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COUNTABLY GENERATED DOUGLAS ALGEBRAS

KEILJI IZUCHI

ABSTRACT. Under a certain assumption of f and g in L°° which is consid-
ered by Sarason, a strong separation theorem is proved. This is available to
study a Douglas algebra [H*®, f]| generated by H>® and f. It is proved that
(1) ball(B/H®> + C) does not have exposed points for every Douglas algebra
B, (2) Sarason’s three functions problem is solved affirmatively, (3) some char-
acterization of f for which [H®, f] is singly generated, and (4) the M-ideal
conjecture for Douglas algebras is not true.

Let H* be the space of bounded analytic functions on the unit disk. A uniformly
closed subalgebra between H*® and L is called a Douglas algebra. By Chang-
Marshall’s theorem [3, 19], a Douglas algebra is generated by H>® and complex
conjugates of some inner functions. A Douglas algebra is called singly (countably,
regpectively) generated if it is generated by H* and a complex conjugate of only
one (countably many) inner function(s). In this paper, we investigate a Douglas
algebra [H®, f| which is generated by H* and f in L*°. By Chang-Marshall’s
theorem, it is easy to see that [H, f] is countably generated. To study [H°, f],
we have to study the behavior of f on M(L*). Let N(f) equal the closure of

(J{supp pz; z € M(H* + C) and fsupp pz & H*|supp iz };
roughly speaking N(f) is a subset of M (L) on which f is not analytic. Properties

of N(f) play important roles in studying Douglas algebras. N(f), especially N(I)
where [ is an inner function, is studied in [13].

The key theorem (Theorem 2.1 given in §2) is that if either f|supp u, or g|supp u,
belongs to H|supp u, for every z € M(H™ + C) then N(f) N N(g) = &. When
f and g are inner functions, this fact is already proved in [13]. The above as-
sumption is considered by Sarason [22], and he showed that either f|Q or ¢|@
belongs to H>|Q for every QC-level set @ under the above assumption. Our the-
orem with Corollary 2.1 gives more striking separation than Sarason’s. Using our
separation theorem, we study singly or countably generated Douglas algebras. In
[14], the author showed that a Douglas algebra B is singly generated if and only
if ball(B/H®* + C) has extreme points. In §3, we shall give also a geometrical
characterization of countably generated Douglas algebras. And we shall show that
ball(B/H®> + C) does not have exposed points for every Douglas algebra B. In
[22, p. 471], Sarason proposed a problem that the above mentioned Sarason the-
orem is still true for three functions. In §4, we shall give an affirmative answer.
In §5, we study a special sequence of QC-level sets which will be called strongly
discrete. Using a property of such a sequence, given in Theorem 5.1, we shall prove
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a theorem which is more precise than Gorkin’s given in (8, Theorem 2.1]. In §6, we
shall give equivalent conditions on f for which [H®, f] is singly generated. This
answers Marshall’s problem given in [19]. In §7, we shall give a negative answer of
the M-ideal conjecture [18].

1. Preliminaries. Let A be a uniformly closed subalgebra of C(K), the space
of continuous functions on a compact Hausdorff space K. We denote by M(A)
the maximal ideal space of A equipped with the weak*-topology and by 9A the
Shilov boundary for A. For f € C(0A), ||f|| means the supremum norm of f and
f means the complex conjugate of f. A closed subset E of A is called a peak set
for A if there is a function f in A, which is called a peaking function for E, such
that ||f|| = 1 and E = {z € 04;|f(z)| = 1} = {z € dA; f(z) = 1}. If E is an
intersection of peak sets, it is called a weak peak set for A. A measure y on 9A
is called an annihilating measure for 4, u L A, if |, oafdp =0 for every f € A.
Gamelin’s book [4] is a good reference for uniform algebras.

Let D be the open unit disk. Let L™ be the space of bounded measurable
functions on dD with respect to the normalized Lebesgue measure df/2n. We
identify a function f in H with its boundary function. Then H is an essentially
uniformly closed subalgebra of L>°. H* + (C is the smallest Douglas algebra which
contains H* properly [21], where C is the space of continuous functions on dD. We
put X = M (L), then X may be identified with 9H*>°. We note that M(H>*+C) =
M(H*)\D, and D is weak*-dense in M (H) by the corona theorem (see [6]). For
a subset E of M(H®), we denote by cl E the weak*-closure of E in M(H®). For
a point z in M(H®), we denote by u, the unique representing measure on X for
z, and by supp u, the closed support set for u,. Suppu, is a weak peak set for
H® [10, p. 207], and it is easy to see that H°°|supp u, does not contain any
nonconstant real functions. By Sarason [20],

H>® +C = {f € L*; f|supp uy € H*|supp p, for every z € M(H*> + C)}.
We use the notation m for the representing measure for the point 0 in D, that is,
[x fdm = [5,, fdB/2n for every f € H®. For f € L* and a Douglas algebra B,
we put ||f + B| = inf{||f + h||; h € B}, the quotient norm of L*>°/B. For a subset
E of L*°, we denote by |[E] the uniformly closed subalgebra generated by E.

Put QC = (H® +C)N(H> + C) and QA = H>* N QC. By [20],

QC = {f € L*; f|supp u. is constant for every z € M(H™ + C)}.

Then QC is a C*-subalgebra of L>°. Hence there is a continuous onto map m: X —
M(QC); f(n(z)) = f(z) for every f € QC. A closed subset 7~ 1(y), y € M(QC),
is called a QC-level set. A QC-level set is a weak peak set for QA. For z €
M(H®> +C), there is a unique QC-level set Q. such that Q, D supp ;. We denote
by mg the probability measure on M(QC) such that fM(QC) fdmo = [, fdb/2n
for every f € QA. Then we have m(n~!(E)) = mo(E) for measurable subsets E
of M(QC).

For f € L°°, we put

N(f) = the closure of | J{supp uz; flsupp pz & H°|supp pz },

and

QU =U{r )i fln ' (v) ¢ H®lr ™ (y), y € M(QC)}.
Generally Q(f) is not a closed subset of X.
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A Blaschke product with zeros {zn};‘f_l in D is a function of the form
b(z —
(2) H |zn| 1 — ZpZ
for z € D, where Y o7 | 1 — |z,] < 00. If {2, }32, satisfies moreover

Zn — Zm
1-2z,2,

=1 respectively) ,

o fmis (nllmoo 11

m#n

then {z,}2 , is called interpolating (sparse), and b(z) is called an interpolating
(sparse) Blaschke product. These Blaschke products are inner functions, where a
function I € H* with |I| = 1 on X is called inner. If I is an inner function, put
Z(I) = {z € M(H*® + C);I(z) = 0}. Then N(I) = Q(I) = U{Qz;z € Z(I)}
(13, Theorem 1]. If b is an interpolating Blaschke product with zeros {z,}3>;,
then cl{z,}22, is homeomorphic to the Stone-Cech compactification of {z,}3%,
and Z(b) = cl{z,}52\{2n 32, [10, p. 205].

Let Y be a Banach space. We denote by ball Y the closed unit ball of Y. A
point y in ball Y is called extreme if ||y £ z|| < 1, z € Y, implies £ = 0. A point
y in ball Y is called exposed if there is a bounded linear functional ¥ of Y such
that ||| = 1, ¥(y) = 1 and 9(z) # 1 for every z € ball Y with z # y. We note
that an exposed point is extreme. A closed subspace Z of Y is called an M-ideal
of Y if there is a projection P from Y*, the dual space of Y, onto the annihilating
subspace of Z in Y*, {f € Y*; f =0 on Z}, such that ||z| = ||Pz| + ||z — Pz|| for
every z in Y.

2. The main theorem. In this section, we shall show the following theorem
and give its applications.

THEOREM 2.1. Let f and g be functions in L. If for everyx € M(H*® + C)
either f|supp uy € H®|supp u, or g|supp uz € H®|supp u, then N(f) N N(g) =
<.

To show Theorem 2.1, we need some lemmas.

LEMMA 2.1 [24]. For an inner function I, there is an interpolating Blaschke
product b such that [H®,b] = [H*®,I].

LEMMA 2.2. Let B be a Douglas algebra. Then the following assertions are
equivalent.

(i) There is a function f in L™ with B = [H*®, f].

(ii) There is a sequence of interpolating Blaschke products {I,}32, with B =
(H, {In}3Z4].

PROOF. Let f € L with B = [H*, f]. By Chang-Marshall’s theorem, there is
a sequence of inner functions {I,}3 , such that I,, € [H*, f] and ||[I.f + H®| — 0
(n — o). Then [H*, f] C [H®,{In}32,] C [H*, f],s0 [H*®, f] = [H*®, {Tn}3%4].
By Lemma 2.1, we may take I, as an interpolating Blaschke product. Conversely
suppose that B = [H*,{I,}%,] for a sequence of inner functions {I,}. We
put f = > |I, + 1|/3™. If I,|supp s,z € M(H®), is not constant, then
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I,(supp uz) = OD. Hence f|supp u, is constant if and only if I, |supp u, is con-
stant for every n. Since real functions in H*|supp u, are constant functions for
each z € M(H*®), M([H*, f]) = M([H*,{I,}22,]). By Chang-Marshall’s theo-
rem, f is the desired function.

The following lemma is a special case of Theorem 2.1 proved in [13, Corollary
3.

LEMMA 2.3. LetI and J be inner functions. If for every point z in M(H> +C)
either T|supp u, € H*|supp u; or J|supp u, € H>®|supp pz, then N(I)N N(J) =
Q.

LEMMA 2.4. Let I be an interpolating Blaschke product. Let E be a closed
subset of D such that lE\E C {x € M(H* + C); |I(z)| = 1}. Then for each ¢
with 0 < € < 1, there is an interpolating Blaschke product b satisfying that Ib is a
finite Blaschke product and |b] > € on E.

PROOF. Let {2,}52; be the zero sequence of I. We denote by I; the inter-
polating Blaschke product with zeros {2,}2 ,. By our assumption, there exists a
constant r such that 0 < r < 1 and |I| > ¢ on {z € E;|z| > r}. Since |[Ix] — 1
(k — o00) uniformly on each compact subset of D, |Ix| > € on {z € E;|2| < r} for
sufficiently large k. Put b = I, then b satisfies our assertion.

The following is a key lemma to prove Theorem 2.1.

LEMMA 2 5. Let {I,}3, be a sequence of interpolating Blaschke products such
that [1,>, In is a Blaschke product. Let g be a function in L*. Suppose that for
every T € M(H°°+C) either g|supp pug, € H|supp pe or I,|supp u, € H™|supp u,
for all n. Then there exists a Blaschke product I such that

1) (T122, In) I € H>®; consequently N(I) C N <H );

(
(ii) ezther I|supp u, € H®|supp . or g|supp u: € H°°|supp Wy for every x €
(H
(

M(H* +C); and

iii) N(I,) ¢ N(I) for all n.

PROOF. By Lemma 2.2, there is a sequence of interpolating Blaschke products
{Jm}50_ such that

(1) [H*, g] = [H*, {Jm}m=1]-

By our assumption, for every z € M (H*® + C), either I,|supp u; € H®|supp ps
for all n or J,,|supp uz € H|supp u, for all m. By Lemma 2.3,

(2) N(I,)NN(Jn,) =D forevery n and m.

Let {znk}52; be the zero sequence of I,,. Put Iy =[], I,,. Since Iy is a Blaschke
product, we have

o0 oo
(3) DY (1= Jznkl) < oo
n=1k=1
For each m, we put
(4) Un,i ={z € D;|Um(2)| <1-1/3, |2| 21 -1/i}

for ¢ = 1,2,.... Then Up,, is a closed subset of D. By (2) and (4), I, (= I)
and U,,; (= E) satisfy the assumptions of Lemma 2.4. Because, if there is z
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in clUpm \Unm, with |[I,(z)| # 1, then |J,(z)| < 1 — 1/, so we get supp uz C
N(In) N N(Jm).

First we shall work on J;, and we shall find a sequence of interpolating Blaschke
products {b; »}22, satisfying the following two conditions by induction.

(5) Inl_)l,n is a finite Blaschke product, and

(6) inf{|(b1,ib1,i41- b1 n)(2);2€ U1} >1—-1/ifor 1 <i<m.

Applying Lemma 2.4 for I; and Uy 3, there is an interpolating Blaschke product
b1,1 such that Ill—)l,l is a finite Blaschke product and inf{|b; 1(2)|;z € U1,1} > 0.
Suppose that {by1,b1,2,...,b1 N} satisfies (5) and (6) for 1 < ¢ < n < N. For
1 <1< N, we put

(7) (N, ) = inf{|(b1,sb1,i+1 - b1,n)(2)[; 2 € Urs}.
By (6), c(V,i) > 1 —1/7. Also we put
(®) E=J{U151<i<N+1}

then I = Iy,; and E satisfy the assumptions of Lemma 2.4. Let ¢ be a constant

satisfying

1 1-1/
N +1’ ¢(N,7)’

By L_emma 2.4, there is an interpolating Blaschke product b; y41 such that

Ini1b1,n+1 is a finite Blaschke product and

(10) |b1,N+1] >¢ onk.

9) 1>5>max{1 1gz‘§N}.

Thus we get the following inequalities.
For1<i<N+1;
inf{[b1 ;b1,i+1--b1,n+1(2)]; 2 € Ur,i}
> inf{'bl‘iblyﬂ_l cee bl’N(Z){;Z € Ul,i} inf{lbl,N+1(z)|; z e Ul,i}
> ¢(N,7)e by (7), (8) and (10)
>1-1/i by (9).
For: =N +1;
inf{|by n+1(2);z € Ui,N+1} >2€>1—-1/N+1 by (8), (9) and (10).
Consequently {by,1,b1,2,...,b1,n+1} satisfies (5) and (6). This completes the con-
struction of {b1 »}52 ;.
In the above proof, we use only the fact N(J1)NN(I,) =D forn=1,2,.... By
(2) and (5), we have N(J2) N N(by,n) = &. So we can repeat the above argument
for Jo and {b1 n}32,, we remark that n starts from 2. Then there is a sequence

of interpolating Blaschke products {b »}32, such that bl,nl_)g‘n is a finite Blaschke
product for n > 2 and

inf{lbg,ibz'“_l .. 'bzyn(z)l; zE Uz,i} >1-1/i for2<i<n.

Repeating the above argument several times, for each m there is a sequence of
interpolating Blaschke products {bm »}32,, such that

(11) bm,nbm+1,» is a finite Blaschke product for m +1 < n,
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and
(12) inf{|bm ibm,i+1 " dmn(2)];2 €Uni} >1-1/i form <i<n.

We put I = [[°°, bnn. By (3) and (11), [ is a Blaschke product and Io] € H*®,
so we get (i). We shall prove that I satisfies (ii) and (iii).

To prove (ii), let x € M(H> +C) with g|supp u, & H|supp u,. We shall prove
T|supp pz € H*®|supp u;. By (1), there is an integer m such that J,,|supp u, &
H®°|supp p, that is, |J(z)| < 1. Take a positive integer ig with m < 7y and

(13) [Jm(2)| <1 1/1.

Let ¢ > 49. By (4), (13) and the corona theorem, z € clUn i;\Um.,,- Since
[bm.n| < |brn] on D for m < n by (11), we have
RS Urn,i}

inf{ [T bnn(2) [T bmn(2)

;zEUm,i} Zinf{

>1-1/i by (12).

Then

ﬁ bn,n

By (5) and (11), |I,] = |bpn] on M(H*® + C) for n = 1,2,.... By (2) and (4),
[In] =1 on clUp \Upn, for n =1,2,.... Thus

ﬁ bn,n

n=1
Since clUp,i\Um,i C clUp, ;j\Unm,; for ¢ < j by (4), we get
[I| >1 -1/t on clUp io\Um,i, for every i > ip.

Thus |I| = 1 on clUsp ig\Um,ip- Since £ € clUp io\Um, i, |1(z)] = 1. Hence I is
constant on supp iz, and I|supp u; € H|supp u;. This completes the proof of
(ii).

Since |I,| = |bn,n| on M(H®> + C) for each n,

IT bnn
n=1
Thus we get N(I) D N(I,,). This completes the proof.

PROOF OF THEOREM 2.1. Let f and g be functions in L* such that for every
z € M(H® + C) either f|supp p; € H|supp py or g|supp p, € H®|supp u,. We
shall show the existence of a Blaschke product I such that

(a) either I|supp u, € H*>®|supp u; or g|supp u, € H*®|supp u, for every z €
M(H* + C), and

(b) N(I) D N(f).
If the above fact is proved, applying it again, we get a Blaschke product J such
that

(a') Jlsuppus € H™|suppu, or I|suppu, € H|suppu, for every z €
M(H®* +C), and

(b) N(J) > N(g)-

1
>1- z on clUp \Un,i.

1
1| = >1-~ on A Upm,i\Un,;-

|I| = <\|bnnl=In] on M(H® +C).
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Then by Lemma 2.3, N(I) N N(J) = @, so we get our assertion.

Using Lemma 2.5, we shall show the existence of a Blaschke product I satisfying
(a) and (b). By Lemma 2.2, there is a sequence of interpolating Blaschke products
{I,}$%, such that

[Hoo’f] = [Hoo’ {In}ﬁo:ﬂ

We note that if f|supp u, € H|supp p; for some z € M(H®> + C), then we get
I, |supp uz € H>®|suppu, for all n. Let {z,x}?>, be the zero sequence of I,,.

Replacing I, by I, such that Infn is a finite Blaschke product, we may assume

that

Z Z(l = |2nk]) < oo

n=1k=1
Then [];2_, I, is a Blaschke product. By our assumption, {I,}32; and g satisfy the
assumptions of Lemma 2.5. Hence there is a Blaschke product I satisfying (a) and
N(I) > N(I,) for all n. Since N(f) coincides with the closure of | J{N(I,);n =
1,2,...}, we get (b). This completes the proof.

To prove the corollaries, we give two lemmas.

LEMMA 2.6 (Sarason’s unpublished result, see (8, Theorem 2.8]). Let f € L*®
with f2 = f, and let Q be a QC-level set. If f|Q € H®|Q, then f|Q s a constant.

LEMMA 2.7. Letb be a sparse Blaschke product with zeros {w,}32, and I be

an inner function. Then N(b) N N(I) = @ if and only if |[I(wy,)| — 1 (n — 00).

PROOF. Suppose N(b) N N(I) = &. Then [I| = 1 on Z(b). Since Z(b) =
cl{wn }5  \{wn} 4, |[[(wn)] = 1 (n — 00). Next suppose that |I(wy)| — 1 (n —
00). Then |I| =1 on Z(b). Let z € M(H*> + C) with |b(z)| < 1. Then there is a
point xg in Z(b) with supp u,, = supp uz by the proof of Lemma 1 in [9]. Since
|[I{zg)| = 1, we have |I(z)| = 1. Thus

{xe M(H® +C);|I(z)| < 1} N{ye M(H® + C);|b(y)| < 1} = 2.

By Lemma 2.3, we have N(b) N N(I) = @.
The following corollary shows that N(f) consists of QC-level sets, which is a
generalization of Theorem 1 in [13].

COROLLARY 2.1. For f € L*, N(f) = n~Y(n(N(f))) and N(f) is a weak
peak set for QA.

PROOF. The inclusion N(f) C 7= Y(m(N(f))) is trivial. Suppose that N(f) &
77 1(w(N(f))). Then there is a QC-level set @ with N(f)NQ # & and Q ¢
N(f). Take an open and closed subset U of X with UNN(f) =D and UNQ #
@. Then f and yy, the characteristic function of U, satisfy the assumption of
Theorem 2.1. Thus N(f) N N(xv) = &. By Lemma 2.6, xy|Q ¢ H*|Q. Since
Q is a weak peak set for H*®, there is ¢ € M(H> + C) such that suppu, C @
and xy|suppur € H®lsuppu,. Thus N(xv) N Q@ # <. But this contradicts
N(f)NQ # @ and N(f) N N(xy) = @. Thus N(f) = == (n(N(f))). By Wolff’s
theorem [23, Theorem 1 and Lemma 2.3] as the proof of Theorem 1 in [13], N(f)
is a weak peak set for QA.

The following follows Corollary 2.1.
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COROLLARY 2.2. For f e L, Q(f) C N(f) and clQ(f) = N(f).

For f € L™, we put Qo(f) = U{r"(y);y € M(QC) and f|r~'(y) is not
constant}.

COROLLARY 2.3. For f € L, Q(f)UQ(f) C Qo(f) C N(f)UN(f).

PROOF. By the definitions, Q(f) U Q(f) C Qo(f). Suppose that Qo(f )
N(f)UN(f). By Corollary 2.1, there is a QC-level set Q@ with QN(N(f)UN(f)) =
and @ C Qo(f). Take a function ¢ in QC such that ¢ = 1 on @ and ¢ = 0 on
N(f)UN(f). By [20], fg € QC, so fq is constant on Q. Thus f is constant on Q.
This fact contradicts @ C Qo(f)-

REMARK. In §6, we will prove that Q(f) = N(f) if and only if [H*, f] is singly
generated. If f € H®, Q(f) C Qo(f) C N(f) by Corollary 2.3. Moreover if there
is a QC-level set @ such that f|Q is real nonconstant, then Q(f) & Qo(f), and
[H>, f] is not singly generated.

COROLLARY 2.4. Let f € L*. IfI is an interpolating Blaschke product with
N(I) C N(f), then I € [H*™, f].

PROOF. Suppose I ¢ [H*®, f]. Then there is a point o in M([H*, f]) with
I(zo) = 0. Let {wi}2, be the zero sequence of I. Then zo € cl{wi}>,. By
Lemma 2.2, [H*®, f] = [H®, {I,}32,] for some sequence of interpolating Blaschke
products {I,}>2 ;. Since |I, (zo)l = 1, there is a subsequence {wj, }32 ; of {wi}$> |
such that |I,(w;, )| — 1 (k — oo) for every n. Taking again its subsequence, we may
assume that {w;, }22, is a sparse sequence. Let b be the sparse Blaschke product
with zeros {wj, }2 ;. By Lemma 2.7, N(b) N N(I, ) = & for every n. Hence b and
f satisfy the assumption of Theorem 2.1. Then N (b) N N(f) = &. This contradicts
N(I) c N(f), because N(b) c N(I).

COROLLARY 2.5 (CF. [13, COROLLARY 5]). Let f and g be functions in
L*>®. Then N(f) C N(g) if and only of [H*, f] C [H*®, g].

PROOF. Suppose N(f) C N(g). Let I be an interpolating Blaschke product with
I € [H®,f]. Then N(I) C N(f) C N(g). By Corollary 2.4, we have I € [H*,g].
By Chang-Marshall’s theorem, [H*°, f] C [H*°, g]. The converse assertion is trivial.

For a Douglas algebra B, let N(B) equal the closure of

(J{supp pas 2 € M(H™ + C)\M(B)}.
We note that N([H*, f]) = N(f).

COROLLARY 2.6 (CF. [13, COROLLARIES 4 AND 6]). Let B be a Douglas
algebra.

(i) If f € L satisfies N(B) C N(f), then B C [H*, f].

(i1) Let f € B. Then N(f) = N(B) if and only if B = [H™, f]. Consequently
B 1s countably generated if and only if there is f in B with N(f) = N(B).

PROOF. (i) Let I be an inner function with I € B. Then N(I) C N(B) C N(f).
By Corollary 2.4, T € [H*, f]. Thus B C [H®, f].
(ii) By (i),
N(f)=N(B)& BC[H™”,f]C B& B=[H>,f].
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3. Geometrical properties of quotient spaces of Douglas algebras. In
[14], the author showed that a Douglas algebra B is singly generated if and only if
ball(B/H® + C) has extreme points. In this section, we shall prove two theorems
as applications of §2. The first one, Theorem 3.1, is a geometrical characterization
of countably generated Douglas algebras. In Theorem 3.2, we shall show that there
are no exposed points in ball(B/H® + C). This is already proved in [15, Theorem
4] for B = [H*,b], where b is a sparse Blaschke product. To state Theorem 3.1,
we define an extreme family.

Let Y be a Banach space. If a subset E of ball Y satisfies the following conditions,
we shall call it an extreme famaly;

(a) llyll = 1 for every y € E, and

(b) if a point yo in Y satisfies ||y + yo|| < 1 for every y € E, then yo = 0.

By our definition, an extreme family consisting of only one element is an extreme
point of ball Y.

THEOREM 3.1. Let B be a Douglas algebra with B 2 H> + C. Then B 1s
countably generated if and only if B/H*™ + C has an extreme family consisting of
countably many elements.

LEMMA 3.1 [13, THEOREM 1]. For an inner function I, we have N(I) =
QU) = U{Qz;z € Z(I)}.

PROOF OF THEOREM 3.1. First, suppose that B = [H*,{I,}32,] for a
sequence of interpolating Blaschke products {I,,}32 ;. It is easy to see

|Tn+ H® +C| = 1.

We shall show that {I,, + H® + C}%_, is an extreme family of ball(B/H> + C).
Let g € B with

(1) I,+g+H>®+C| <1 foreveryn.

By Corollary 2.1 (or see [13, Theorem 1]), N(I,) is a weak peak set for QA.
Then B, = {f € L*>; fIN(I,) € H®|N(I,)} is a Douglas algebra. By (1), we
have ||I, £ g + B,| < 1. By [13, Theorem 3], I,, + B, is an extreme point of
ball(L>°/B,,). Thus g € B, that is,

(2) g|N(I,) € H®|N(I,) for each n.

To show g € H*+C,let z € M(H*®+C). If |I,(z)| = 1 for every n, then z € M(B)
and g|supp u; € H*®|supp pz. If |I,(x)| < 1 for some n, then supp u, C N(I,). By
(2), glsupp pz € H*®|supp . By [20], we get g € H*®°+C. Thus {I,+H>®+C},
is an extreme family.

Next suppose that B is not countably generated. Let {f,}3>; be a sequence in
B with ||f, + H® + C|| = 1. Since H*® + C has the best approximation property

[2], we may assume || f,|| = 1. By Lemma 2.2, there is a function F' in L such
that
(3) (H,{fn}nZi] = [H*,F] C B.

Since [H®, F] is countably generated by Lemma 2.2, there is an interpolating
Blaschke product I with I € B and I ¢ [H*™,F]. By Corollary 2.4, we have
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N() ¢ N(F). By Corollary 2.1, there is a QC-level set @ such that QN N(F) = &
and @ C N(I). Then there is a function ¢ in QC such that

(4) 0<¢<1l and ¢g=1 on Q,
(5) g=0 on N(F).
By Lemma 3.1, we get Iq € B and Iq ¢ H™ + C. By (3) and (5), ¢f, € H® + C.
Then
I[fon£Ig+H® +C| < ||fn+Iq - qfall
<t —gql+lgll =1 by [[full =1 and (4).

Thus {f, + H*® + C} is not an extreme family, and this completes the proof.
To prove Theorem 3.2, we need lemmas.

LEMMA 3.2. Let f€ L*® and f ¢ H® + C. Then N(f) contains uncountably
many QC-level sets.

PROOF. By Chang-Marshall’s theorem, there is an interpolating Blaschke prod-
uct I with I € [H*, f]. Then N(I) C N(f). Let {2,}°; be the zero sequence of
I. Take a sparse subsequence {w, }22 ; of {z,}22 ,, and let b be the sparse Blaschke
product with zeros {w,}22 ;. Then Z(b) C Z(I). By [13, Lemma 5|, Q, # Q, for
z, y € Z(I) and z # y. Since Z(b) = cl{w, }32\{w,}32, and cl{w, }>2, is home-
omorphic to the Stone-Cech compactification of {w,}3 ,, Z(b) is an uncountable
set.

The following lemma is a key to prove Theorem 3.2.

LEMMA 3.3. Let I be an interpolating Blaschke product. Let u be a probability
measure on_N(I). Then supppu G N(I), and there is a sparse Blaschke product b
such that Ib € H* and N(b) C N(I)\supp .

PROOF. By Lemma 3.2, N(I) contains uni:ountably many QQC-level sets. Then
there is a QC-level set @ such that @ C N(J) and p(Q) = 0. Since Q is a weak
peak set for QA, there is a peak set E for QA such that

(1) QCEcCcX and u(E)=0.

Let f be a peaking function in QA for F, that is,

(2) f=1 onE and |fl<1 on X\E.
We put

(3) K, = {z € X;|f(2)| < 1 - 1/n}.
Then

(4) (K, NN(I)) = p(Kz) =1 (n— o0).

By Lemma 3.1, there is a point zo € Z(I) such that Q = Q,,. Take an open and
closed subset U,, of Z(I) such that

{zeZ(I);|f(@)] <1-1/n} CUn C{z € Z(I);|f(z)] <1-1/n+1}.

Then | J{Qz;z € Un} C K,+1, because f € QA is constant on each QC-level set.
Since U, is an open and closed subset of Z(I), there is an interpolating Blaschke
product I,, with I'T, € H* and Z(I,) = U, [12, Corollary 1]. By Lemma 3.1,

(5) N(In)CKn+l-
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Moreover we have

(6) K.nN() c NT,).

To show (6), let y € K, N N(I). By Lemma 3.1, there is a point x; € Z(I) such
that y € Q,,. Since [f(y)] < 1-1/n, |f(z1)] £ 1 —-1/n. Thus z; € U, and
y € N(I,,). Since Q;, N N(I,) = @ by (1), (2), (3) and (5), we have |I,(zo)| = 1.
Since I(xg) =0, I € [H*™,{I,}2,]. By the proof of Corollary 2.4, there is a sparse
Blaschke product b such that

Ibe H® and N(b)Ncl (U{N(Tn);n ~-1,2,.. .}) = 0.

Since Ib € H*, N(b) ¢ N(I). By equations (4) and (6), we have suppu C
d (U{N(I.);n=1,2,...}). Thus we get our assertions.

THEOREM 3.2. Let B be a Douglas algebra with B ?t H* +C. Then there are
no ezposed points in ball(B/H>™ + C).

PROOF. By [14] and Lemma 2.1, we may assume B = [H, ] for some interpo-
lating Blaschke product I. Let f € B with ||f + H* 4+ C|| = 1. Since H*® + C has
the best approximation property [2], we may assume || f|| = 1. Let u be a measure
on X such that |luf| =1, p L H*® + C, and [, fdu = 1. By [13, Lemma 9],
supp  C N(I). By Lemmas 3.1 and 3.3, there is a QC-level set Q with @ c N(I)
and @ N supp u = . This fact is the key point to prove a special case of Theorem
3.2 [13, Theorem 3]. We can go the same way as in [13], and we can show the
existence of g in B such that |+ H® +C| =1, [y, gdu=1and f+ H® +C #
g+ H*® + C. This completes the proof.

4. Sarason’s three functions problem. In [22], Sarason showed that if f
and g in L satisfy f|supp u, € H|supp u, or g|supp u, € H|supp u. for every
z€ M(H*®+C), then f|Q € H®|Q or ¢g|@Q € H®|Q for every QC-level set Q. The
following problem occurs from the above fact [22]; is it still true for three functions
in L°°? In this section, we shall show

THEOREM 4.1. Let {fo}N_, be a finite subset of L>. Suppose that for each
point £ € M(H® + C), there exists n such that f,|supp u, € H*®|supp u;. Then

NY_, N(f,) = @.

We note that Corollary 2.1 and Theorem 4.1 give an affirmative answer for the
above problem. To show Theorem 4.1, we need some lemmas.

LEMMA 4.1. Let B be a Douglas algebra. Then B is countably generated +f and
only if M(B) 1s a Gs-subset of M(H®™).

PROOF. Let B = [H®, {1} ,] for a sequence of inner functions {I,,}3 ;.

Then
M(B) = {x € M(H*);|I,,(z)| = 1 for every n}

= () {z € M(H=);|I(x)| = 1}.

n=1

It is easy to see that M(B) is a Gs-subset of M (H>).
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Suppose that M (B) is a Gs-subset of M (H°). Then there is a sequence of open
subsets {Un}or; of M(H™) with (2, U, = M(B) = (jcp{z € M(H>);|I(z)|
= 1}, where I runs through all inner functions with I € B. Since US C
M(H*)\M(B) and U{ is a compact subset of M(H®), there is an inner func-
tion I,, such that I,, € B and U C {x € M(B);|I.(x)| < 1}. Then M(B) =
M([H*®,{I,}2,]. By Chang-Marshall’s theorem, we obtain B = [H*®, {1} ,].

LEMMA 4.2 (Sarason’s unpublished result, see [T, Theorem 3.4]). Let {Ba}aca
be a family of Douglas algebras. Then M (), Ba) coincides with the closure of
User M(Ba) in M(H®).

LEMMA 4.3. For functions f and g in L, there is a function h in L™ with
[H®,h] = [H*®, fIN[H>,g].

PROOF. By Lemma 4.2,
M([H™, fIN[H™,g]) = M([H>, f]) U M([H*,g]).

By Lemma 2.2 and 4.1, M([H®, f]) U M([H*,g]) is a Gs-subset of M(H>), so
is M([H*, f]N [H*,g]). By Lemmas 2.2 and 4.1 again, there is h € L* with
[H® h] = [H®, fIN[H>™,g].

LEMMA 4.4. Let f, g and h be functions in L with [H®,h] = [H*®, f] N
[H>,g]. Then N(h) = N(f)NN(g).

PROOF. By our assumption, we have easily N(h) C N(f) N N(g). Suppose
that N(h) & N(f) N N(g). By Corollary 2.1, there is a QC-level set Q@ with
Q C N(f)NN(g) and QN N(h) = &. Take a function q in QC such that

(1)0<¢g<1on X and ¢ =0 on N(h), and

(2) ¢ = 1 on some open neighborhood of Q.

By Lemma 4.2,

(3) M([H™,h]) = M([H*, f]) U M([H*,g]).

By (1) and (3), we have fg|suppu, € H|supp u, or gqlsupp ur € H|supp .
for every x € M(H* + C). By Theorem 2.1, we get N(fq) N N(gq) = &. By (2),
QNN(f(1-gq)) =9. Since N(f) = N(fq) UN(f(1-q)), @ C N(fq). Also we
obtain @ C N(gq). These contradict N(fq) N N(gq) = &.

PROOF OF THEOREM 4.1. By Lemmas 4.3 and 4.4, there is F € L* such
that [H®, F] = NX_,[H*, f,] and N(F) = N"_, N(f,). By Lemma 4.2 and our
assumption, F' € H*® + C. Thus N(F) = &. This completes the proof.

We note that there is a sequence of functions {f,}32, in L such that

(a) for each z in M(H® +C), there exists n such that f,|supp u, € H|supp iz,
and

(b) NI, N(fa) # .

EXAMPLE. Let A, € 0D with A, — 1 (n — 00), and let S,, be the singular
inner function associated with the singular measure > 7o (1/2)%6,,. We put f, =
(2—=1)8y,, then {f,}32, satisfies (a). Since N(fr) D N(frn+1), we get (o) N(fn)
# . We note that if Q@ C (o, N(f») then f,|Q € H*|Q for every n, hence for
each QC-level set @ there is n such that f,|Q € H®|Q.

In the last part of this section, we give a result which relates to Corollary 2.6.
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PROPOSITION 4.1. For every f € L® with N(f) # O, there is a Douglas
algebra B such that

(i) N(B) = N(f), and

(ii) B 1s not countably generated.

PROOF. Let Q be a QC-level set with f|Q ¢ H*|Q. Put
B = [H®, I; I is an inner function with T € [H*, f] and I|Q € H*|Q).

Then B C [H*®, f], so N(B) C N(f).

CLAIM. Put E = |J{supp uz;z € M(H*® + C), f|suppu, ¢ H*|supp u, and
supp iz N @ = J}. Then E is dense in N(f).

To show our claim, suppose not. Then cl E 2 supp u, for some y € M(H* +C)
with f|supp p, & H|supp uy and supp py C Q. Hence there is an open and closed
subset U of X such that ENU = &, supp uyNU # & and supp py ¢ U. By Lemma
2.6, @y C N(xv). Thus N(f)NN(xv) # <. By Lemma 4.3, there is h € L* such
that [H>°,h| = [H*®, f]N[H*,xv]. By Lemma 4.4, h ¢ H*® + C. By Lemma 3.2,
there is ¢ € M(H* + C) with h|supp u, ¢ H*|supp p, and suppu, N Q = J. By
Lemma 4.2, both f|supp u. and xy|supp . are not contained in H|supp . This
contradicts the definitions of E and U. Hence we get our claim.

To show (i), it is sufficient to prove E C N(B) by our claim. To prove this, let
z € M(H® + C) such that f|supp u, & H|supp p; and supp u; N Q = <. Take a
function ¢ in QC with ¢ = 0 on Q and q = 1 on supp u,. Then [H*°, fq] C B. Since
fa|supp uy & H®|supp uz, = ¢ M(B). Hence supp u; C N(B), so E C N(B).

To show (ii), suppose not. Then B = [H*, F] for some F € [H*®, f]. By
Corollary 2.6, [H*®, F] = [H*, f]. Since F|Q € H*|Q, f|Q € H*®|Q. But this is

a contradiction.

5. Discrete sequences in M(QC). A sequence {y,}52, in a topological space
Y is called discrete if there is a sequence of open subsets {V,,}32; of Y such that

Y, €V, and V, Ncl (Um £n Vn> = . In this section, we study discrete sequences

in M(QC) and show three theorems as applications of §2. The first one, Theorem
5.1, gives properties of a sequence of QC-level sets. In Theorem 5.2, we shall show
the existence of a certain function in H*, which is motivated by [11]. Using them,
we shall prove a theorem which is more precise than the one proved in [8, Theorem
2.1].

A QC-level set is called simple if it consists of only one point. It is not known
whether there is a simple QC-level set or not. It is easy to see that a QC-level set
Q is not simple if and only if there is x € M(H* + C)\X such that supp u; C Q.
We note that every QC-level set in N(f), f € L*, is not simple. Because, for a
given f € L, there is an inner function I such that N(f) C N(I) (see the proof
of Corollary 7 in [13]). By Lemma 3.1, N(I) does not contain any simple QC-level
sets.

A discrete sequence {y, }32_, in M(QC) is called strongly discrete if each 7! (yy)
is not simple.

THEOREM 5.1. Let {yn}32, be a strongly discrete sequence in M(QC), and
let yo € M(QC) be its cluster point. Then

(i) 7= (yo) s not simple.

(i) 77 (30) C el (UnZy 77 (3m))-
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(iil) If {an}S% ts a bounded sequence of complex numbers, there is h in QA such
that h(yn) = a, for every n.

PROOF. By our assumption, there is a sequence of open subsets {V,,}2 | of
M(QQC) satisfying y,, € V,, and

(1) nna(Um&:

m#n

Let {z,}52; be a sequence in M(H> + C)\X with supp u,, C 7~ (yn). By [10,
p. 177], there is an inner function I,, with

(2) Hn(zn)| < 1.
Take a function ¢, in QC such that ||g,| =1,
(3) gn(yn) =1 and ¢, =0 on M(QC)\V,

Put F = 3> (1/2)"I,g,. Then F € L*®°. By (1), (2) and (3), F|supp pz, €
H®|supp p,,. Hence suppu,, C N(F), so y, € n(N(F)) for every n. Thus
c{yn}, C w(N(F)). Since m(N(F)) is a compact subset of M(QC), yo €
n(N(F)). By Corollary 2.1, 71=}(yo) C N(F). By the remark before Theorem
5.1, we get (i).

To show (ii), suppose that 7~ 1(yo) ¢ cl (Us>; 7" *(yn)). There is an open and
closed subset U of X such that U Nel (Une; 7 (yn)) =D and U N7~ (yo) # ©.
Hence we may take a sequence of open subsets {V,,}52 ; satisfying moreover

(4) Y U)NV, =O.

By the same way as (i), we have a function F = Y >° (1/2)"1,g,. Let z €
M(H® + C) with F|supp uz ¢ H*|supp piz. Then Ign|supp pz ¢ H|supp p,
for some n. By (3), supp u, C 7~ 1(V,,). By (4), suppu, C X\U. Hence we have
N(F) c X\U. Since 77 !(yg) C N(F) by the proof of (i), we get 7~ (yo) NU = &.
But this is a contradiction, so we get (ii).

(iii) Let F be a function in the proof of (i). By [23, Lemmas 2.2 and 2.3|,
mo(n(N(F))) =0 and 7(N(F)) is an interpolation set for QA, that is, QA|r(N(F))
= C(n(N(F))). Since cl{yn}5>, C 7(N(F)), cl{yn}22 is an interpolation set for
QA. To prove (iii), it is sufficient to show that N yn, 3o N el({yn o i \Mun 122 1)
= @ for every subset {Une 1221 Of {yn}32, (see [10, p. 205]). To show this, put
G=>33,(01/2)*1,,q,, and H = F — G By our construction, G and H satisfy
the assumption of Theorem 2.1, so we get N(G) N N(H) = &. Since {yn, }3>, C
7(N(G)) and {4} \{un, }2, C 7(N(H)), we have

lyn, 1221 Nel({yn}nZi \{uni }iZ1) C 7(N(G)) N (N (H))
=x(N(G)NN(H)) by Corollary 2.1
=Q.

This completes the proof.

In [11], Hoffman showed that a discrete sequence {y,}3>, in X is an [°°-

interpolation set for H°, that is, for every bounded sequence of complex num-

bers {a,}2>, there is h e H® such that h(y,) = a, for n = 1,2,.... Using his
technique, we shall show the existence of a certain function in H*°.
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LEMMA 5.1 [11]. Let K be a closed subset of X with m(K) = 0. Let g be a
bounded continuous function on X\ K. Suppose that there is a bounded sequence
{fn}S, tn H*® such that f, converges to g uniformly on each compact subset of
X\K. Then there is f € H® with f|X\K =g.

THEOREM 5.2. Let {yn}2, be a strongly discrete sequence in M(QC). Let
{hn}32, be a bounded sequence in H*® + C. Then there exists a function F' in H*
such that F = hy, on 1~ (y,) for every n.

PROOF. Suppose that ||h,|| < M, where M is an absolute constant. Since
7~ 1(y,) is a weak peak set for H* and H® + C|n~(y,) = H*®|r~(yn), there is
fn € H*® such that f,|m " (yn) = hn|n"1(yn) and ||fn]l < M. Let {V,}32, be a

sequence of open subsets of M (QC) such that y, € V,, and V,, N el (U2 ) =

. Let Wo be the 1nter10r of 771 (M(QC)\Un—; Vn).- By [4, p. 18], m(Wp) =
m(r~ Y (M(QC)\ U2, Vo). Put K = (X\Wo)\Up~; 7~ *(V,.). Then K is a com-
pact subset of X and m(K ) = 0, because

m(K) =1 —m(Wo) — <U7r ,.)

om0

1
=1-mg (M(QC)\ D Vn) - mg (1r_1 <D Va ) =0.

n=1
We may take a function g, in QA satisfying

(1) llgnll = 1, Qn(yn) =1and |Qn| < (1/2)" on M(QC)\Vn
By (iii) of Theorem 5.1, we may assume that

(2) gm(yn) =0if m # n.
Put Gy = Z,Icvzl frqk. Then Gy € H*®. We shall show that {Gn}F_, satisfies
the assumption of Lemma 5.1 for K. By (1), we have

on 1 (Va), |GNI < Ifal + Y Iful lakl

k#n

o) 1 k
< - <
M(1+Z<2> ) <2M,
k=1
00 o& 1 k
on (X\K)\ U Vo), |GN|SML<§> <M.
= k=1

Hence {GN}¥-; is a bounded sequence in H®. Let E be a compact subset of
X\K. Then K C Wo U2, 7~ 1(Vi) for some ng. For ng <14 < 7, we have

J
Y frax

k=i+1

J 1 k 1 i no
<M ) <§) SM(E) on Wou | J 7~ (Vi

k=1+1 k=1

|Gy — G| =
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Hence {Gn}%~; converges to Y -, fkgk uniformly on E. By Lemma 5.1, there is
a function G in H*® such that F = 327, feqr on X\K. By (1) and (2), we get
Flﬂ'_l(yn) = fnlﬂ'_l(yn) = hnlﬂ'—l(yn)'

A closed subset E of X is called antisymmetric for H*® if H*|E does not contain
any nonconstant real functions. An antisymmetric set is called maximal if there
are no antisymmetric sets which contain E properly.

THEOREM 5.3 (CF. [8, THEOREM 2.1]). Let {yn}3>, be a strongly discrete
sequence in M(QC). Let {\,}32,; be a sequence in X with A, € 7~ (yn). If Xo
18 a cluster point of {\,}22, in X, then {)o} is a mazimal antisymmetric set for
H® and 1t 13 not a QC-level set.

PROOF. Let )¢ be a cluster point of {\,}3>; with A\, € 77 !(y,). There is a
QC-level set Qo with Qo 3 Ag. Since m(Qo) € cl{yn}52, there is yo in cl{y, 5,
such that Qo = 7~ !(yo). By Theorem 5.1(i), Qo is not simple. We note that
the maximal antisymmetric set containing yg is contained in Q. To show our
assertion, let E be a closed subset with {yo} G E C Qo. We shall show that E is
not antisymmetric. Take an open and closed subset U of X satisfying Ao € U and
E ¢ U. By (1], there is h € H® + C such that |h| = xy on X. Using a function
h, we shall construct a function F in H* such that

(1) F=1on UN{A\}2,,

(2) F=0o0n U°Nnn~{y,} for every n, and

(3) the sequence of ranges F(7~1(y,)) converges in [—1, 1], that is, for every open
subset W in the complex plane with [—1, 1] C W there is ng such that F(7~!(y,)) C
W for every n > nyg.

We let D,, denote the open ellipse with major axis [—1,1] and minor axis
[-2/n,i/n]. Let 1, be a conformal mapping of D onto D,, such that 1,(0) = 0
and ¥, (h(A,)) = 1 for every n with |h(\,)| = 1. We note that ¢, oh € H® + C
and |4, o h|| = 1 for every n. By Theorem 5.2, there exists a function F in H>®
such that F|n~1(y,) = ¥ o h|m~1(y,). It is easy to see that F satisfies (1) and
(2) and (3). Since Ag € cl{A.}32,, F(Ao) =1 by (1). By Theorem 5.1(ii) and (2),
F=0o0nU°Nn{yp}. Also by Theorem 5.1(ii) and (3), F is a real function on
n~1(yo). Thus F|E € H®|E is not a nonconstant real function. Hence E is not
antisymmetric.

REMARK. It is not true that a cluster point of discrete sequence {\,}52; in X
is a maximal antisymmetric set for H*. For, let £ € M(H*> + C)\ X, then supp y,
is an antisymmetric set for H*°. We may choose a sequence {\,}32 ; in supp u,
which is discrete in X. Then a cluster point of {),}32 ; is continued in supp .

6. Singly generated Douglas algebras. In this section, we answer the fol-
lowing problem given in [6, 19]; when is [H*, f], f € L*, singly generated? The
characterization of singly generated Douglas algebras in [14] does not answer the
above problem explicitly. We want to know conditions on f satisfying that [H°, f]
is singly generated.

For a point y in M(QC) and f € L, we put

I +H=lly = inf_{sup|f(z) +h(z)}:z € 7~ (o)}

By [23], the set {||f + H®||y;y € M(QC)} contains 0. First we shall prove the
following proposition, which is interesting in its own right.
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PROPOSITION 6.1. For a given f € L™, the map QC >y — || f + H*®|, s
upper semicontinuous.

PROOF. Let 7 be a real number. Let {y,}aca be a net in M(QC) such that

(1) Yo — Yo € M(QC),
(2) [|f + H®||ly, >r for every o € A.

We shall show that || f + H*®||,, > r. Since 7~ !(ya) is a weak peak set for H*, by

(2) there is a measure y, such that

(3) “/l'a” =1 and supppus C 7'r_l(yoz),
@) [ fdua =1+ H=]y, and o LH.
X

Let o be a weak*-cluster point of {#q }aca, that is, [y gdua — [y gduo for every
g € C(X). Then |Juoll < 1. By (2) and (4), we have

[ fduo 2 int [ fdua =intlf + Hl, 2
X @« Jx o

We note that 77 1(yp) is also a weak peak set for QA. Let h € QA be any peaking
function such that 7=!(yo) C {z € X;h(z) = 1}. Since h is constant on each
QC-level set, we have [y fhdua = h(ya) [y f dpa by (3). Thus

/X fhdpo = lim h(ya) /X f dpta = /X fduo by (1).

This shows that [, ., ) fduo = [x fduo > r. By [4, p. 58] and (4), we have

polm~(yo) L H™. Since |juoll < 1, ||f + H*®|ly, > r. This completes the proof.
Our theorem is

THEOREM 6.1. Let f € L. Then the following assertions are equivalent.
(i) [H®®, f] is singly generated.

(i) Q(f) s a closed subset of X, consequently Q(f) = N(f).

(iii) In the set {||f + H*®||y;y € M(QC)}, 0 is an isolated point.

PROOF. (i) = (ii) follows from Lemma 3.1.

(ii) = (iii) Suppose that 0 is not isolated in the set {||f + H*||,;y € M(QC)}.
Then there is a sequence {y,}32; in M(QC) such that 0 < ||f + H*®||,, < 1/n
for n =1,2,.... Taking a subsequence, we may assume that {y,}52, is discrete in
M(QC). Since 0 < ||f + H*®|y,., 7~ !(yn) is not simple. Thus {y,}32, is strongly
discrete. Let h,, € H*® with

(1) sup{|(f + hn)(2);z € 77} (yn)} < 1/n.

Since 7! (yy,) is a weak peak set for H>, we may assume that {h,}22 ; is a bounded
sequence in H®. By Theorem 5.2, there is F € H*® such that F' = h,, on 7~ !(y,).
By (1),

(2) sup{|(f + F)(z)l;z € 7~ (yn)} < 1/n.

Let yo € M(QC) be a cluster point of {y,}3,. By Theorem 5.1, 7~ !(yo) C
(U, 7 Y(yn)) C N(f). By (2), (f + F)(z) = 0 for z € 7~ '(yo). Thus
flm=t(yo) € H®|m~}(yo), s0 Q(f) & N(f).
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(iii) = (i) Suppose that 0 is isolated in the set {||f + H*||y;y € M(QC)}. Then
there is € > 0 such that

{y e M(QC);|If + H®|ly # 0} = {y € M(QC); |f + H™ ||y > ¢}

By Proposition 6.1, {y € M(QC);||f + H*®||, # 0} is a closed subset of M(QC).
Hence 7~}{y € M(QC); ||f + H®||, # 0} = N(f) by Corollary 2.1. Let I be an
inner function such that I € [H*, f] and ||If + H®|| < . We note that if y €
M(QC) satisfies || f + H*®|), # 0, then 7~ (y) c N(I). For, if =} (y) "N N(I) = @
then ¢ < ||f + H®|, = |If + H®||, < €. Hence N(f) C N(I). By Corollary 2.5,
we get [H*®, f] C [H*®,I) C [H*®, f].

The following corollary was proved by Marshall [19].

COROLLARY 6.1. [H®,xy] s singly generated for every open and closed subset
U of X.

PROOF. We shall show that for y € M(QC) either ||xy + H*®|y = 1/2 or
[xu+H>|ly = 0. It is easy to see that |[xy +H ||y < 1/2. Suppose || xu+H>||y <
1/2. There is h € H* such that sup,c,-1(y) [Xv(z) + h(z)| < 1/2. Then there is
a sequence of analytic polynomials {p,}32 ; such that p, o h — xy uniformly on
7~ 1(y). Thus ||[xuy + H*®|ly = 0. By Theorem 6.1, we get our assertion.

We shall give an example concerning countable valued functions.

EXAMPLE. There exist two functions f and g in L such that

(a) f(X) =9(X)={0,1/nsn=1,2,...},

(b) [H°, g] is not singly generated, and

(c) [H®, f] is singly generated.

PROOF. Let {0,,}22; be a sequence of open arcs such that O,, = {€*%;1/n+1 <
0 <1/n}. Put U, = {z € X;xo0, () = 1}. Then U, is an open and closed subset
of X. Put

o 1
g= { Ponet 7 XOn on UpZ, On,
0 on D\ J;2 On.
By the same way as the proof of Corollary 6.1,

{llg+H>lly;y € M(QC)} ={0,1/2} U{(1/n - 1/n+1)/2in =1,2,...}.
By Theorem 6.1, g satisfies (a) and (b). Put

1 oo
f= { Z?:l ;XOZn on Un=1 Oan,
1 on 9D\, Ozn.

Then {||f + H®||;;y € M(QC)} ={(1-1/n)/2;n =1,2,...}. By Theorem 6.1, f
satisfies (a) and (c).

7. M-ideals. Let F be a weak peak subset of X for H>* + C. We put
(H*® + C)r = {f € L™, fI[F € H*® + C|F}. Then (H* + C)F is a Douglas
algebra. In [18], Luecking and Younis gave the following conjecture: Let B be a
Douglas algebra such that B/H> is an M-ideal of L>°/H*>. Is B = (H*® + C)p
for some weak peak set F' for H* + C? We shall give a negative answer.
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THEOREM 7.1. Let E g X be a peak set for QC. Put
B = [H*®,{I; I is an inner function with N(I) C E}].

Then
(i) B/H®™ 1is an M-ideal of L*>°/H®°.
(ii) B # (H* + C)F for every weak peak set F' for H*® + C.

To show this, we need some lemmas.

LEMMA 7.1 [16, COROLLARY 5.1]. Let B be a Douglas algebra with B 2
H* + C. Then B/H* s an M-ideal of L°°/H® if and only if B/H™ + C 1is an
M -ideal of L*/H*> + C.

The following lemma is a characterization of M-ideals of L>°/H> + C, which is
obtained by [5] essentially. For a Douglas algebra B, we denote by B+ the space
of annihilating measures on X for B.

LEMMA 7.2 (SEE [16, THEOREM 5.1]). Let B be a Douglas algebra with
B 2 H*>® + C. Then B/H™ + C is an M-ideal of L°/H® + C if and only if for
each p € (H® + C)* there exists f, € L(|p|) such that

(a) f2 = fu ae dlul,

(b) u— fup L B+, and

(c) fun € B+.

For a subset E of X, we put Ag = {I;I is an inner function with N(I) C E}.
As applications of Lemma 2.5 and Theorem 2.1, we get the following lemma.

LEMMA 7.3. Let E C X be a peak set for QC._For a sequence of inner functions
{I,}52, in Ag, there exists I € Ag such that N(I,) C N(I) for all n.

PROOF. Let h € QC be a peaking function for £. By Lemma 2.1, we may
assume that each I, is an interpolating Blaschke product with zeros {z, i},
and Y o0 527 (1 = |znk]) < oo. Then [[;2, I, is a Blaschke product. Put

¥ =[I>2, I, and g = ¥(1 — h). Then
(1) N($)\E C N(g).

To prove that {I,}22, and g satisfy the assumptions of Lemma 2.5, let z €
M(H®> + C). Since E is a union set of some QC-level sets, suppu, C E or
suppu; NE = &. If suppu, C E, we get 0 = g|suppu, € H®|suppu,. If
supp p; N E = @, then I,,|supp u, € H>®|supp u, for all n, because I,, € Ag. By
Lemma 2.5, there is a Blaschke product I such that

(2) N(I) C N(3),

(3) either I|suppu, € H™|supp u; or g|supp u; € H>®|supp u, for every z €
M(H®* +C), and

(4) N(I,) c N(I) for all n.

By (3), applying Theorem 2.1, we get N(I) N N(g) = @. Hence, by (1) and (2),

(I)CE,soI€Ag.
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LEMMA 7.4 [13, LEMMA 3]. Let E be a closed Gs-subset of X. Then there
is an inner function I with p # N(I) C E.

LEMMA 7.5. Let v be a measure on X with v € (H® + C)*. If J is an inner
function with Jv & (H*® + C)*, then |v|(N(J)) # 0.

PROOF. Suppose that |v|(N(J)) = 0. Then there is a sequence of compact
subsets {K,}32, of X such that lim, . |v|(K,) = ||v|| and K, N N(J) = @.
Since 7=} (x(N(J))) = N(J), moreover we may assume 7~ !(n(K,)) = K,. Then
K, is a weak peak set for QC and for H*® + C. Hence v|K,, € (H® + C)* [4, p.
58]. Since K, N N(J) = @, J|K, € (H® + C)|K,. Hence Jv|K, € (H® + C)*.
Since lim,, o [V|(K,) = |v|l, Jv € (H® + C)*+. But this is a contradiction.

LEMMA 7.6 [16, THEOREM 2.1]|. Let B be a Douglas algebra with B D
H® + C. Let ) be a measure on X with A € B+. If v is a measure with v < ),
then there is an inner function I such that Iv € B+.

PROOF OF THEOREM 7.1. (i) By Lemma 7.4, H® + C G B. We shall
show that B/H®> + C is an M-ideal of L>®°/H> + C, then we get (i) by Lemma
7.1. To show the above fact, we use Lemma 7.2. Let u € (H*® + C)* with
|| = 1. Put o = sup{|u|(N(I));I € Ag}. Then there is a sequence {I,}3; in
Ag such that lim, o |u|(N(I,)) = . By Lemma 7.3, there is Iy € Ag such that
N(I,) c N(Ip). Hence |u|(N(Ip)) = a. Put f, =1~ XN(T,): Then fy satisfies
(a) of Lemma 7.2. Also by Lemma 7.3,

(1) [furl(N(I)) =0 for every I € Ag.

To show f,u € B*, suppose that f,u & B*. Since B coincides with the
closed linear span of {I(H*® + C);I € Ag}, there is J € Ag such that Jf,u ¢
(H*® +C)*. We note that f,u € (H*+C)*, because N(I) is a weak peak set for
H®> + C by Corollary 2.1. By Lemma 7.5, |f,u|(N(J)) # 0. But this contradicts
(1). Thus we get (c) of Lemma 7.2.

To prove (b), we shall show

(2) A\| N(I) =0 for every A € B+ and I € Ag.

Fix A € B+ and I € Ag. By Lemma 7.6, there is an inner function ¥ such that

(3) Y|\ | NT) e B,

Let h € QC be a peaking function for E. We note that for ¢ € M(H* + C),
either T | supp uy, € H® | supp uz or ¥(1 — h) | suppu, € H*® | supp ., because
N(I) C E. By Theorem 2.1, N(I) N N(¥(1 — h)) = @. By Corollary 2.1, there is
a function ¢ in QC such that 0 < ¢ <1,

(4) g=1 on N(I) and ¢=0 on N(¥(1-h)).

If qW|supp pz & H™|supp u, for x € M(H*> + C), then ¢(z) # 0 and TII_lsuppfx =4
H>|supp pz. Since h € QC, h(z) = 1 by (4). Hence suppu, C E, so N(q¥) C

E. By Lemma 2.2, there is a sequence of inner functions {¥}72; such that
[H®,q¥] = [H*®,{¥,}2,]. Since N(¥,) C N(q¥) C E, we get [H*,q¥] C B.

By (3) and (4),
0:/ _ qUVd|A| :/ _dJAl
N N
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Hence A|N(I) = 0. Thus we get (2). Consequently u — fuu = u|N(Io) L B+, so
we get (b) of Lemma 7.2.

Applying Lemma 7.2, B/H* +C is an M-ideal of L>°/H® + C. This completes
the proof of (i).

(ii) Suppose that B = (H*® + C)f for a weak peak subset of X for H* + C.
To show F O X\E, suppose not. Then there exists an open and closed subset U
of X with UN(EUF) = &. By Lemma 7.4, there is an inner function I with
@ # N(I) C U. Then there is x € M(H* + C)\X such that suppu, C U.
Since suppu; N E = &, Blsuppu, = H™|supppu,. Since suppu, N F = I,
(H* + C)p|supp i, coincides with the space of continuous functions on supp pz.
This is a contradiction, so we have F D X\E.

Let V be the closure of X\E. By [4, p. 18], V is an open and closed subset of
X and V C F. Since QC does not have nontrivial idempotents, E NV # . Since
E NV is a closed Gs-set, again by Lemma 7.4 there is an inner function J with
@ # N(J) C ENV. By the definition of B, J € B. Since N(J)CV CF, J ¢
(H*® + C)p. This contradicts B = (H*® + C)p. Hence we get (ii).

REMARK. Let B be a Douglas algebra given in Theorem 7.1. By the above
proof and [4, p. 59], N(I) is an interpolation set for B for every I € Ag, that is,
B|IN(I) = C(N(I)). If we put B’ = [H>,{I:I is an inner function with N(I) C
X\E}], then we have B’ = (H*® + C)g

By the same way as in [17], we have the following.

COROLLARY 7.1. Let B be a Douglas algebra given in Theorem 7.1. Then B
has the best approrimation property, that is, for each f € L™ there is g € B such
that ||f + Bl = If — gl

As a special case, we get Proposition 2 in [18]. Let F be an open subset of dD.
Put LY = {f € L™, f is continuous at each point of F}, and E = {z € X;2(z) €
X\F}. Then E is a peak set for QC, and it is easy to see that H® + LY =
[H®,{I; I is an inner function with N(I) C E}]. Hence H* + L¥ has the best
approximation property.
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