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ON THE ZEROS OF SUCCESSIVE DERIVATIVES
OF EVEN LAGUERRE-POLYA FUNCTIONS

LI-CHIEN SHEN

ABSTRACT. Using “method of steepest descent”, we prove that the final set
(in the sense of Polya) of a class of even Laguerre-Polya functions is the entire
real axis.

Introduction. We say that f is a Laguerre-Polya function if it has the form

_ m_—az?+bz _ _Z_ z/an
f(z) = KzTe H(l an)e ,
where K, b and the a,, are real, a > 0, m is a nonnegative integer and ) a,2 < oo.

One of the most important properties of a Laguerre-Polya function f is that all
the derivatives of f have only real zeros. In fact, it was conjectured by Polya in
1914 that the converse is also true, that is, if an entire function f is real (i.e. f(z)
is real whenever z is real) and all the derivatives of f have only real zeros, then f
is a Laguerre-Polya function. This conjecture was confirmed by S. Hellerstein and
J. Williamson in two remarkable papers [2 and 3].

In an address before the American Mathematical Society in 1942, Polya asserted
that if the order of a real entire function f is greater than 1, then differentiation
tends to concentrate the zeros; the zeros of f(™) tend to move in from oo as n
increases; their distribution becomes denser. If the order of f is less than 1, then
differentiation tends to scatter the zeros; the zeros of f(™) tend to move out to oo
as n increases; their distribution becomes thinner. However, we must keep in mind
that the above phenomenon described by Polya is very general and qualitative, and
the study of the distribution of zeros of the successive derivatives of an entire func-
tion remains very difficult. For more details concerning the zeros of the derivatives
of entire functions, we refer the readers to the original text of Polya’s speech [5].

Following Polya we say that the point zg belongs to the final set of f if

(i) f is analytic at 2o,

(ii) for every € > 0, the disk |2 — zp| < € contains zeros of f(™) for infinitely
many values n.

In view of the particularly simple distribution of the zeros of the derivatives of a
Laguerre-Polya function (that is, they all lie on the real axis), we propose to study
the final set of a Laguerre-Polya function. Using Polya’s assertion as a guide, it
seems reasonable to expect that if a Laguerre-Polya function has order > 1, then
its final set will be the whole real axis. We are unable to prove this assertion.
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However, we will establish

THEOREM 1. Let f be a Laguerre-Polya function of order > 1. If f is even and
its Phragmen-Lindelof indicator function h(6) has the following property

(1) h(m/2) > h(m/2 £ 0) > h(n/2 £ ¢)
whenever 0 < 0 < ¢ < w/2, then the final set of f is the whole real azis.

We remark that if f is an even Laguerre-Polya function, then f has the form
(2) 1(2) = K22me™* [[(1 - 2 /a})

where ¢ > 0, K and the a,, are real, m is a nonnegative integer and }_ 1/a2 < oo.
Clearly, we see that the inequality (1) is automatically fulfilled if ¢ is > 0. Also, “the
order of f > 17 is trivially satisfied if ¢ > 0, whereas it is equivalent to Y |a,|~*~%
for some 6 > 0 if ¢ = 0.

We remind the readers that the Phragmen-Lindel6f indicator function of an
entire function f is defined as
In |f(re®)|

h(#) = limsup e

T—00
where p(r) is a proximate order of f [4, p. 31]. We assume that the readers are
familiar with the basic properties of proximate order of an entire function.

We will be using “method of steepest descent” on Cauchy’s formula for the

derivatives | 765)
(n)y = ™ _JB)
/ 271 /|8|=, (s — z)nt1 ds

)

to obtain an asymptotic formula for f(")(z) for z € D as n and r tend to oo along
two properly chosen sequences {n;} and {r;}, where D is a compact region in the
complex plane.

Our method requires

(i) the adequate selection of a monotonically increasing sequence {n,} tending
to oo,

(ii) the approximation of In f(z) near the point z = ¢r by using the following

LEMMA A [1, p. 78]. Let f be analytic and f(z) # 0 in the disk
D={z:|z—w|<2nw, 0<n <3}
Define
(3) a(z) = 2f'(2)/f(2),  b(z) = 2d/(2).
If there exists a positive constant C such that |b(z)| < C|b(w)| for all z € D, then
In f(we®) = In f(w) + i0a(w) — 62b(w)/2 + E(w,0),

where
|E(w,0)| < Clb(w)6°]/2n
for 0] <n.
1. Preliminaries. Let f be an even Laguerre-Polya function. From (2) and
3),
1
(1.1) a(z) = 2m — 2c2? + 222 Z Py
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hence

(1.2) 0 < a(ir) 1 oo, (ir)/r2 - 2c.

(1.3) b(z) = —4cz? — 422 Z a2)2’

hence

(1.4) ‘ b(er) >0,  b(ir)/r? — 4c.
From (2),

2c0520 1t |V?

If(,,.eie)l - lKle—cr’cos?OH)l_ 2r azl &E
It follows that, if 0 < 6 < ¢ < 7/2,
e /3200 < |f(re 20| < | (ren/2)
and since f is real, | f(z)| = | f(2)|, we conclude that
(1.5) f@er)=M(r,f) and h(r/2+¢) <h(n/2+0) if6<¢,
where M(r, f) = Max,=,|f(2)|.

From (1.2),
(2er) 2 if'(it) (% a(it) r a(it)
(16) n(G50) = [ i [ o [7
a(ir)
2 —5 (r>1)
and
(1.7) In (f{f:g)) = f/; a(:t) dt <a(ir)In2.

We now turn to the properties of b(z). In order to be able to apply Lemma A,
we need the following property of b(z).

LEMMA 1.1. Let f be an even Laguerre-Polya function. If |z —ir| <r/2, then
|b(2)| < 72b(ir).
PROOF. Let Sy = {z: /3 < |arg 2| < 2n/3}. If z € S,, then
|22 — a2|? = (|2]2 + a2)? — 2|anz|2(1 + cos 20)
> %(lz|2 +a2)? (0 = arg 2).
Hence, together with (1.3), one sees that if z € Sp, then
(18) Ib(=)] < 8212 (e + 3 a2(12f? + a2)7?).
For any r > 0, let z be a point such that |z — ir| < r/2.- Then z € Sy and
(r* +a2)/(]2* + a2) < 4. Therefore, from (1. 8), one has

aZr?(r? + a2)
|()l< { +Z r2+a2)2 |z|2+a2)2}
a2r?

<18 <cr +16) —T)z> < 72b(ir)

for |z — ir| < r/2. This proves Lemma 1.1.
Using Lemmas A and 1.1, we can now approximate f (2) near the point z = ir
for all r > 0.
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LEMMA 1.2. Let f be an even Laguerre-Polya function. Then, for any r > 0,
In f(ire®®) = In f(ir) + i0a(ir) — 0%b(ir) /2 + E(r,0),
where |E(r,0)| < 144b(:r)|0|3 for 1] < L.
We shall see in the following section that in order that Lemma 1.2 can be used

to derive an asymptotic formula of f("i) for some subsequence {n;} tending to oo,
it is essential that
(1.9 lim sup b(er) = oo.

T—00

The following lemma gives a more accurate description of the growth rate of b(ir)
than that of (1.9).

LEMMA 1.3. Let f be an even Laguerre-Polya function of order p. If its indi-
cator function h has the property (1), then there exists a monotonically increasing
sequence {r;} tending to oo such that

(i) 0 < liminf b('("?)) < timsup 207 < oo,
j—o00 Tj Ty r—00 rP(T)

. ) a(ir) o1y (T

(i) limsup 75 < 274 (3

(iii) lim aliry) =00 if p>1.
j—oo Ty

We note that if ¢ > 0, then p(r) = 2 and, by (1.4), we see that this lemma is
trivial.
PROOF. From Lemma 1.2, one sees that for |z| < i,

02b(7/l') ~ . i(0+7/2) ..
(1.10) 5 (L+ E(r,0)) =In f(ir) —In f(re ) + ta(ir)8,
where
(1.11) |E(r,0)| < k|6 for some finite constant k > 0.

From (1.11), we can select a g > 0 such that Re(1 + E(r,0)) < 2if 0 < 8 < 6.
Taking the real part of (1.10), we have
(1.12) 0%b(ir) > In f(ir) — In|f(ire’d)]

for 0 < 0 < 6.
We now select a sequence r; — oo such that
In f(2r;) s
#P(73) —h (5) ’
J
From (1.12), we clearly have

(1.13) ¢ limint 2070) > 1 (2)-r(5+0)>0

j—oo T;’(Tj) 2 2

if 0 < 8 < 6. On the other hand, from (1.10), we always have

b(er)

(1.14) lim sup )

T—00

< o0.
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Part (i) of this lemma now follows from (1.13) and (1.14).
From (1.8), we have

Inf(2ir) Inf(5) S 1a(ir)

(1.15) G R R S

Since r?(")=# is slowly increasing [4, p. 32, we have

 (2r)pe@)
(1.16) Jm = =%

Combining (1.15) and (1.16), we obtain

lim sup a(ir) < 2pF1p (g) .

r—00 re(r)

This establishes (ii).
From (1.7), one has

a(ir) 1 [Inf(er) Inf(ir/2)
(1.17) 7o) = 2 [ ) T ) |
Since . ,
i w\ S < (LY R (
llrnisgplnf<2)/r 5(2) h<2),
(1.17) implies that
(1.18) liminf 2072 5 o

J—00 ,'.;’( 5)
Since p(r) — p as r — oo [4, p. 32, (iii) follows from (1.18).

REMARK 1. If the order of f in Lemma 1.3 is < 1, then (1.15) clearly shows
that lim,_, . a(ir)/r = 0.

Let {r;} be the sequence in Lemma 1.3. For each j, we define n; to be the
largest integer < a(¢r;). Since a(ir) is monotonically increasing and tending to oo
as r — 00, nj — 00 as J — 0.

Let §; = (b(sr;))"%/5. Then, from (i) of Lemma 1.3, we see that §; — 0 as
Jj — oo.

In the next two lemmas, we will estimate the two quantities which appear in the
integrand of Cauchy’s integral formula for the derivatives.

LEMMA 1.4. Let D be an arbitrary compact region in the complez plane. If we
letn =n; and r =r;, then as 3 — o0

(i)
(14 zie™® /r) ™1 = (1 + o(1))e¢=" ~(n+1)(i+0)z/r
uniformly for |0| < 6; and uniformly for z in D.

(i)

(1 N ”‘fr_w) T (1t o(1))exp {_cz2(1 1 5(20)) -

n+1)(1+ S(0))zi}

T
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uniformly for 8; < || < /2 and z € D, where S(8) = e~* — 1. We also note that
|S(8)/6] = |20~ sin(0/2)| < 1 for all 8 real.

PROOF. By definition, n; < a(ir;) < nj+1, therefore from (1.2) (nj+1)/r]2. — 2c
as ) — oo. This implies that, if » = r; and n = n;, then
(1.19)

( - zie—w)‘"“ ~exp { ~(nt Dzie™ | o+ Y(ei?e™ }
r T 2r

n zie™ ¥
= (1+o(1))exp {—cz2e_2w - (_+__17)‘—_} (J — o0).

If we further assume that || < ¢;, then from (i) and (ii) of Lemma 1.3, we have
1

n:+ 102 (nj+1)82  (n. + 1)(b(ir;))"4/5 B
(00 05y O L
J 7 5

for some constant k > 0. Since lim,_,» p(r) < 2, we conclude that (n; + 1)62/r; =
o(1). Therefore, for |0 < é;, we have

(1.20) e %0 =14 0(1),

(1.21) —(ny +1)e™ _ —(n; +1)(1-10) o(1)
T]' Ty

as J — 00.

From (1.19), (1.20) and (1.21), we deduce (i). ‘
Let e~ = 1+ S(). Then, by replacing e~%*% and e=* in (1.19) by 1 + S(26)
and 1+ S(8), respectively, we have (ii).

LEMMA 1.5. Let f satisfy the assumptions of Lemma 1.3. Then, there exist
constants 8p and k > 0 such that, for r = r;, we have, as 7 — 0o,

(i)

fire®) = (1+ o(1))f(ir) exp {iaW’ - }

uniformly for |0 < 6;,
(ii)
92
@) < |l exp (- 257 )
untformly for 6; < 10| < o,
(iii)
(e O+/2) (i) < expl~kr# )
uniformly for 0y < |0 < /2.
PROOF. From Lemma 1.2, we see that if |0] < 6; = (b(ir;))~%/®, then
[B(r;,6)] < 1445(ir;) (b)) /% = O((blirs)) /%) = o(1)

as j — oo. The conclusion (i) is established.
Again, from Lemma 1.2, we see that, for |0] < ,

In|f(re @™/ = In|f(ir)| - 62b(ir) (5 + Ex(r,0)),
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where |E;(r,0)| < K|0| for some constant K. We can select a 6 in the interval
(0, 1) such that 1 + E;(r,0) > § whenever 0 < || < 6. Hence, for 0 < [6] < 6o,
we have '
In|f(re'@+™/2)| < In|f(ir)| — 6%b(ir)/3
and this implies (ii).
Given any € > 0, it is well known that [4, p. 71]
(1.22) In|f(re®®)| < (R(0) + €/2)r*™

for all » > r(¢) uniformly for all 0 < 6 < .
Since the sequence {r;} is chosen so that

ptT/2
g BT

|3
~—

j—o0 T;_’("j)
hence, from (1.22), one sees that
(123 In | (r;e®)| ~ In|£(ir,)] < (h(8) ~ h(x/2) + £)r2)

for all 0 < 0 < « if j is large enough, say 5 > jo.
Since h has the property (1), we can select an € > 0 so that

h(n/2+60) — h(7/2) + e = -k < 0.
But, from (1.4), it follows that
(1.24) h(n/2+0) — h(n/2) +e < -k
for all 6y < |0| < m/2. From (1.23) and (1.24) we prove (iii).

2. Proof of Theorem 1. Using Lemma 1.4 and Lemma 1.5, we will obtain an
asymptotic formula of f("5). (The explicit form of f(*) is described in (2.14).)

Let D be a compact region which is to be fixed throughout this section. From
Cauchy’s formula for the derivatives, we have, for all R > Ry and z € D,

YRS f(s)
1) = 2me /IsI=R (s — z)n+1 ds
n! f(s) <3—z>_"_1
(2.1) — ds

- 2m |s|=R 3""'1

_n o ity —int z 1
=g, TR (- gm) et
We now let
. T\l
Fj(t,z) = f(rje't)e m? (1 - qe”) )
where n; and r;, j = 1,2,. .., are defined as in the previous section.
We now let
™ 27
I, = / Fi(t,z)dt and I, = F;(t,z)dt.
0 ™
Then
21r™ f(7)(2)

(n=mn4r=r;).

27
L+1= : =
VI /0 Fy(t,2) dt -
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(One should keep in mind that I; and I; are both functions of z and j.)
To compute I; we decompose the interval (0, w) into five subintervals:

B5-8) Gowgs) (Goues)
(3+65+00), (5 +60.7).

Let Jy,J2,J3,J4 and Js denote, respectively, the integrals of F; over those five
subintervals. We now estimate J;, 1 = 1,2, 3,4, 5, separately.

It should be mentioned here that J3 is the most important term and all the other
Ji, © # 3, are insignificant when compared with J3.

From (ii) of Lemma 1.4 and (iii) of Lemma 1.5, we have, for all j large,

|J1] < ko f(ir;) exp{—kr5") + (nj + 1)|2/r;},

where k; is some constant depending on D.

Since f is even, the estimate for Js is the same as that of J;.

We now estimate J. We first make a change of variable: t = n/2 — 6. Then
from (ii) of Lemmas 1.4 and 1.5, we have

(2.3)
izei®\ T
(1+55)
L]

9o ,
7 < [ 1p(ryei-oero)
90 —_O2h(sr . .
exp < —1z nj + 1)> ’ f(zr, exp [ 62b(ir;) N (nj + 1)|z|0] 00

3 Tj
—zz(nj 1) /9" —62b(ir) _3(ny + 1)|z|>
oP ( Ty ) o P 3 ! Or;b(ir;) “

where k7 is a constant depending on D.
We observe that, from (i) and (ii) of Lemma 1.3 and lim, .o p(r) = p < 2,

nj+1 a(irj) +1
bir;) —  b(ery)

df

<k

= ko f(ir})

< K; < oo forall jlarge
and 2/5 1-(2/5)p(r,) :
rj6; = r5b(ir;) "> > Kor; — 00 asj — 00,

where K; and K, are some finite positive constants independent of j. Hence, for
6; <0< 0o,

(n; + DIzl _ (n; + Dl
rjﬂb(irj) - rjéjb(irj)
From (2.3) and (2.4), we have

exp (—(nJ: 1)iz>

exp (—i(n,r;L l)z>

(b(ar;)) 7 2o(f (3r;)).

—0 asj— oo

6o _02h(sr -
/ exp (M) &0
5; 4
/‘00\/5(1"’1‘)
€
b

(irj)1/r0

(2.4)

|J2| < k2 f(ir;)

(25) = ko f(irs) (b(ir;)) ~/? 4t

=W%ig%m>
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We have similar estimate for Jy.
We now compute J3. We first make a change of variable: ¢t = w/2 + 6. Using (i)
of Lemmas 1.4 and 1.5, we have

(2.6) J3 = (—1)™ exp(—cz? — (ny + 1)ze/r;) - f(ir;) - Je,
where
6; . 20 (50 .
5= [ o) {i(a(irj) — )0 - 0 “;1)"“9 L bg"f)} .

After making a further change of variable § = u/,/b(ir;), the above integral Jg
becomes
(2.7

wj 2 4 u (s — alirs
(b(ir;)) V2 _wj(l + o(1)) exp (—%— - %) exp {_m(na b(";g’;’;))} du,

where w; = (b(ir;))/10.
Since 0 < a(irj) — n; < 1,

n; — a(ir;)

(2.8) W)

u—0 asj— o0

for —w; <u < wj.
From (1.2) and (1.4)

E(z;—j)—>2c and 9(—22—’.—)-*% as j — 00.
2 r?
J J
Therefore, as 7 — oo
(2.9) (n; +1)/rj\/b(r;) — Ve
From (2.7), (2.8) and (2.9), one sees that the integral

ecz2/2

2.10 Jo ~ T etrg_ [T
(2.10) 6 Vo(er;) _ooe 2b(zrj)e

Thus, from (2.10) and (2.6),

(=Y g Ne—c2?/2 —(nj + I)Z'L -
(2.11) J3 ~ (—1) 2b(irj)f(”’)e exp <——rj as j — oo.

From (2.11), (2.5) and (2.2), we obtain

m\/2 . flirj) _,,2 —(n; + 1)z
2.12 Li=(1+0(1) (5 )i ez /2 - B LA
(212)  L=(+o)(3) " (-i) e e (TR
Using the same method, we also obtain

@) L=0+o)e (3)" %/p (" +l)) .
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Since f is even, f(—ir;) = f(ir;) and b(—ur;) = b(ir;). We can conclude from
(2.12) and (2.13) that
(2.14)

() (o n!f(er) —ez?) nmw (n+1)z e
f (z)—-————rn —27rb(ir)e 2{cos(2 +—r >+0(1)} (n =ny, 7)-

We now prove Theorem 1. We are mainly interested in counting the number of
zeros of f(®) in an arbitrarily selected region in the complex plane. Since we have
noted earlier that all the zeros of f(™) are real, therefore we choose D to be an
interval on the real axis, say D = [a, b].

Let N,, be the number of zeros of f(*) in the interval [a,b]. From (iii) of Lemma
1.3, we see that if the order of f is > 1, then lim;_,o(n; + 1)/r; = co. This fact
combined with (2.14) gives

b—an; +1
——— — 00.

Noy ~
us Ty

This completes the proof.

REMARK 2. From (2.14), we also see that if the order of f is < 1, then
lim(n; + 1)/r; = 0 and the zeros of f(") tend to move out to co and the set
of all the limit points of the zeros of f(®), j = 1,2,..., is {0} if infinitely many n;
are odd, and it is empty if only finitely many of n; are odd.
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original manuscript and making this paper easier to read.
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