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ON THE VALUES AT INTEGERS OF THE DEDEKIND
ZETA FUNCTION OF A REAL QUADRATIC FIELD

DAVID KRAMER

ABSTRACT. In 1976 Shintani gave a decomposition of the Dedekind zeta func-
tion, ¢k (s), of a totally real number field into a finite sum of functions, each
given by a Dirichlet series whose meromorphic continuation assumes rational
values at negative integers. He obtained a formula for these values, thereby giv-
ing an expression for ¢x(—n), n =0,1,2,.... Earlier, Zagier had studied the
special case of ¢(A, s), the narrow ideal class zeta function for a real quadratic
field. He decomposes ¢(A, s) into Y 4 Zg(s), where Zg(s) is given as a Dirich-
let series associated to a binary quadratic form Q(x,y) = az? 4+ bzy + cy?, and
the summation is over a canonically given finite cycle of “reduced” quadratic
forms associated to a narrow ideal class A. He then obtains a formula for
Zgy(—n) as a rational function in the coefficients of the form Q.

Since the denominator of ¢(A, —n) is known not to depend on the class
A, whereas the coefficients of reduced forms attain arbitrarily large values, it
is natural to ask whether the rational function in Zagier’s formula might be
replaced by a polynomial. In this paper such a result is obtained. For example,
Zagier gives

15120¢(A, —2)

-3 b5 — 10ab3c + 30a?bc? + b® — 10ab®c + 30a?bc?

e o — 21b(a +¢)

A
while our result is

15120¢(A, —2) = % (Z - Z) (60a% — 117ab + 76ac + 38b% — 117bc + 60c?),
A A

where 6 is the narrow ideal class consisting of principal ideals generated by
elements of negative norm.

Starting with a representation of Zg(1 + n) due to Shanks and Zagier
for n = 1,2,3,... as a certain transcendental function of the coefficients of
Q, we also obtain the result that ¢(A,1 + n) is given as the same sum of
reduced quadratic forms as in the formula for ¢(A, —n), times the appropriate
“gamma factor.” This gives a new proof of the functional equation of ¢(A, s)
at integer values of s, and suggests the possibility that one might be able to
prove the functional equation for all s by finding some relation between Zg(s)
and Zg(1 — s). So far we have not found such a relation.

Introduction. In 1976 Shintani [5] gave a decomposition of the Dedekind zeta
function, ¢k (s), of a totally real number field into a finite sum of functions, each
given by a Dirichlet series whose meromorphic continuation assumes rational val-
ues at negative integers. He obtained a formula for these values, thereby giving an
expression for ¢x(—n), n =0,1,2,.... Earlier, Zagier [3, 4] had studied the special
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60 DAVID KRAMER

case of ¢(A, s), the narrow ideal class zeta function for a real quadratic field. He
decomposes ¢(A, s) into Y 4 Zg(s), where Zg(s) is given as a Dirichlet series asso-
ciated to a binary quadratic form Q(z,y) = ax? + bry + cy?, and the summation is
over a canonically given finite cycle of “reduced” quadratic forms associated to the
narrow ideal class A. He then obtains a formula for Zg(—n) as a rational function
in the coefficients of the form Q.

Since the denominator of ¢(A, —n) is known not to depend on the class A,
whereas the coefficients of reduced forms attain arbitrarily large values, it is natu-
ral to ask whether the rational function in Zagier’s formula might be replaced by a
polynomial. In this paper such a result is obtained. For example, Zagier gives

b® — 10ab3c + 30a2bc? N b — 10ab3¢ + 30a2bc?
ad c3

15120¢(4,-2) = ) — 21b(a + ¢)

A

while our result is

15120¢(A, —2) = % (Z - Z) (60a® — 117ab + T6ac + 38b% — 117bc + 60c?),
A 6A

where 6 is the narrow ideal class consisting of principal ideals generated by elements
of negative norm.

Starting with a representation of Zg(1 + n) due to Shanks and Zagier (2] for
n=1,2,3,... as a certain transcendental function of the coefficients of @), we also
obtain the result that ¢(A,1+ n) is given as the same sum of reduced quadratic
forms as in the formula for ¢(A, —n), time the appropriate “gamma factor.” This
gives a new proof of the functional equation of ¢(A, s) of integer values of s, and
suggests the possibility that one might be able to prove the functional equation for
all s by finding some relation between Zg(s) and Zg(1 — s). So far we have not
found such a relation.

1. Binary quadratic forms. Unless otherwise indicated, D will always denote
a positive integer, not a perfect square. Let Q(z,y) = az? + bzy + cy? be a binary
quadratic form with integral coefficients, and of discriminant D = b? — 4ac. We
shall freely use @ or (a,b,c) to denote this form. Unless otherwise noted, @ will
always be understood to be primitive; that is, g.c.d.(a, b,¢) = 1. We shall also allow
ourselves a small degree of sloppiness and write “quadratic form” or jut “form,”
but shall always mean “binary quadratic form.”

Recall that GL2(Z) acts on the collection of forms of discriminant D as follows:
for T= (2 ), QT =: Q((z,y)'T) = uQ(oz + By, vz + by), where u = ab — By =
+1.

Under this action we define an equivalence of quadratic forms.

DEFINITION 1. Two forms @; and Q2 are equivalent in the narrow sense if
Q1 = Q2|T for some T € SL2(Z). Q; is equivalent to Q2 in the wide sense if
Q1 = Q2|T for some T € GLy(Z).

PROPOSITION 1. (i) The action of SLy(Z) (resp. GL2(Z)) on the collection of
forms of discriminant D yields a finite number of equivalence classes. This number
13 called the narrow (resp. wide) class number of D, and is denoted h(D) (resp.

ho(D))-
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(ii) For a given D, either the notions of narrow and wide equivalence coincide,
in which case h(D) = ho(D), or else each wide class ts composed of two distinct
narrow classes, and h(D) = 2hg(D). (See, for instance, [1, Chapter 2].)

DEFINITION 2. Let A be a narrow equivalence class of quadratic forms of
discriminant D. We define the following classes, associated to A:

0A = {Q(z,y)|T;Q € A and T € GL2(Z) — SLy(Z)},

A,:{_Q(x,y) ((1’ 3) QeA}z{Q(y,an(z,y)eA}.

PROPOSITION 2. Let A be a narrow equivalence class of quadratic forms. If the
form (a,b,c) € A, then
(1) (¢,b,a) € A,
(ii) (—c,—b,—a) € 0A,
(iii) (a, —b, c) e A,
(iv) (—a,=b,—c) € A’.

DEFINITION 3. A binary quadratic form (a, b, ¢) is called reduced (in the narrow
sense) if a > 0,c > 0,b>a+ec.
The following proposition is proved by Zagier in [3].

PROPOSITION 3. Let A be a narrow equivalence class of forms, and A the “ad-
joint” class as in Definition 2. Let F(x,y) be a function of two variables satisfying
F(z,y)=+F(1/z,1/y). Then

(Z:!:Z) (Flw-11-w")-F(1-1/w,1/w" - 1)) =0,
A 64

where the summation is over all reduced forms (a,b,c) in the given class, with

w = (b++vD)/2a, w' = (b—+/D)/2a.

Since there are only finitely many reduced forms of a given discriminant, this
sum is well defined. Zagier’s proof of Proposition 3 relies on the representation of
w as a purely periodic “—” continued fraction. We shall restate the proposition
in terms of the coefficients themselves, and offer our own proof, which avoids the
use of continued fractions. Observe that if w and w’ as above correspond to the
form (a,b,c), then (1/w,1/w’) corresponds to (—c,—b,—a); (w — 1,w’ — 1) to
(a,b — 2a,a — b+ c¢); and (1 — 1/w,1 — 1/w’) to the form (c,2¢c — b,c — b + a),
all forms of a given fixed discriminant D. Thus, Proposition 3 may be restated as

PROPOSITION 3’. Let A be a narrow equivalence class of forms, and 6 A the ad-
joint class. Let F(Q) be a function on binary quadratic forms satisfying F'(a,b,c) =
+F(—c,—b,—a). Then

(Zﬂ:Z) (F(a,b—2a,a—b+c)— F(c,2c—bc—b+a))=0.
A 64
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PROOF. For the proof we need the following

LEMMA 1. The set of forms (a’,b',c’) € A witha’ > 0 > ¢’ is the disjoint union
of the sets of forms

(1) (a,b—2a,a — b+ c) with (a,b,c) € A, (a,b,c) reduced,

(2) (—c¢+b—-a,2a —b,—a) with (a,b,c) € 0A, (a,b,c) reduced.

PROOF. If (a,b—2a,a—b+c) = (-C+ B—A,2A— B, —A), a simple calculation
shows that ¢ = —C, so (a,b,c) and (A, B,C) cannot both be reduced. Thus sets
(1) and (2) are disjoint.

The form (a,b — 2a,a —b+c) = (a,b,c)|((1) _11), and since ((1) ‘11) € SLy(Z),
(a,b,c) € A implies (a,b—2a,a—b+c) € A. Moreover, the form (—c+b—a, 2a—b, —a)
is equal to (a,b,¢)|( ", '), and since ( ', ') € GL2(Z) —SL3(Z), it follows that
(a,b,c) € 8A implies (—c + b — a,2a — b, —a) € A.

Conversely, suppose that Q = (a/,b',c') € A with '’ > 0 > ¢. We must
show that @ belongs to set (1) or (2). Let @, = (a’,b' + 2d/,a’ + b + ¢’) and
Q2 = (=c,-b —2c,—d — b - ’). We claim that precisely one of these forms is
reduced. Clearly at most one of them is reduced, since the third components have
opposite signs. If @’ + b + ¢’ > 0, then, since a’ > 0 > ¢/, it follows that b’ + 2a’ >
a’ +b + ¢ >0, and hence Q is reduced. Since (a’,¥',c’) = Q1/(; 1), (@, b,¢)
belongs to set (1). Similarly, if @’ + b + ¢/ < 0, then Q2 is reduced, and since
(a',b,¢") = Q2| (Y, ') it follows that (a/,¥,¢’) is in set (2).

REMARK. We can also express the set of (a/,b’,¢’) € A with @’ > 0 > ¢’ as the
disjoint union of

(3) (¢,2¢ — b,a — b+ c¢); (a,b,c) € A, reduced,

(4) (—a+b—c,b—2¢c,—c); (a,b,c) € A, reduced.

The proof is entirely analogous to that of Lemma 1.

The proof of the proposition is now straightforward:

F(a,b,c) = £F(—c, —b, —a) implies that

(ZiZ) (F(a,b—2a,a—b+c)— F(c,2c —b,a —b+c))

A 0A
:Z(F(a,b—Za,a~b+C)—F(c,2c—b,c—b+a))
A

+Z(F(—a+b-—c,2a—b,—a)—F(—a+b-c,b—2c,—c))
9A

which by Lemma 1 and the remark equals

> F(a,b,c)— Y F(a,bc)=0.

a>0>c a>0>c¢

2. The correspondence between equivalence classes of forms of positive
discriminant and module classes in real quadratic fields. There is a natu-
ral correspondence between equivalence classes of modules and SL2(Z)-equivalence
classes of primitive binary quadratic forms. Namely, to a basis &1, £, of M we as-
sociate the form Q(z,y) = N(z&1 +y€2)/N(M), where N is the norm. Then Q is a
primitive form of discriminant D with rational integral coefficients. If we consider
only oriented bases for M, (&€ — £1€2 > 0), then the SLo(Z)-equivalence class
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of forms to which @ belongs is associated to the collection of ordered bases of M.
Moreover, ) remains unchanged if M is replaced by AM (A > 0). Thus, we have
a bijection between equivalence classes of modules M for which Ops, the multiplier
ring of M, has discriminant D, and SLo(Z)-equivalence classes of primitive binary
quadratic forms of discriminant D. For details, see, for example, [4 or 1].

3. Module class zeta functions of a real quadratic field. Let M be a
module of rank 2 in a real quadratic field. The zeta function of M is defined by

(1) s(M,8) =NOD* Y g
5%’;(/)E positive units ¢ satisfying eM = M.
Since ¢(M,s) = ¢(AM,s) for A > 0, ¢(M,s) can be written as ¢(B,s), the zeta
function of B, the module class to which M belongs. In [3 and 4] Zagier proves
the following theorems.
Let Q(p,q) = (ap? + bpq + cq?) be a quadratic form of discriminant D > 0 with

positive coefficients. Define

re(s) > 1, E the group of totally

L1
(2) Zg(s) = ;q: m; re(s) > 1,
where o oo - -
S e =YY S+ 5 D .0+ 5 > f(0.a).
P.q p=1g=1 p=1 q=1

THEOREM 1. ¢(B,s) = } o Zq(s), where the summation is over the reduced
forms in the class of forms associated to the module class of M.

THEOREM 2. The function Zg(s) has a meromorphic continuation to all of C,
holomorphic except for a pole at s = 1. The values of Zg(s) at nonpositive integers
can be expressed in terms of rational functions in a,b,c with rational coefficients.
To be precise, for Q = (a,b,c), define rational functions in a,b,c for k =0,1,2,...
by

3) Zx(Q) =

(=1)*k! Bak12 [ fe(a,b,c) | fi(a,b,c)
5 okr2\ gt T grn ) Tok(a=bo)

for k > 0, where B,, s the nth Bernoulli number, and fi and gr are polynomials
defined by

k
— (_l)r(k - T)' r12k+1—r 7

(4) fk_(a,b,c)—rzor!(2k+1_27)!a b c’,

2k

_ Br+1 BZk+1—r
(5) gk(a,b,C)— ;T-}"]_ 2k+1_rdr,k+1(a,b,c),
where d, . 1s defined by
2k—2

(6) Z dy i (a,b,¢)z"y** 237" = (az? + by + cy?)F 1.

r=0
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Then
(M Zo(—k) = Zx(Q)-

In particular,

1 /b b 1
ZQ(O)zﬂ(E+E)_Z’

1 b3 — 6abc b3 — 6abe 1
2o(=1 = 1115 ( 2z T ) 2>
1 b® — 10ab3c + 30a2bc? b5 — 10ab3c + 30a2bc?
2o=Y) = T5130 ( a3 + 3 )
1
+ %b(a + C).

(The formula for Zg(—2) is given incorrectly in [4].) Combining Theorems 1
and 2 gives an explicit formula for ¢(B, —k).

It is known that the denominator of ¢(B, —k), when expressed in lowest terms,
has a bound independent of the discriminant and of the choice of module class.
The existence of such a bound is not, however, indicated by Zagier’s formula, since
the coeflicients of the reduced forms, which can be arbitrarily large, appear in
the denominator of Z,(Q). Zagier remedies this situation, though at the cost of
introducing the transition numbers of the continued fraction for w = (b+ v/D)/2a,
as follows: Let @ be a reduced form with root

’w=((b0,b1,...,bt))=b() —-_1_
b —1
b2_"'

Then Zagier proves the following result:

THEOREM 3.

t 2k
B n - —8
g(B,—k)=§j§j( 212002k ~9+1_ Bot1 B “)ds,kﬂ(can),
n=1s=0

2% +2 2k—s+1 s+12k—s+1
k=0,12,...,

where Q,, s the form associated to the nth cyclic permutation of ((bg,by,...,bt)).

In this formula the only contribution to the denominator comes from Bernoulli
numbers, which depend only on k.

DEFINITION 4. Let B be a narrow equivalence class of quadratic forms. We
define

+(B,s) =¢(B,s)+¢(6B,s), ¢ (B,s)=¢(B,s)—¢(6B,s).

Our first main result is a formula for ¢(B, —k) which is the sum over the reduced
forms of both B and 6B, of a certain polynomial in the coefficients of Q. Thus we
obtain a universal bound on the denominator of ¢(B, —k) without introducing the
by, of Theorem 3; however, we are compelled to sum over the forms of both B and
6B.
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We first define two equivalence relations on the set of functions of binary quad-
ratic forms.
DEFINITION 5. A function on quadratic forms & = &(Q) = &(w,w’) will be

said to be “+”-equivalent to 0, written <I>:'40, if there is a function F' satisfying
F(w,w') = F(1/w,1/w') for all forms, such that

O(w,w')=Fw-1,1-w)-F(1-1/w,1/w" -1).

® will be called “—”"-equivalent to zero ($~0) if
S(w,w)=F(w-1,1-v")-FQ1-1/w,1/w' —1)

for a function F satisfying F(w,w’) = —F(1/w, 1/w’). We further define ®, Lo, if

o, — 3, £0).
An immediate corollary to Proposition 3 is the following:

PROPOSITION 4. Let B be a narrow equivalence class of forms and ® a function

on quadratic forms. Then if <I>550, it follows that (3 g+ ,5)2(Q) = 0, where
summation 18 over the reduced forms of the indicated classes.

THEOREM 4. For a quadratic form Q = (a,b,c) define the polynomials Ki(Q),
k=1,2,3,..., by the following formula:

Ki(Q) = — 2gk(a, b, c)+gk(a b—2a,a —b+c)+gklc,b—2c,c—b+a)

(8) nk+1 a, —-b C)
+sz+2z 1)(2k+1-n)

with g as in (5) and d, i as in (6).

(-p)k+t
Then Zg(—k)' ~ Ki(Q), and hence

(Z Z) «(Q)  for k odd,
= (Z - }:) Ki(Q) for k even.
B 6B

THEOREM 5. ZQ(—k)( D* 0.

COROLLARY. From Theorem 5 follows the well-known fact that ¢, (B,—k) =0
for k even, and ¢_(B,—k) =0 for k odd.
THEOREM 6. Let
22kD (k+%) p2k+2

6 = 6.(D T2(k+1)

(=1)k+t
Then Zgo(1+ k) ~ 6 Ki(Q).

Combining Theorems 4 and 6, we have the following

(__l)k+l 1
COROLLARY. Zgo(—k) ~ 6, Zgo(1+k).
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This, together with Theorem 5, represents a refinement of the functional equa-
tions for ¢4 (B, s) at integer values; namely,

(i) ¢+ (B, —k) = 8. *¢+(B,1+ k), and ¢_ (B, —k) = 0 for k odd, k > 0; while

(i) ¢_ (B, —k) = é; *¢_(B,1+ k), and ¢, (B, —k) = 0 for k even, k > 0.

_1)k+1
We shall prove (i) by showing that §; ' Zg(1 + k)( 2 Ki(Q).

PROOF OF THEOREM 4. We must find functions Fi(Q), k£ > 1, satisfying
(i) Fe(w,w’) = (~1)F*1Fe(1/w, 1/w').
(ii) Fi(w — 1,1 —w') = Fe(1 - 1/w,1/w" — 1) = Zx(Q) — Ki(Q).

Let

2 (—l)kk' B2k+2

5 2k:_*’2(w-0-w')_k.S’k(w,w'),

9 Fr(Q) = D¥
where

1 w—-w -1
N — I -1 k+1 Nk = -
Sk(’w,’l.U) fk(w7w w, w)+( ) (’W’U)) fk w ww w /)’
fx being given in (4).
We claim the desired properties (i) and (ii) for the Fj.
One observes by inspection that (i) is satisfied. To establish (ii) we define for a
form (a, b, c) of discriminant D, and for k = 1,2,3,... the polynomials

k T
(k=) D —b? o
Sok(Q):“Ok(D’b):Zor!(zk—z:Jrl)!( 1 ) preiT

(note: i (b? — 4ac,b) = fr(a,b,c)).
Then, observing that w — w’ = v/D/a, w + w’ = b/a, and ww' = c/a, we have

_ o _(—l)kk! Bak42
Flw=L1-w)="=—2"5

. ak 2 b-2a +(a~b+c)k D 20—b
e a2 a Pk (c—b+a)?’a—-b+c

Fk( 11 ) (=1)k*+1k! Bog2

2 2k + 2
D b—-2c D 2c—b
|k L bo—zc _ k
(cm(cz, c )+(c b+a) “Ok((c~b+a)2’c—b+a)>'
We have, therefore,
Fk(w—l,l—w')—Fk(l—l,—%——l)
w w

(10) _ (_l)kk' B2k+2 fk(av b, C) fk(av b1 C)
2 2k+2 ak+1 ck+1

+

— (_l)kk' BZk+2 Sok(D)b — 20’) - ¢k(Dab) + ‘pk(D’b — 20) - Sok(Da b)
2 2k+2 ak+1 ck+1
+‘Pk(Dv2a - b) - SOk(D,b— 26)
(c—b+a)F+l !
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where we have used
(,Ok(D, _b) = —(Pk(D, b) and ¢k‘(A2D, ’\b) = A2,€+1307<:(-Da b)
Now we employ the identity

D,z) - D,x -2

2k k—r 2 _
B () e (£52n0)
(Proposition 4 in [4]), as well as the observation that
(a/c)*"d, k(a,b,c) = dri(c,b,a) and d,k(a,b,c) = (—1)"d,k(a,—b,c)
to deduce that the right-hand side of (10) is equal to

k
_ B2k+2 2 dr,k+1 (c) -b, a) dr,k+1 (0,, _b, C) + (_1),-_.1 dr,k(a,?a—b,a—b+c)
2k+2 = 2k+1—r 2k+1—r 2k+1—7r ’

where to obtain the last summand we apply (11) to the last summand in (10) with
z=2a-b y=a—-b+c, a=a.

Collecting terms, and using the definitions of Zx(Q) and Kx(Q), we may write
our result so far as follows:

1 1
Btw-11-w)-F(1- 1.2 -1) = 2(Q) - K@) + (@),
where
2k
sz+ dnk+1(c,—b,a)  dnrs1(a,b—2a,c—b+a)
Ii( z=:< 2k+1—-—n + 2k+1-n
_dn,k+l(aa _bv C)
2k+1—-n
2k 1
(12) + 32k+2nz:0 CES S n)dn,k+l(ay —b,c)
2% p B
+ Z n'j:; 5,;%:—"" (dnk+1(a,2a —b,c —b+a)
=0

+dn k+1(c,2¢ —b,a — b+ ¢) — dpn k+1(a, b, c)) .
It now suffices to show that Ji(Q) is identically zero.

LEMMA 2.

(13) dnila+b+eb+2,0)=3 (2’° -2 .‘J) d; x(a,b, ).

n —
7=0 J

PROOF. Let Py(z,y) = (az? + bzy + cy?)*~1. Then

1 Pr(z,1
dj,k(a, b,c) = ~2~7_r—zf <%—2d1) .
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Z(% 2- g)d]‘ (a,b,c) = Z(an—_Zj—j)dj’k(a,b,C)

7=0 JEZ

- f () e

2k-2-n—-r\ ,_,P(z,1
27”%2( ):c (1‘ )d
1 f 1 Pk(zldfl,'

2m 1—g)2k—1-n  gn+l
Pk T, )
2m (z/(1 —z))1tn(1 — z)2k

Pe(t, (1 +1))
— 2k k
- —% tn+1 — T

7{ Pul(t, (1 +1)) ,
= om t"Jrl

which is equal to the coefficient of t™ in Py (t, (1 + t)y). But
Pe(t, (L+t)y) = ((a + b+ c)t? + (b + 2¢c)ty + cy®)*~ 1,
and so this coefficient is precisely dp x(a + b+ ¢,b+ 2¢,c).

Thus

dx

COROLLARY.
2k—2 .
(14) dni(a,b+2a,a+b+c) = Z <fl) d;k(a,b,c).
j=n
PROOF.

dnk(a,b+2a,a+b+c) =dok—2-ni(a+b+c,b+2a,a)
2k—2—-n
_ 2k—-2—3
= E (% 9o )djk(cba)

k—2—
2k -2 —
= ( J) dak—2-j,k(a,b,c)

i ( ) d;k(a,b,c)

which was to be demonstrated.
We also observe that

2k—2 2k—-2
Z dn,k(c'l bva) _ Z d?k—?—n,k(aa b,C)

—~2%-1-n “— 2k-1-n
(15) 2k-2

nkabc
—Z n+1l
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We now substitute (13), (14), and (15) into (12) as follows:
2k

2k
. —dn,k+l(ca —b7 a) . _dn,k+1(a,—b, C)
(i) ngo 2k+1—n —HZ::O —— ,
(i) ik: dnps1(ash—2a,c—b+a)
_zk: nk+1a2a—bc_b+a)
B n—0 2k+1—n
2k n 2k ].
- Z k + 1 -n E (n) dj k+1(a, —b,c)
n=0 j=
Z 2 i djk+1(a, —b, ),
J=0n=0 2k + 1 —n\n
2k
‘B,’le B2k+1-—n
(111) z::on—{—l2k+]__ndn‘k+1(c72c b,C)
2k

Bokt1-n Bt
2Ic +1—-nn+1

n+1 Bokti-n 2k — 3
_ rion —b,
Zn+12k+1—n2()(n ])dJ,k+1(a C)
2k 2k—j

Bni1 Boky1-n [2k—7
- Z Z n:lm ( n dj k+1(a, —b,c).

7=0 n=

dnk+1(a —b+c,2¢c—b,c)

Collecting like terms, we obtain
2k

Q) = Z Ghn 2k - An k+1(a, =b,c),

n=0
wherefor k > 1, 0<n <k
Bit2 = (n) Bi+1 Brs1,
Gk = k+22k+1—] < )+§) J)Jg+1k+1—35
k—n
k—n B'+1 Bk+1_‘
+ . s R
Z_:( J )J+1k+1—3
7=0
We shall now show that G, x = 0 for even, positive k. We shall actually show more;

namely, that G, x = —Bg4+1/(k+1) forall k >0, 0<n < k.
To this end we introduce the generating function

Xk n yn

(16) = > G,,k G
k>0
0<n<k
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We first observe that

Hence

Zk ]_1( ) Z( 1)”?( )/Oltk-a'dt

1 k—n)n!
=/0 tk‘"(l—t)"dt=£—(7c+n—i)!.

G(X,Y): Z (__l)n Bk+2 Xk—nyn

= (k + 2)!
0<E<k
Bit1—j [ k=7 ) k-
+ ]+1 J Xk—nyn
o<Zn<k32—;) G+ (k+1=5)\k—n

J+1 Bit1—; k=73 vk—nyn
+ZZ k+1—])(n)X Y

0<n<k j

+Z(
0<n<k

—0

Bk+2 k+2 k—nyn
k+2)! (n+1>X Y

_ Z(Bk+2 1 - (=Y/X)k+!

k>0

k+2)! 1+Y/X

B> ((Jfl j(fff)!X"(Z) (%)

7=0v>8>0

Bj+1 Byt : <X+Y)U
Zit1 X7+
+02;]_(341)!(1/“)! X

o0<v

. (%)g(ff;)!Xk ((2(;_Y>(k+2) L <)_};>k+2>)
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1 1 1 1
—(X+Y(ex—1—e‘y—1)_ﬁ)

1 1 1 1 1 1
+(eY—1~?)<6X+Y—1—X+Y_ex-—l+})
S o

eX—-1 X/)\eXt¥Y -1 X+4Y

L L1(X+Y 11 N O SN N
Y X eX+Y -1 X+4Y eX—-1 X eY -1 Y

[e o)

_ 1 1 _ Bk+1 k
CX+Y XY -1 g(kJrl)!(X“LY) ’

Comparing this with (16), we see indeed that G, x = —Bk41/(k + 1), as was to be

shown.

k
PROOF OF THEOREM 5. To show Zk(Q)(_f\lJ) 0 we must find functions F(Q)
satisfying
(a) Fp(w,w') = (-1)*F(1/w,1/w'); k=1,2,3,...,
(b) Fr(w—1,1 —w') — Fi(1 — 1/w, 1w — 1) = Zx(Q); k =1,2,3,....
Let

B
k/2 —k 1'+1 2k+1—r
(@) =D Z '2k+1—1)!

Bk w’ ok w'”
' <8w’° (w+ w1 Ju'* (w + w’)k“’l) '
We then assert that the functions

Fu(@ = D LR B (4w - o)

+(UUMU&<13—B:%>—&WWU

w oww T w
have the desired properties.

It is easily checked that (a) is satisfied. To establish (b), we begin with the
following lemma.

LEMMA 3. For k<0, 0<n <2k, let

3 _(=D* [ 2k nep1 0K w” + w'n
An,k = An,k(aa ba C) - 2 n (w -—w ) Awkow'* w—w' :

Then (D*/?)(2k)")Ap k(a,b,c) = dyn k(c, b, a).

PROOF. Using Leibniz’ formula for the derivative, we obtain

, 2k
Anp = (—l)k(wz— w')k+1 (2:> Z (l:) #!T”(_l)k(% — )

r=0
. (w _ w/)r—(2k+1)((_1)rwn—r + wln—r)

2k
= (2’9)'(11) - w’)—k E (f) (?:::) (w _ wi)r((__l)rwn_r + w,n__,.).
r=0
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We now introduce the generating function

(2k D AnsY*

0<n<2k

(w,w") kZY’< )(w—w')’

2k 2k
. ((_l)r Z (2:7::) (wy)n——r + Z (?::) (wly)‘n—’r)

= %(w —w) kY (f) (Y(w—w))((-1)"(1 + wY)Z* " + (1 +w'Y)%*T)

reZ

K\le—

1 k
= 5w =W *Tr(L+ wY)*(1 4+ wY)¥) = D20k <1 F2V 4 §Y2>

=D7*%(a +bY +cY?)k.

Thus
(%)' > AnkY"=D"*2(a+bY +cY?)*.
0<n<2k
Comparing coefficients of Y, we see that
Dk/2
(—2/—9—)—!An,k(a, b,c) = dk,n(c,b,a)

as was to be shown.

Applying the lemma to Sk, and recalling that if the pair (w,w’) corresponds
to the form (a,b,c), then (w — 1,w’ — 1) corresponds to (a,b — 2a,a — b+ ¢) and
(1-1/w,1-1/w') to (¢,2¢c — b,c — b+ a), we obtain

Se(w—1,1- /)

B, Bokt1-r
—Dk/2_(w wk+1z +1) (2ki’—C;1—'r)

_(ak (w—1) o (w—l)’)

Owk (w — w')k+1 (_l)raw/k (w — w)k+1

B B 62k
_ k2l Nk+1 Bri1 2ktlor
=D (w w') Z (r +1)! (2k + 1 — r)! wkow'*

(tomtr ooy

w—w

(note : for k > 1 the terms for even r vanish)
_ Dk/2 & B,y1 Bogti—r
(k) = r+1(2k+1—1)!
2k

_ Bry1 Boky1-r
= §T+12k+1_rdn,k+l(a,2a ba—b+c)

=gk(a—b+c,2a —b,a) =gr(a,2a —b,a —b+c).

Ap k(a,b—2a,a—b+c)
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Similarly,
Si(1—1/w,1/w" — 1) = —gk(c,2c — b,c — b+ a).
Proceeding as in the proof of Theorem 4, we obtain
11w L R
Rw-11-w)-F (1- 1,5 -1) - 4(Q)
_ (—=1)*k! Boks2 [ or(D,b — 2a) — i (D, b) <pk(D,b —2¢) — px(D,b)
2 2k+2 ak+1 ck+1

_ pr(D,2a —b) — (D, b — 2c)
(c—b+a)kt+?
+9k(a,2a—b a—-b+c)+gr(c,2¢c—b,c—b+a) — gkla,—b,c)

_ _Bakt2 Z dnk+1(c, —b,a) | dnkt1(a, —b,c)
2k +2 2k+1-n 2k+1-n

+(-1)"dp k+1(a,2a — b,a — b+ c))

+ gk(a,2a — ba—b+c + gk(c,2¢ — b,c — b+ a) — gk(a, —b,c)

2k+2 2k‘+1—n 2k+1-n

2k
+ 2Bak42 Z T
n=0

)

= —Jk(Q) - ng+2 ( nk+1(c, —b,a) | dns1(a, b, c))
1
k+

D)@k 1= ) ke (@ =he).

But this equals zero, since Ji(Q) = 0, and by (15)

n,k+1 C, b a) dn,k+l(a,—bvc)
2k+2z< %k+1-n | 2%+l-n
2k

1 dnk+1(a,=b,c)  dniti(a,—b,c)
—2k+2nz::0< n+1 T Tokr1on

2k 1
- 7;) (n + 1)(2k +1- n) d"*k+1(av -b, C).

Thus we have shown that indeed
Fr(w—-1,1-w") — Fr(1 - 1/w,1/w" — 1) = Zx(Q).

For the proof of Theorem 6 we turn to [2], in which Shanks and Zagier give a
formula for the value of Zg(s) at positive integers. Here we use a slightly modified
definition of Zg:

(17) i i o0 re(s) > 1.
q=0

We also define functions

b~
Il
-

(18) F@) = Y1) s kez, >0,
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where

/ N
(19) P(z) = I;((;’)) - ngnoo _Z (z—j—_z + logN) .

q=0

THEOREM 7 (SHANKS AND ZAGIER). Let Q be a binary quadratic form of
discriminant D > 0 with positive coefficients and roots w,w’. Then fork > 1, k€ Z

(20)
D(k+1)/2Z (1+k) = f: (-1)" (k+r) :—’(k ’)(w)+( 1)k+1- r;(k r)( ,)

o 0 (k—=7)! (w—w')r
or equivalently,
(20°)
(k+1)/2 _(w—w)ktt 9k F(w) *  F(w)
b Zo(1+k) = k! owk (w — w)k+1 * w'k (w — w')k+1 ) °

Shanks and Zagier also obtain asymptotic expansions for the #(z), and show
that they satisfy the following functional equations:

Fe(e) + 2 % (i) = —¢(2k+2)(z7" + 2 H1) — 46 (2k + 1)(1 + 2%*)
(21)
+ Z(‘l)' (r)¢(2k + 2 — r)z" 1,

where ¢(s) denotes Riemann’s zeta function, and ~ Euler’s constant. For notational
convenience later, we define

hi(z) = —¢(2k + 2)(z™! + 2211,

and o, to be the coefficient of z", 2 < r < 2k, in the right-hand side of (21).
Then (21) becomes

1 2k
(21" Ao) + 05 (3 ) = hule) + 3 an,s” = Aula).

r=0

The second functional equation for the %, proved by Shanks and Zagier is

) Zﬁk;x,

where the () ; are certain constants satisfying the relations

(23) Br,j + Br,2k—j = (—1)Y oy — ¢(2k + 2); 0<y <2k,

(24)  (—1)B; + Z ( ) Bin = ((—1)?‘-1 - (i@:;)) ¢(2k +2)
i (ik_:) akn;  0<5 <2k

n=0

(22) Fi(z) — F(z — 1) + 2% (
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We then define the polynomial Ci(z) = Z?io Br,;2’. Lastly, we define Gi(z) =
Fe(z) — %Ak(a:) and observe that

(25) Gi(z) + 2 (%) —0,

Gi(z) — Gr(z — 1) + 2%*Gy, (1 - %)
(26)
= Ci(z) - %Ak(:c) + %Ak(z —1)- %z%A,c (1 - %) —: Di(x).

Now let
Ri(.y) = (z +y)*t! (3_’“ Gi(z) + ghe(z) 8% Gily) — %hk(y)) .
’ k! ozk  (z+y)k+! Ayt (z+y)kt!
To prove our theorem we shall show that
Ri(z,y) = (-1)** Re(1/2,1/y),
as well as that
Ri(w — 1,1 —w') — Re(1 — 1/w, 1/w' — 1) = DE+V/2Z5(1 4+ k) + 6, Ki(Q).
The first assertion follows easily from (25) and the identity
d* ik _ k k+1 d°
T @) = (CD )
We now prove the second assertion.

11
Re(w—1,1—w') — Ry (1——,—,—1)
w w

_(w—w)kt? 9k Gk(w—l)-{-%hk(u}—l)
- k! A(w — 1)k (w — w')kt+1
_ (w —w')k+1 ok Gk(l—w’)—%hk(l—w’)
k! (1 —w')k (w — w')k+1
1 [w—w k! a* Gi(1 = 1/w) + 1 hi(1 — 1/w)
( ) (1 - 1/w)k ((w = w')/ww’)k+1
L1 (w—w’)’”’l ok Gr(1—1/w') + Shi(1 - 1/w')
k' \ ww’ a(1/w' — 1)k ((w — w') /ww’)k+1
(w — w')k+1 gk Gi(w) — D(w) + 3¢(2k + 2)(w? ! —1)/(w — 1) — (w = 1)%+2/w)
k! wk (w — w’)k+1
(—1)k+1(w _ ,w/)k+1 ak
k! ow'k
Gi(w') + w2k D (1/w') + 3¢(2k +2)((1 = w)?*+1/(1 — ') = (1 - w')**+2/u)
(w — w/)k+1
(where we have used (25), (26), and the definition of h(x))
(w—w)k+t 52k Gi(w) — 3¢(2k)(1/w + w2 +1) — Gy (w') + 3 (2k)(1/w’ + w'?k+1)
TN Guwkow® (

ww’

w—w

_ Dx(w) +w’2ka(1/w’)>
w—w'
(w—w)k+l 32k Dy (w) + w2k D (1/w’)
(k)2 Oowkow'k w—w' '

=DF+D/2. 701 + k) -
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In the last two steps we made use of the fact that if P(X) is a polynomial of degree
at most 2k, then
0%*  P(w) — P(w')
owkdw*  w—w
It remains then to be shown that
(w—w')ett 9% Dp(w) + w2k D (1/w')
(kY2 Owkow'. w—w

=0.

(27)

= D*+1/2 . 5 Ky (a,b, c).

Now
Di(@) = Ci(a) = 5 Ax(z) + 5 Ax(z — 1) = 32 A(1 - 1/2)

2k

_Zﬂ,”x]+ §(2k+2)( +a:'~”°+1>

7=0

2k
Zak ]:1;1 — _§(2k +2) (_1__1 +(z 1)2k+1)

_7 =0
2k p2k—1 (z — 1)2k+1
2§ak1x——1) + = s‘(2k+2)< 1+ " )

-Zak 22k (g — 1)

+1
(-1 2<2k;1>g(2k+2)

2k

- %ak,n + (*1)"% Y (—a; (i)

j=n

2k .
J
—-(-1" . Z ak,j (2k—n>) z"
7=2k—n
2k

1 1(2k+2 1
- Z ﬁk,n+§§(2k+2)+(_ ) 5( +1)§(2k+2)"§ak,n

_pyn 2k . .
2 e ((2)- (o))
jeven
(-1 & J J n
S S ((2)+ ()|

Jodd

k
Z(BWL (2k) + (~1)"5 (”‘”)g(zkm)

n=0
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We now proceed to compute 22%Di(1/z). Using relation (23) we obtain

2k n
00 (1) = X | = B+ (C)enn - get2b 2+ 5 ( 2 2) §(2k +2)

= 2 2 k+1
1 (-)r & j j
T g% T Ty JZ(:) kg n] \2—-n
jeven
)& J .
) Z_%a’“ k] T\ 2k—n T
]?cm.dd

We have, therefore,
(w _ w/)k+1 62k Dk(’w) + ’w'Zka(l/w’) B (w _ ,w/)k+1 a2k

(k2 Owkdwk w—w B (kY2 Owkow'*
2k 1 1
Xy o | | Pen T 352k +2)
k=0
(- & NN J n_.m
(28) +——2—— ; Ok, e YA (w™ — w'™)
jje;en
| L+ G (242 (o 1)
2%r T 5 | nt1 )¢
(-1)" & j J
S D DT ) ol PR
7=0
jodd

X (,wn + wln) + (_l)nak,nw,n

By remark (27) the coefficient of (w™ — w'™) contributes zero to this expression,
and, moreover, we may replace (—1)"ay, ,w'™ by

1 -1)"

and we see that the right-hand side of (28) equals

2k 2k . .
(=)™ [ 2k +2 (~1)»
2.5 <n+1)§(2k+2)_ 7 2 ak’j<(i>+<2k]—n))

n=0 7=0
7 odd

(w _ w/)k+1 82k w™ + w'™
(k)2 owkow™ w-—w

+

(—1 + (_l)n)ak,n

N =
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But by Lemma 3

2k
(w _ wl)k+l a2k w® + w'" _ ktn —k/2 ( k ) )
(’C')2 wkow* w—w' ( 1) 2D 2’0) dnyk+1(c’ b, a)a
n

and so we have
(w—w)ktl 9% Di(w) + w2 De(1/w')
(k)2 Owkow'* w—w

2k -1
(29) =(—1)’cD"°/2(2kk)Z(2:) (2:++12>§(2’°+2)

() ()

jodd

— (=14 (-1)™)ak ndn k+1(c, b, a).

Writing
02k-+1,2k+2

B
— (_1\kB2k+2
@k+2) =V S @R T

and observing that for j odd,

¢(J 4 1)¢(2k + 1 — j) = 22k g2k+2 Bji1  Bogii—y

Vg = G+ 2k+1-7)

the left side of (29) is seen to be equal to

D—k/22k+292k (_ 2k 2Bak+a

[2(k+1) < (n+1)(2k +1 oy dnka(e,bra)

B
n+1 2k+1—-n
+2Z n 12kt 1o nomkri(eba)

_Z Bjt1 Baky1-5 X (2% -n
]+12k+1-—] Jj—n

“(dn,k+1(a,b,¢) + dn k41(c, b, a))) .

But by Lemma 2

2k (2% —n
Z ( . ) (dn,k+1(a, b’ C) + dn,lc+l(cv by a))

n=0 J—n

=djk+1(a+b+c,b+2¢,¢) +djrt1(c+b+a,b+ 2a,a).
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Thus we have shown (at last!) that
(,w _ w/)k+1 a?k Dk(w) + w'Zka(l/w') B D——k/27l.2k+222k
(n1)2  Owkow'* w—w T T2k+1)

completing the proof of the theorem.

Kk(av by C)’
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