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COUNTABLY GENERATED DOUGLAS ALGEBRAS 

KEIJI IZUCHI 

ABSTRACT. Under a certain assumption of f and 9 in Loo which is consid-
ered by Sarason, a strong separation theorem is proved. This is available to 
study a Douglas algebra [HOO, f] generated by Hoo and f. It is proved that 
(1) ball(B/Hoo + C) does not have exposed points for every Douglas algebra 
B, (2) Sarason's three functions problem is solved affirmatively, (3) some char-
acterization of f for which [HOO,f] is singly generated, and (4) the M-ideal 
conjecture for Douglas algebras is not true. 

Let HOO be the space of bounded analytic functions on the unit disk. A uniformly 
closed subalgebra between HOO and L'~o is called a Douglas algebra. By Chang-
Marshall's theorem [3, 19], a Douglas algebra is generated by HOO and complex 
conjugates of some inner functions. A Douglas algebra is called singly (countably, 
re~pectively) generated if it is generated by HOO and a complex conjugate of only 
one (count ably many) inner function(s). In this paper, we investigate a Douglas 
algebra [HOO, Il which is generated by HOO and I in LOO . By Chang-Marshall's 
theorem, it is easy to see that [HOO, Il is countably generated. To study [HOO, Il, 
we have to study the behavior of Ion M(LOO). Let N(f) equal the closure of 

U{SUPPILx;X E M(HOO + C) and IlsuPPILx tf. HoolsuPPILx}; 

roughly speaking N(f) is a subset of M(LOO) on which I is not analytic. Properties 
of N(f) play important roles in studying Douglas algebras. N(f), especially N(I) 
where I is an inner function, is studied in [13l. 

The key theorem (Theorem 2.1 given in §2) is that if either Iisupp ILx or glsupp ILx 
belongs to HooisuPPILx for every x E M(HOO + C) then N(f) n N(g) = 0. When 
I and 9 are inner functions, this fact is already proved in [13l. The above as-
sumption is considered by Sarason [22], and he showed that either IIQ or glQ 
belongs to HOO IQ for every QC-level set Q under the above assumption. Our the-
orem with Corollary 2.1 gives more striking separation than Sarason's. Using our 
separation theorem, we study singly or countably generated Douglas algebras. In 
[14], the author showed that a Douglas algebra B is singly generated if and only 
if ball ( B / HOO + C) has extreme points. In §3, we shall give also a geometrical 
characterization of countably generated Douglas algebras. And we shall show that 
ball ( B / HOO + C) does not have exposed points for every Douglas algebra B. In 
[22, p. 471], Sarason proposed a problem that the above mentioned Sarason the-
orem is still true for three functions. In §4, we shall give an affirmative answer. 
In §5, we study a special sequence of QC-level sets which will be called strongly 
discrete. Using a property of such a sequence, given in Theorem 5.1, we shall prove 
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a theorem which is more precise than Gorkin's given in [8, Theorem 2.1]. In §6, we 
shall give equivalent conditions on I for which [HOO, I] is singly generated. This 
answers Marshall's problem given in [19]. In §7, we shall give a negative answer of 
the M-ideal conjecture [18]. 

1. Preliminaries. Let A be a uniformly closed sub algebra of C(K), the space 
of continuous functions on a compact Hausdorff space K. We denote by M(A) 
the maximal ideal space of A equipped with the weak*-topology and by BA the 
Shilov boundary for A. For IE C(BA), IIIII means the supremum norm of I and 
f means the complex conjugate of f. A closed subset E of BA is called a peak set 
for A if there is a function I in A, which is called a peaking function for E, such 
that IIIII = 1 and E = {x E BA; II(x)1 = 1} = {x E BA; I(x) = 1}. If E is an 
intersection of peak sets, it is called a weak peak set for A. A measure I-l on BA 
is called an annihilating measure for A, I-l .1 A, if faA I dl-l = 0 for every lEA. 
Gamelin's book [4] is a good reference for uniform algebras. 

Let D be the open unit disk. Let £00 be the space of bounded measurable 
functions on BD with respect to the normalized Lebesgue measure dBj27r. We 
identify a function I in Hoo with its boundary function. Then H OO is an essentially 
uniformly closed sub algebra of £00. HOO + C is the smallest Douglas algebra which 
contains Hoo properly [21], where C is the space of continuous functions on BD. We 
put X = M(£OO), then X may be identified with BHoo . We note that M(Hoo+C) = 
M(HOO)\D, and D is weak*-dense in M(HOO) by the corona theorem (see [6]). For 
a subset E of M (HOO), we denote by cl E the weak * -closure of E in M (HOO). For 
a point x in M (HOO), we denote by I-lx the unique representing measure on X for 
x, and by supp I-lx the closed support set for I-lx. Supp I-lx is a weak peak set for 
Hoo [10, p. 207], and it is easy to see that HOO Isupp I-lx does not contain any 
nonconstant real functions. By Sarason [20], 

H oo + C = {f E £00; Iisuppi-lx E HoolsuPPl-lx for every x E M(HOO + Cn. 

We use the notation m for the representing measure for the point 0 in D, that is, 
fx I dm = faD I dB/27r for every IE Hoo. For IE £00 and a Douglas algebra B, 
we put III + BII = inf{111 + hll; hE B}, the quotient norm of £00 j B. For a subset 
E of £00, we denote by [E] the uniformly closed sub algebra generated by E. 

Put QC = (HOO + C) n (Hoo + C) and QA = HOO n QC. By [20], 
QC = {f E £00; Iisupp I-lx is constant for every x E M(HOO + Cn. 

Then QC is a C* -subalgebra of £00. Hence there is a continuous onto map 7r: X --+ 

M(QC); 1(7r(x)) = I(x) for every IE QC. A closed subset 7r- 1 (y), y E M(QC), 
is called a QC-level set. A QC-level set is a weak peak set for QA. For x E 
M(Hoo+C), there is a unique QC-level set Qx such that Qx :J sUPPl-lx. We denote 
by mo the probability measure on M(QC) such that fM(Qc) I dmo = faD I dBj27r 
for every IE QA. Then we have m(7r- 1 (E)) = mo(E) for measurable subsets E 
of M(QC). 

For I E £00, we put 

NU) = the closure of U{suPPl-lx;llsuPPl-lx tf. HoolsuPPl-lx}, 
and 

QU) = U{7r- 1 (y); 117r- 1 (y) tf. H oo l7r- 1 (y), y E M(QCn· 
Generally QU) is not a closed subset of X. 
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A Blaschke product with zeros {zn}~=1 in D is a function of the form 
= -

b( z) = II -Zn Z - Zn 
IZnl 1 - ZnZ n=1 

for zED, where L:=l 1 - IZnl < 00. If {Zn}~=1 satisfies moreover 

inf II I Zn - Zm I > 0 
n 1- ZmZn m,tn 

( lim II I Zn - Zm I = 1 respectivelY) , n--->= 1 - ZmZn m,tn 

then {Zn}~=l is called interpolating (sparse), and b(z) is called an interpolating 
(sparse) Blaschke product. These Blaschke products are inner functions, where a 
function I E H= with III = 1 on X is called inner. If I is an inner function, put 
Z(I) = {x E M(H= + C); I(x) = a}. Then N(I) = Q(I) = U{Qx; x E Z(I)} 
[13, Theorem 1]. If b is an interpolating Blaschke product with zeros {Zn}~=l' 
then cl{zn}~=l is homeomorphic to the Stone-Cech compactification of {Zn}~=l 
and Z(b) = cl{zn}~=1 \{Zn}~=l [10, p. 205]. 

Let Y be a Banach space. We denote by ball Y the closed unit ball of Y. A 
point y in ball Y is called extreme if Ily ± xii ~ 1, x E Y, implies x = O. A point 
y in ball Y is called exposed if there is a bounded linear functional 'I/J of Y such 
that I I'l/JI I = 1, 'I/J(y) = 1 and 'I/J(x) =/=1 for every x E ball Y with x =/= y. We note 
that an exposed point is extreme. A closed subspace Z of Y is called an M-ideal 
of Y if there is a projection P from Y*, the dual space of Y, onto the annihilating 
subspace of Z in Y*, {J E Y*; f = 0 on Z}, such that Ilxll = IIPxl1 + Ilx - Pxll for 
every x in Y*. 

2. The main theorem. In this section, we shall show the following theorem 
and give its applications. 

THEOREM 2.1. Let f and g be functions in L=. If for every x E M(H= + C) 
either flsuPPl-lx E H=lsuPPl-lx or glsuppl-lx E H=lsuPPl-lx, then N(J) n N(g) = 
0. 

To show Theorem 2.1, we need some lemmas. 

LEMMA 2.1 [24]. For an inner function I, there is an interpolating Blaschke 
product b such that [H=, b] = [H=, 1]. 

LEMMA 2.2. Let B be a Douglas algebra. Then the following assertions are 
equivalent. 

(i) There is a function f in L= with B = [H=, fl. 
(ii) There is a sequence of interpolating Blaschke products {In}~=l with B = 

[H=, {In}~=l]' 
PROOF. Let f E L= with B = [H=, fJ. By Chang-Marshall's theorem, there is 

a sequence of inner functions {In}~=1 such that In E [H=, fJ and IIInf + H= II --> 0 
(n --> 00). Then [H=, fJ c [H=, {In}~=lJ c [H=, f], so [H=, f] = [H=, {In}~=lJ· 
By Lemma 2.1, we may take In as an interpolating Blaschke product. Conversely 
suppose that B = [H=, {1n}~=1J for a sequence of inner functions {In}. We 
put f = L:::IIIn + 11/3n. If InlsuPPl-lx,X E M(H=), is not constant, then 
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In(sUPPllx) = aD. Hence flsuPPllx is constant if and only if InlsuPPllx is con-
stant for every n. Since real functions in H= Isupp Ilx are constant functions for 
each x E M(H=), M([Hoo,J]) = M([H=, {In}~=I])' By Chang-Marshall's theo-
rem, f is the desired function. 

The following lemma is a special case of Theorem 2.1 proved in [13, Corollary 
3]. 

LEMMA 2.3. Let! and J be inner functions. If for every point x in M(H=+C) 
either IlsuPPllx E HoolsuPPllx or J'ISUPPllx E H=lsuPPllx, then N(I) n N(J) = 
0. 

LEMMA 2.4. Let I be an interpolating Blaschke product. Let E be a closed 
subset of D such that clE\E C {x E M(HOO + C); II(x)1 = 1}. Then for each E 

with 0 < E < 1, there is an interpolating Blaschke product b satisfying that Ib is a 
finite Blaschke product and Ibl 2': E on E. 

PROOF. Let {zn}~=1 be the zero sequence of I. We denote by h the inter-
polating Blaschke product with zeros {zn} ~=k' By our assumption, there exists a 
constant r such that 0 < r < 1 and III 2': Eon {z E E; Izi > r}. Since Ihl -4 1 
(k -4 00) uniformly on each compact subset of D, Ihl 2': E on {z E E; Izl :s: r} for 
sufficiently large k. Put b = Ik , then b satisfies our assertion. 

The following is a key lemma to prove Theorem 2.l. 

LEMMA 2.5. Let {In}~=1 be a sequence of interpolating Blaschke products such 
that n~=1 In is a Blaschke product. Let 9 be a function in Loo. Suppose that for 
every x E M(Hoo+C) either glsupp Ilx E Hoolsupp Ilx or 1 nlsupp Ilx E Hoolsupp Ilx 
for all n. Then there exists a Blaschke product I such that 

(i) (n~=1 In)! E H=; consequently N(I) C N (n~=l In),-
(ii) either Ilsupp Ilx E H OO Isupp Ilx or glsupp Ilx E H= Isupp Ilx for every x E 

M(H= + C),- and 
(iii) N(ln) C N(I) for all n. 

PROOF. By Lemma 2.2, there is a sequence of interpolating Blaschke products 
{Jm}~=1 such that 

(1) 

By our assumption, for every x E M(H= + C), either InlsuPPllx E HoolsuPPllx 
for all n or JmlSUPPllx E H=lsuPPllx for all m. By Lemma 2.3, 

(2) N(ln) n N(Jm ) = 0 for every nand m. 

Let {zn,dk'=1 be the zero sequence of In. Put 10 = n~=1 In· Since 10 is a Blaschke 
product, we have 

= = 
(3) 2: 2:(1- IZn,kl) < 00. 

n=lk=1 
For each m, we put 

(4) Um,i = {z ED; IJm(z)1 ::; 1 - l/i, Izi 2': 1 - l/i} 
for i 1,2, .... Then Um,i is a closed subset of D. By (2) and (4), In (= 1) 
and Um,i (= E) satisfy the assumptions of Lemma 2.4. Because, if there is x 
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in clUm,i\Um,i with IIn(x)1 -=1= 1, then IJm(x)1 ::::; 1 - Iii, so we get supPl-tx C 
N(ln) n N(J m). 

First we shall work on J 1 , and we shall find a sequence of interpolating Blaschke 
products {b1,n}~=1 satisfying the following two conditions by induction. 

(5) In b1,n is a finite Blaschke product, and 
(6) inf{l(b1,ib1,i+1 ... b1,n)(z)l; Z E U1,i} > 1 - Iii for 1 ::::; i ::::; n. 
Applying Lemma 2.4 for hand U1,1, there is an interpolating Blaschke product 

b1,1 such that hb1,1 is a finite Blaschke product and inf{lbl,1(z)l;z E U1,1} > O. 
Suppose that {bl ,l, bl ,2,"" bl,N} satisfies (5) and (6) for 1 ::::; i ::::; n ::::; N. For 
1 ::::; i ::::; N, we put 

(7) c(N, i) = inf{l(b1,ib1,i+1 ... b1,N )(z)l; z E Ul,i}. 

By (6), c(N, i) > 1 - Iii. Also we put 

(8) E = U{Ul,i; 1::::; i ::::; N + I}, 

then I = IN +1 and E satisfy the assumptions of Lemma 2.4. Let £ be a constant 
satisfying 

(9) { II - Iii . } 
1 > £ > max 1 - N + 1 ' c( N, i) ; 1 ::::; z ::::; N . 

By Lemma 2.4, there is an interpolating Blaschke product b1,N+l such that 
IN+lbl,N+l is a finite Blaschke product and 

(10) 

Thus we get the following inequalities. 
For 1 ::::; i < N + 1; 

inf{lb1,ib1,i+1'" b1,N+1(Z)I; z E U1,d 
:::: inf{lbl,ibl,i+l ... b1,N(Z)I; z E U1,i} inf{lbl,N+l(z)l; z E U1,d 
> c(N, i)£ by (7), (8) and (10) 
> 1 - Iii by (9). 

For i = N + 1; 

inf{lbl ,N+1(z)l; z E U1,N+d :::: £ > I - liN + I by (8), (9) and (10). 

Consequently {b1,1, b1,2, ... , bl ,N+1} satisfies (5) and (6). This completes the con-
struction of {b1,n}~=1' 

In the above proof, we use only the fact N(Jt} nN(ln) = 0 for n = 1,2, .... By 
(2) and (5), we have N(J2) n N(b1,n) = 0. So we can repeat the above argument 
for h and {bl,n}~=2' we remark that n starts from 2. Then there is a sequence 
of interpolating Blaschke products {b2,n}~=2 such that bl,nb2,n is a finite Blaschke 
product for n :::: 2 and 

inf{lb2,ib2,i+l ... b2,n(z)l; Z E U2,i} > 1 - Iii for 2 ::::; i ::::; n. 

Repeating the above argument several times, for each m there is a sequence of 
interpolating Blaschke products {bm,n}~=m such that 

(11) bm,nbm+l,n is a finite Blaschke product for m + 1 ::::; n, 
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and 

(12) inf{lbm,ibm,i+l ... bm,n(z)l; Z E Um,.} > 1 - Iii for m ::; i ::; n. 

We put I = f1~=1 bn,n. By (3) and (11), I is a Blaschke product and Io! E Hoo, 
so we get (i). We shall prove that I satisfies (ii) and (iii). 

To prove (ii), let x E M(HOO + C) with glsupp /lx ~ HOO Isupp /lx. We shall prove 
Iisupp/lx E Hoolsupp/lx. By (1), there is an integer m such that JmlsupP/lx ~ 
Hoolsupp/lx, that is, iJm(x) I < 1. Take a positive integer io with m::; io and 

(13) 
Let i ::::: io. By (4), (13) and the corona theorem, x E clUm,io \Um,io' Since 
Ibm,nl ::; Ibn,nl on D for m ::; n by (11), we have 

inf {In bn,n(z)l; Z E Um,i} ::::: inf {In bm,n(z)l; z E Um,i} 

::::: 1 - Iii by (12). 
Then Ig bn,n I ::::: 1 - ~ on cl Um,i \Um,i. 

By (5) and (11), IInl = Ibn,nl on M(HOO + C) for n = 1,2, .... By (2) and (4), 
IInl = 1 on clUm,i\Um,i for n = 1,2, .... Thus 

III = III bn,n I ::::: 1 - ~ on cl Um,i \Um,i. 

Since cl Um,i \Um,i C cl Um,] \Um,] for i ::; J by (4), we get 

III ::::: 1 - Iii on cl Um,io \Um,io for every i ::::: io. 

Thus III = 1 on cl Um,io \Um,io' Since x E cl Um,io \Um,io, II(x)1 = 1. Hence I is 
constant on SUPP /lx, and Iisupp /lx E Hoo Isupp /lx' This completes the proof of 
(ii) . 

Since IInl = Ibn,nl on M(HOO + C) for each n, 

III = III bn,nl ::; Ibn,nl = IInl on M(HOO + C). 

Thus we get N(I) :J N(In). This completes the proof. 
PROOF OF THEOREM 2.1. Let f and 9 be functions in Loo such that for every 

x E M(HOO + C) either flsupp/lx E Hoolsupp/lx or glsupP/lx E Hoolsupp/lx. We 
shall show the existence of a Blaschke product I such that 

(a) either Iisupp/lx E Hoolsupp/lx or glsupp/lx E Hoolsupp/lx for every x E 
M(HOO + C), and 

(b) N(I) :J N(J). 
If the above fact is proved, applying it again, we get a Blaschke product J such 
that 

(a') Jlsupp /lx E Hoo Isupp /lx or Iisupp /lx E HOO Isupp /lx for every x E 
M(HOO + C), and 

(b' ) N(J) :J N(g). 
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Then by Lemma 2.3, N(l) n NO) = 0, so we get our assertion. 
Using Lemma 2.5, we shall show the existence of a Blaschke product I satisfying 

(a) and (b). By Lemma 2.2, there is a sequence of interpolating Blaschke products 
{In}~=1 such that 

[H oo , f] = [H oo , {I n}~1]' 
We note that if flsuPPMx E HooisuPPMx for some x E M(Hoo + C), then we get 
1nlsuPPMx E HooisuPPMx for all n. Let {zn,d~1 be the zero sequence of In. 
Replacing In by I~ such that In1~ is a finite Blaschke product, we may assume 
that 

00 00 L L(1-lzn,kl) < 00. 
n=1k=1 

Then rr:=1 In is a Blaschke product. By our assumption, {In}~=1 and 9 satisfy the 
assumptions of Lemma 2.5. Hence there is a Blaschke product I satisfying (a) and 
N(I) J N(1n) for all n. Since N(f) coincides with the closure of U{N(ln);n = 
1, 2, ... }, we get (b). This completes the proof. 

To prove the corollaries, we give two lemmas. 

LEMMA 2.6 (Sarason's unpublished result, see [8, Theorem 2.8]). Let f E LOO 
with P = f, and let Q be a QC -level set. If flQ E HOO IQ, then flQ is a constant. 

LEMMA 2.7. Let b be a sparse Blaschke product with zeros {wn}~=1 and I be 
an inner function. Then N (b) n N (1) = 0 if and only if I I ( wn) I ----+ 1 (n ----+ 00). 

PROOF. Suppose NCb) n N(I) = 0. Then III = 1 on Z(b). Since Z(b) = 
cl{wn}~=1 \{Wn}~=1' II(wn)1 ----+ 1 (n ----+ 00). Next suppose that II(wn)1 ----+ 1 (n----+ 
00). Then III = 1 on Z(b). Let x E M(Hoo + C) with Ib(x)1 < 1. Then there is a 
point Xo in Z(b) with sUPPMxo = sUPPMx by the proof of Lemma 1 in [9]. Since 
II(xo)1 = 1, we have II(x)1 = 1. Thus 

{x E M(Hoo + C); II(x)1 < I} n {y E M(Hoo + C); Ib(y)1 < I} = 0. 

By Lemma 2.3, we have NCb) n N(J) = 0. 
The following corollary shows that N(f) consists of QC-Ievel sets, which is a 

generalization of Theorem 1 in [13]. 

COROLLARY 2.1. For f E Loo, N(f) = 7l'-1(7l'(N(f))) and N(f) is a weak 
peak set for QA. 

PROOF. The inclusion N(f) C 7l'-1(7l'(N(f))) is trivial. Suppose that N(f) ~ 
7l'-1(7l'(N(f))). Then there is a QC-Ievel set Q with N(f) n Q # 0 and Q ct 
N(f). Take an open and closed subset U of X with Un N(f) = 0 and Un Q # 
0. Then f and Xu, the characteristic function of U, satisfy the assumption of 
Theorem 2.1. Thus N(f) n N(xu) = 0. By Lemma 2.6, xulQ (j. HooIQ. Since 
Q is a weak peak set for Hoo, there is x E M(Hoo + C) such that supp Mx C Q 
and xulsupp Mx (j. Hoolsupp Mx· Thus N(Xu) n Q # 0. But this contradicts 
N(f) n Q # 0 and N(f) n N(xu) = 0. Thus N(f) = 7l'-1(7l'(N(f))). By Wolff's 
theorem [23, Theorem 1 and Lemma 2.3] as the proof of Theorem 1 in [13], N(f) 
is a weak peak set for Q A. 

The following follows Corollary 2.1. 
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COROLLARY 2.2. For f E L'=, Q(f) c N(f) and clQ(f) = N(f). 

For f E Loo , we put Qo(f) = U{7r- 1 (y);y E M(QC) and fl7r- 1(y) is not 
constant}. 

COROLLARY 2.3. For f E Loo, Q(f) U Q(f) C Qo(f) c N(f) U N(f). 

PROOF. By the definitions, Q(f) U Q(f) c Qo(f)· SU{JPose that Qo(f) ct. 
N(f)UN(f). By Corollary 2.1, there is a QC-Ievel set Q with Qn(N(f)UN(f)) = 0 
and Q c Qo(f). Take a function q in QC such that q = 1 on Q and q = 0 on 
N(f) U N(f). By [20], fq E QC, so fq is constant on Q. Thus f is constant on Q. 
This fact contradicts Q c Qo(f). 

REMARK. In §6, we will prove that Q(f) = N(f) if and only if [H=, fl is singly 
generated. If f E H oo , Q(f) c Qo(f) c N(f) by Corollary 2.3. Moreover if there 
is a QC-Ievel set Q such that flQ is real nonconstant, then Q(f) s: Qo(f), and 
[HOO, fl is not singly generated. 

COROLLARY 2.4. Let f E LOO. If I is an interpolating Blaschke product with 
N(I) C N(f), then 1 E [HOO, fl. 

PROOF. Suppose 1 ~ [HOO,fl. Then there is a point Xo in M([HOO,f]) with 
I(xo) = O. Let {wdk=l be the zero sequence of I. Then Xo E cl{wdk=l' By 
Lemma 2.2, [HOO, fl = [HOO, {I n}~=11 for some sequence of interpolating Blaschke 
products {In}~=l' Since IIn(xo)1 = 1, there is a subsequence {Wjk}~l of {wdk=l 
such that IIn( wjk)1 -+ 1 (k -+ 00) for every n. Taking again its subsequence, we may 
assume that {Wjk }k=l is a sparse sequence. Let b be the sparse Blaschke product 
with zeros {Wjk }~1' By Lemma 2.7, N(b) n N(ln) = 0 for every n. Hence band 
f satisfy the assumption of Theorem 2.1. Then N(b) n N(f) = 0. This contradicts 
N(l) C N(f), because NCb) C N(I). 

COROLLARY 2.5 (CF. [13, COROLLARY 51). Let f and 9 be functions in 
Loo. Then N(f) C N(g) if and only iJ[Hoo,fl C [HOO,gl. 

PROOF. Suppose N(f) C N(g). Let I be an interpolating Blaschke product with 
1 E [HOO, fl. Then N(I) C N(f) c N(g). By Corollary 2.4, we have 1 E [HOO,gl. 
By Chang-Marshall's theorem, [HOO , fl c [H OO , gl. The converse assertion is trivial. 

For a Douglas algebra B, let N(B) equal the closure of 

U{suPPl1x; x E M(HOO + C)\M(B)}. 

We note that N([HOO, f]) = N(f). 

COROLLARY 2.6 (CF. [13, COROLLARIES 4 AND 6]). Let B be a Douglas 
algebra. 

(i) If f E Loo satisfies N(B) C N(f), then B C [HOO, fl. 
(ii) Let fEB. Then N(f) = N(B) if and only if B = [Hoo'!l. Consequently 

B is countably generated if and only if there is f in B with N(f) = N(B). 

PROOF. (i) Let I be an inner function with 1 E B. Then N(I) C N(B) c N(f). 
By Corollary 2.4, 1 E [HOO, fl. Thus B c [H=, fl. 

(ii) By (i), 

N(f) = N(B) ~ B c [H=, fl c B ~ B = [H=, fl· 
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3. Geometrical properties of quotient spaces of Douglas algebras. In 
[14], the author showed that a Douglas algebra B is singly generated if and only if 
ball ( B / HOO + G) has extreme points. In this section, we shall prove two theorems 
as applications of §2. The first one, Theorem 3.1, is a geometrical characterization 
of countably generated Douglas algebras. In Theorem 3.2, we shall show that there 
are no exposed points in ball(B/Hoo +G). This is already proved in [15, Theorem 
4] for B = [HOO, b], where b is a sparse Blaschke product. To state Theorem 3.1, 
we define an extreme family. 

Let Y be a Banach space. If a subset E of ball Y satisfies the following conditions, 
we shall call it an extreme family; 

(a) lIyll = 1 for every y E E, and 
(b) if a point Yo in Y satisfies lIy ± yoll ::::; 1 for every y E E, then Yo = o. 
By our definition, an extreme family consisting of only one element is an extreme 

point of ball Y. 

THEOREM 3. 1. Let B be a Douglas algebra with B ~ HOO + G. Then B is 
countably generated if and only if B / HOO + G has an extreme family consisting of 
countably many elements. 

LEMMA 3.1 [13, THEOREM 1]. For an inner function I, we have N(I) = 
Q(I) = U{Qx;x E Z(I)}. 

PROOF OF THEOREM 3.1. First, suppose that B = [HOO,{ln}~=1] for a 
sequence of interpolating Blaschke products {In}~=1. It is easy to see 

Illn + H oo + Gil = 1. 

We shall show that {In + HOO + G}~=1 is an extreme family of ball(B / Hoo + G). 
Let 9 E B with 

(1) 111n ± 9 + H oo + Gil::::; 1 for every n. 

By Corollary 2.1 (or see [13, Theorem 1]), N(ln) is a weak peak set for QA. 
Then Bn = {J E L oo ; fIN(ln) E HOOIN(ln)} is a Douglas algebra. By (1), we 
have 111n ± 9 + Bnll ::::; 1. By [13, Theorem 3], In + Bn is an extreme point of 
ball(LOO / Bn). Thus 9 E Bn, that is, 

(2) 

To show 9 E Hoo+G, let x E M(Hoo+G). If IIn(x)1 = lfor every n, then x E M(B) 
and glsupPl1x E HoolsuPPl1x. If IIn(x)1 < 1 for some n, then sUPPl1x C N(ln). By 
(2), glsuPPl1x E HoolsuPPl1x. By [20], we get 9 E Hoo+G. Thus {In+Hoo+G}~=1 
is an extreme family. 

Next suppose that B is not count ably generated. Let {fn}~=1 be a sequence in 
B with Ilfn + Hoo + Gil = 1. Since Hoo + G has the best approximation property 
[2], we may assume Ilfnll = 1. By Lemma 2.2, there is a function F in Loo such 
that 

(3) 

Since [HOO, F] is count ably generated by Lemma 2.2, there is an interpolating 
Blaschke product I with 1 E Band 1 rt [HOO, F]. By Corollary 2.4, we have 
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N(I) r:t N(F). By Corollary 2.1, there is a QC-level set Q such that QnN(F) = (2) 

and Q c N (1). Then there is a function q in QC such that 
( 4) 0 ::; q ::; 1 and q = 1 on Q, 
(5) q = 0 on N(F). 
By Lemma 3.1, we get lq E Band lq tI. H OO + C. By (3) and (5), qin E Hoo + C. 
Then 

Ilfn ± lq + H oo + CII ::; IIIn ± lq - qInl1 
::; 1111- ql + Iqlll = 1 by IIInl1 = 1 and (4). 

Thus Un + HOO + C} is not an extreme family, and this completes the proof. 
To prove Theorem 3.2, we need lemmas. 

LEMMA 3.2. Let 1 E Loo and 1 tI. HOO + C. Then N(f) contains uncountably 
many QC -level sets. 

PROOF. By Chang-Marshall's theorem, there is an interpolating Blaschke prod-
uct I with 1 E [HOO, 1]. Then N(I) C N(f). Let {Zn}~=1 be the zero sequence of 
I. Take a sparse subsequence {wn } ~= 1 of {Zn} ~= l' and let b be the sparse Blaschke 
product with zeros {Wn}~=1. Then Z(b) C Z(I). By [13, Lemma 5], Qx -I Qy for 
x, y E Z(I) and x -I y. Since Z(b) = cl{ Wn}~=1 \ {Wn}~=1 and cl{ Wn}~=l is home-
omorphic to the Stone-Cech compactification of {Wn}~=1' Z(b) is an uncountable 
set. 

The following lemma is a key to prove Theorem 3.2. 

LEMMA 3.3. Let I be an interpolating Blaschke product. Let J.1 be a probability 
measure on N (1). Then supp J.1 s: N (1), and there is a sparse Blaschke product b 
such that Ib E Hoo and N(b) C N(I)\suppJ.1. 

PROOF. By Lemma 3.2, N(I) contains uncountably many QC-level sets. Then 
there is a QC-level set Q such that Q C N(I) and J.1(Q) = o. Since Q is a weak 
peak set for QA, there is a peak set E for QA such that 

(1) Q c E c X and J.1( E) = O. 
Let 1 be a peaking function in QA for E, that is, 

(2) 1 = 1 on E and 111 < 1 on X\E. 
We put 

(3) Kn = {x E X; II(x)1 ::; 1 - lin}. 
Then 
(4) (n -+ 00). 

By Lemma 3.1, there is a point Xo E Z(I) such that Q = Qxo. Take an open and 
closed subset Un of Z(I) such that 

{x E Z(I); II(x)1 ::; 1 - lin} C Un C {x E Z(I); II(x)1 ::; 1 - lin + 1}. 

Then U{Qx; x E Un} C Kn+1' because 1 E QA is constant on each QC-level set. 
Since Un is an open and closed subset of Z(I), there is an interpolating Blaschke 
product In with lIn E Hoo and Z(In) = Un [12, Corollary 1]. By Lemma 3.1, 

(5) N(ln) C K n+1 . 
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Moreover we have 

(6) 

To show (6), let y E Kn n N(1). By Lemma 3.1, there is a point Xl E Z(I) such 
that y E QXl' Since If(y)1 S; 1 - lin, If(xdl S; 1 - lin. Thus Xl E Un and 
y E N(1n). Since Qxo n N(1n) = 0 by (1), (2), (3) and (5), we have IIn(xo)1 = 1. 
Since I(xo) = 0, 1 ~ [Hoo, {1 n}~l]' By the proof of Corollary 2.4, there is a sparse 
Blaschke product b such that 

Ib E H oo and N(b) n cl (U{N(1n ); n = 1,2, ... }) = 0. 

Since Ib E Hoo, N(b) c N(1). By equations (4) and (6), we have sUPPI1 C 
cl (U{N(1n );n = 1,2, ... }). Thus we get our assertions. 

THEOREM 3.2. Let B be a Douglas algebra with B ~ Hoo + G. Then there are 
no exposed points in ball ( B I HOO + G). 

PROOF. By [14] and Lemma 2.1, we may assume B = [Hoo, 1] for some interpo-
lating Blaschke product I. Let fEB with Ilf -t- Hoo + Gil = 1. Since Hoo + G has 
the best approximation property [2], we may assume Ilfll = 1. Let 11 be a measure 
on X such that 111111 = 1, 11 -L Hoo + G, and Ix f dl1 = 1. By [13, Lemma 9], 
supp 11 c N(1). By Lemmas 3.1 and 3.3, there is a QG-Ievel set Q with Q c N(1) 
and Q n supp 11 = 0. This fact is the key point to prove a special case of Theorem 
3.2 [13, Theorem 3]. We can go the same way as in [13], and we can show the 
existence of gin B such that Ilg + H oo + Gil = 1, Ix 9 dl1 = 1 and f + HOO + G f-
9 + HOO + G. This completes the proof. 

4. Sarason's three functions problem. In [22], Sarason showed that if f 
and g in Loo satisfy flsuPPl1x E HoolsuPPl1x or glsuPPl1x E H oo lsuPPl1x for every 
X E M(Hoo +G), then flQ E HoolQ or glQ E HoolQ for every QG-Ievel set Q. The 
following problem occurs from the above fact [22]; is it still true for three functions 
in L oo ? In this section, we shall show 

THEOREM 4.1. Let {fn};;=l be a finite subset of LOO. Suppose that for each 
point X E M(Hoo + G), there exists n such that fnlsuPPl1x E HoolsuPPl1x. Then 
n:=l NUn) = 0. 

We note that Corollary 2.1 and Theorem 4.1 give an affirmative answer for the 
above problem. To show Theorem 4.1, we need some lemmas. 

LEMMA 4.1. Let B be a Douglas algebra. Then B is countably generated if and 
only if M(B) is a G8-subset of M(HOO). 

PROOF. Let B = [Hoo, {1n}~=l] for a sequence of inner functions {In}~=l' 
Then 

M(B) = {x E M(HOO); IIn(x)1 = 1 for every n} 
00 

n=l 
It is easy to see that M(B) is a G8-subset of M(Hoo). 
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Suppose that M(B) is a G,,-subset of M(HOO). Then there is a sequence of open 
subsets {Un}~=l of M(HOO) with n~=l Un = M(B) = nIEB{x E M(HOO); II(x)1 
= I}, where I runs through all inner functions with I E B. Since U::, C 
M(HOO)\M(B) and U~ is a compact subset of M(HOO), there is an inner func-
tion In such that In E B and U~ C {x E M(B); IIn(x)1 < I}. Then M(B) = 
M([HOO , {In}~=l]' By Chang-Marshall's theorem, we obtain B = [HOO, {In}~=l]' 

LEMMA 4.2 (Sarason's unpublished result, see [7, Theorem 3.4]). Let {BoJOEA 
be a family of Douglas algebras. Then M (naEA Bo) coincides with the closure of 
UoEA M(BoJ in M(HOO). 

LEMMA 4.3. For functions f and 9 in Loo, there is a function h in LOO with 
[HOO,h] = [Hoo,f] n [HOO,g]. 

PROOF. By Lemma 4.2, 

M([HOO, f] n [HOO , g]) = M([HOO , f]) U M([H OO , g]). 

By Lemma 2.2 and 4.1, M([HOO, f]) U M([HOO, g]) is a Go-subset of M(HOO), so 
is M([Hoo,f] n [HOO,g]). By Lemmas 2.2 and 4.1 again, there is h E Loo with 
[HOO,h] = [HOO,f] n [HOO,g]. 

LEMMA 4.4. Let I, 9 and h be functions in LOO with [H OO , h] = [HOO, f] n 
[HOO, g]. Then N(h) = N(f) n N(g). 

PROOF. By our assumption, we have easily N(h) C N(f) n N(g). Suppose 
that N(h) ~ N(f) n N(g). By Corollary 2.1, there is a QC-Ievel set Q with 
Q c N(f) n N(g) and Q n N(h) = 0. Take a function q in QC such that 

(1) 0:::; q :::; 1 on X and q = 0 on N(h), and 
(2) q = 1 on some open neighborhood of Q. 

By Lemma 4.2, 

(3) M([H OO , h]) = M([H OO , I]) U M([H OO , g]). 

By (1) and (3), we have IqlsupPllx E HoolsuPPllx or gqlsuPPllx E HoolsuPPllx 
for every x E M(HOO + C). By Theorem 2.1, we get N(fq) n N(gq) = 0. By (2), 
Q n N(f(1 - q)) = 0. Since N(f) = N(fq) U N(f(1 - q)), Q C N(fq). Also we 
obtain Q C N(gq). These contradict N(fq) n N(gq) = 0. 

PROOF OF THEOREM 4.1. By Lemmas 4.3 and 4.4, there is F E Loo such 
that [HOO, F] = n~=l [HOO, In] and N(F) = n~=l N(fn). By Lemma 4.2 and our 
assumption, FE Hoo + C. Thus N(F) = 0. This completes the proof. 

We note that there is a sequence of functions Un}~l in L'X) such that 
(a) for each x in M(HOO +C), there exists n such that fnlsupp Ilx E Hoolsupp Ilx, 

and 
(b) n~=l N(fn) f 0. 
EXAMPLE. Let An E aD with An ~ 1 (n ~ 00), and let Sn be the singular 

inner function associated with the singular measure L;:'=n (l/2)k8>'k' We put In = 
(z -1)Sn' then {fn}~=l satisfies (a). Since N(fn) ::) N(fn+d, we get n~=l N(fn) 
f 0. We note that if Q c n~l N(fn) then InlQ E HoolQ for every n, hence for 
each QC-Ievel set Q there is n such that fnlQ E HooIQ. 

In the last part of this section, we give a result which relates to Corollary 2.6. 
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PROPOSITION 4.1. For every I E LOO with N(f) =I- 0, there is a Douglas 
algebra B such that 

(i) N(B) = N(f), and 
(ii) B is not countably generated. 
PROOF. Let Q be a QC-Ievel set with IIQ f/- HooIQ. Put 

B = [HOO , I; I is an inner function with IE [Hoo,f] and IIQ E HooIQ]. 
Then B c [HOO, I], so N(B) c N(f). 

CLAIM. Put E = U{SUPP/-lx;X E M(HOO + C), IlsuPP/-lx f/- Hoolsupp/-lx and 
SUPP /-lx n Q = 0}. Then E is dense in N(f). 

To show our claim, suppose not. Then cl E 1J SUPP /-ly for some y E M(HOO + C) 
with Iisupp /-ly f/- H oo Isupp /-ly and SUPP /-ly C Q. Hence there is an open and closed 
subset U of X such that EnU = 0, SUpp/-lynU =I- 0 and SUPP/-ly ct U. By Lemma 
2.6, Qy c N(Xu). Thus N(f) n N(xu) =I- 0. By Lemma 4.3, there is h E Loo such 
that [HOO, h] = [HOO, f] n [HOO, Xu]. By Lemma 4.4, h f/- Hoo + C. By Lemma 3.2, 
there is C; E M(HOO + C) with hlsupp/-l, tI. Hoolsupp/-l, and sUPP/-l, n Q = 0. By 
Lemma 4.2, both flsuPP/-l, and xulsupp/-l, are not contained in Hoolsupp/-l,. This 
contradicts the definitions of E and U. Hence we get our claim. 

To show (i), it is sufficient to prove E C N(B) by our claim. To prove this, let 
x E M(HOO + C) such that flsupp /-lx tI. Hoolsupp /-lx and SUPP /-lx n Q = 0. Take a 
function q in QC with q = 0 on Q and q = 1 on SUPP /-lx' Then [HOO, f q] c B. Since 
fqlsupp/-lx tI. Hoolsupp/-lx, x tI. M(B). Hence SUPP/-lx C N(B), so E c N(B). 

To show (ii), suppose not. Then B = [HOO,F] for some F E [HOO,/]. By 
Corollary 2.6, [HOO,F] = [Hoo,f]. Since FIQ E HooIQ, flQ E HooIQ. But this is 
a contradiction. 

5. Discrete sequences in M(QC). A sequence {Yn}~=l in a topological space 
Y is called discrete if there is a sequence of open subsets {Vn}~=l of Y such that 
Yn E Vn and Vn n cl (Um¥n Vn ) = 0. In this section, we study discrete sequences 
in M(QC) and show three theorems as applications of §2. The first one, Theorem 
5.1, gives properties of a sequence of QC-Ievel sets. In Theorem 5.2, we shall show 
the existence of a certain function in Hoo, which is motivated by [11]. Using them, 
we shall prove a theorem which is more precise than the one proved in [8, Theorem 
2.1]. 

A QC-Ievel set is called simple if it consists of only one point. It is not known 
whether there is a simple QC-Ievel set or not. It is easy to see that a QC-Ievel set 
Q is not simple if and only if there is x E M (HOO + C) \X such that SUPP /-lx C Q. 
We note that every QC-Ievel set in N(f), f E Loo, is not simple. Because, for a 
given IE Loo, there is an inner function I such that N(f) C N(I) (see the proof 
of Corollary 7 in [13]). By Lemma 3.1, N(I) does not contain any simple QC-Ievel 
sets. 

A discrete sequence {Yn}~=l in M(QC) is called strongly discrete if each 7r- 1 (Yn) 
is not simple. 

THEOREM 5.1. Let {Yn}~=l be a strongly discrete sequence in M(QC), and 
let Yo E M (QC) be its cluster point. Then 

(i) 7r- 1(yo) is not simple. 
(ii) 7r-1(yo) C cl(U~=17r-1(Yn))' 
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(iii) If {an}~=1 is a bounded sequence of complex numbers, there is h in QA such 
that h(Yn) = an for every n. 

PROOF. By our assumption, there is a sequence of open subsets {Vn}~=l of 
M (QC) satisfying Yn E Vn and 

(1) vnncl (U Vm) =0. 
m#n 

Let {Xn}~=1 be a sequence in M(HOO + C)\X with sUPPllxn C 'Jr-l(Yn). By [10, 
p. 177], there is an inner function In with 

(2) 

Take a function qn in QC such that Ilqnll = 1, 

(3) qn(Yn) = 1 and qn = 0 on M(QC)\Vn. 

Put F = 2:~1(1/2)nInqn' Then F E Loo. By (1), (2) and (3), FlsuPPllxn tf-
HoolsuPPllx n • Hence SUPPllxn C N(F), so Yn E 'Jr(N(F)) for every n. Thus 
cl{Yn}~=1 C 'Jr(N(F)). Since 'Jr(N(F)) is a compact subset of M(QC), Yo E 
'Jr(N(F)). By Corollary 2.1, 'Jr- 1 (yo) C N(F). By the remark before Theorem 
5.1, we get (i). 

To show (ii), suppose that 'Jr- 1 (yo) rt cl (U:'=1 'Jr-l(Yn)). There is an open and 
closed subset U of X such that un cl (U:'=1 'Jr- 1(Yn)) = 0 and Un 'Jr-1(yo) =I- 0. 
Hence we may take a sequence of open subsets {Vn}~=1 satisfying moreover 

(4) 

By the same way as (i), we have a function F = 2::'=1 (1/2)nInqn. Let x E 
M(HOO + C) with FlsuPPllx tf- HoolsuPPllx. Then InqnlsuPPllx tf- HoolsuPPllx 
for some n. By (3), sUPPllx C 'Jr-1(Vn). By (4), sUPPllx C X\U. Hence we have 
N(F) C X\U. Since 'Jr- 1 (Yo) C N(F) by the proof of (i), we get 'Jr- 1(yo) n U = 0. 
But this is a contradiction, so we get (ii). 

(iii) Let F be a function in the proof of (i). By [23, Lemmas 2.2 and 2.3]' 
mO('Jr(N(F))) = 0 and 'Jr(N(F)) is an interpolation set for QA, that is, QAI'Jr(N(F)) 
= C('Jr(N(F))). Since cl{Yn}~=1 C 'Jr(N(F)), cl{Yn}~1 is an interpolation set for 
QA. To prove (iii), it is sufficient to show that cl{Ynk HO=1 n cl( {Yn}~=1 \ {Ynk }~1) 
= 0 for every subset {Ynk}k=1 of {Yn}~=1 (see [10, p. 205]). To show this, put 
G = 2:':=1 (1/2)kInk qnk and H = F - G. By our construction, G and H satisfy 
the assumption of Theorem 2.1, so we get N(G) n N(H) = 0. Since {Ynk}k=1 C 
'Jr(N(G)) and {Yn}~=1 \{Ynk}~1 C 'Jr(N(H)), we have 

cl{Ynk}~l n cl( {Yn}~=1 \{Ynk}~1) C 'Jr(N(G)) n 'Jr(N(H)) 

This completes the proof. 

= 'Jr(N(G) n N(H)) by Corollary 2.1 

=0. 

In [11], Hoffman showed that a discrete sequence {yn}~=1 in X is an 100 _ 

interpolation set for Hoo, that is, for every bounded sequence of complex num-
bers {an}~=1 there is h E Hoo such that h(Yn) = an for n = 1,2, .... Using his 
technique, we shall show the existence of a certain function in Hoo. 
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LEMMA 5.1 [11]. Let K be a closed subset of X with m(K) = O. Let g be a 
bounded continuous function on X\K. Suppose that there is a bounded sequence 
{fn}~=l in HOO such that fn converges to g uniformly on each compact subset of 
X\K. Then there is f E HOO with fIX\K = g. 

THEOREM 5.2. Let {Yn}~=l be a strongly discrete sequence in M(QC). Let 
{hn}~=l be a bounded sequence in HOO + C. Then there exists a function Fin Hoo 
such that F = hn on 7r- 1(Yn) for every n. 

PROOF. Suppose that IIhn ll < M, where M is an absolute constant. Since 
7r- 1(Yn) is a weak peak set for HOO and HOO + CI7r- 1(Yn) = H oo l7r- 1(Yn), there is 
fn E HOO such that fnl7r- 1(Yn) = hnl7r- 1(Yn) and IIfnll < M. Let {Vn}~=l be a 
sequence of open subsets of M (QC) such that Yn E Vn and Vn n cl (Um,in V m) = 

0. Let Wo be the interior of 7r- 1 (M(QC)\U:'=l Vn). By [4, p. 18], m(Wo) = 
m(7r- 1(M(QC)\U:'=1 Vn)). Put K = (X\WO)\U:'=l 7r- 1(Vn). Then K is a com-
pact subset of X and m( K) = 0, because 

m(K) = 1 - m(Wo) - m COl 7r- 1(Vn)) 

= 1 - m (7r- 1 ( M( QC) \ n01 Vn) ) - m (7r- 1 COl Vn) ) 

= 1- mo ( M(QC) \01 vn) - mO (7r-1 COl Vn) ) = O. 

We may take a function qn in Q A satisfying 
(1) IIqnll = 1, qn(Yn) = 1 and Iqnl < (1/2)n on M(QC)\Vn. 

By (iii) of Theorem 5.1, we may assume that 
(2) qm(Yn) = 0 if m =1= n. 

Put GN = 2::=1 hqk. Then GN E Hoo. We shall show that {GN }N=l satisfies 
the assumption of Lemma 5.1 for K. By (1), we have 

on 7r- 1(Vn), IGNI::; Ifni + L: Ihllqkl 
k,in 

00 

on (X\K)\ U 7r- 1(Vn), 
n=l 

Hence {G N }N=l is a bounded sequence in HOO. Let E be a compact subset of 
X\K. Then K c Wo U U~~l 7r- 1(Vk) for some no. For no ::; i < j, we have 

IGj - Gil = I t hqkl 
k=i+1 

j (l)k (l)i ::;M L: "2 ::;M"2 
k=t+1 

no 
on Wo U U 7r- 1(Vk). 

k=l 
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Hence {G N }N'=1 converges to 2:::~=1 fkqk uniformly on E. By Lemma 5.1, there is 
a function G in Hoo such that F = 2:::~=1 hqk on X\K. By (1) and (2), we get 
FI1T- 1(Yn) = fnl1T-1(Yn) = hnl1T-1(Yn). 

A closed subset E of X is called antisymmetric for Hoo if Hoo IE does not contain 
any nonconstant real functions. An antisymmetric set is called maximal if there 
are no antisymmetric sets which contain E properly. 

THEOREM 5.3 (CF. [8, THEOREM 2.1]). Let {Yn}~=l be a strongly discrete 
sequence in M(QC). Let {An}~=l be a sequence in X with An E 1T- 1(Yn)' If Ao 
is a cluster point of {An}~=l in X, then {Ao} is a maximal antisymmetric set for 
HOO and it is not a QC -level set. 

PROOF. Let AO be a cluster point of {An}~=l with An E 1T- 1 (Yn). There is a 
QC-level set Qo with Qo 3 Ao· Since 1T(Qo) E cl{yn}~=l' there is Yo in cl{yn}~=l 
such that Qo = 1T- 1(yo). By Theorem 5.1(i), Qo is not simple. We note that 
the maximal antisymmetric set containing Yo is contained in Qo. To show our 
assertion, let E be a closed subset with {yo} ~ E c Qo. We shall show that E is 
not antisymmetric. Take an open and closed subset U of X satisfying Ao E U and 
E rt U. By [1], there is h E Hoo + C such that Ihl = Xu on X. Using a function 
h, we shall construct a function F in HOO such that 

(1) F = 1 on U n {An}~=l' 
(2) F = 0 on UC n 1T- 1{Yn} for every n, and 
(3) the sequence of ranges F( 1T- 1 (Yn)) converges in [-1, 1], that is, for every open 

subset W in the complex plane with [-1,1] c W there is no such that F(1T- 1(Yn)) C 
W for every n ~ no. 

We let Dn denote the open ellipse with major axis [-1,1] and minor axis 
[-i/n, i/n]. Let 'l/Jn be a conformal mapping of D onto Dn such that 'l/Jn(O) = 0 
and 'l/Jn(h(An)) = 1 for every n with Ih(An)1 = 1. We note that 'l/Jn 0 hE H oo + C 
and II'l/Jn 0 hll = 1 for every n. By Theorem 5.2, there exists a function F in HOO 
such that FI1T- 1(Yn) = 'l/Jn 0 hl1T- 1(Yn). It is easy to see that F satisfies (1) and 
(2) and (3). Since AO E cl{An}~=l' F(Ao) = 1 by (1). By Theorem 5.1(ii) and (2), 
F = 0 on UC n 1T- 1{yo}. Also by Theorem 5.1(ii) and (3), F is a real function on 
1T- 1(yo). Thus FIE E HoolE is not a nonconstant real function. Hence E is not 
antisymmetric. 

REMARK. It is not true that a cluster point of discrete sequence {An}~=l in X 
is a maximal antisymmetric set for Hoo. For, let x E M (H OO + C) \X, then supp Jix 
is an antisymmetric set for Hoo. We may choose a sequence {An} ~= 1 in supp Jix 
which is discrete in X. Then a cluster point of {An}~=l is continued in sUpPJix. 

6. Singly generated Douglas algebras. In this section, we answer the fol-
lowing problem given in [6, 19]; when is [Hoo,f], f E Loo , singly generated? The 
characterization of singly generated Douglas algebras in [14] does not answer the 
above problem explicitly. We want to know conditions on f satisfying that [HOO, f] 
is singly generated. 

For a point Y in M(QC) and f E Loo, we put 

II! + HOOll y = inf {sup If(x) + h(x)l; x E 1T- 1(y)}. 
hEHoo 

By [23], the set {Ilf + Hooll y ; Y E M(QC)} contains O. First we shall prove the 
following proposition, which is interesting in its own right. 
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PROPOSITION 6.1. For a given I E £,X), the map QC 3 Y ---+ III + HCXllly is 
upper semicontinuous. 

PROOF. Let r be a real number. Let {YO:}O:EA be a net in M(QC) such that 

(1) Yo: ---+ Yo E M(QC), 
(2) III + H CXl I Iy", ?: r for every Q E A. 
We shall show that 111+ HCXlIlyo ?: r. Since 7r- 1 (yo:) is a weak peak set for HCXl, by 
(2) there is a measure 110: such that 

(3) 11110:11 = 1 and sUPPl1o: C 7r- 1(yo:), 

(4) [ldl1a=II/+HCXlIIYa and 11001-HCXl . 

Let 110 be a weak* -cluster point of {110:} o:EA, that is, Ix g dl1o: ---+ Ix g dl10 for every 
g E C(X). Then 1111011 ~ 1. By (2) and (4), we have 

r I dl10 ?: inf r I dl1o: = inf III + HCXlllYa ?: r. 
ix 0: ix 0: 

W~ note that 7r- 1(yo) is also a weak peak set for QA. Let hE QA be any peaking 
function such that 7r- 1(yo) C {x E X; h(x) = 1}. Since h is constant on each 
QC-level set, we have Ix I hdl1o: = h(yo:) Ix I dl1o: by (3). Thus 

r Ih dl10 = lim h(yo:) r I dl1o: = r I dl10 by (1). 
ix 0: ix ix 

This shows that I"-'(Yo)ldl1o = Ixldl10 ?: r. By [4, p. 58J and (4), we have 
11017r-1(yo) 1- HCXl. Since 1111011 ~ 1, III + HCXlIl yo ?: r. This completes the proof. 

Our theorem is 

THEOREM 6.1. Let I E LCXl. Then the lollowing assertions are equivalent. 
(i) [HCXl, IJ is singly generated. 
(ii) Q(f) is a closed subset 01 X, consequently Q(f) = N(f). 
(iii) In the set {III + HCXllly; Y E M(QC)}, 0 is an isolated point. 

PROOF. (i) => (ii) follows from Lemma 3.1. 
(ii) => (iii) Suppose that 0 is not isolated in the set {III + HCXlll y; Y E M(QC)}. 

Then there is a sequence {Yn}~=1 in M(QC) such that 0 < I!I + HCXlll Yn < lin 
for n = 1,2, .... Taking a subsequence, we may assume that {Yn}~1 is discrete in 
M(QC). Since 0 < III + HCXl llYn , 7r-1 (Yn) is not simple. Thus {Yn}~=1 is strongly 
discrete. Let hn E HCXl with 

(1) 

Since 7r- 1(Yn) is a weak peak set for HCXl, we may assume that {hn};;:'=1 is a bounded 
sequence in HCXl. By Theorem 5.2, there is F E H CXl such that F = hn on 7r- 1(Yn). 
By (1), 

(2) sup{l(f + F)(x)l; x E 7r- 1(Yn)} < lin. 

Let Yo E M(QC) be a cluster point of {Yn};;:'=1. By Theorem 5.1, 7r-1(yo) C 
cl (U~=1 7r- 1 (Yn)) C N(f). By (2), (f + F)(x) = 0 for x E 7r-1(yo). Thus 
117r-1(yo) E H CXl I7r-1(yo), so Q(f) ~ N(f). 
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(iii) => (i) Suppose that 0 is isolated in the set {Ilf + Boo Ily; y E M( QC)}. Then 
there is c > 0 such that 

{y E M(QC); Ilf + BOOlly::l O} = {y E M(QC); Ilf + BOOll y ~ c}. 

By Proposition 6.1, {y E M(QC); Ilf + Booll y ::I O} is a closed subset of M(QC). 
Hence 7r- l {y E M(QC); IIf + Boolly ::I O} = N(J) by Corollary 2.1. Let I be an 
inner function such that 1 E [BOO,fJ and IIIf + BOO II < c. We note that if y E 
M(QC) satisfies IIf + Boolly ::I 0, then 7r- l (y) C N(l). For, if 7r- l (y) n N(l) = 0 
then c :::; Ilf + Boolly = IIIf + Boolly < c. Hence N(J) c N(l). By Corollary 2.5, 
we get [BOO,fJ c [Boo'!J c [Boo,!J. 

The following corollary was proved by Marshall [19J. 

COROLLARY 6. 1. [BOO, Xu J is singly generated for every open and closed subset 
U ofX. 

PROOF. We shall show that for y E M(QC) either Ilxu + Boolly = 1/2 or 
Ilxu+Boolly = O. It is easy to see that Ilxu+Boolly :::; 1/2. Suppose Ilxu+BOOliy < 
1/2. There is h E BOO such that sUPXE7r-1(y) Ixu(x) + h(x)1 < 1/2. Then there is 
a sequence of analytic polynomials {Pn}~=1 such that Pn 0 h --> Xu uniformly on 
7r- l (y). Thus IIxu + Boolly = O. By Theorem 6.1, we get our assertion. 

We shall give an example concerning countable valued functions. 
EXAMPLE. There exist two functions f and g in Loo such that 
(a) f(X) = g(X) = {O, l/n; n = 1,2, ... }, 
(b) [BOO, gJ is not singly generated, and 
(c) [BOO, fJ is singly generated. 
PROOF. Let {On}~=1 be a sequence of open arcs such that On = {eie ; 1/n+1 < 

() < l/n}. Put Un = {x E X; xoJx) = 1}. Then Un is an open and closed subset 
of X. Put 

g = { 2::::'=1 ~XOn on U:'=10n, 
o on aD\ U:'=1 On-

By the same way as the proof of Corollary 6.1, 

{llg + BOOll y; y E M(QC)} = {O, 1/2} U {(l/n - l/n + 1)/2; n = 1,2, ... }. 

By Theorem 6.1, g satisfies (a) and (b). Put 

f = { 2:::::1 ~X02n on U:'=1 02n 
1 on aD\ U:'=1 02n. 

Then {Ilf + Boolly; y E M(QC)} = {(1-1/n)/2; n = 1,2, ... }. By Theorem 6.1, f 
satisfies (a) and (c). 

7. M-ideals. Let F be a weak peak subset of X for BOO + C. We put 
(BOO + C)F = {f E Loo ; flF E BOO + CIF}. Then (BOO + C)F is a Douglas 
algebra. In [18], Luecking and Younis gave the following conjecture: Let B be a 
Douglas algebra such that B / BOO is an M -ideal of L 00 / BOO. Is B = (BOO + C) F 

for some weak peak set F for BOO + C? We shall give a negative answer. 
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THEOREM 7.1. Let E ~ X be a peak set for QC. Put 

B = [H=, {I;I is an inner function with N(I) c E}]. 

Then 
(i) B/H= is an M-ideal of L=/H=. 
(ii) B -::j.: (H= + C)F for every weak peak set F for H= + C. 

To show this, we need some lemmas. 

LEMMA 7.1 [16, COROLLARY 5.1]. Let B be a Douglas algebra with B ~ 
H= + C. Then B / H= is an M -ideal of L = / H= if and only if B / H= + C is an 
M -ideal of L= / H= + C. 

The following lemma is a characterization of M-ideals of L= / H= + C, which is 
obtained by [5] essentially. For a Douglas algebra B, we denote by B.L the space 
of annihilating measures on X for B. 

LEMMA 7.2 (SEE [16, THEOREM 5.1]). Let B be a Douglas algebra with 
B ~ H= + C. Then B / H= + C is an M -ideal of L= / H= + C if and only if for 
each I-" E (H= + C).L there exists f/-' E L1(11-"1) such that 

(a) f~ = f/-' a.e. dll-"I, 
(b) 1-"- f/-'I-" 1- B.L, and 
(c) f/-'I-" E B.L. 

For a subset E of X, we put AE = {I; I is an inner function with N(I) C E}. 
As applications of Lemma 2.5 and Theorem 2.1, we get the following lemma. 

LEMMA 7.3. Let E C X be a peak set for QC. For a sequence of inner functions 
{In};;o=l in AE, there exists IE AE such that N(Jn) C N(I) for all n. 

PROOF. Let h E QC be a peaking function for E. By Lemma 2.1, we may 
assume that each In is an interpolating Blaschke product with zeros {zn,dk=l 
and I:~=1 I:~=1 (1 - IZn,kl) < 00. Then rr~=l In is a Blaschke product. Put 
'l/J = rr~=l In and g = ~(1 - h). Then 

(1) N(~)\E c N(g). 

To prove that {In};;o=l and g satisfy the assumptions of Lemma 2.5, let x E 
lvf(H= + C). Since E is a union set of some QC-level sets, supp I-"x C E or 
sUPPl-"x n E = 0. If sUPPl-"x C E, we get 0 = glsuppl-"x E H=lsuppl-"x' If 
sUPPl-"x n E = 0, then Inlsuppl-"x E H=lsuppl-"x for all n, because In E AE . By 
Lemma 2.5, there is a Blaschke product I such that 

(2) N(I) C N(~~), 
(3) either Ilsuppl-"x E H=lsuppl-"x or glsuppl-"x E H=lsuppl-"x for every x E 

M(H= + C), and 
(4) N(J n) C N(I) for all n. 

By (3), applying Theorem 2.1, we get N(I) n N(g) = 0. Hence, by (1) and (2), 
N(J) c E, so I E AE . 
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LEMMA 7.4 [13, LEMMA 3J. Let E be a closed GIi-subset of X. Then there 
is an inner function I with 'P =I- N(J) c E. 

LEMMA 7.5. Let v be a measure on X with v E (HOO + C) 1-. If J is an inner 
function with Jv rt (HOO + C)1-, then Ivl(N(J)) =I- O. 

PROOF. Suppose that Ivl(N(J)) = O. Then there is a sequence of compact 
subsets {Kn};;'=l of X such that limn--+oo Ivl(Kn) = Ilvll and Kn n N(J) = 121. 
Since 7r- 1 (7r(N(J))) = N(J), moreover we may assume 7r- 1 (7r(Kn)) = Kn. Then 
Kn is a weak peak set for QC and for Hoo + C. Hence vlKn E (HOO + C)1- [4, p. 
58J. Since Kn n N(J) = 121, JIKn E (HOO + C)IKn. Hence JvlKn E (H OO + C)1-. 
Since limn--+oo Ivl(Kn) = Ilvll, Jv E (HOO + C).L. But this is a contradiction. 

LEMMA 7.6 [16, THEOREM 2.1]. Let B be a Douglas algebra with B ~ 
Hoo + C. Let A be a measure on X with A E B1-. If v is a measure with v « A, 
then there is an inner function I such that I v E B1-. 

PROOF OF THEOREM 7.1. (i) By Lemma 7.4, Hoo + C ~ B. We shall 
show that B/ Hoo + C is an M-ideal of Loo / HOO + C, then we get (i) by Lemma 
7.1. To show the above fact, we use Lemma 7.2. Let 11 E (HOO + C).L with 
111111 = 1. Put ll: = sup{II1I(N(I)); IE AE}. Then there is a sequence {In};;'=l in 
AE such that limn--+oo 1111(N(ln)) = ll:. By Lemma 7.3, there is 10 E AE such that 
N(ln) C N(lo). Hence 1111(N(lo)) = ll:. Put fl-' = 1 - XN(io)" Then fl-' satisfies 
(a) of Lemma 7.2. Also by Lemma 7.3, 

(1) Ifl-'l1l(N(I)) = 0 for every IE AE· 

To show 11-'11 E B.L, suppose that 11-'11 rt B.L. Since B coincides with the 
closed linear span of {1(HOO + C); I E AE}, there is J E AE such that J 11-'11 rt 
(HOO +C).L. We note that 11-'11 E (HOO +C)1-, because N(lo) is a weak peak set for 
Hoo + C by Corollary 2.1. By Lemma 7.5, 111-'111(N(J)) =I- O. But this contradicts 
(1). Thus we get (c) of Lemma 7.2. 

To prove (b), we shall show 
(2) A I N(I) = 0 for every A E B.L and IE AE. 

Fix A E B1- and IE AE. By Lemma 7.6, there is an inner function IV such that 

(3) 

Let h E QC be a peaking function for E. We note that for x E M(HOO + C), 
either 1 I supp I1x E Hoo I supp I1x or "W (1 - h) I sup I1x E Hoo I supp I1x, because 
N(I) C E. By Theorem 2.1, N(I) n N("W(l - h)) = 121. By Corollary 2.1, there is 
a function q in QC such that 0 ::; q ::; 1, 

(4) q = 1 on N(I) and q = 0 on N("W(1- h)). 

If q"Wlsupp I1x rt Hoo Isupp I1x for x E M (HOO + C), then q( x) =I- 0 and "Wlsupp I1x rt 
HoolsuPPl1x. Since h E QC, h(x) = 1 by (4). Hence sUPPl1x C E, so N(q"W) c 
E. By Lemma 2.2, there is a sequence of inner functions {W n };;'=l such that 
[HOO,q"WJ = [H OO , {"Wn};;'=l]. Since N("Wn) C N(q"W) c E, we get [HOO,q"W] C B. 
By (3) and (4), 

0= r _ q"WwdlAI = r _ diAl. J N(I) J N(I) 
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Hence AIN(J) = O. Thus we get (2). Consequently J-l- II-'J-l = fiIN(lo) -L Bi-, so 
we get (b) of Lemma 7.2. 

Applying Lemma 7.2, B / H OO + C is an M-ideal of Loo / Hoo + C. This completes 
the proof of (i). 

(ii) Suppose that B = (H oo + C)F for a weak peak subset of X for H oo + C. 
To show F ::) X\E, suppose not. Then there exists an open and closed subset U 
of X with Un (E u F) = 0. By Lemma 7.4, there is an inner function I with 
o 1= N(I) c U. Then there is x E M(Hoo + C)\X such that sUPPfix C U. 
Since supp fix n E = 0, Blsupp fix = H oo Isupp fix' Since supp fix n F = 0, 
(Hoo + C) F Isupp J-lx coincides with the space of continuous functions on supp fix' 
This is a contradiction, so we have F ::) X\E. 

Let V be the closure of X\E. By [4, p. 18], V is an open and closed subset of 
X and V C F. Since QC does not have nontrivial idempotents, En V 1= 0. Since 
En V is a closed G8-set, again by Lemma 7.4 there is an inner function J with 
o 1= N(J) c En V. By the definition of B, J E B. Since NO) eVe F, J et 
(Hoo + C)F. This contradicts B = (Hoo + C)F. Hence we get (ii). 

REMARK. Let B be a Douglas algebra given in Theorem 7.1. By the above 
proof and [4, p. 59], N(I) is an interpolation set for B for every I E AE , that is, 
BIN(J) = C(N(I)). If we put B' = [Hoo, {J: I is an inner function with N(I) C 
X\E}], then we have B' = (H oo + C)E 

By the same way as in [17], we have the following. 

COROLLARY 7.1. Let B be a Douglas algebra given in Theorem 7.1. Then B 
has the best approximation property, that is, lor each I E Loo there is g E B such 
that II/+BII = III-gil· 

As a special case, we get Proposition 2 in [18]. Let F be an open subset of aD. 
Put L'F = {I E Loo; I is continuous at each point of F}, and E = {x E X; z(x) E 
X\F}. Then E is a peak set for QC, and it is easy to see that Hoo + L'F = 
[Hoo, {I; I is an inner function with N(I) C E}]. Hence Hoo + L'F has the best 
approximation property. 
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