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ON MAXIMAL FUNCTIONS
AND POISSON-SZEGO INTEGRALS

JUAN SUEIRO

ABSTRACT. We study a class of maximal functions of Hardy-Littlewood type
defined on spaces of homogeneous type and we give necessary and sufficient
conditions for the corresponding maximal operators to be of weak type (1,1).
As a consequence we show that Poisson-Szego integrals of L? functions possess
certain boundary limits which are not implied by Korényi’s theorem.

Introduction. The classical theorem of Fatou is concerned with the existence
of nontangential boundary limits of the Poisson integral of a function f defined on
R™ or on the unit circle. Such limits exist almost everywhere if f is in LP(R"),
1 < p < oo (see [SW, Chapter II}). In [NS], Nagel and Stein improve Fatou’s
theorem by showing the existence a.e. of limits within certain approach regions
which are not contained in any nontangential region. The problem is reduced to
showing that a maximal operator “of Hardy-Littlewood type” associated to the
approach regions is of weak type (1,1).

In this paper we consider a similar question for Poisson-Szegé integrals on the
unit ball of C™ and on the generalized half-plane (also called Siegel half-space).
Here the analogue to Fatou’s theorem is the theorem of Koranyi [K2] asserting the
existence a.e. of limits within the so-called “admissible regions.” As is well known,
these regions allow parabolic tangential approach to the boundary along certain
directions (the “complex directions”). We show that it is possible to strengthen
the conclusion of Koranyi’s theorem as to allow for some approach regions not
contained in any admissible region.

The maximal operator of Hardy-Littlewood type considered in [NS] is defined
as follows. Let Q be a subset of R with (0,0) € {1, i.e. (1 is an approach region
at 0 € R™. We are interested in the existence for almost every zop € R™ of the limit
(%) lim  u(zg + z,7),

(z,r)—(0,0)
(z,r)EN
where u is the Poisson integral of some f € LP(R"), 1 < p < co. (We denote points
of R'_f_“ by (z,r), with € R™ and r > 0.) If f is locally integrable on R™, the
maximal function Mq f is defined by

1
Mqf(xg) = sup —=—
(=0) = S B Jaen

for each zo € R™. (Here B(z,r) is the ball {t € R": |t — z| < r}, and |E| denotes
the n-dimensional volume of the set E.) To show the existence a.e. of the limit

|f(zo +1)| dt
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() it suffices to show that Mq is of weak type (1,1). In [NS], a necessary and
sufficient condition on () is given for Mg to be of weak type (1,1). The condition is
essentially (modulo some mild restriction on the shape of (1) that the cross-sectional
measure of () at height r should be bounded by a constant times r™. It then turns
out that there are approach regions {1 not contained in any nontangential cone
T, = {(z,7) € R} : |z| < ar}, a > 0, but for which Mg is of weak type (1,1),
and therefore the limit (*) exists for almost every zo € R™.

The situation for Poisson-Szegé integrals on the generalized half-plane D is quite
similar. The boundary of D can be identified with a Heisenberg group H, and so
we can think of D as being H, x (0, 0), just as R*" is identified with R™ x (0, 00).
Thus a point of D has “coordinates” (z,r), with z € H, and r > 0. On H,, one can
define a translation-invariant metric (which determines a family of “balls”) and a
translation-invariant Borel measure u. Given 0 C H, x (0,00) and f € L} (u),

define
1

Mof(zo) = swp o [ 1(aonluty)
for each o € H,, where B(z,r) is the ball of center z € H, and radius r > 0.
Assume that (0,0) € (. As before, the existence for almost every zo € Hy of the
limit
lim  u(zoz,r),
(z,r)—(0,0)
(z,r)EN

where u is the Poisson-Szego integral of f € LP(u), 1 < p < 00, is a consequence of
the weak type (1,1) of Mq.

Thus we seek to characterize those regions ! C H, x (0,00) for which Mq
is of weak type (1,1). By analogy with the result of Nagel and Stein [NS] (for
Q C R711), in our case one would expect the condition on () to be essentially that
the cross-sectional u-measure of 2 at “height” r should be bounded by a constant
times the u-measure of a ball (in H,) of radius r. This is in fact the right condition.
Nevertheless, it is interesting to notice that the method of proof in [NS] does not
work in this situation. The reason is that the proof of a modified covering lemma
as given in [NS] for R™ breaks down for H,, because of the noncommutativity of
the Heisenberg group.

Therefore a different approach is needed. The key idea is that although Mqf
cannot in general be dominated pointwise by the Hardy-Littlewood maximal func-
tion Mf (unless (1 is nontangential, but we are interested precisely in approach
regions that are not contained in nontangential cones), it is still possible to domi-
nate the distribution function of Mq f by that of M f, provided that (2 satisfies the
appropriate condition (in terms of cross-sectional measure). The weak type (1,1)
of Mgq is then a consequence of the weak type (1,1) of M.

An additional advantage of this approach is that it can be used in a much more
general situation. Both R™ and H, are examples of spaces of homogeneous type (see
[CW]). We are thus led to study maximal operators of Hardy-Littlewood type in
the framework of the spaces of homogeneous type. This has the virtue of clarifying
the role played by the group structure of R™ or H,. It turns out that it is possible
to do away with any group structure and still be able to prove results on weak
type (1,1) for the maximal operators under consideration. The group structure
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just simplifies the statement of the results. In particular, the commutativity of the
group structure of R™ is totally irrelevant.

The paper is divided into four sections. In §1, we study generalizations of Mg
acting on functions defined on spaces of homogeneous type X where no group struc-
ture is assumed. Since no group translations are available, it becomes necessary to
assume that for each zop € X we are given a set (1;; C X x (0,00) (the “approach
region at zo”). If f is locally integrable on X, Mq f is defined by

Maf(zo)= sup roro

Bz Ifl,  ®eX.
(1),1‘)6010 lB(x’ T)' B(:c,r)

We give necessary and sufficient conditions on the family {2, : 2o € X} for Mq to
be of weak type (1,1). In the main result of this section, Theorem 1.5, no mention is
made of the Hardy-Littlewood maximal operator M. However, the idea underlying
its proof is to dominate the measure of the set where Mqf > A (A > 0) by the
measure of the set where M f > A.

In §2, we consider a more specific situation. The space of homogeneous type X is
now also a group, the measure and the metric are invariant under left-translations,
and M commutes with left-translations. (Of course, right-translations could be
used instead.) In this setting the results from §1 take on a very simple form. In
particular, we recover the result of Nagel and Stein [NS] as an easy consequence of
Theorem 2.4. In fact, our methods can be used to give a short direct proof of that
result (see [Su]).

In §3, we apply the results of the preceding section to the case X = H,, (Heisen-
berg group) in order to study boundary limits of Poisson-Szegé integrals on the
generalized half-plane D. We are able to show the existence a.e. of certain limits
which are not implied by the theorem of Koranyi [K2|. That is, we obtain the
existence a.e. of certain “nonadmissible” limits.

The analogous question for the unit ball B of C™ is taken up in §4. We use
the Cayley transform to transfer the results from D to B. Since admissible conver-
gence is preserved by the Cayley transform, we obtain results of “nonadmissible”
convergence for Poisson-Szegd integrals on the unit ball.

1. Maximal functions on spaces of homogeneous type. We recall the
definition of space of homogeneous type [CW, Chapter III}:

DEFINITION. Let X be a topological space. Assume d is a pseudo-distance on
X, i.e. a nonnegative function defined on X x X satisfying

(i) d(z,z) = 0; d(z,y) >0if z # y,

(i) d(z,y) = d(y, z),

(iil) d(z, z) < K[d(z,y) + d(y, 2)], where K is some fixed constant.
Assume further that

(a) the balls B(z,r) = {y € X: d(z,y) < r} form a basis of open neighborhoods
atrze X
and that u is a Borel measure on X such that

(b) 0 < u(B(z,2r)) < Au(B(z,r)) < 0o, where A is some fixed constant.
Then we call (X,d, u) a space of homogeneous type.

Properties (iii) and (b) will be referred to as the “triangle inequality” and the
“doubling property.” Note that (b) implies that for every C > 0 there exists
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Ac < oo such that
(11) [l(B(IL‘,CT)) < ACV'(B(I)T))

for all z € X and r > 0. In fact, if C < 2™ then we can take Ac = A™.

We define a general Hardy-Littlewood type maximal operator on a space of
homogeneous type X as follows. Suppose that for each o € X we are given a set
Qz, C X x (0,00). Let © denote the family {Qz}z,ex. Thus at each zo € X, (1
determines a collection of balls, namely {B(z,7): (z,7) € Qy,}. For f € L{ (du)
(i.e. f is integrable over balls) and zg € X set

1.2 Mqf(zg) = sup ———
( ) ( 0) (z,7)€Q=, |B(I’T)| B(z,r)
where |E| denotes u(E). If Q, is empty, set Mq f(zo) = 0.
EXAMPLES. (1) If Q;, = {(z,7) € X X (0,00): d(z,z0) < r}, then Mqf is the
usual Hardy-Littlewood maximal function M f defined by

Mf(zo0) = sup|—;,| /B \flds,

where the supremum is taken over all the balls B containing zo.

(2) If & > 1 and we set 0z, = {(z,7): d(z,20) < ar}, then Mqf is a “non-
tangential” Hardy-Littlewood maximal function. When X = R™ (so X x (0, 00)
can be identified with the upper half-space R’+‘+1), the set (1, in this example is a
nontangential cone in R'j_“ with vertex g € R™ and aperture a.

(B)If X =R™and Iy C Rf{_“ is given, set (1, = (z0,0) + Qo for each zo € R™.
Then (1.2) defines the maximal function Mqf introduced in [NS, p. 87].

In all that follows it may be helpful to keep in mind the case X = R™ (X x (0, 00)
identified with R7}*1).

We are interested in knowing when Mq is of weak type (1,1). Since Mq is
obviously bounded on L*°(u), weak type (1, 1) implies strong type (p,p) for p > 1,
by the Marcinkiewicz interpolation theorem.

Our condition on Q) for Mq to be of weak type (1, 1) involves the following sets.

DEFINITION. For a > 0 and (z,7) € X x (0,00) set

(1.3) So(z,7) = {z0 € X: Qg (r) N B(z, ar) # T},

where () = {z € X: (z,7r) € Qg } is the “cross-section” of (1, “at height r.”
An alternative description of S,(z,r) is as follows. Define

| f| dus,

Qg = {(z,7) € X x (0,00): d(z,y) < ar for some (y,7) € Qg, }.
In other words,
Qg (r) = U B(y,ar) = {z € X: d(z,Q4z, (7)) < ar}.
yenzo (r)

Then zo € Su(z,r) if and only if (z,7) € Qg .
Recall that an operator T is of weak type (p,p), 0 < p < o0, if there exists a
constant C < 0o so that

{ITfI > A} < C(lIfllp/A)P
for all f € LP and A > 0.
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PROPOSITION 1.4. If the mazimal operator Mg defined by (1.2) is of weak type
(p,p) for some p, 0 < p < oo, then for every a > 0 there is a constant 8 < oo so
that

|Sa(z,7)| < B|B(z,7)|
for all (z,7) € X x (0,00). (Recall that |E| stands for u(E).)

PROOF. Let f be the characteristic function of B(z, K(a + 1)r), where K is the

constant in the triangle inequality. Then

I£1I5 = |B(z, K(a + 1)r)| < A'|B(z,7)|,
where A’ = Ag(q41) (see 1.1)). If 2o € Su(z,7), then (y,r) € Q;, for some
y € B(z, ar). Therefore by the triangle inequality, B(y,r) C B(z, K(a + 1)r) and
hence

1
Ma (o) 2 By a1 =1
“Thus
1Sa(z,7)| < {Maf > 1}| < C||f|Ip < CA'|B(z,r)|
as desired.

We intend to show that the same condition on the sets S,(z,r) is sufficient for
MQq to be of weak type (1,1). A key role in the proof will be played by the following
result [CW, p. 69).

COVERING LEMMA. Let E be a bounded subset of X, i.e. E is contained in some
ball. Letr(x) be a positive number for each x € E. Then there i3 a (finite or infinite)
sequence of disjoint balls B(z;,r(z;)), z; € E, such that the balls B(z;,4Kr(z;))
cover E, where K 1is the constant in the triangle inequality. Furthermore, every
z € E 1s contained in some ball B(z;,4Kr(z;)) satisfying r(z) < 2r(z;).

The last assertion follows from the proof given in [CW]. In fact, z,, is chosen
inductively in such a way that
n—1
2n € En = B\ | B(zi, 4K7(z:))
i=1
and

r(zn) > % séug r(z).
x n

Given z € E, let n be the first index so that z € B(z,,4Kr(z,)). Thus z € E,
and therefore r(z,) > r(z)/2.
We now state and prove the main result of this section.

THEOREM 1.5. Assume that () satisfies

(i) If zo € X, (z,7) € Oy, and s > 7, then (z,3) € Q.

(ii) There are constants o > 0 and B < 0o so that |Sq(z,7)| < B|B(z,7)| for all
z€ X andr > 0.

Then Mq s of weak type (1,1) and hence of strong type (p,p) for 1 < p < oo.

PROOF. Let f € L'(u). We must show that there is a constant C < oo,
independent of f, so that

{Maf > A} < Clflli/A
for all A > 0.
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Fix A > 0. Set

1
Ey={zeX: sup—— fl>Ap.
{ B 1B Joer) ! }
For each z € E) let

1
r(r) =supqr>0: —— > Ay
( ) { IB(.’L‘,T’)| B(z,r) |f| }
Thus for each z € E)\ we have r(z) > 0 and

1

(16) [B(z,7(2)) Bz

If1= A

(We are tacitly assuming that r(z) is everywhere finite. There is no loss of generality
in doing so, for if r(z) = oo for some z, then |X|™! [, |f| > A by monotone
convergence. But this says | X| < || f|l1/], so there is nothing to prove.)

Assume first that E) is bounded. Apply the Covering Lemma to the balls
B(z,7(z)) to obtain a sequence of disjoint balls B(z;,r;), r; = r(z;), so that

E | JB(z:, 4KT)).

)

We want to show that {Mqf > A} C U, Sa(z:, (4K/a)r;). If Maf(zo) > A,

then
lB(Z,T)l B(z,r)

for some (z,r) € Qy,. Thus z € E) and r < r(z). By the last part of the Covering
Lemma, z € B(z;,4Kr;) for some ¢ such that r(z) < 2r;. We can assume o < 2K.
in (ii) because So(z,7) C Sor(z,7) if @ < o/. Consequently, r < r(z) < 2r; <

(4K /a)r; and, by (i),
(z, f_}En) € Q.
o

But z € B(z;, (4K /a)r;), so we get

4K
z € Ny, <%ri> NB (zi’QTT')

and therefore zg € S,(z;, (4K/a)r;). This shows that

{Maf > )} C Lijsc, <x,», %r,) .
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Sa <Ii, %n)
(67

Thus

( 1K ) (by (i)
< BAsk/a Z |B(zs,74)| (by (1.1))
<Bugd ™ T / o Gy

< ,BA4K/a)‘_ (bALR

since the balls B(z,,r;) are disjoint.
If E) is not bounded, fix a € X and R > 0. The above argument shows that

{zo € X: Mqf(zo) > A and z € E) N B(a, R) for some (z,7) € Oy, }|
< BAsk/ar I fln

since we can apply the Covering Lemma to the balls { B(z,r(z)): ¢ € ExNB(a, R)}.
Letting R — oo we obtain the same weak type estimate as before. The proof is
complete.

EXAMPLE. Let (1, be as in Example (2) after the definition of Mqf, i.e. Maf
is a “nontangential” Hardy-Littlewood maximal function of f. The operator Mq
is of weak type (1,1), because the triangle inequality and the doubling property
imply Mqf < ¢(a)M f, where M f is the usual Hardy-Littlewood maximal function
of f. On the other hand, it is very easy to check that () satisfies the hypotheses of
Theorem 1.5. In fact,

Salz,r) C B(z, K(a + a)r),
and (ii) follows by the doubling property, while (i) is obvious.

The crucial hypothesis in Theorem 1.5 is (ii). Condition (i) was included because
it makes the statement of the theorem somewhat simpler. We now proceed to
show that when studying the weak type properties of Mg, there is no real loss of
generality in requiring that (i) be satisfied.

Define

QU = {(z,7) € X x (0,00): (x, 8) € 1, for some s < r}

and let S, (z r) be defined as in (1.3) but with (), in place of Q,,. Note that
So(z,7) C Su(z,7) since Q,, C (,. Thus the following result shows that the
conclusion of Proposition 1.4 can be strengthened.

PROPOSITION 1.7. If Mq is of weak type (p,p) for some p, 0 < p < 0o, then
for every a > 0 there is 8 < 0o so that

|Sa(z,7)| < B|B(z,7)|
for all (z,7) € X x (0,00).

PROOF. Let f be the characteristic function of B(z, K(a + 1)r). As in the
proof of Proposition 1.4 (now with (2 in place of ), if g € S,(z,7) then B(y,r) C
B(z, K(a+ 1)r) for some (y, ) € {y,. But then (y, s) € Q, for some s < 7, hence
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B(y,s) C B(z,K(a+ 1)r) and therefore
1
M, xg) > ———m— =1.
0160 2 (50, 3] Jigy !
Thus
Sa(z,7)| < {Maf 2 1} < C|flI} < CAk(at1)|B(z,7)|

and the proof is complete.

We can now give a necessary and sufficient condition for Mq to be of weak type
(1,1).

THEOREM 1.8. Mg is of weak type (1,1) if and only if there are constants
a >0 and B < oo so that

(1.9) |Sa(z,7)| < B|B(z,7)| for every (z,7) € X x (0,00).

PROOF. The “only if” part follows from Proposition 1.7.

Conversely, if (1.9) holds then the sets (1, satisfy hypothesis (ii) of Theorem
1.5. Since they also satisfy (i), Mg, is of weak type (1,1). But Mo f < M, f for all
f, because 1, C f)zo for every zo € X. Thus Mq is of weak type (1,1).

2. The case of a group. In this section we assume that (X,d,u) is a space
of homogeneous type and that X is a group such that the pseudo-distance d is
left-invariant, that is,

(G1) zB(y,r) = B(zy,r) forallz,ye X, r>0.

We let e denote the identity element of the group X.
REMARK. d is left-invariant if and only if

d(z,y) = [l=""yll,

where || - || is a nonnegative function on X satisfying
(D) |lz|| =0 if and only if z = ¢,
an llzyll < K(ll=ll + llyl),
() [z~ = ll=|
(see [KV, p. 577, Remark 1]).
Let . be a subset of X x (0,00). For each g € X set

(2.1) Qo = {(zoz,7): (2,7) € Ne}.
In other words, Q;,(r) = zoe(r).
LEMMA 2.2. If(2.1) holds, then
Su(z,7) = B(z, ar)[Qe(r)] 1.
In particular, So(z,7) = xS, (e,7) if (G1) also holds.

PROOF. If z9 € S,(z,r), then (y,7) € €, for some y € B(z,ar). Then
(zg'y,7) € Q. and therefore

zo = y(zg 'y) ™" € B(z, or)[Qe(r)] 7.
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Conversely, if 2o = yz~! with y € B(z,ar) and z € Q.(r), then zgz € Qg (r)
and zoz = y € B(z,ar). Thus
Qo (r) N B(z,ar) # 2,

that is, zg € So(z,r). This proves the lemma.
We now make the following additional assumptions:

(G2) w is left-invariant: p(zE) = p(E);

(G3) WE™) = p(E).

Note that (G2) and (G3) imply that p is right-invariant, although we do not need
this fact. Also note that (G1) implies

(2.3) [B(e,r)]”! = B(e,r),
because if = € B(e,r) then e = z7 'z € B(z~le,r) = B(z7!,r), hence z7! €
B(e,r).

We now show that under these assumptions Theorem 1.8 takes on a very simple
form.

THEOREM 2.4. Let (X,d,u) be a space of homogeneous type. Assume X 1s
also a group and (G1), (G2), and (G3) hold. Given a set 2 C X x (0,00) we define

Mqf(zo) = sup |f (zoy)| du(y)

(z,r)EQ |B($C, 'I')I B(z,r)

for f € L .(du) and zo € X. (Notice that we are writing 0 in place of our earlier
Q. As usual, |E| denotes u(E).)
Let .
1= {(z,r) € X x (0,00): (z,s) € N for some s <r}.
Then Mq 13 of weak type (1,1) of and only if there are constants a > 0, 3 < 00 s0
that

(2.5) U By, ar

ye(r)

where Q(r) = {y € X: (y,7) € Q}.
PROOF. Note that this Mg is a particular case of the operator studied in the

preceding section. In fact, it is precisely the operator defined by (1.2) if the sets

Q;, are defined by (2.1) and (G1) and (G2) hold. By Lemma 2.2 applied to the
sets on,

< B|B(e,r)| for allr >0,

[8alz,)| = | B(z, ar) )]
- |{3(e or)[Q(n)] '] (by (G1) and (G2))
= 10(r) [B(e,er)] | (by (G3))
= 10()Ble,ar)|  (by (23))

U B(wor)| (by (G1)).

ye(r)
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Thus condition (1.9) becomes (2.5), since |B(z,r)| = |B(e,r)|. The proof is com-
plete.

We give two examples of spaces of homogeneous type satisfying (G1)-(G3):

(A) X = R™, u is Lebesgue measure, and d(z,y) = ||z — y|| with || - || defined by

n 1/2
(1, zn)l = (Z |l‘i|2/a‘> ;

1

where a; > 0,...,a, > 0 are fixed numbers. This “nonisotropic” R™ (which
reduces to the usual “isotropic” euclidean R™ when all the a; = 1) is a space of
homogeneous type satisfying (G1)-(G3). The “ellipsoid” B(0,r) has dimension r:
along the x;-direction.

(B) Let X be the Heisenberg group H, = C™ x R, whose (noncommutative)
group law is given by

n
(215 -y 2n,t) - (W1,...,Wn,8) = <z1+w1,...,zn+wn,t+s+2Imszsz)
1

or, in more compact notation,
(z,t) - (w,8) = (2 + w,t + s + 2Im(z, w))

(see e.g. [FS or KV]). We let u denote Lebesgue measure (on R2"*!) and set
d(z,y) = [z~ y|| with

Iz )l = maX{Z |22, |t|}~

(One could also define ||(z,t)|| = (327 |2k|? + |t|)!/2. The important point is the
different homogeneity in z and in ¢.) The resulting space of homogeneous type also
satisfies (G1)-(G3). This example will be used in the next section.

We apply Theorem 2.4 to show that there are many regions 2 not contained in
any “cone”

T's(e,0) = {(z,7) € X x (0,00): d(z,€) < ar} (a>0)

for which Mq is of weak type (1,1). In other words, {2 need not be “nontangential”
in order for Mq to be of weak type (1, 1). In the remainder of this section we follow
rather closely some of the arguments in [NS].

PROPOSITION 2.6. Let (X,d,u) be a space of homogeneous type satisfying
(G1)-(G3). Let (zn,rn) be a sequence in X x (0,00) such that rny1 < 7, and
d(znt1,€) < Cry for all n, where the constant C < oo does not depend on n. Let
() be the union of the “cones” I'1(zn,7r), t.e.

0 ={(z,r) € X x (0,00): d(z,zp) < — 7y for some n}.

If Mq s defined as in Theorem 2.4, then Mq is of weak type (1,1) and of strong
type (p,p) for 1 <p < co.

PROOF. First notice that (! = Q. Thus by Theorem 2.4 it suffices to check (2.5)
with () in place of (1.
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Fix o > 0. Given r > 0, let N be the first index so that ry < r (if 7, > r for
all n, then (r) is empty and there is nothing to prove). If y € Q(r), then either
d(y,zn) <r—rny <rord(y,z,) <r—ry, <r for somen > N + 1. In the latter
case,

d(y,e) < K[d(y, z,,) + d(zn,€)] < K[r + Crn] < K(C + 1)r,
since d(zn,€e) < Crp_1 < Cry if n > N + 1. Thus if 2 € B(y, ar), then either
d(z,zn) < K(a+1)r or d(z,e) < K(a+ K(C + 1))r.
Therefore we have

U B(yor) C Blzn,K(a+ 1)r) U B(e, K(a + KC + K)r)
ye(r)
and (2.5) follows. The proof is complete.

The sequence (z,,7,) need not satisfy d(z,,e) < ar, for all n and some fixed
a < 0o. That is, if r, \, 0 and

d
n—o0 Tn

= +OO,

then {1 is not “nontangential.” However, the corresponding maximal operator Mq
is still of weak type (1,1).

One case in which it is easy to construct such sequences is the following. Suppose
that for every A > 0 there is some z € X with |z|| = A, where ||z|| denotes
d(z,e). (This condition is satisfied, in particular, by the examples considered above:
isotropic and nonisotropic R™, and the Heisenberg group.) Let (t), 0 <t < 1, be
any positive continuous function with ¢(0) = 0 and

()
2.7 lim —= =0.
27 A8
We construct the sequence (z,,7,) as follows. Choose z; € X with ||z;]| = 1 and
set 11 = p(||z1]|). Inductively choose 2,41 € X with ||Z,41]|| = 7 and set

Tat1 = min{rn/2, ©(|lzn41)}-

Then (z,,r,) satisfies the hypotheses of Proposition 2.6. On the other hand, since
rn \. 0 we have r, = ¢(||z,||) for n large, because (2.7) implies o(||Tn+1]]) =
©(rn) < rn/2 for n large. But then it follows from (2.7) that (z,,7,) = (Tn, ©(||zx]]))
approaches (e,0) “tangentially”; in fact it does so with an “order of tangency” de-
termined by .

3. Poisson-Szeg6 integrals on generalized half-planes. Let D be the
generalized half-plane

n
D= {(zl,.‘.,zm.l) eC*"l:Imz,yq > E|zk|2}.
1

In [K2] the notion of admissible convergence is introduced and it is shown that
Poisson-Szego integrals of functions in LP(dD), 1 < p < oo, have admissible limits
at almost every point of the boundary dD. We shall apply our previous results to
show the existence of certain “nonadmissible” limits a.e.
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Throughout the remainder of the paper, we write “Poisson” instead of “Poisson-
Szego.”
We need some notation. For z = (21,...,2,41) € C"! set

n
h(z) = Imzper = 3 a2,
1

so that D = {z € C**!: h(z) > 0} and 9D = {z € C"*!: h(z) = 0}. Let
H, = C™ x R be the Heisenberg group of real dimension 2n + 1 (cf. example (B)
in §2). Define 1: C**! — H,, by

¥(z) = (21, -+, 2n, Re 2n41).
Then the restriction of 1 to 9D is a bijection between 3D and H,,.
Define a map ®: D — H, X (0,00) by ®(z) = (¥(z),h(z)). Clearly ® is one-
to-one and onto. It can be thought of as a coordinate system on D: 9(z) is the
“projection” onto D (identified with H,) and h(z) is the “height” above dD.

The group H, acts on D (and on dD) as follows. If g = (wy,...,ws,s) € H,
and z € D (or z € D), then

n n
g-z= <w1+21,...,wn+zn,s+zn+1 +2i2u’1kzk +i2|wk|2).
1 1

It is readily checked that h(g - z) = h(2) and (g - 2) = g¢(z). In other words, the
group action preserves the “layers” D(a) = {h(z) = a} for every a > 0, and if we
identify D(a) with H, via v, then the restriction of the group action to D(a) is
just left translation on H,. In particular, we can identify D with H,.

On H,, we consider the pseudo-norm

121+ s 2, DIl = max{m,z W}

and the corresponding left-invariant pseudo-distance
d(z,y) = llz7'yll  (z,y € Ha).

We let u denote (2n + 1)-dimensional Lebesgue measure on H,,. Thus u(B(z,r)) =
cpr™tlL,
On 9D we consider the measure 3 defined by

/(andl?:/Plnfow‘ldu,

where 11 is the inverse of the restriction of ) to dD. The Poisson kernel of D is
(K2
_ p(z,2)" !
P(U,Z)—Cn+1W (uEBD,zeD),

where p(z,w) = {(Wnt1 — 2nt+1) — 291 2kWk. If f is a function defined on 9D,
then its Poisson integral is given by

F(z) = | [f(u)P(u,z)dB(u)

oD
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for z € D, provided that the integral makes sense.

In studying boundary limits of Poisson integrals on D the main idea is to view
D as H, x (0,00). It turns out that Poisson integrals are dominated by maximal
operators of the type considered in §2, in much the same way as Poisson integrals
on the upper half-plane are controlled by the usual Hardy-Littlewood maximal
operator (see e.g. [S, Chapter 3]). Let {2’ be a subset of D (to be thought of as
an approach region at 0 € D). For ¢y € dD set x¢p = ¥(¢), i.e. zo is the unique
element of H, such that zo-0 = ¢. Let () = zo- ()’ be the “approach region at
¢0.” The following lemma is then the analogue to Lemma 4 in [NS].

LEMMA 3.1. Assume that ) C D has the property that if z € Q' and r > 0,
then z+(0,...,0,tr) € V. Let Q1 = ®(V), so QU C Hp, x(0,00). Let f be a function
on 0D such that its Poisson integral F is defined on D. If ¢o € 0D and o = ¥(),
then

sup |F(2)] < e(n)Ma(f o9~ !)(20),
zeﬂ’m
where Mq s defined as in Theorem 2.4 and 1~ is the inverse of ¥|0D.

PROOF. Let e = (0,...,0,1). The Poisson kernel satisfies the following estimates
(K2]:
P(u, ite) < 515:1 for all u € D,
n+1

. t .
P(u,1te) < T if [Y(w)l = p.

Since P(g - u,g - z) = P(u, 2) for all g € H,, we have

P(u,z) < tn—cﬁ for all u € AD,
n+1 .
P(u,z2) < c;m if 8(u,2) > p,

where t = h(z) and §(u, 2) = || (u) ~1P(2)|| = d(¥(u), ¥(2)).
Fix z € (I and let t = h(z). Then

IF(z)| < /5 o 1P, 2) 5w

+ 3 f(w)|P(u, 2) dB(u)
)3 /2 ()P, 2)

kt<6(u,z)<2k+1¢

=I+§:IIk.
0

By the above estimates and the definition of 3,
c

(< [ fwlasw

= _c -1 d
o [ T @I
c/

- - o~ Y du.
[B(¥(2), )| JB(w(2),t) Fov™ | du
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(As usual, |E| means u(E).) But 2 € Q0 implies (1(2),t) = ®(z) € (14, because
Q(ngo) = (I)(xo ’ QI) = (¢($0 : QI),h(xo . Q/))
= (zow(ﬂl)) h(QI)) = on-
Thus
1< Ma(foy™)(z0)
On the other hand,
ctn+l

< G [, e 1)

— o(1=k)(n+1)

I,

e o~ ld
|B(¥(2), 2k+1t)| /B(wzm*“t) Jowldu

<227 Mo (f 0 ") (20)
since (¥(2), 26+1¢t) = ®(z + 1(2T! — 1)te) € ®(QV ) = Oy, Therefore

illksz’*“ iz-" ! fop™")(xo)
0 k=0

and the lemma follows.

REMARK. We have stated Lemma 3.1 for Poisson integrals, but a similar result
holds in a more general situation. Assume that K € L' N L°°(H,) is of the form
K(z) = o(||z||), where v is a nonnegative nonincreasing function on [0, 00). For
A>0and z € H, set

Fi(z) = A" K (81 (2)),

where for r > 0 the dilation 6, is defined by
6r (21, -y 2n,t) = (rV 22, . 7Y 2, rt).

If f is a function on @D and F is defined on D by the convolution
6D F@= [ (70w @Kol WD)du)  (zD)

then the conclusion of the lemma holds with ¢(n) replaced by a constant depending
on K. The proof is similar to that of Lemma 4 in [NS]. Notice that (3.2) defines the
Poisson integral of f when K(z) = P()~!(z),1e), as an easy computation shows.
In this case we do not have K(z) = ¢(||z||). However,

K(z) < const(1 + ||z||>)™!,

which is enough to obtain the same conclusion, since only size estimates are in-
volved.

The preceding lemma shows that: if ' C D contains z + (0,...,0,%r) for all
r > 0 whenever it contains z, and if (1 = ®({¥’) is such that the maximal operator
Mq is of weak type (1,1) on H,, then the maximal operator Mq: defined by

Ma f(s0) = sup |F(2)],

zeN co
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where F' is the Poisson integral of f, is also of weak type (1,1). In fact, if Mq: f(¢0) >
A >0, then Mq(fov~1)(¥(c)) > c¢(n)~1), by the lemma. Thus

B{Marf > 2}) = p(w({{Ma f > A}) < p({Ma(fovp™") > ¢(n)~'A})

1 0¥y _ (W)
oyt e T

The Koranyi regions can be defined by
[a(0) = {z € D: [[¥(2)]| < ah(2)}

< Cq

and

Fa(g-0)=g-Ta(0) (g€ Hy).
It is obvious that ®(Ts(0)) = Ta(¥(<0),0), where the “cone” I'y(zo,7) C Hp X
(0, 00) is defined by

Fa(xOvr) = {(y’s) € Hn X (0, OO)Z d(yva) < a(s - 'I‘)}

Thus Koranyi’s theorem on admissible convergence of Poisson integrals [K2] is now
a consequence of Lemma 3.1, since we know that the maximal operator Mq,_, {1, =
I'+(0,0), is of weak type (1,1) (see the example after Theorem 1.5).

+ On the other hand, let Q C H, X (0,00) be a set of the type considered in
Proposition 2.6 and not contained in I',(0,0) for any o > 0 (see remarks after
Proposition 2.6). Then (¥ = ®~1() is not contained in any Koranyi region I (0).
However it follows from Proposition 2.6 and Lemma 3.1 that Mg/ is of weak type
(1,1). Thus we obtain convergence within (2 for almost all ¢ € 8D for Poisson
integrals of functions in LP(dD), 1 < p < oo. That is, if f € LP(8D), 1 < p < 0o,
and F is its Poisson integral, then

lm F(2) = £(¢)

EIS o
for almost every ¢ € dD. Nevertheless, this convergence is not admissible in the
sense of [K2].

4. Poisson-Szeg0 integrals on the unit ball of C™. A similar result holds
for B, the unit ball of C**!. The generalized Cayley transform C carries B onto
D and, as remarked in [K2], admissible convergence in B is equivalent via C to
admissible convergence in D. Let g € LP(8B), 1 < p < oo, and set f = go C~1,
so f is defined on dD. It follows from [K1] that f € LP(P,. dB), where P, is the
Poisson (i.e. Poisson-Szego) kernel of D at ze = (0, .. .,0,1), and that P[f]oC = Plg|,
where P[-] and P[] denote Poisson integrals on D and on B, respectively. We shall
show that if f € LP(P;.dB), 1 < p < oo, then P[f] has limits within Q2] for almost
every ¢ € D, provided that (V' is an approach region (i.e. 0 € (V') for which Mq
(2 = ®(Y)) is of weak type (1,1). Since ¥’ need not be admissible, we can then
conclude that if g € LP(0B), 1 < p < 00, then its Poisson integral P[g] has certain
“nonadmissible” limits at a.e. point of dB.

To complete the argument, let f € LP(P,dB), 1 < p < co. Note that P[f] is
then defined on D since the Poisson kernel at z € D satisfies P, < ¢(2)P,, where
¢(2) is some positive number depending on z. For R > 0 define

file) = {f(o if ()]s, < R,

0 otherwise,
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and fo = f — f1. If |[¥(¢)|| < R, then clearly
lim P[f2)(z) = 0
sen

because ¢ is not in the support of f;. On the other hand, f; € LP(3) since P; is
bounded below on compact subsets of 3D. Therefore if ()’ is as before,

lim Plfil(z) = f1(s) ae.

2€Q;
It follows that
(1) lm Pif](2) = 1(¢)
2eQ;

for a.e. ¢ € D with ||(¢)|| < R. Letting R — oo we obtain (4.1) for a.e. ¢ € 9D.
We finish by mentioning the following result of Hakim and Sibony [HS]. Let
a > 1and let h: (0,1] — (@, +00) be a nonincreasing function with

4.2 li = .
(4.2) lim, h(z) = 400

For each ¢ € B define an approach region
(4.3) D(¢) = Dan(s) ={z € B: |1 - (z,9)| < a(l - [(2,5)])
and [1 - (z,¢)| < R(|L = (2,6)]) - (1 = |2])}.

Then there exists a bounded holomorphic function u on B such that for a.e. ¢ € B
the limit

lim wu(z)

z—¢

zeD(¢)
fails to exist. Recall that the Koranyi regions (“admissible regions” in [K2]) are
given by
Do) ={z € B: [1 = (z,6)| < o1 — [2])}.
Because of (4.2) the approach regions D, »(¢) are wider than the Kordnyi regions
Dy (¢), but only in the complex directions (Dq x(¢) is nontangential in the special
real direction). Thus the result of Hakim and Sibony shows that as far as the
existence of boundary limits a.e. is concerned, the regions D,(¢) are best possible
among approach regions defined by inequalities as in (4.3), even if we restrict our
attention to bounded holomorphic functions. Nonetheless, as our results show,
some boundary limits do exist which are not a consequence of Kordnyi’s theorem.
The situation just described may be compared to the one-dimensional case. By

Fatou’s theorem, nontangential limits at a.e. point of the unit circle T exist for
Poisson integrals of functions in L!(T). On the other hand, let Cy be a curve in
the unit disk U approaching the point 1 tangentially, and let Cy = € - Cy be the
result of rotating Cy around the origin by the angle § (0 < 8 < 27). Thus Cy
approaches e* tangentially. Littlewood [L] (see also Zygmund [Z]) showed that
there is a bounded holomorphic function u in U such that for almost every 6 the
limit

lim wu(2)

16

z—e

z€Cy
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fails to exist. However, it is shown in [NS] that some limits which are not non-
tangential do exist a.e. for Poisson integrals of functions in L!(T). The point, of
course, is that an approach region which is not nontangential (i.e. not contained in
any nontangential angle) need not be tangential.
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