = —oo with speed ¢ given by (8.7) to a conjugate flow at £ = +oo with the
structure (8.8). The remaining regularity in (i) and the positivity in (ii) are shown
as in Theorem 8.1. Q.E.D.

Implicit in the form of the conjugage flow (8.5) is the conservation of mass in the
lower fluid, connecting a flow of height (14 A)h and speed c4/(1+ A) at £ = +00
with a flow at —oo of height h and speed c4. A similar situation prevails in the
upper fluid. This same conservation can be obtained starting with

(8.13) div(pq) =

from §2 (cf. (2.9)-(2.10)) since streamlines are integral curves for the field q.
Another conserved quantity can be derived from the momentum equation (2.8).

It can be expressed by the exactness of the form

(8.14) pY2U dyp + pdy,

assuming now that we are working with a smooth density p. To see the exactness,
express (8.14) as

oY
oy

By using divqg = 0 and Vp - q = 0, one may show that
(_pUV)y - (pU2 + p)a: = _p(UzU + UyV) — Pz = O,

using the horizontal component of the momentum equation (2.8).
Now % and y are constant on the “walls” at y = —h and y = 1 — h, and if (8.14)
is integrated around the boundary of the rectangle [a,b] x [—h, 1 — h] there results
dy.

1-h aw 1-h a,w
8.15 / ( 222 4 ) d :/ ( V== 4 )
(8.15) o\ U tr)| = T )|

That is, each integral appearing in (8.15) is independent of the z coordinate (cf.
[8]). If the expression (2.15) for the total head H is used to replace p in (8.15) and
the relation (2.14) is used, the z-invariant quantity in (8.15) can be expressed as

(8.16) [ ey -am]

1/2U3¢ dz +p'?U==dy +pdy = —pUV dz + (pU* + p) dy.

h
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Given the regularity and the convergence properties of the flows considered up to
this point, it is easy to verify that the expression (8.16) will be invariant for the
flow associated with j(z1,z2). By equating the values of (8.16) at z; = —oo and

= +00, one obtains another condition on A in the conjugate flow j,, from which
A can be determined.

Normalize the pressure so that it is 0 at £; = —o00, 22 = 0. Then H has the
values
(8.17) Hy =pic?/2

in the upper and lower fluids, respectively. As £; = z — %00, 9y — 0 for the flow
corresponding to j, and the term ¢§ is merely the density times the square of the
horizontal velocity. At z = —oo the expression (8.16) is

(8.18) 1p_c?h+ip_c?h+gp_h?/2+3pic*(1—R)+3pic?(1—Rh)—gpi(1-h)?/2,

where ¢ = c4 in (8.7). The value of (8.16) at £ = +oo is computed using the
velocities and heights in (8.8). The result is

2 212 12
-1+ A+ ip_ h _(A "~ k)
(8.19) LA (1= = 282
- 1— —
# bt (1= = Ah) + o TG —gp [ LR,

Considering the expression (8.19) as a power series in A, there is a constant term
which is, of course, (8.18). The linear term in A vanishes and what remains is
1 A? A%p? 1 1 A%h? A%h?
2 ~p_c? =+t —_—
(820) 3p-chiT3 2 TP I RA—AR/(1-h) TP+ 2

which must be zero. If an A? is cancelled and g/c? set equal to A, the result is

s 1 p- P
(8.21) A= (- —ps) <h(1+,4) + 1—h+— Ah)'

If this is equated to the expression (8.6) and terms of zeroth order in A are elimi-
nated, the result is

p-A p+Ah _
2n(1+ A2 2(1— h— Ah)?

If an A is cancelled and the result solved, one finds

(8.23)
__(-h (\//T \/71) (L—h)
JP= + /Py (V- + /1) (\/_/h+\/ﬁ/(1— h))’

where e is the parameter defined in (2.41).
If the expression for A in (8.23) is used in (8.21), the result is

(8.24) 5 = W=+ vP)?
P- — P+

This last expression is strictly less than Ay when e # 0 and is equal to Ay when
e=0.

(8.22)
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Next we give the
8.2. PROOF OF LEMMA 6.4. For a smooth density p approximating pg and a
solution (A, w) of (2.36)-(2.38), the equation (2.36) can be written

Iz a 1 a
plaa) ({2222 ) - sepha(Tw) = -3
T2

1+ wy, wzlg—a;;(l + wy,)
For each 2, w(z,r2) has its maximum at z; = 0 and hence w,, (0,z2) = 0 and
Wz, z, (0,z2) < 0. If the last equation is restricted to the line {z; = 0}, then
(8:25) —(0/072)p(z2) f2(0, we, (0, 22)) < —Ap/(z2)w(0, z2)

results. If (8.25) is multiplied by g(z2) = w(0, z2) and the result integrated over I,
it yields

(8.26) /1 pf2(0,¢")g < =X /1 pg.

Consider now a pair (:\,ﬁ)) € Gs.g. There is a sequence (Ap,w,) € F, s r With
An — A and wy, — @ in C%1([—1,1] x ;) as n — oo and (8.26) holds with p = p,
g = gn = wp(0,22), and A = X\,. If F = F(p) is any real function defined for
p > —1 satisfying

(8:27) F(p) < f2(0,p)p

for =1 +6 < p <61, then it follows that

. [; paF(g")
8.28 As = inf SIS i —
(8:28) geH () (p- — p+)g%(0)
—1+6<g'<67?
0<g(0)<1-h

is a lower bound for A. Note that g(0) = %(0,0) > 0 for any nontrivial element of
Gs. g for the maximum principle applied in T* and in T~ shows w has its maximum
at (0,0).

The function F(p) = f(0,p) is easily seen to satisfy (8.27) and moreover, is
convex for p > —1, having a second derivative equal to (1 + p)~3. Let fs(p) be
strictly convex for all p € R, coincide with f(0,p) for —1+6 < p < é7%, and
have quadratic growth near p = +oo. One can, for example, extend f22(0,p)
continuously outside of [—1+4, 6] to be constant for p < —1+6 and for p > 6~ 1.
Two integrations will then yield a suitable fs. The infimum in (8.28) will be
unaffected by replacing F(g’') = f(0,9’) by fs(g’). After replacement the infimum
can only be made lower by removing the condition on ¢’. Thus

. f]pdf6(gl)
8.29 s =  inf 00T
(8.29) ’ geH (D) (p— — p+)g?(0)
0<g(0)<1—h

is a lower bound for \.
For each constant v > 0 the set

Q= {g € Hy(D]g(0) =~}
is an affine subspace of H}(I), and the convex functional

J@=ﬁmmw
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is therefore weakly lower semicontinuous on Q. Since J is nonnegative, there is a
go € Q at which J assumes its minimum. For n € C§°(I7), go +tn € Q and a
standard variational argument shows

/Ipdfé(gé)n' =0.

From the classical theorem of DuBois-Reymond it follows that g; is constant on
I~. Likewise it is constant on I*. Thus go has the form (8.5) of a conjugate flow
with go(0) = Ah < (1 — h). For such a function the quotient in (8.29) takes the
form

1p_A%h/(1+ A)+ 1p. A%h2/(1— h — Ah)

(p- — p4)AZR? ’
which is precisely half the expression in (8.21). At a minimum A satisfies (8.22),
and the corresponding minimum value is half of that in (8.24), giving the bound

(8.30)

(6.12). Q.E.D. )
A better lower bound for A could be found. The function
2
_P(2+p)

is convex on —1+ 8§ < p < 2 for each § € (0,1) and can be extended outside
that range, as before, to a globally defined convex function fs(p) which grows
quadratically at co. One can now use an argument like that just given. The
expression in (8.31) can be used for F(p) in (8.28) with the restriction —1 +6 <
g’ < 2. In (8.29) one replaces fs by fs and finds a piecewise linear minimizer §
having a derivative

L\ [A>0, 22 <0,
(8.32) g'(z2) = { — Ah/(1=h), z3>0.

Note that A € (0,(1 — h)/h) since § > —1. If h > 1/3, so that (1 — h)/h < 2,
then ¢’ lies in the range for which the integrand in (8.29) is the expression in (8.31).
Corresponding to (8.30) one obtains an expression to minimize for A € (0, (1—h)/h).
Unfortunately, the minimizing value of A satisfies a fourth-order equation. Without
giving the details we merely note that if p_ = 2, p; = 1, and h = 1/2, so that
(1 = h)/h < 2, the following numerical values are obtained. The bifurcation point
is Ay = 6, and Lemma 6.4 gives the lower bound 2.91, whence 2.91 < A < 6. The
minimization using (8.31) yields the better estimate: 5.81 < A < 6.
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