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ON THE VALUES AT INTEGERS OF THE DEDEKIND 
ZETA FUNCTION OF A REAL QUADRATIC FIELD 

DAVID KRAMER 

ABSTRACT. In 1976 Shintani gave a decomposition of the Dedekind zeta func-
tion, <:x(s), of a totally real number field into a finite sum of functions, each 
given by a Dirichlet series whose meromorphic continuation assumes rational 
values at negative integers. He obtained a formula for these values, thereby giv-
ing an expression for ~K( -n), n = 0,1,2, .... Earlier, Zagier had studied the 
special case of ~(A, s), the narrow ideal class zeta function for a real quadratic 
field. He decomposes ~(A, s) into I:A ZQ(s), where ZQ(s) is given as a Dirich-
let series associated to a binary quadratic form Q(x, y) = ax2 +bxy + cy2, and 
the summation is over a canonically given finite cycle of "reduced" quadratic 
forms associated to a narrow ideal class A. He then obtains a formula for 
ZQ( -n) as a rational function in the coefficients of the form Q. 

Since the denominator of ~(A, -n) is known not to depend on the class 
A, whereas the coefficients of reduced forms attain arbitrarily large values, it 
is natural to ask whether the rational function in Zagier's formula might be 
replaced by a polynomial. In this paper such a result is obtained. For example, 
Zagier gives 

15120~(A, -2) 
b5 - lOab3c + 30a2bc2 b5 - lOab3c + 30a2bc2 =2: a3 + c3 -21b(a+c) 

A 

while our result is 

15120~(A, -2) = ~ (2: -2:) (60a2 - 117ab + 76ac + 38b2 - 117bc + 60c2 ), 
2 A 9A 

where () is the narrow ideal class consisting of principal ideals generated by 
elements of negative norm. 

Starting with a representation of ZQ(1 + n) due to Shanks and Zagier 
for n = 1,2,3, ... as a certain transcendental function of the coefficients of 
Q, we also obtain the result that .;(A,1 + n) is given as the same sum of 
reduced quadratic forms as in the formula for ~(A, -n), times the appropriate 
"gamma factor." This gives a new proof of the functional equation of dA, s) 
at integer values of s, and suggests the possibility that one might be able to 
prove the functional equation for all s by finding some relation between ZQ (s) 
and ZQ(1 - s). So far we have not found such a relation. 

Introduction. In 1976 Shintani [5] gave a decomposition of the Dedekind zeta 
function, ~K (s), of a totally real number field into a finite sum of functions, each 
given by a Dirichlet series whose meromorphic continuation assumes rational val-
ues at negative integers. He obtained a formula for these values, thereby giving an 
expression for ~K( -n), n = 0, 1,2, .... Earlier, Zagier [3, 4] had studied the special 

Received by the editors August 9, 1985. 
1980 Mathematics Subject Classification (1985 Revision). Primary llR42, llM41; Sec-

ondary llE32. 

59 

©1987 American Mathematical Society 
0002-9947/87 $1.00 + $.25 per page 



60 DAVID KRAMER 

case of .;( A, s), the narrow ideal class zeta function for a real quadratic field. He 
decomposes .;(A, s) into I:A ZQ(s), where ZQ(s) is given as a Dirichlet series asso-
ciated to a binary quadratic form Q( x, y) = ax2 + bxy + cy2, and the summation is 
over a canonically given finite cycle of "reduced" quadratic forms associated to the 
narrow ideal class A. He then obtains a formula for ZQ ( -n) as a rational function 
in the coefficients of the form Q. 

Since the denominator of .;(A, -n) is known not to depend on the class A, 
whereas the coefficients of reduced forms attain arbitrarily large values, it is natu-
ral to ask whether the rational function in Zagier's formula might be replaced by a 
polynomial. In this paper such a result is obtained. For example, Zagier gives 

15120.;(A, -2) = z: b5 - lOab3c3 + 30a2bc2 + b5 - lOab3 c3 + 30a2bc2 _ 21b(a + c) 
A a c 

while our result is 

15120.;(A, -2) = ~ (z: -z:) (60a2 - 117ab + 76ac + 38b2 - 117bc + 60c2), 
A IJA 

where () is the narrow ideal class consisting of principal ideals generated by elements 
of negative norm. 

Starting with a representation of ZQ (1 + n) due to Shanks and Zagier [2] for 
n = 1,2,3, ... as a certain transcendental function of the coefficients of Q, we also 
obtain the result that .;(A, 1 + n) is given as the same sum of reduced quadratic 
forms as in the formula for .;(A, -n), time the appropriate "gamma factor." This 
gives a new proof of the functional equation of .;(A, s) of integer values of s, and 
suggests the possibility that one might be able to prove the functional equation for 
all s by finding some relation between ZQ (s) and ZQ (1 - s). So far we have not 
found such a relation. 

1. Binary quadratic forms. Unless otherwise indicated, D will always denote 
a positive integer, not a perfect square. Let Q(x, y) = ax2 + bxy + cy2 be a binary 
quadratic form with integral coefficients, and of discriminant D = b2 - 4ac. We 
shall freely use Q or (a, b, c) to denote this form. Unless otherwise noted, Q will 
always be understood to be primitive; that is, g.c.d. (a, b, c) = 1. We shall also allow 
ourselves a small degree of sloppiness and write "quadratic form" or jut "form," 
but shall always mean "binary quadratic form." 

Recall that GL2(Z) acts on the collection of forms of discriminant D as follows: 
for T = (~ ~), Q/T =: Q((x, y)tT) = f..lQ(ax + /3y, "IX + oy), where f..l = aD - /3"1 = 
±1. 

Under this action we define an equivalence of quadratic forms. 
DEFINITION 1. Two forms Q1 and Q2 are equivalent in the narrow sense if 

Q1 = Q2/T for some T E SL2(Z). Q1 is equivalent to Q2 in the wide sense if 
Q1 = Q2/T for some T E GL2(Z). 

PROPOSITION 1. (i) The action ofSL2(Z) (resp. GL2 (Z)) on the collection of 
forms of discriminant D yields a finite number of equivalence classes. This number 
is called the narrow (resp. wide) class number of D, and is denoted h(D) (resp. 
hoeD)). 
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(ii) For a given D, either the notions of narrow and wide equivalence coincide, 
in which case h(D) = ho(D), or else each wide class is composed of two distinct 
narrow classes, and h(D) = 2ho(D). (See, for instance, [1, Chapter 2].) 

DEFINITION 2. Let A be a narrow equivalence class of quadratic forms of 
discriminant D. We define the following classes, associated to A: 

OA = {Q(x, y)IT; Q E A and T E GL2 (Z) - SL2 (Z)}, 

A' = {-Q(X'Y) I (~ ~), Q E A} = {Q(y,x)IQ(x,y) E A}. 

PROPOSITION 2. Let A be a narrow equivalence class of quadratic forms. If the 
form (a, b, c) E A, then 

(i) (c,b,a) E A', 
(ii) (-c, -b, -a) E OA, 
(iii) (a, -b, c) E A', 
(iv) (-a, -b, -c) E OA'. 

DEFINITION 3. A binary quadratic form (a, b, c) is called reduced (in the narrow 
sense) if a > 0, c > 0, b > a + c. 

The following proposition is proved by Zagier in [3]. 

PROPOSITION 3. Let A be a narrow equivalence class of forms, and OA the "ad-
joint" class as in Definition 2. Let F(x, y) be a function of two variables satisfying 
F(x, y) = ±F(l/x, l/y). Then 

(L ± L) (F(w - 1,1 - Wi) - F(l- l/w, l/w' - 1)) = 0, 
A OA 

where the summation is over all reduced forms (a, b, c) in the given class, with 
w = (b + v75)/2a, Wi = (b - v75)/2a. 

Since there are only finitely many reduced forms of a given discriminant, this 
sum is well defined. Zagier's proof of Proposition 3 relies on the representation of 
w as a purely periodic "-" continued fraction. We shall restate the proposition 
in terms of the coefficients themselves, and offer our own proof, which avoids the 
use of continued fractions. Observe that if w and Wi as above correspond to the 
form (a,b,c), then (l/w,l/w' ) corresponds to (-c,-b,-a); (w -l,w' -1) to 
(a, b - 2a, a - b + c); and (1 - l/w,l - l/w' ) to the form (c,2c - b, c - b + a), 
all forms of a given fixed discriminant D. Thus, Proposition 3 may be restated as 

PROPOSITION 3/. Let A be a narrow equivalence class of forms, and OA the ad-
joint class. Let F( Q) be a function on binary quadratic forms satisfying F( a, b, c) = 
±F( -c, -b, -a). Then 

(L ± L) (F(a, b - 2a, a - b + c) - F(c, 2c - b, c - b + a)) = 0. 
A OA 
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PROOF. For the proof we need the following 

LEMMA 1. The set of forms (a', b', c') E A with a' > 0 > c' is the disjoint union 
of the sets of forms 

(1) (a, b - 2a, a - b + c) with (a, b, c) E A, (a, b, c) reduced, 
(2) (-c + b - a, 2a - b, -a) with (a, b, c) E BA, (a, b, c) reduced. 

PROOF. If (a, b-2a,a-b+c) = (-C+B-A, 2A-B, -A), a simple calculation 
shows that c = -C, so (a, b, c) and (A, B, C) cannot both be reduced. Thus sets 
(1) and (2) are disjoint. 

The form (a, b - 2a, a - b + c) = (a, b, c)1 (~ -;.1), and since (~ -;.1) E SL2(Z), 
(a, b, c) E A implies (a, b-2a, a-b+c) E A. Moreover, the form (-c+b-a, 2a-b, -a) 
is equal to (a, b, c)1 C\ en, and since C\ en E GL2 (Z) - SL2 (Z), it follows that 
(a, b, c) E BA implies (-c + b - a, 2a - b, -a) EA. 

Conversely, suppose that Q = (a', b', c') E A with a' > 0 > c'. We must 
show that Q belongs to set (1) or (2). Let Q1 = (a',b' + 2a',a' + b' + c') and 
Q2 = (-c', -b' - 2c', -a' - b' - c'). We claim that precisely one of these forms is 
reduced. Clearly at most one of them is reduced, since the third components have 
opposite signs. If a' + b' + c' > 0, then, since a' > 0 > c', it follows that b' + 2a' > 
a' + b' + c' > 0, and hence Q1 is reduced. Since (a', b', c') = Q11 (~ -;.1), (a', b', c') 
belongs to set (1). Similarly, if a' + b' + c' < 0, then Q2 is reduced, and since 
(a', b', c') = Q2IC\ ~1) it follows that (a', b', c') is in set (2). 

REMARK. We can also express the set of (a', b', c') E A with a' > 0 > c' as the 
disjoint union of 

(3) (c, 2c - b, a - b + c); (a, b, c) E A, reduced, 
(4) (-a + b - c, b - 2c, -c); (a, b, c) E BA, reduced. 

The proof is entirely analogous to that of Lemma 1. 
The proof of the proposition is now straightforward: 
F(a, b, c) = ±F( -c, -b, -a) implies that 

(2: ± 2:) (F(a, b - 2a, a - b + c) - F(c, 2c - b, a - b + c)) 
A IJA 

= 2:(F(a, b - 2a, a - b + c) - F(c, 2c - b, c - b + a)) 
A 

+ 2:(F( -a + b - c, 2a - b, -a) - F( -a + b - c, b - 2c, -c)) 
IJA 

which by Lemma 1 and the remark equals 

2: F(a,b,c) - 2: F(a,b,c) = O. 
a>O>c a>O>c 

2. The correspondence between equivalence classes of forms of positive 
discriminant and module classes in real quadratic fields. There is a natu-
ral correspondence between equivalence classes of modules and SL2 (Z)-equivalence 
classes of primitive binary quadratic forms. Namely, to a basis 6,6 of M we as-
sociate the form Q(x, y) = N(x6 +y6)/N(M), where N is the norm. Then Q is a 
primitive form of discriminant D with rational integral coefficients. If we consider 
only oriented bases for M, (6~~ - ~i6 > 0), then the SL2 (Z)-equivalence class 
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of forms to which Q belongs is associated to the collection of ordered bases of M. 
Moreover, Q remains unchanged if M is replaced by AM (A» 0). Thus, we have 
a bijection between equivalence classes of modules M for which OM, the multiplier 
ring of M, has discriminant D, and SL2 (Z)-equivalence classes of primitive binary 
quadratic forms of discriminant D. For details, see, for example, [4 or IJ. 

3. Module class zeta functions of a real quadratic field. Let M be a 
module of rank 2 in a real quadratic field. The zeta function of M is defined by 

(1) <;(M, s) = N(M)8 L N/~)8; re(s) > 1, E the group of totally 
eEMjE positive units e satisfying eM = M. e»o 

Since <;(M,s) = <;(AM,s) for A » 0, <;(M,s) can be written as dB,s), the zeta 
function of B, the module class to which M belongs. In [3 and 4J Zagier proves 
the following theorems. 

Let Q(p, q) = (ap2 + bpq + cq2) be a quadratic form of discriminant D > ° with 
positive coefficients. Define 

(2) re(s) > 1, 

where 
00 00 1 00 100 L' f(p,q) = L L f(p,q) + 2 L f(p, 0) + 2 L f(O,q). 

p,q p=l q=l p=l q=l 

THEOREM 1. <;(B, s) = LQ ZQ(s), where the summation is over the reduced 
forms in the class of forms associated to the module class of M. 

THEOREM 2. The function ZQ(s) has a meromorphic continuation to all of C, 
holomorphic except for a pole at s = 1. The values of ZQ (s) at nonpositive integers 
can be expressed in terms of rational functions in a, b, c with rational coefficients. 
To be precise, for Q = (a, b, c), define rational functions in a, b, c for k = 0, 1,2, ... 
by 

(3) Z (Q) = (_1)kk! B2k+2 (!k(a,b,C) fk(a,b,c)) (-b) 
k 2 2k + 2 ak+1 + Ck+1 + gk a, ,c 

for k 2: 0, where Bn is the nth Bernoulli number, and !k and gk are polynomials 
defined by 

(4) f (a b c) = ~ (-1Y(k - r)! arb2k+l-TcT 
k " ~ r!(2k + 1 - 2r)! ' 

2k 
( ) " B r +1 gk a, b, c = - ~ r + 1 

T=O 
(5) B2k+1- r ( ) 2k + 1 _ r dr,k+l a, b, c , 

where dr,k is defined by 
2k-2 

(6) L dr,da,b,c)xry2k-2-r = (ax2 + bxy+cy2)k-l. 
r=O 
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Then 

(7) 

In particular, 

ZQ(O) = ~ (~ + ~) - ~, , 24 a c 4 

1 (b3 - 6abc b3 - 6abc) 1 
ZQ(-l) = 1440 a2 + c2 + 144 b, 

_ _ _1_ (b5 - lOab3c + 30a2bc2 b5 - 10ab3c + 30a2bc2 ) 
ZQ( 2) - 15120 a3 + c3 

1 + 720b(a + c). 

(The formula for ZQ( -2) is given incorrectly in [4].) Combining Theorems 1 
and 2 gives an explicit formula for ~(B, -k). 

It is known that the denominator of ~(B, -k), when expressed in lowest terms, 
has a bound independent of the discriminant and of the choice of module class. 
The existence of such a bound is not, however, indicated by Zagier's formula, since 
the coefficients of the reduced forms, which can be arbitrarily large, appear in 
the denominator of Zn(Q). Zagier remedies this situation, though at the cost of 
introducing the transition numbers of the continued fraction for w = (b + VD)/2a, 
as follows: Let Q be a reduced form with root 

Then Zagier proves the following result: 

THEOREM 3. 

t 2k ( ) (B -k) = "'" "'" B 2k+2 bn 2k - s + 1 _ B8H B 2k - 8+1 d (Q ) 
~, L L 2k + 2 2k - s + 1 s + 1 2k - s + 1 8,kH n, 

n=18=0 

k = 0,1,2, ... , 

where Qn is the form associated to the nth cyclic permutation of ((bo, b1 , ... ,bt )). 

In this formula the only contribution to the denominator comes from Bernoulli 
numbers, which depend only on k. 

DEFINITION 4. Let B be a narrow equivalence class of quadratic forms. We 
define 

~+(B, s) = ~(B, s) + ~(BB, s), ~_(B,s) = ~(B,s) - ~(BB, S). 

Our first main result is a formula for ~(B, -k) which is the sum over the reduced 
forms of both Band BB, of a certain polynomial in the coefficients of Q. Thus we 
obtain a universal bound on the denominator of ~(B, -k) without introducing the 
bn of Theorem 3; however, we are compelled to sum over the forms of both Band 
BB. 
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We first define two equivalence relations on the set of functions of binary quad-
ratic forms. 

DEFINITION 5. A function on quadratic forms q, = q,(Q) = q,(w, w') will be 
said to be "+"-equivalent to 0, written q,;to, if there is a function F satisfying 
F(w, w') = F(l/w, l/w') for all forms, such that 

q,(w, w') = F(w - 1,1- w') - F(l- l/w, l/w' - 1). 

q, will be called "-"-equivalent to zero (q,':;:'0) if 

q,(w, w') = F(w - 1,1- w') - F(l- l/w, l/w' - 1) 

for a function F satisfying F(w, w') = -F(l/w, l/w' ). We further define q,1,tq,2 if 
q,l - q,2 ,t 0). 

An immediate corollary to Proposition 3 is the following: 

PROPOSITION 4. Let B be a narrow equivalence class of forms and q, a function 
on quadratic forms. Then if q,,tO, it follows that O:':B ± LOB)q,(Q) = 0, where 
summation is over the reduced forms of the indicated classes. 

THEOREM 4. For a quadratic form Q = (a,b,c) define the polynomials Kk(Q), 
k = 1,2,3, ... , by the following formula: 

Kk(Q) = - 2gk(a, b, c) + gk(a, b - 2a, a - b + c) + gdc, b - 2c, c - b + a) 
2k 
~ dnk+l(a,-b,c) 

+ B 2k+2 ~ (n +' 1)(2k + 1 - n) 
(8) 

with gk as in (5) and dn,k as in (6). 
(_l)k+l 

Then ZQ( -k) rv Kk(Q), and hence 

~+(B, -k) = (~+ ~ ) KdQ) for k odd, 

~_(B, -k) = (2: -2:) Kk(Q) for k even. 
B OB 

THEOREM 5. ZQ( -k)(-,.:l O. 

COROLLARY. From Theorem 5 follows the well-known fact that ~+(B, -k) = 0 
for k even, and ~_(B, -k) = 0 for k odd. 

THEOREM 6. Let 
22k D-(k+! )1T2k+2 

8k = 8dD) = r2(k + 1) 

(_l)k+l 
Then ZQ(l + k) rv 8kKk(Q). 

Combining Theorems 4 and 6, we have the following 
(_l)k+l 

COROLLARY. ZQ(-k) rv 8;lZQ(1+k). 
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This, together with Theorem 5, represents a refinement of the functional equa-
tions for c;± (B, s) at integer values; namely, 

(i) C;+(B, -k) = 8k 1C;+(B, 1 + k), and C;_(B, -k) = 0 for k odd, k > 0; while 
(ii) C;_(B, -k) = 8k 1C;_(B, 1 + k), and C;+(B, -k) = 0 for keven, k > o. 
We shall prove (ii) by showing that 8k1 ZQ(1 + k)<-l),k+ 1 Kk(Q). 
PROOF OF THEOREM 4. We must find functions Fk(Q), k ~ 1, satisfying 
(i) Fk(W,W') = (-1)k+1Fk(1/w, 1/w'). 
(ii) Fk(W - 1,1 - w') - Fk(1- 1/w, 1/w' - 1) = Zk(Q) - Kk(Q). 

Let 

(9) D (Q) = Dk/2 (_1)kk! B2k+2 ( + ')-kS ( ') L"k 2 2k+2 w W kW,W, 

where 

( ') _ ( ") ( )k+l( ')k (1 w' - W -1) SkW,W -hw,w-w,-w + -1 ww h -,--,-,-, ' 
W ww W 

fk being given in (4). 
We claim the desired properties (i) and (ii) for the Fk . 

One observes by inspection that (i) is satisfied. To establish (ii) we define for a 
form (a, b, c) of discriminant D, and for k = 1,2,3, ... the polynomials 

_ )_~ (k-r)! (D_b2)T 2k+I-2r 
rpk(Q) - rpk(D, b - ~ r!(2k _ 2r + 1)! -4- b 

(note: IPk(b2 - 4ac, b) = h(a, b, c)). 
Then, observing that W - w' = ,jD/a, W + w' = bfa, and WW' = cia, we have 

F.( -11- ')= (-1)kk!B2k+2 
k W ,W 2 2k + 2 

. (a krpk (~, b~2a) +(a-b+c)krpk Cc-~+a)2'a~;:J) 
and 

F. (1 _ ~ ~ _ 1) = (_1)k+lk! B2k+2 
k w' w' 2 2k + 2 

. (ck rpk (~, b ~ 2C) + (c - b + a)k rpk (( C _ ~ + a) 2 ' C ~ ;: a) ) . 

We have, therefore, 

Fk(W - 1,1 - w') - Fk (1- ~,~, - 1) 

(10) _ (_1)kk! B2k+2 (h(a,b,c) fk(a,b,C)) 
2 2k + 2 ak+l + ck+l 

= (_1)kk!B2k+2 (IPk(D,b-2a)-IPk(D,b) + IPk(D,b-2c)-IPk(D,b) 
2 2k + 2 ak+l ck+l 

rpk(D, 2a - b) - rpk(D, b - 2C)) 
+ (c-b+a)k+1 ' 
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where we have used 

IPk(D, -b) = -IPdD, b) and IPk(A2 D, Ab) = A2k+1IPk(D, b). 

Now we employ the identity 

(11) IPk(D, x) - IPk(D, x - 2y) 
yk+1 

2k 2 
k 2 (y)k-r 1 (x - D ) 

=(-1) k!~ ~ (2k_r+1)dr,k+l 40: ,-X,O: 

(Proposition 4 in [4]), as well as the observation that 

(a/e)k-r dr,k(a, b, e) = dr,k(e, b, a) and dr,k(a, b, e) = (-1Y dr,k(a, -b, e) 

to deduce that the right-hand side of (10) is equal to 
2k 
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_ B2k+2 I: (dr,k+1(e, -b, a) + dr,k+l(a, -b, e) + (_1y- 1 dr,k(a,2a-b,a-b+C)) 

2k + 2 r=O 2k + 1 - r 2k + 1 - r 2k + 1 - r ' 

where to obtain the last summand we apply (11) to the last summand in (10) with 
x = 2a - b, y = a - b + e, 0: = a. 

Collecting terms, and using the definitions of ZdQ) and Kk(Q), we may write 
our result so far as follows: 

Fk(W - 1,1 - Wi) - Fk (1- ~,~, - 1) = Zk(Q) - Kk(Q) + Jk(Q), 

where 
2k 

Jk(Q) = B2k+2 I: (-dn,k+l(e, -b, a) + dn,k+1(a, b - 2a, e - b + a) 
2k + 2 n=O 2k + 1 - n 2k + 1 - n 

(12) 
2k 1 

+ B2k+2 ~ (n + 1)(2k + 1 _ n) dn,k+l(a, -b, e) 

_ dn,k+l(a, -b, e)) 
2k+ 1- n 

2k 
~ Bn +1 B2k+1- n (( ) + ~ -- 2k dn k+ 1 a, 2a - b, e - b + a 
n=O n + 1 + 1 - n ' 

+dn,k+l(e,2e - b, a - b + e) - dn,k+l (a, -b, e)). 

It now suffices to show that Jk(Q) is identically zero. 

LEMMA 2. 

~ (2k - 2 - j) dn,k(a + b + e, b + 2e, e) = ~ n _ j d),k(a, b, e). 
)=0 

(13) 

PROOF. Let Pk(x, y) = (ax2 + bxy + ey2)k-l. Then 

1 f (Pk(X, 1) ) dj,k(a,b,e) = 2rri xj+1 dx . 



68 

Thus 

DAVID KRAMER 

t (2k:~J~j) dj,k(a,b,c) = L (2k:~J~j) dj,k(a,b,c) 
)=0 )EZ 

= ~/" (2k-2~j) x-jPk(x,l)dx 
27r~ ~ n - J X 

jEZ 

= ~/" (2k-2-n-r) xr-nPk(x,l)dx 
27r~ ~> r x r_O 

= -1-1 1 Pdx ,l)dx 
27ri (1- x)2k-l-n xn+1 

= _1_ 1 Pk(x,l) dx 
27ri (x/(l - x))1+n(l- xpk 

= ~ 1(1 + t)2k Pk (t, (1 + t)) dt 
27r~ tn +1 

=_lI Pk(t,(l+t))d 
27ri tn+1 t, 

which is equal to the coefficient of tn in Pk(t, (1 + t)y). But 

Pk(t, (1 + t)y) = ((a + b + c)t2 + (b + 2c)ty + cy2)k-l, 

and so this coefficient is precisely dn,k(a + b + c, b + 2c, c). 

COROLLARY. 

(14) 
2k-2 ( .) 

dn,k(a, b + 2a, a + b + c) = ~ ~ dj,k(a, b, c). 

PROOF. 

dn,k(a, b + 2a, a + b + c) = d2k-2-n,k(a + b + c, b + 2a, a) 

2k-2-n ( 2k - 2 _ j ) 
= L 2k _ 2 _ n _ j dj,k(c,b,a) 

)=0 

2k-2-n (2k - 2 _ j) 
= L n d2k-2-j,k(a, b, c) 

)=0 

~ :~ (~) dj,k(a,b,<) 

which was to be demonstrated. 
We also observe that 

2k-2 ( ) 2k-2 () " dn,k c, b, a = " d2k-2-n,k a, b, c 
~ 2k - 1 - n ~ 2k - 1 - n n=O n=O (15) 

2k-2 ( ) = L dn,k a,b,c . 
n=O n + 1 
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We now substitute (13), (14), and (15) into (12) as follows: 
2k 2k 
'" -dn,k+l (c, -b, a) = '" -dn,Hda, -b, c) 
~ 2k + 1 - n ~ n + 1 ' n=O n=O 

(i) 

(ii) 
2k L: dn,k+da, b - 2a, c - b + a) 

n=O 2k + 1- n 

= f (-1)ndn,k+1(a,2a-b,c-b+a) 
n=O 2k + 1- n 

2k (_1)n 2k (j) 
= ~2k+1-n~ n d),k+l(a,-b,c) 

2k) (_1)n (j) 
=j;~2k+1-n n dJ,Hl(a,-b,c), 

(iii) 
2k 
~ Bn+l B 2k+1- n ( ) 
~'--12k 1 dn k+l c, 2c - b, c 
n=O n + + - n ' 

2k L: B2k+l-n Bn+l ( ) = 2k --dn k+l a - b + c, 2c - b, c +1-nn+1 ' n=O 

= ~ Bn+l B 2k+1 - n ~ (2k -~) d (a -b c) 
~ n + 1 2k + 1 - n ~ n - J J,Hl, , 
n=O J=O 

= ~ 2~ Bn+l B 2k+l-n (2k - j) d (a -b c). 
~ ~ n + 1 2k + 1 - n n J,k+l" 
)=0 n=O 

Collecting like terms, we obtain 
2k 

Jk(Q) = L: Gn,2k' dn,Hl(a, -b,c), 
n=O 

where for k 2 1, 0::; n ::; k 

Gnk = BH2 ~ (-1)). (~) + ~ (~) ~)+1 B k+1-). 
, k+2~k+1-J J ~ J J+1k+1-J 

J=O J=O 

+ ~ (k -. n) ~)+1 Bk +1-) .' 
~ J J+1k+1-J J=O 

We shall now show that Gn,k = 0 for even, positive k, We shall actually show more; 
namely, that Gn,k = -BHd(k + 1) for all k 2 0, 0::; n ::; k. 

To this end we introduce the generating function 

(16) 
xk-n yn 

G(X, Y) = L: Gn,k (k _ )' -, . n. n. k>O 
O~n~k 
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We first observe that 

(_1)n~ (-~)j (~) =~(-1t-j(~) r1tk-jdt 
~ k - J - 1 J ~ J io 
3=0 J=O 

= r 1 k-n(1 _ )n d = (k - n)!n! io t t t (k + 1)! . 

Hence 

( X) Bk+2 k ((X+Y)Ck+2) __ (Y)k+2)) + Y L (k 2)!X X 1 X k~O + 

= _1_ (_1 __ ~ _ ( 1 + 2.)) + ~ Bj+l yj 
X+y eX -1 X e-Y -1 y ~(j+1)! 

J=O 

. f: Bv+1 Xv ((X + Y)V -1) 
v=o (v + 1)! X 

+ Cx ~ 1 - ~) CX+; -1 - X ~ Y ) 

1 (X + Y (1 1) 
+ Y --x- eX +Y -1 - X+Y 

_ (_1 _ 2.) _ Y (_1 _ 2.)) 
eX -1 X e Y -1 Y 
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(X ~ Y eX 1_ 1 - e-} - 1) - ;Y ) 

+ (eY ~ 1 - ~ ) (eX+; _ 1 - X ~ Y - eX 1_ 1 + ~) 
+ (eX 1_ 1 - ~) (eX+; _ 1 - X ~ Y ) 

+ ~ (X; Y (eX+; _ 1 - X ~ Y ) (eX 1_ 1 - ~) - Y (eY ~ 1 - ~ ) ) 

1 1 ~ Bk+1 k 
= X + Y - eX +Y - 1 = - W (k + 1)! (X + Y) . 

k=O 

Comparing this with (16), we see indeed that Gn,k = -Bk+d(k+ 1), as was to be 
shown. 

( _1)k 
PROOF OF THEOREM 5. To show ZdQ) ~ 0 we must find functions Fk(Q) 

satisfying 
(a) Fk(w, w') = (_1)k Fk(1/w, 1/w'); k = 1,2,3, ... , 
(b) Fk(W - 1,1 - w') - Fk(1 - 1/w, 1/w' - 1) = ZdQ); k = 1,2,3, .... 

Let 

S (Q)=Dk/2k!(w+w')-k~ Br+1 B2k+1-r 
k 2 ~(r+1)!(2k+1-r)! 

( f)k wr f)k w'r ) 
. f)w k (w + W')k+1 - f)w'k (w + w')k+1 . 

We then assert that the functions 
J:1 (Q) = Dk/2 (-l)kk! B2k+2 (( + ')-kf ( _ I _ ') 

L' k 2 2k + 2 w w k W, W w, W 

+ (-1) (ww')!k -, --, - - Sk(W,W') k k (1 w' - w -1)) 
W WW' w' 

have the desired properties. 
It is easily checked that (a) is satisfied. To establish (b), we begin with the 

following lemma. 

LEMMA 3. Fork::::;O, O::::;n::::;2k, let 

(_1)k (2k) f)2k (wn + wIn) ~n,k = ~n,k(a,b,c) = -2- n (w - w' )k+1 f)wkf)w'k W _ w' . 

Then (Dk/2 /(2k)!)~n,k(a, b, c) = dn,k(C, b, a). 
PROOF. Using Leibniz' formula for the derivative, we obtain 

~nk = (-1)k(w-w')k+1 (2k) ~ (k) n! (-1l(2k-r)! 
, 2 n W r (n - r)! 

r=O 
. (w - w'y-(2k+1) (( _1Ywn- r + w,n-r) 

= (2k)!(w - w')-k ~ (~ ) (~~; ) (w - w't(( _1Ywn- r + w,n-r). 
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We now introduce the generating function 

1" k .6. = (2k)! ~ .6.n,kY 
O::;n::;2k 

1 2k (k) = 2(W'W')-k~yr r (w-w'r 

. ((-lr~ (~~;) (wy)n-r+ ~ (~~;) (W,y)n-r) 

= ~(W - w,)-k L (~) (Y(w - w'W((-lr(1 + wy)2k-r + (1 + w,y)2k-r) 
rEZ 

Thus 
(2~)! L .6.n,k yn = D-k/2(a + bY + cy2)k. 

O::;n::;2k 
Comparing coefficients of yn, we see that 

Dk/2 
(2k)! .6.n,k(a, b, c) = dk,n(C, b, a) 

as was to be shown. 
Applying the lemma to Sk, and recalling that if the pair (w, w') corresponds 

to the form (a, b, e), then (w - 1, w' - 1) corresponds to (a, b - 2a, a - b + c) and 
(1 - l/w, 1 - l/w') to (e, 2e - b, e - b + a), we obtain 
Sk(w-l,l-w') 

=Dk/2k!(w_w')k+1f Br+1 B 2k+1- r 
2 r=o(r+l)!(2k+l-r)! 

( 8k (w - 1 Y r 8k (w - 1 Y ) 
. 8wk (w - W')k+l + (-1) 8w'k (w - w')k+l 

2k B B 82k = Dk/2! (w _ w')k+1 "r+1 2k+1-r 
2 ~ (r + I)! (2k + 1- r)! 8wk8w'k 

. ((W-IY +(W'-lY ) 
w-w' 

(note: for k ~ 1 the terms for even r vanish) 

Dk/2 2k B B "r+l 2k+l-r ( ) 
= (2k)! ~ r + 1 (2k + 1 _ r)! .6.n,k a, b - 2a, a - b + C 

2k 
"Br +1 B2k+1- r ( = - ~ --1 2k 1 dn k+l a,2a - b, a - b + c) 
r=O r + + - r ' 

= gk(a - b + e, 2a - b, a) = gk(a, 2a - b, a - b + e). 



THE DEDEKIND ZETA FUNCTION 73 

Similarly, 
Sk(1 - l/w, l/w' - 1) = -gk(C, 2c - b, c - b + a). 

Proceeding as in the proof of Theorem 4, we obtain 

Fdw - 1,1 - w') - Fk (1 - ~, ~, - 1) - Zk(Q) 

= (-I)kk! B2k+2 ('Pk(D, b - 2a) - 'Pk(D, b) + 'PdD, b - 2c) - 'Pk(D, b) 
2 2k + 2 ak+1 ck+1 

_ 'Pk(D, 2a - b) - 'PdD, b - 2C)) 
(c-b+a)k+l 

+ gk(a, 2a - b, a - b + c) + gk(C, 2c - b, c - b + a) - gk(a, -b, c) 
2k = _ B2k+2 L (dn,k+l(C, -b, a) + dn,k+l(a, -b, c) 

2k + 2 n=O 2k + 1 - n 2k + 1 - n 

+( -1)ndn,k+1(a, 2a - b, a - b + c)) 

+ gk (a, 2a - b, a - b + c) + gk (c, 2c - b, c - b + a) - gk (a, -b, c) 
2k 

= -Jk(Q) _ 2B2k+2 "" (dn,k+l(C, -b,a) + dn,k+l(a, -b,c)) 
2k + 2 ~ 2k + 1 - n 2k + 1 - n n=O 

2k 1 
+ 2B2k+2 ~ (n + 1)(2k + 1 _ n) dn,k+l (a, -b, c). 

But this equals zero, since Jk(Q) = 0, and by (15) 
2k 

_1_ L (dn,k+l(C, -b,a) + dn,k+l(a, -b,c)) 
2k + 2 n=O 2k + 1 - n 2k + 1 - n 

= _1_ f: (dn,k+da,-b,c) + dn,k+l(a,-b,C)) 
2k + 2 n=O n + 1 2k + 1 - n 
2k 1 

= ~ (n + 1)(2k + 1 _ n) dn,k+l (a, -b, c). 

Thus we have shown that indeed 

Fk(w - 1,1 - w') - Fk(1 - l/w, l/w' - 1) = Zk(Q). 

For the proof of Theorem 6 we turn to [2], in which Shanks and Zagier give a 
formula for the value of ZQ (s) at positive integers. Here we use a slightly modified 
definition of ZQ: 

(17) 
00 00 1 

ZQ(s) =~?; Q(p,q)8; re(s) > 1. 

We also define functions 

(18) k 2': 1, k E Z, x > 0, 
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where 

(19) f'(x) . N ( 1 ) 1jJ(X) = -f( ) = hm - L - +logN . 
x N -+00 q=O X + q 

THEOREM 7 (SHANKS AND ZAGIER). Let Q be a binary quadratic form of 
discriminant D > 0 with positive coefficients and roots w, w'. Then for k ~ 1, k E Z 
(20) 

D(k+l)/2 Z (1 + k) = ~ - + r k w + - k w, k ( 1)T (k ) l.(k-T)() (1)k+l-T1.(k-T)(,) 
Q ~(k-r)! r (w-w')r 

or equivalently, 
(20') 

D(k+1)/2 Z (1 + k) = (w - w')k+l (~ lk(w) + ~ 'k(w') ). 
Q k! owk (w - w')k+l ow,k (w - w')k+l 

Shanks and Zagier also obtain asymptotic expansions for the Jk (x), and show 
that they satisfy the following functional equations: 

lk(x) + x2k Jk (~) = - ~(2k + 2)(x-1 + x2k+1 ) -1~(2k + 1)(1 + X2k ) 
(21) 2k 

+ L( -1Y ~(r)~(2k + 2 - r)xT-\ 
T=2 

where ~(s) denotes Riemann's zeta function, and I Euler's constant. For notational 
convenience later, we define 

hk(x) = -~(2k + 2)(x- 1 + x2k+1 ), 

and Ok,T to be the coefficient of XT, 2 :::; r :::; 2k, in the right-hand side of (21). 
Then (21) becomes 

2k 
(21') Jk(x) + x2k Jk (~) = hk(X) + ~ Ok,rXT =: Ak(X). 

The second functional equation for the lk proved by Shanks and Zagier is 

(22) 1k(x} -1k(x - 1} + x" 1k (x: 1) ~ ~ IikJ";, 

where the 13k,j are certain constants satisfying the relations 

(23) f3k,j + f3k,2k-j = (-1)i Ok,j - ~(2k + 2); 0:::; j:::; 2k, 

~ (2k-n) + ~ j-n Ok,n; 
n=O 

0:::; j:::; 2k. 
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We then define the polynomial Ck(X) = L~:o (3k,jxj. Lastly, we define Gk(X) = 
Jk(x) - !Ak(x) and observe that 

(25) 

(26) 

Now let 
Rk(X y) = (x + y)k+l ( ak Gk(X) + !hdx) _ ak Gk(Y) - !hk(Y)) 

, k! axk (x + y)k+1 ayk (x + y)k+l . 
To prove our theorem we shall show that 

Rk(X, y) = (_1)k+l Rk(1/x, 1/y), 
as well as that 

Rk(W - 1,1 - w') - Rk(1- 1/w, 1/w' - 1) = D(k+l)/2 ZQ(1 + k) + 8kKk(Q). 
The first assertion follows easily from (25) and the identity 

dk l-k ) _ k k+1 dk 
d(1/z)k z J(z - (-1) Z dzk J(z). 

We now prove the second assertion. 

Rk (w - 1,1 - w') - Rk (1 - ~, ~, - 1) 

(w - w')k+l a k Gk(W - 1) + ~hk(W - 1) 
k! a(w - l)k (w - w')k+1 

(w - w')k+l a k G k (1 - w') - ~hk(1 - w') 
k! a(1- w')k (w - w')k+l 

_ ~ (~- W')k+ 1 a k Gk(I-I/w) + ~hk(1-1/w) 
k! ww' a(1 - l/w)k «w - w')/ww')k+1 

1 (w_W')k+l a k Gk(I-I/w')+~hk(1-1/w') 
+ ki ww' a(l/w' - l)k «w - w')/ww')k+l 

_ (w - w')k+ 1 a k Gk(W) - Dk(W) + ~.;-(2k + 2)«w2k+1 - 1)/(w - 1) - (w - 1)2k+2/ w ) 
- k! awk (w - w')k+1 

(_I)k+ 1(w_w')k+ 1 a k 
+ k! aw,k 

Gdw') + w,2k Ddl/w') + h(2k + 2)«1 - w')2k+1 /(1 - w') - (1 - w')2k+ 2/ w') 
(w - w')k+l 

(where we have used (25), (26), and the definition of hk(x)) 

(w - w')k+l a 2k (Gk(W) - ~';-(2k)(l/w + w2k+1) - Gk(W') + ~(2k)(l/w' + w,2k+ 1) 
(k!)2 awkaw,k w - w' 

_ Dk(W) + w,2k Dk(I/W')) 
w-w' 

=D(k+ 1)/2.Z (1+k)- (w-w')k+ 1 a 2k Dk(W)+w,2kDk(1/W') 
Q (k!)2 awkaw'k w - w' 
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In the last two steps we made use of the fact that if P(X) is a polynomial of degree 
at most 2k, then 

(27) 
()2k P(w) - P(w') 

..."..---;-:---,-- --'----'---'--'-. = 0 
{)wk{)w'k W - w' . 

It remains then to be shown that 
(w - w')k+l ()2k Dk(W) + w,2kDk (1/w') = D(k+l)/2. 8 K ( b ) 

(k!)2 ()wk{)w,k W _ W' k k a, ,C. 

1 1 2k . (j) - 2Ctk ,n + (-1)n2 j;(-lFCtk,j n 

_(_l)n . f Ctk,j (2k~n)) xn 
J=2k-n 

2k (1 1 (2k + 2 ) 1 = ~ !3k,n + 2~(2k + 2) + (-1)n 2 n + 1 ~(2k + 2) - 2 Ctk ,n 

(-l)n 2k .((j)_( j )) + 2 L Ctk,J n 2k -n 
j=O 

jeven 

-( -? j~ akJ W) + ( 2k ~ n ) ) ) x" 
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We have, therefore, 
(W-W')k+l [)2k Ddw)+w,2kDk(ljw') (W-W')k+l [)2k 

(k!)2 [)wk[)w'k W - W' (k!)2 [)wk[)w,k 

X t, W ~ w' ( (fik,n + ~'(2k + 2) 

(28) + (~~)n l akj ( ( :) ~ (2k ~ n) ) ) (w' ~ w'") 

+ ( ~ ~ak" + (~~)' e:: n ,(2k + 2) 

2 L ak,J n + 2k - n 
j=O 
jodd 

_ (-l)n 2k . ((j) ( j ))) 

X (wn + w'") + (~l)nak"W,") , 

By remark (27) the coefficient of (wn - w,n) contributes zero to this expression, 
and, moreover, we may replace (-l)nak,nwln by 

1 ( l)n 
(-l)na win + (-l)n-a (wn - w,n) = ----a (wn + w,n) k,n 2 k,n 2 k,n , 

and we see that the right-hand side of (28) equals 

~ (-l)n (2k+2) d2k+2) _ (_l)n ~ ak. ((Jo

) + ( j )) 
~ 2 n + 1 2 ~ ,J n 2k - n 
n=O j=O 

jodd 

1 n (w - w')k+l [)2k wn + w'n 
+2(-1+(-1) )ak,n (k!)2 [)wk[)wrk w-w' 0 
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But by Lemma 3 

(w _ W' )k+1 a2k wn + w'n ( 2: ) 
(k')2 a ka Ik I = (_1)k+n2V-k/2_( ) dn k+1(C, b, a); . w w w - w 2k ' 

n 

and so we have 
(w - w' )k+1 a2k Dk(W) + wI2kDk(1/w') 

(k!)2 awkaw'k w - w' 

(29) ~ (-I)'D-kltn t. (~r ( (~:n ,(2k+2) 

- ~ Qk" W) + (2k~n))) 
Writing 

( ) ( )k B2k+2 22k+17r2k+2 
~2k+2 = -1 2k+2 (2k+1)!' 

and observing that for j odd, 

. _ (. ) ( .) _ 2k 2k+2 Bj+1 B 2k+1-j 
D:k,] - ~ J + 1 ~ 2k + 1 - J - 2 7r (j + 1)! (2k + 1 _ j)!' 

the left side of (29) is seen to be equal to 

V-k/27r2k+222k (2k 2B2k+2 
r2(k+1) - ~(n+1)(2k+1_n)dn'k+1(c,b,a) 

2k 
+ 2 ~ Bn+1 B2k+1- n d (c b a) 

L.J n + 1 2k + 1 - n n,k+1 , , 
n=l 

_ f B j+1 B2k+1-j f (.2k - n) 
j=l j + 1 2k + 1 - j n=O j - n 

·(dn,k+1(a,b,c) +dn,k+1(C,b,a))). 

But by Lemma 2 

2k (2k ) ~ j~nn (dn,k+1(a,b,c)+dn,k+1(c,b,a)) 

= dj ,k+1(a + b + c, b + 2c,c) + dj,k+1(C + b + a, b + 2a, a). 



THE DEDEKIND ZETA FUNCTION 79 

Thus we have shown (at last!) that 

(w - W')k+l 8 2k (Dk(W) + wI2k Dk(1/WI)) 
(n!)2 8wk8w'k w - w' 

completing the proof of the theorem. 
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