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GEOMETRIC THEORY OF EXTREMALS IN 
OPTIMAL CONTROL PROBLEMS: I 
THE FOLD AND MAXWELL CASE 

I. KUPKA 

ABSTRACT. The behavior of the extremal curves in optimal control theory is much 
more complex than that of their namesakes in the classical calculus of variations. 
Here we analyze the simplest instances of singular behavior of these extremals. 
Among others, in sharp contrast to the classical case, a CO-limit of extremals may 
not be an extremal. In the simplest cases (elliptic fold and Maxwell points) of this 
occurrence. the limits are trajectories of a new vector field. A special case of this 
field showed up in some work of V. I. Arnold. Results related to ours have been 
obtained in low dimension by I. Ekeland. 

(0) Let us consider the following classical optimal control problem. Its state space 
is an open subset M of Rd and its control space is a closed subset U in Re. A control 
system is given on M: dx/dt = F(x, u), where F: M X U ~ Rd is a smooth 
(infinitely differentiable ex; or real analytic C;W) vector field on M parametrized by 
U. Finally we are given a smooth cost function c: M X U ~ R. 

We consider the following problem: Given two points A, B E M, find a pair of 
functions (x, u): [0, T] ~ M X U such that: 

(1) x is absolutely continuous, u is measurable and bounded, and a.c. on [0, T]: 

~~ (t) = F{x{t), u{t)). 

(2) x(o) = A, x(T) = B. 
(3) ftc(x(t),u(t»dt = inf{fcrc(x(t),u(t»dt} for all pairs {(x,u): [O,T] ~ M 

X U satisfying conditions (1) and (2)}. 
Pontrjagin's maximum principle tells us that such a pair (x, u), if it exists, is the 

projection on M X U of a triple (x, p, u): [0, T] ~ T*M X U (where T*M is the 
cotangent space of M that is M X (Rd)*, with (Rd)* the dual of Rd) satisfying the 
following conditions: 

(1) x, p are absolutely continuous, u is bounded measurable, and a.e. on [0, T]: 

dx HA 
di{t) = ap{x{t), p{t), u{t)), : = - 3!/xA (x{t), p{t), u{t)), 

where A is ° or 1 and HA: T*M X U ~ R is the function H\x, p, u) = 

(p, F(x, u» - AC(X, u). 

Received by the editors August 16, 1985. 
1980 Mathematics Subject Classification. Primary 49AlO, 49BlO: Secondary 57R45. 

225 

©1987 American Mathematical Society 
0002-9947/87 $1.00 + $.25 per page 



226 I. KUPKA 

(2) Hf..(x(t), pet), u(t» = sup{ Hf..(x(t), pet), v) j v E U} almost everywhere on 
[0, fj and Hf..(x(t), pet), u(t» is constant on [0, fj. 

(3) x(O) = A, x(f) = B. 
REMARK 1. Since we have not assumed in the control problem that the duration of 

the process is fixed, it is known that Hf..(x(t), pet), u(t» is equal to zero a.e. on 
[0, fj. If we had assumed that the duration is fixed, this would r.o longer be true. 

DEFINITION 0. The projection (x, p): [0, Tj ~ T*M on T*M of a triple (x, p, u): 
[0, Tj -> T*M X U satisfying conditions (1) and (2) will be called an extremal of the 
problem in accordance with the classical calculus of variations. The corresponding 
triple will be called an extremal triple. 

REMARK 2. There are two families of extremals: the normal one corresponding to 
A = 1 and the exceptional one for A = 0. This last family is independent of the cost 
function. Since our study of extremals will not distinguish between these two cases 
we shall drop the index A in Hf.. for simplicity's sake. 

The extremals which we have just defined are the generalizations of the extremals 
of the classical calculus of variations. But their behavior is much more complex and 
the" flow" they define has singularities. Here we shall study the simplest cases of the 
latter. 

1. The geometric theory of extremals. 
(A) General background. We shall make the following assumption on U: 
Basic assumption: U is the closure of its interior and its boundary is a smooth (COO 

or C"') hypersurface in R' (not necessarily connected!). 
Notation 1. S will denote the subset of all points (x, p, u) in T*M X U such that 

u is a local maximum point of the function v E U ~ H(x, p, v). '17: S -> T*M will 
denote the restriction to S of the canonical projection T * M X U ~ T * M. 

DEFINITION 1. A point Zo E T*M is called simple if there exists a nbd Vo of Zo in 
T *M such that ('17- I( Vo), '17, Vo) is a finite smooth covering. 

It is clear that the set, Sim, of all simple points is an open subset of T * M. 
Notation 2. (a) SS will denote the set '17-I(Sim). 
(b) Hs: SS -> R will denote the restriction of H to SS. 
(c) £': Sim -> R will be defined as follows: 

£'(z) = sup{H(a)ja E '17-I(Z)}. 

(IMPORTANT) REMARK 3. It is clear that '17 induces a symplectic structure on SS by 
pull-back. Hence we can speak of the hamiltonian field of a function on SS. 

Comment. H. Sussmann has given interesting examples showing that: 
(1) in the Coo-case, any absolutely continuous curve can be an extremal, 
(2) in the real analytic case, there are restrictions on the curves that can show up 

as extremals. 
On the other hand, to our knowledge, the structure of generic extremals is not 

known. 
(B) Partial classification of the simple points. 
DEFINITION 2. (a) A simple point Zo will be called regular if '17- 1(zo) contains a 

unique point a such that Hs(a) = £'(zo). A nonregular simple point will be called 
a switching point. The set of these will be denoted by L. 
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(b) A switching point Zo will be called a normal switching point if: 
(1) 77"-I(ZO) contains exactly two points ai' a2 such that Hs(a l ) = HS (a2 ) = 

.Jf'( zo). 
(2) In a nbd of zo' L is a smooth manifold. 
(3) The hamiltonian of Hs is transverse to 77"-I(L) at a l and a2 •1 

(c) A switching point Zo will be called a fold point if it satisfies conditions (1) and 
(2) in (b) and 

(3) The hamiltonian of Hs has a contact of order exactly two with 77"-I(L) at a l 

and a2 • 

(d) A switching point Zo will be called a Maxwell point if: 
(1) There are exactly three points ai' a2 , a3 in 77" -l( zo) such that Hs( a l ) = Hs( ( 2 ) 

= H<;(a3 ) = .Jf'(zo)· 
(2) The projections in Tz,/T*M) (the tangent space to T*M at zo) of the values of 

the hamiltonian of Hs at ai' a2 , a3 are linearly independent. 
Condition (2) implies that in a sufficiently small nbd of zo, L has the classical Y 

form: it is the union of three sub manifolds of codimension 1, having a common 
boundary (edge) and meeting transversally along this common edge. Then the next, 
and last, condition makes sense: 

(3) The hamiltonian of Hs is not tangent at any strata of L in a nbd of zoo 
Next we shall give conditions expressing that a point is of (a), (b), (c) or (d) type. 

For this choose an open nbd Vo of Zo such that the covering (77"-I(VO)' 77", Vol is 
trivial. Then 77"-I(VO) = a union of disjoint open subsets WI"'" Wm (m = 
card 77"-I(ZO))' each of which is mapped diffeomorphically onto Vo by 77". For each j, 
i ,.:; j ,.:; m, let us denote by HI: Vo ~ R the projection of Hs I Uj. by 77". Then we 
have: 

(a') A simple point Zo is regular if there is an integer k, 1 ,.:; k ,.:; m, such that 
Hk(zo) > H,(zo) for all I "* k. 

(b') Zo will be a normal switching point if there exist two integers j, k such that 
(1) 1 ,.:; j, k ,.:; m, and H/zo) = Hk(zo) > H,(zo) for all I "* j, k. 
(2) {Hi' Hk }(zo) "* 0, where { } denotes the Poisson bracket on T*M. 
(c') Zo will be a fold point if there are two integers j, k satisfying condition (1) of 

(b') and 
(2) {Hi' Hk }(zo) = O. 
(3) {Hi {Hi' Hk } }(zo) "* 0 and {Hk{ Hk, Hi} }(zo) "* O. 
(d') Zo will be a Maxwell point if there exist three integers i, j, k such that 
(1) 1 ,.:; i, j, k ,.:; m and Hi(zo) = H/zo) = Hk(zo) > H,(zo) for all 1"* i, j, k. 
(2) The differentials at zo, dHi(zo), dH/zo), and dHk(zo), are linearly indepen-

dent. 
(3) {Hi' Hi }(zo) . {Hi' Hk }(zo) . {Hk' Hi }(zo) "* O. 
Classification of fold and Maxwell points. Fold points: A fold point will be called 
Hyperbolic: if {Hi{Hk , Hi}}(zo) > 0 and {Hk{H), Hd}(zo) > 0, 
elliptic: if the above inequality signs are reversed, 
parabolic: if {Hi{ Hk , Hi} }(zo) . {Hk{ Hi' Hd }(zo) < O. 

I For all definitions related to the symplectic structure of T* M we follow [3]. 
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Maxwell points: A Maxwell point will be called 
elliptic: if {Hi' Hi Hzo), {Hi' Hk Hzo), and {Hk, Hi }(zo) have the same sign, 
parabolic: if the signs are not the same. 

2. Statement of the main results. In a sufficiently small nbd of a regular point, the 
extremals are the trajectories of a hamiltonian field (in the above notation of (a'), the 
hamiltonian of H k ). 

In a sufficiently small nbd of a normal switching point, the extremals are the 
trajectories of a continuous flow defined by a hamiltonian having a tangential 
discontinuity along ~: with the notation of (b') if Hi' Hk denote the hamiltonians of 
Hi' HI.: respectively, then at any z E~, Hi(z) - Hk(z) is tangent to ~ and the flow 
is the flow of Hi in the half space {(Hi - Hk) < O}. 

The study of extremals in the nbd of a fold or Maxwell point is more complicated. 
Notation 3. ~l will denote the subset, in ~, of all non normal switching points, and 

~~ the subset of all fold points. 
The characterization (c') in §1 of the fold points shows that ~b is a submanifold 

of codimension 2 in T*M. Locally, using the notation of (c'), ~b is defined by the 
equations Hj - Hk = 0 and {Hi' Hk } = O. 

Along ~:)' ~ is a submanifold of T*M and ~b is the locus of points of ~ where 
both hamiltonians HI' Hk of Hi' Hk are tangent to ~. Since ~b has codimension 1, 
the plane generated by Hi' Hk at any point Zo in ~b will cut the tangent hyperplane 
to ~:) at Zo in a one-dimensional space at least. In fact, the intersection is exactly 
one dimensional since otherwise H/z o), Hk(zo) would both be tangent to ~b. But 
this would violate condition (3) in (c'). It is easy to find the expression of a generator 
Z of the intersection: 

DEFINITION 3. The vector field Z = {Hi {Hk' HI} } Hk + {Hk {Hi' H k } } Hi on 
~:)' is called the residual field on ~b and its flow is called the residual flow. 

REMARK 4. In [1] Arnold has introduced the field Z under the name "geodesic 
direction" (see [1, p. 237, definition and remark just above Proposition 2]). 

We can now state the main result about the structure at fold points. We shall use 
the notations of §1, (c'). 

THEOREM 1. Let Zo be a fold point. For any hypersurface D passing through Zo and 
transversal to ~ and ~l and the hamiltonians of Hi and Hk, there exists a nbd Do of Zo 
in D and a number a > 0 such that through every ~ E Do passes a unique extremal 
t E [-a, a] ~ z(t, n z(O, n = r 

(l) If Zo is parabolic, then this extremal has one switching point if it meets ~\ two if 
it meets the half space {Hi> Hd (resp. Hj < Hk) when {Hi{Hk' Hj}}(zo) < 0 
(resp. {H,,{ Hi' H k } }( zo) < 0), and zero switching points otherwise. The union of the 
extremals meeting ~l forms a smooth hypersurface separating the extremals switching 
twice from those that do not. Finally the mapping ]-a, a[ X Do ~ T*M, (t, n ~ z(t, n 
is a piecewise smooth homeomorphism. 
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(2) If Zo is a hyperbolic point, there exists a nbd W of Zo and two hypersurfaces 
Sep + and Sep_ passing through ~l, tangent to ~ along ~l to the first order, and 
having the properties: for a set A c W, X denotes the closure in W. 

(a) Sep+ (resp. SepJ is contained in W n {Hk > Hj } (resp.W n {Hj ~ Hd). 
W - (Sep + U SepJ has exactly four connected components: W +, W_, w,., ~. W + 
(resp. W_) is contained in {Hk > Hi} (resp. {Hk < Hj }) and w,. (resp. ~) is 
contained in {{HI.:' Hi} > O} (resp. {{Hk' Hj } < O}). We shall set D+= Do n W+, 
Dr = Do n Wr' and so on. 

(b) Through each point ~ E D+ (resp. DJ there passes at time t = 0 a unique 
extremal t E [-a,a]--+ z+(t,n (resp. z-<t,n) contained in W+ (resp. WJ. If 
~ E Bdry D + (resp. Bdry D J, z + (resp. z J is contained in Sep + (resp. Sep _). These 
extremals are all smooth and the mappings [-a, a] X D + --+ W +, (t, n --+ z + (t, nand 
[ -a, + a] X D _ --+ W_, (t, n --+ z -< t, n are diffeomorphisms onto. 

(c) Through each point ~ E Dr (resp. D,) there passes at time t = 0 a unique 
extremal t E [-a,a]--+ zr(t,n (resp. z/t,n) contained in w,. (resp. WI)' If ~ E 

BdryDr (resp. BdryD,), zr is contained in (Sep+u SepJ n {{Hk' Hi} ~ O} (resp. 
(Sep + U Sep_) n {{ HI.:' HI} ~ O}). Each of these extrema Is switches exactly once and 
the mappings [-a, a] X Dr --+ w,., (t, n --+ zr(t, n and [-a, a] X D, --+ ~, (t, n --+ 

z,(t, n are piecewise smooth homeomorphisms onto. Note that through each point in 
Sep+U Sep_ there pass two extremals, one smooth and the other switching once, both 
contained in Sep + U Sep_. 

(3)(a) If Zo is elliptic, then through each point ~ E Do - ~l there passes at time 
t = 0 a unique extremal t E [-a,a]--+ z(t,n. For any subinterval J c [-a, a], the 
nbd of switching points of this extremal contained in J, v(t J), is finite. For any 
8 > 0, if ~ tends to Do n ~1, v(~, J) tends to infinity, uniformly in J provided that 
length J ~ 8. 

(b) For any ~ E Do n ~\ the trajectory z(t, n of the normalized residual field 
({ HI.: { Hi' Hd} + {Hi {HI.:' Hi} }) -1Z, passing through ~ at time t = 0, is defined on 
[-a, a] and contained in ~1. If we define the mapping p: [-a, a] X Do --+ T*M as 

( ) ( z{t,n 
p t,~ = 

z{t,n 
if ~ E Do - ~1, 

then p is a homeomorphism onto a nbd of Zo in T*M. 

Let us pass now to the Maxwell points. As in the case of the folds, there is a 
residual field associated to the elliptic Maxwell points. Denote by ~3.e the set of all 
elliptic Maxwell points. It is a sub manifold of codimension 2 in T*M, defined 
locally by the equations Hi = Hi = Hk using the notations of §l, (d'). Since 
{Hi' Hi} + {Hi' Hk} + {Hk' Hi} =1= 0, the form induced on ~3,e by the canonical 
symplectic form of T*M is nondegenerate. Hence ~3,e has an induced symplectic 
structure. 

At any Zo E ~3,e we can consider the restriction Hijk of the function 
{Hi' Hi }Hk + {Hj' HdHi + {Hk' Hi }Hi 

{Hi' Hi} + {Hi' Hk } + {HI.:' Hi} 
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to ~3.e' The hamiltonians of these functions match together and define a field E on 
~3.e· 

DEFINITION 4. The symplectic vector field E on ~3.e is called the residual field on 
~3.e' defined locally by the hamiltonians of the Hijk. 

THEOREM 2. (1) Let Zo be a parabolic Maxwell point. For any hypersurface D 
through Zo which is transversal to ~3 and to the hamiltonians of Hi' Hi and H k , there 
exists a nbd Do of Zo in D and a number a > 0 such that through any ~ E Do there 
passes a unique extremal t E [-a, a] -4 z( t, ~) E T * M. Each of these extremals has at 
most two switching points and the mapping ]-a, a[ X Do -4 T*M, (t, n -4 z(t, n is a 
piecewise smooth homeomorphism. 

(2)(a) Let Zo be an elliptic Maxwell point. For any hypersurface D through Zo which 
is transversal to ~3' to the hamiltonians of Hi' Hi' H k , and to the residual field E, 
there exist a nbd Do of Zo in D and a number a > 0 such that through any point 
~ E Do - ~l there passes a unique extremal t E [-a, a] -4 z( t; ~) E T * M. 

If v[~; [IX,,8]] denotes the number of switching points of z( t; n in the interval [IX,,8] 
for any ~ E Do - ~l, then for any 8 > 0, v[~; [IX,,8]] tends to infinity as ~ tends to ~l 
uniformly in [IX,,8] provided that ,8 - a ~ 8. 

(b) If we define the mapping p: [-a, a] X Do -4 T*M as 

if ~ E Do - ~3' 

if ~ E Do n ~3' 

then p is a homeomorphism onto a nbd of z 0 in T * M. 

REMARK. To better understand the statements of Theorems 1 and 2, one should 
study the diagrams at the end of this paper. 

3. Basic concepts needed for the proof of Theorems 1 and 2. (A) The proof of 
Theorem 1 is based on the following lemma. We use the notations of §1, (c'). 

LEMMA 1. Given a fold point Zo there exist a nbd Wo of Zo and two diffeomorphisms 
Xi' Xk: (Wo' zo) -4 (R2d, 0) (d = dim M) such that 

(1) xj(xo) = -xZ(xo) = Hk - Hj , 

(2) XAHj) = Wj[a: 1 -x1a:J, Xk.(Hk)=Wk[a: 1 -x1a:J, 
where (x o,.'" X2d~l) denotes the canonical system of coordinates in R2d, Hi and Hk 
are the hamiltonians of Hj and Hk respectively, and WI' W k are two smooth functions 
never vanishing in Wo and such that 

REMARK 5. Doing more work one can show that if we endow R2d with the 
canonical symplectic structure L1':-~ dX 21 1\ dX 2i + 1, then one can choose Xj and Xk 
to be symplectic. 
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PROOF OF THE LEMMA. An old theorem of Whitney states that one can find a 
nbd~) of Zo and two diffeomorphisms Xj' Xk: (Wo' Zo) ~ (R2d,O) such that: 

(1) 

(2) 

where wi' Wk are two units. Moreover if g = xU2 - X o, then 

wi(O) = (o( wi a!1 r g )(0) = xj [O(Xj*( Hi))2 g ](Zo) 

= ( 0 ( Hj f X j ( g ) ) ( Z 0) = {Hi { H k' Hi } } ( Z () ) .2 

One proves in a similar fashion that wk(O) = {Hk{ Hj, Hd }(zo). Now if we make 
the change of coordinates A: R2d ~ R2d, A*(X) = xi' j;;;. 1, A*(Xo) = Xo - xU2, 
then the compositions Xj = A 0 X i and Xk = A 0 Xk satisfy all the conditions of the 
lemma. 

From this lemma it is easy to prove all the facts stated in Theorem 1 about 
parabolic and hyperbolic fold points. The proof of the statements about the elliptic 
points is more involved. 

(B) The Poincare map. Let Zo be an elliptic fold point. From Lemma 1, it is clear 
that any extremal t¥: [a, J3] ~ T*M contained in a sufficiently small neighborhood 
of Zo has the following structure: there exists a sequence to = a ~ tl < t2 < t2 < 
... < tN ~ J3 = t N+ 1 such that (a) t¥(t) E ~ if and only if t is in the sequence; (b) 
on each interval [ti' ti+d, t¥ is the trajectory of H, (resp. Hk) if i is even and of Hk 
(resp. H) if i is odd, the alternative depending on whether Hj - Hk is positive 
(resp. negative) on ]a 1 , td. 

This remark shows that the extremals in a nbd of Zo are determined by the 
sequence of points of ~, {t¥ (t d, t¥ (t 2)' ... , t¥ (t N )}. Let us make these remarks more 
precise. In order to make computations, we have to fix the definition of the Poisson 
brackets since two choices, differing in sign, are possible. 

Poisson bracket. If F, G are two Coo functions on an open subset of T*M, then 
their Poisson bracket {F, G} = O( G)F where G is the hamiltonian of G and 0 
denotes the Lie derivate. 

Distinguished nbds. Lemma 1 shows that Zo has a basis of nbds W, called 
distinguished, as follows: for any Z E W n {Hj - Hk ;;;. O} (resp. W n {Hj - Hk ~ 
O}), there exist two nbs TjZ) and T +(z), T-<Z) ~ 0 ~ T +(z), such that: 

(1) the trajectory hj(t, z) (resp. hk(t, z» of Hj (resp. Hk ) passing through z at 
time t = 0 is defined on [ T_ (z ), T + (z)] contained in Wand: 

(Hj - Hk)(hit,z)) > 0 if T_(Z) < t < T+(Z), 

(Hj - Hk)( hit, z)) = 0 if t = T + (z ) or T _ (z). 

{Hk - Hj}(hit,z)) < 0 ift = T+(Z), < 0 if t = T_(Z). 
Similar relations obtained by exchanging j and k are also valid. 

2(J denotes the Lie derivative. 
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(2) If z E W Ii ~, then both hj and hk are defined for z. If {Hj' Hd(z) > 0, 
then 7 +(z) = 0 for hJ and Tjz) = 0 for hk, and if {Hj' Hd(z) < 0, then it is the 
opposite. Finally if z E ~l (i.e. {Hj, Hd(z) = 0), then Tjz) = 7 +(z) = 0 for both 
trajectories. 

For any distinguished nbd W, let 

~ + = {z E W Ii ~ I { H k , H j }( z) > o} 
and 

~_= {ZIZE WIi~,{Hk,Hj}(z)<O}. 

DEFINITION 5 (POINCARE MAPPING). For any distinguished nbd W we define two 
diffeomorphisms 

II+: ~+ -+ ~_ (resp. IL: ~_ -+ ~+), 

II + ( z) = h k ( 7 + ( Z ), z ) ( resp. II _ ( z) = hi ( 7 + ( Z ), z ) ) . 

We set II = II_ 0 II+: ~+ -+ ~+. 

Coming back to our considerations at the beginning of (B) in this section, it is 
clear that in the sequence { 1/;( t 1)' ... , I/; (t N)}' we have 

l/;(t 211 +1 ) = IIn( l/;(t1 )), l/;(t 211 +2) = II+II"( l/;(t1 )) 

when Hj - Hk is positive on I/; (]a, t[D and 

I/; (t 2,J = II"-[ 0 II_( I/;(t[)), l/;(t 211 +1 ) = II+( I/; (t 211 )) 
when ~ - Hk is negative on I/;(]a, ttl). Hence to determine the structure of 
extremals in the elliptic case, it is convenient to study the Poincare mapping II. 

LEMMA 2. (a) II can be extended as a smooth diffeomorphism IT to a nbd ~' of Zo in 
~. 

(b) For any z E ~', 

- { [fij(z) Hk(Z) 1 II ( z) = z + 2 Hj' H k } ( Z ) + --:------'-'--'-----'-..,-
{Hj{Hk,Hj}}(z) {Hk{Hj,Hk }} 

+ {H j , Hk } 2(Z )S(z), 

where S is a smooth mapping. 

PROOF. II = II_ 0 II+. II+(z) = hk( 7[(Z), z) (resp. II-Cz) = h/ 72(Z), z», where 
7[ (resp. 72 ) is the smallest positive solution of (Hj - Hd[hk(t, z)] = 0 in ~+ (resp. 
(HI - Hk)[h/t, z)] = 0 in ~J. It follows from Lemma 1 that these solutions exist, 
are smooth functions of z, and extend smoothly to a nbd~' of zoo (The extensions 
are not everywhere positive anymore!) This proves (a). In particular II+ and II_ 
have smooth extensions IT +, IT _ to ~'. 

In the following computations f = g + O(h") means that there exists a smooth 
function or mapping k such that f = g + hnk. We have 

(Hj - Hk)[hk(t,z)] = t[f(z) -1 gk (z)] + 0(t 3 ), 

where f = {HI' H,} and gk = {Hd HI' Hk}}. Hence 71 = 2f/gk + 0(f2). 
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Id = identity mapping, 
[L= Id - 2f H,. + o(F), 

gj . 

fi = IT+-( ~; Hj)OIT++ 0((foII+)2). 

Now if <p is any smooth function or mapping we have <p 0 II+ = <p + 0(/). Also 

foII+=f+ 2f (()(Hk)f) + 0(j2). 
gk 

Since ()( Hk)f = {{ Hj' HdHk} = -gk' f 0 II+ = -f + 0(/2). Hence 

IT = Id + 2f [iik. + H.1] + 0(j2). 
gk gj 
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'LEMMA 3. For any z E ~+, tire time T spent by the extremal between z and II(z), 
as a function of z, is roughly 

T = 2f[~ + ~ .. ] + 0(j2). 
gk g, 

PROOF, Using the notation and the facts of Lemma 2, 

T = T1 + T2 0 II+= 2f[~ +~] + 0(j2). 
gk gj 

The next lemma gives us the normal form of II. 

BASIC LEMMA 4. Let «P: (R", 0) ~ be a germ of a diffeomorphism at 0 having the 
form: 

«P(z) = z + a(z)A(z), 

where a and A are respectively the germ of a smooth function and a smooth mapping 
satisfying the conditions: 

(a) a(O) =F O,A(O) =F 0; 
(b) da(z)A(z) = 0 

for all z such that a( z) = O. 
Then «P is COO-conjugate to its linear part «Po: 

«Po(z) = z + (da(O) . z )A(O). 

IMPORTANT REMARK. In the case where «P is analytic, it is not true, in general, that 
it is analytically conjugate to «Po. 

The basic lemma is probably well known but the author could not find any 
reference for it. In the appendix a proof of the equivalent "coordinate version" of 
the lemma is supplied. 
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BASIC LEMMA 4-COORDINATE VERSION. Let <1>: (Rn,O) ;::J be a germ of a 
diffeomorphism at 0 such that in the canonical coordinates of R", <I> has the form 

<I> 1 ( x) = Xl + xl Al ( X ) , <l>j ( x) = x j. + X 1 Ai x ) , j ~ 2, 

where the A j are smooth and the A /0) with j ~ 2 are not all O. 
Then <I> is conjugate to its linear part <1>0: x ~ x + Xl v, where v = 

(0, A2(0), ... , A,,(O». Let A denote the field (0, A2(X)"", A,,(x». 

A restricted to the hyper surface F = {o: = O} defines a vector field tangent to F, 
which we denote by Z. 

COROLLARY. There exist a nbd Q of 0 and a constant C > 0 such that for all Z E Q, 
all Zoo E Q Ii F, and for any <I>"(z) belonging to the orbit of Z in Q, 

II <l>n( z) - exp[ Sn( z) Z]( z()(J II ~ eClS,,(Z)'11 z - Zoo II, 
where S,,( z) = Lk :60:( <l>k (z ». 

PROOF. Lemma 4 implies that there exists a Coo-diffeomorphism 1/;: (Q, 0) ~ (N, 0), 
Q and N open nbds of 0, I/;(Q) = N, N convex, such that I/; 0 <I> 0 1/;-1 = <1>0' where 
(Xl"'" X,,) is the canonical system of coordinates on Rn, and v = (0, v2, ... , vn) is a 
constant vector field. Now I/; 0 <I> 0 1/;-1 = X + 0: 0 1/;-I(X)V(X), where V is a field on 
N: 

V(X) = f dl/;[(l - sH- 1(x) + s<l>(I/;-I(X»)] dsA(I/;-I(X»). 

It follows that there exists a unit w on N such that 0: 01/;-1 = WX 1, V = wv. Also: 
(1) 1/;1 is constant on the orbits of <I> in Q, (2) eIV(x) = exp[<J(t, x)V](x) for any 
X E N and any t E R such that elV(x) E N, where O"(t,x) = U w(x + sv)ds, (3) V 
restricted to F is I/;*(Z). 

Let z E Q and let <l>n(z) be a point of the orbit of z in Q. Then <l>n(z) = 
1/;-I[e("XJl I'(x)], where X = I/;(z). By property (2) above, 

<I> n ( z) = exp [ 0"" ( Z ) 1/;; 1 ( V) ] ( z ), 
where O",,(z) = O"(nl/;l(z), I/;(z». 

By property (1) above: 

Hence 

II-I 
SII(Z) = L I/;I(Z)w(I/;<I>k(Z»), 

11-1 

Sn(Z) = L X1W(X + kx 1v). 
k=1 

II-I [ (k+l)x ] 
SII(Z) - O"II(Z) = k~O X1W(X + kx 1v) - Jkx, 'W(X + SV) ds . 

It follows that 
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Il = II $" (Z) - exp [S" (z) ~;l( V)] (z) II ~ col Sn (Z) ~l (Z ) I sup II ~* -l( V) II. 
Q 

Hence with some constant C1 : 

With this estimate and property (3) above, it is easy to finish the proof. 
Let us go back to the proof of Theorem 1(3). We can apply Lemma 4 and its 

corollary to $ = IT, taking a = T (see Lemma 2) and A = (IT - Id)ja. Choose a 
nbd Q' of Zo such that z(t,O E Q for all t E Q' and all t E [-a, aj. For any 
t E Q' n L, let -a ~ Tn_m(O < ... < To(O = 0 < T1(0 < ... < T,,+(n(O < a 
be the switching times of z(·, 0 in j-a, a[. It will be convenient to set a = T,'T<ll+ l(n 
-a = T,,_(tl-l(n 

For any t E [-a, a[ and any t E Q' n L, there is a unique n such that T,,(O ~ t 
< T,,+I(O. If t = a, set n = n+(O + 1. Then setting Z = Znorm 

Ilz(t, n - exp(tZ)[t",J II ~ G1 + G2 + G3 , 

where 

G 1 = II z ( t , t) - z ( T" (t ), t) II, 
G3 = Ilexp[T,,(nZ](Lc) - exp[tZ](t",J II· 

By the corollary, since S" = Tn and z(T,,(n 0 = IP(n we have 

G2 ~ eCiT"m11lt - too II, G1 + G3 ~ Cit - Tn(nl~ CITn+1(n - T,,(nl, 

where C = sUPQ IIZII + sUPQ Ilff)1 + sUPQ Ilffkll. Also 

IT,,+ I(n - T,,(n I = I a[rrn(n] I ~ ( sup I w I) ~l(n, 
N 

IT,,+I(O - T,,(OI ~ C4 11t - tooll with some constant C4 • 

It follows from the preceding inequalities that, with some constant Cs, for all 
t E Q' n L and all t[-a, aj, 

Ilz(t,n - exp(tZ)[too ] II < eC"t'llt - toe II· 
This ends the proof of Theorem 1. 

4. Proof of Theorem 2. (A) We shall use the notations of §1, (d'). Let Zo be a 
Maxwell point. In a sufficiently small neighborhood W, L will be a Y-shaped 
stratified set, the union of the three manifolds L(ij), L(jk), L(ki), having L3 n W 
as a common boundary. L(ij) (resp. L(jk), L(ki)) is the set of all z E W such that 
H;(z) = H/z) ~ Hk(z) (resp. H/z) = Hk(z) ~ H;(z), Hk(z) = H;(z) ~ Hj(z)). 

If W is sufficiently small, then W - L will have exactly three connected compo-
nents W;, Uj, Wk , where W; (resp. Uj, Wd is the set of all z where H;(z) > Hj(z), 
Hk(z) (resp. H/z) > Hk(z), H;(z), Hk(z) > H;(z), H/z)). W; (resp. Uj, Wk) has 
the shape of a wedge with L3 n Was edge and (L(ij), L(ik)) (resp. (L(jk), L(ji)), 
(L(ki), L(kj))) as sides. 
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In what follows it will be convenient to set '2.(ji) = '2.(ij) and so on ... 

LEMMA 5. (a) If {Hk' H; }(zo) and {Hi' H; }(zo) are both of the same sign, then, 
for a sufficiently small W, the positive (resp. negative) flow of ii; leaves ~ invariant 
if {Hk' H; }(zo) < ° (resp. > 0). 

(b) If the above quantities are of opposite signs, then for a sufficiently small W the 
flow of ii; crosses ~ from '2.(ij) to '2.(ik) if {Hi,H;}(zo) < 0, andfrom '2.(ik) to 
'2.(ij) in the opposite case. 

This lemma is trivial. It enables us to settle the parabolic case immediately: 
without restricting the generality we can always assume that {H;, Hi }(zo) and 
{Hk' H; }(zo) are of the same sign e and {Hi' Hk }(zo) of the opposite sign -e. From 
case (b) of Lemma 5, it follows that for a sufficiently small W, the flow of H; crosses 
~ from '2.(ij) to '2.(ik) if e > 0, and from '2.(ik) to '2.(ij) if e < 0. By case (a) the 
flow of iij (resp. iik ) flows out of ltj (resp. Wk ) if e > ° (resp. e < 0) and into ltj 
(resp. Wd in the contrary case. 

We are left with the elliptic case which is more involved. 
(B) The elliptic case and the Poincare mapping. Case (b) of Lemma 5 allows us to 

state the following definition. For simplicity let us denote by '2. ii the hypersurface 
H; - Hi = 0, and similarly for '2.;k' '2. kj . 

DEFINITION 6. Assume that {Hj' H; }(zo) < ° and {Hk' H; }(zo) > 0. Then there 
exists a sufficiently small nbd WI C Wof zo, such that the positive trajectory of iii' 
in WI' starting at a point z E '2.;j Ii WI' cuts '2.;k for the first time at ;j,;(z) and 
;j,;(z) is contained in '2.;k Ii WI. We shall denote by cf>; the restriction of ;j,; to 
'2.(ij) Ii WI. Then;j,; and cf>; are diffeomorphisms from '2.;j Ii WI onto '2.;k Ii WI and 
'2.(ij) Ii WI onto '2.(ik) Ii WI respectively. 

In case {Hj' H; }(zo) > ° and {Hk' H;}(zo) < 0, we have the same definitions 
with the roles of j and k interchanged. 

Assume now that Zo is an elliptic point. Without restricting the generality, we can 
assume that {H;, Hj }( zo) > 0. Then for an appropriately choosen WI' all six 
diffeomorphisms 

;j,;: '2.;j Ii WI ~ '2.;k Ii WI' cf>;: '2.(ij) Ii WI ~ '2.(ik) Ii WI' 

;j,k: '2. k; Ii WI ~ '2.kJ Ii WI' cf>k: '2.(ki) Ii WI ~ '2.(kj) Ii WI' 

;j,i: '2. jk Ii WI ~ '2. j; Ii WI cf>/ '2.(jk) Ii WI --+ '2.(ji) Ii WI 

are defined. (Remember that '2.;j = '2.Ji' '2.(ij) = '2.(ji), and so on.) 
Now if 1/;: [a,,8] ~ WI is an extremal anda ~ to < t2 < ... < tN ~ ,8 are its 

switching times, assuming for simplicity that 1/;(to) E '2.(ij), it is clear that 1/;(t3n + 1 ) 

= <I>;( 1/;(t3 /1»' 1/;(t3n + 2) = cf>k( 1/;(t3n + 1», 1/;(t3n + 3 ) = cf>i( 1/;(t 3n + 2» for all n, ° ~ n < 
N /3, n an integer. 

In particular 1/;( t 3n+ 3) = cf>j 0 cf>k 0 cf>;( 1/;( t 3n». This justifies the following 
DEFINITION 7. We denote by II the composition 
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IT has a smooth extension 

IT = ~j 0 ~ k 0 ~;: ~;j n WI ~ ~ ij n WI' 

Both IT and IT are diffeomorphisms. 
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(C) The structure of IT and the end of the proof. We shall consider a linear model 
of our situation: in R2d endowed with the canonical symplectic structure L~:b dx 2" 

1\ dX 2 ,,+I' let L;, Lj , Lk be three linearly independent linear forms, such that 
L j - LA = XI and L; - Lk = O'xo, where 0' is a constant, 0' = {L;, LJ + {Lj' Ld 
+{LA,L;}. 

If we set H; = L;, Hj = L j, and Hk = L k , then the corresponding IT, IIv will be 
the linear mapping 

-I ~ ~ ~ 

where Znorm = 0' ({Lj' LdL; + {Lk' L;}Lj + {L;, Lj}L k ). 

Given any elliptic point Zo it is clear that one can find a symplectic diffeomor-
phism X of a nbd NI of 0 in R2d onto the nbd WI of Zo (see Definition 6) such that 
X(O) = Zo and L;, L j, Lk are the differentials at 0 of X*(H;), X*(H), X*(Hk) 
respectively. It is then easy to see that IT L is the differential at 0 of the mapping 
X-I 0 II 0 X. Applying the Basic Lemma 4 ends the proof of Theorem 2. 

5. Proof of the Basic Lemma 4. (A) The proof will be in two steps: First we reduce 
the diffeomorphism <I> to <1>0 formally in X along the hypersurface R" -1: Xl = O. 

Let P: R" ~ Rn be the projection having Rn-l as its image and the xl-axis as its 
kernel. Call R" the space Rn completed formally along Rn -I. A germ <1>: (Rn, 0) ;::> of 
a formal diffeomorphism at 0 is a formal series L~oxia,(Px) where (a) the a, are 
smooth mappings from a nbd N of 0 in Rn - 1 (depending on <1» into Rn, (b) the 
linear part of <I> at 0 is inversible. These formal diffeomorphisms form a group ~. 

We shall denote by J( <1» the mapping X E N ~ (aoi Px) + xlal,l (Px), Pao( Px) 
+ xlP",(O», where ao = (a O,1' Pal)' a l = (au, Pal), and so on .. 

Let Tr(l) be the subgroup of GL( n) of all linear endomorphisms of Rn whose 
restriction to Rn-l is the identity and who induce the identity on the quotient 
R"jR,,-I. ~m for m ~ 1 will denote the subgroup of ~ of all <I> such that: (1) 
J(<I» E Tr(l), (2) <1>1 - (J(<I»h == 0 modxf'+l, P<I> - PJ(<I» == 0 mod xl". 

The following lemma settles the formal part. We convene that ~o = ~. 

LEMMA 6. Let <I> E ~m (m ~ 1) be such that J(<I» is not the identity. Then there 
exists a ~ E ~m-l such that ~ 0 <I> 0 ~-I belongs to ~m+l' 

If m ~ 2, J( ~) is the identity and if m = 1, ~(x) = [x l (1 + A( Px », Px + /L( Px)]. 

PROOF OF THE LEMMA. We have to find a ~ E ~m-l satisfying the following two 
conditions: 

(A)( ~ 0 <l>h == ~ mod Xf'+2. 
(B) P 0 ~ 0 <I> == P~ + ~IU mod xl"+l, U = Pal(O) . 

.1 The coefficient of ZnoTm is the time needed by the extremal to go from x to n I. (x). 
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Now 
,h - + m+1 d m+2 'PI = XI XI am+l,l mo XI , 

pel> == Px + X V + x"'Pa mod x m + 1 I I", I' 
We look for a ~ in the form: ~I = XI + xtA(Px), P~ = Px + xt-If.L(P(x», 
where A, f.L are germs at 0 of mappings from R"-1 to Rand R"-1 respectively. 

It is easy to see that conditions (A) and (B) are equivalent to the following (A'), 
(B'): 

(A') a", + 1.1 + dA(v) = 0 if m ~ 2, 
(B') Pam - AV + df.L(v) = Oif m ~ 2, 
(A') (1 + A)a 2,l + dA(Pal ) = 0 if m = 1, 
(B') Pal - (1 + A)V + df.L(Pa l ) = 0 if m = 1. 
These equations can be solved as follows: Let S C R"- I be a hypersurface in R"-1 

through 0, transversal to v if m ~ 2 and to Pal if m = 1. Then given any 
sufficiently small nbdN of 0 in R"-I, there exists a unique solution (A,f.L) of 
equations (A')-(B') such that the restrictions of A and f.L to N () S are given. 

Going back to the proof of the basic lemma, one can associate to <I> its formal 
A A k 

counterpart <1>, <I> = L~_Oxlak' where 

a k = :, ak~ I . 
. aX I X1- 0 

Then el> E ~I' Applying Lemma 6 inductively one can construct a sequence ~I' 
~2"'" ~"" ..• such that (a) ~m E ~m-I' (b) Jl~ = Id if m ~ 2, (c) for any integer 
m ~ 1: 

A A A Al Al Al A 
tf;",0 ... ° tf;1 0<1> ° tf;l °tf;l ° .,. Otf;~l E~m+I' 

Now the compositions {~m ° ... ° ~I I m ~ I} converge in the xcadic topology to 
an element ~ E ~, which has the property that ~ ° el> ° ~-I = <1>0' 

Using Borel's theorem, we can find a germ of a Coo-diffeomorphism tf; at 0 such 
that its xl-adic expansion is the ~ constructed above. If we set <1>1 = tf; 0<1>0 tf;-I, 
then <1>1 == <1>0 mod xi'" which means that for any integer N > 0 the mapping 
(<I>I - <l>o)/x;V, which is defined on R" - R"-1 in a nbd of 0, has a smooth extension 
to a nbd of O. 

To end the proof of the basic lemma it will be sufficient to prove the following 
proposition: 

PROPOSITION 1. Let <I> be a germ of a Coo-diffeomorphism (Rn,O) such that <I> == <1>0 
mod xi"'. Then there exists a germ of a Coo-diffeomorphism cf>: (R", 0) ~ such that 
cf> ° <I> ° cf>-I = <1>0 and cf> == identity mod xi"'. 

PROOF OF THE PROPOSITION. Let V be a compact nbd of 0 in Rn such that <I> has a 
representant defined on V. The latter will also be denoted by <1>. Let I: Rn ~ R be a 
linear form such that I( v) = 1. 

It is easy to find a Coo function a: Rn -> [0,1] having the following properties: (1) 
a has its support in V, (2) a is equal to 1 in a nbd of 0, (3) the mapping X ERn, 

'() [<I>o(x) if X $. V, 
X E Rn ~ <I> X = 

<1>0 (x ) + a(x)( <I> (x ) - <1>0 {x )), if X E V, 
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is a C',c-diffeomorphism of R" onto Rn, (4) for all x E R", 

l( <I>'(x») > l(x) + ~XI' 
To prove Proposition 1 it is sufficient to construct a Coo-diffeomorphism </> of R" 

onto itself such that <1>' ° </> = </> ° <1>0 and </> == identity mod xf'. It is quite easy to 
define such a </> but it is technically harder to prove it has the right properties. For 
simplicity, from now on we denote <1>' simply by <1>. Hence <I> is a diffeomorphism of 
R" onto R" such that: (1) <I> - <1>0 has a compact support, (2) <I> == <1>0 mod xl", (3) 
for all x E R", 1(<I>(x» > lex) + ~XI' 1(<I>-I(X» < lex) - txl. 

(B) Construction 0/ </>. Let us define the two functions v,v I: R" - R"- I ~ N 
(N = integers): 

V (x) = inf { n I n E N for all k ~ n, <1>0 k (x) $. support of <I> - <l>o}, 

VI (x) = inf { n In E N for all k ~ n, <I> - k (x) $. support of <I> - <l>o}. 
Property (3) above insures that vl(x) < + 00 for all x E Rn - Rn-l. 
Now we can define two mappings </>: Rn ---- R" and </>1: Rn ~ R": 

</>(x) = [~V(X)O<l>OV(X)(x) 
</>I(X) = [~~dX)o<l>-VdX)(X) 

if x E R"- I , 

if x E R" - R"- I. 

if x E R"-t, 
ifxERI-R"- I . 

LEMMA 7. (a) </> ° </>1 = </>1 ° </> = Id. (b) The restrictions 0/ </> and </>1 to Rn - R"- I 
are CX-diffeomorphisms 0/ this open set onto itself. 

PROOF. Notice first that if k is an integer and k> vex) (resp. vl(x», then 
</>(x) = <1>' ° <l>ok(x) (resp. <l>t ° <I>-k(X». This implies (a). It is obvious that v is 
locally bounded and for VI the same property follows from property (3) of <1>. The 
local boundedness of v and VI implies (b). 

We have to show that </> is Coo everywhere and that </> == identity mod Xl. This 
easily implies that </> is a diffeomorphism of Rn onto itself. 

Let us introduce the following notations: For any integer k, /k = <l>i ° <I> ° <l>ok-I, 
'I'k = /k - Id = <l>i ° 'I' ° <1>0\ where 'I' = (<I> - <1>0)0 <1>01. It is easy to see that we 
have the relation: 

(1)</>=/0°/1° ... o/v_l· 
Since 'I' is flat on R"- I and has a compact support, we have the following 

estimate: 
(El) For any integers m, N> ° there exists a constant K(m, N) such that for all 

x E Rn 

Ildm'l'(x) " < K(m, N)lx( 
dnl'l'(x) is a symmetric m-linear mapping: Rn X ... xR" ~ R" (m times) and 1111 
denotes the classical norm on these mappings. 

I t is easy to see that estimate (El) implies the following two basic estimates: 
(E2) II'I'k(X)11 < [K(O, N) + kllulllxdK(O, N + l)llxIIN. 
(E3) Ildnl'l'k(x)11 < K(m, N)(1 + kllull)m+llx1I N• 
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The next estimate is trivial but important. 
(E4) For all x ERn, vex) ~ (C + IIPxll)/lxd, where C is the diameter of the 

support of <P - <Po. 
The following lemmas will clinch the proof. 

LEMMA 8. Let R > 0 and let 

o = o{R) = 2{C + R)[K(0,3) +lK {0,4)llvll(C + R)] . 

For all x E R" - R/-l such that IXll ~ 0, IIPxl1 ~ R, and/or all integers}, O~} ~ 
vex) - 1, 

(ES) Ilfi(x) - xii ~ 0[K(0,3) + K(0,4)llvll(C + R)]lxd2. 
For all x E R" - Rn-l such that IXll ~ 0(R)/2, IIPxl1 ~ R/2, and/or all integers 

}, O~} ~ vex) - 1, 
(E6) IXI ° /j ° ... ° /v(X)-l(x)1 ~ 2lxll· 
(E7) II/j ° '" ° /v(x)-l(X) - xii ~ 2lxd· 

LEMMA 9. Under the conditions 0/ Lemma 8 
(E8) Ildfj(fi+l ° ... ° /v(x)-l(X» - Idll ~ C(R, N)lxlIN. 
(E9) For all m ? 2, IIdmfi(fi+l ° ... ° fv(x)-l(x»11 ~ Cl(R, m, N)lxdN. 
C and Cl are functions of R, Nand R, m, N respectively. 

Assume the lemmas for the moment. Introduce the pseudo-norms: g E coo(Rn; Rn) 

Ildm,N,R = sUP{~lldkg{x)IIIO ~ k ~ m, IXll ~ o{R), IIPxl1 ~ R}. 
IXll 

Then we claim that 11cj> - Idllm,N,R < + 00. In fact: 
v(x)-l 

cj>{x)-x= L (fio , .. o/V(X)-I{x)-fi+lofi+2°'" °fv(x)-l(x)). 
j~O 

Using (E2-4), if x E R/, IXll ~ 0(R)/2, and IIPxl1 ~ R/2, then: 

11cj>(x) - x II ~ 3N + 2 [K(O, N + 1) + 3{ C + R)II v IIK(O, N + 2)] IXI (. 

Hence 

11cj> - IdII 0 ,N,R/2 ~ 3N+2[K{0, N + 1) + 3(C + R)llvIIK(O, N + 2)]. 

To prove that cj> is Coo, it is sufficient to show that for any real positive number R 
and any integers m, N, 

sup ( ~ Ildmcj>(x) III Xl * 0, IXll ~ 0(:) , IIPxl1 ~ ~) < + 00. 

IXll 

Let us look at the structure of dmcj> first. 
For all integers m ? 1, dmcj> is a sum LO' of "monomials." We shall define these 

now. A monomial 0' of degree k and height v-I is just the differential d k/ v _ l ' 

Assume we have defined the monomials of degree k and height } + 1. A monomial 
0' of degree n and height} is a composition d lJj(fi+l ° ... ° /v-l)[O'l X ... X 0'/], 
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where each a,. is a monomial of degree k r and height j + 1 and the k,. satisfy the 
relations kl + ... + k, = n, kl ~ 1, ... , k, ~ 1. The factors of a are 
d'i/ li+ 1 0 ••• 0 lv-I) and the factors of the a l , ... , a,. 

Let us denote by s( a) the number of factors in a and by h ( a) the number of 
factors d"I,JI" +1 0 ••• °lv_l) such that p> 1. If m > 1, h(a) > O. Let SCm) be 
the maximum of s( a) over all "monomials" a appearing in the sum d mcp = La and 
by N( m) the number of (J appearing in this sum, each computed with its multiplic-
ity: in the sum La, many a's are repeated several times. 

Let us go from m to m + 1: dm+lcp = Lda = La'. A "monomial" a in dmcp gives 
rise to sea) "monomials" a' in d m+1cp. Moreover each of these monomials a' 
contains at most s( a) + v factors. Hence: 

S(m + 1) ~ S(m) + v, N(m + 1) ~ S(m)N(m). 

This shows that SCm) ~ mv since S(I) = v, and N(m) ~ (M - 1)!v m- 1 smce 
N(1) = 1. 

N ow we can estimate d mcp. First assume m = 1. 
r-I 

dcp(x)-Id= L{Aj -Id)oA j +1 0 '" oA v_1 
j~O 

if Ai = df/fj+ 1 0 I j +2 0 ••• 0 lv-I)' Hence if x ERn, IXll ~ S(R)/2, and IIPxlI ~ 
R/2, then using (ES) we have 

v(,)-I 

Ildcp(x) - Idll ~IXl(Cl(R,N) L (1 + Cl(R,I)lx1 1)"(X)-I-J, 

Obviously 

Hence 

Ildcp(x) - Idll ~ Cl\R,Nj exp(Cl(R,I)(C + R))lx1(-1 
C l R,1 

This shows that Ildcp - IdIIN.R/2 < + 00. 

In the case m ~ 2; d mcp = La. As we have seen before, for each a, h ( a) ~ 1. Let 

M(x) = sup{lldlk(Jk+1 0 ···0 Iv(x)-l(x)) Ilia ~ k ~ v(x) -I}, 
MI(x) = sup{lld'lk(Jk+1 0 ••• 0 Iv(x)-l(x)) 1110 ~ k ~ v(x) - 1, 2 ~ I ~ m}. 

Then Ila(x)11 ~ M(x),(a)-h(a)Ml(x)h(a). 
If x E R/, IXll ~ S(R)/2, and IIPxl1 ~ R/2, then using (ES)-(E9) we have 
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Hence 

lIa(x)11 < (1 + C(R,l)lx l lrV(X)CI(R,m,N)lx]( 
if IXII < 8(R)/2, l/CI(R, m, N) and IIPxl1 < R/2, since s(a) < mv and h(a):?> 1. 
Under these conditions: 

Ildm<l>(x) II < N(m){l + C(R, 1)lx1 IrV(X)CI(R, m, N)lx1 (, 

Ildm<l>(x) II < (m - 1)!(1 + C(R,1)lx l lrV(X)CI (R,m,N)lx1 (v(x)m-l, 

Ildm<l>(x) II < (m - l)!eC(R,I)[C+Rl(C + R)m-ICI(R, m, N)lxl (-m, 

This last inequality completes the proof. It remains to prove the lemmas. 
(C) Proof 0/ Lemmas Sand 9. (ES) is an immediate consequence of (E2) and (E4). 
(E6)-(E7), Let e = 8[K(O, 3) + K(O, 4)llvll(C + R)]. Using a going down induc-

tion on i it is easy to see that if x ERn, IIPxl1 < R/2, and elxli < 1, then for all i, ° <i < v(x) -1: 

Ix of ° ... of. (x) 1& gV(X)-I-J(lx I) 1 / v(x)-1 "" 1 

and 
v(x)-1 

Ilfjo ... o/V(X)-I(x)-xll< L II/so", o/v(X)-I(X)-/s+I°'" o/v(X)_I(X) II 
s=j 

v(x)-1 

< e L (gV(X)-1-s(lx1 1))2, 
s=j 

where g(t) = t(l + et) and gk = go ... ° g (k times). If ° < qet < 1, then for all 
integers k < q, gk(t) < gf(t) where gf = gl ° '" ° gl (k times) and gl = 
1/(1 - et). Hence 

and 

provided that e( C + R) < 1. Hence 

e( C + R) 11/0 ° ... ° /v(x)-l(X) - xii < 21x11. 
(l-e(C+R)) 

Let us choose 8 such that e( C + R) = !. Then: 

and 

/Xlo/00/lo ... o/v(x)_l(X)/ <2Ixll, 
I/o ° ... ° /v(x)-I (x) - x I < 21 xII, 

1 8( R) - -------=----------;;-
- 2(C + R)[K(O,3) + K(O,4)llvll(C + R)] . 

(ES)-(E9) follow immediately from (E2-3-6-7). 
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Fold 

Elliptic Hyperbolic Parabolic 

n(z) 

Maxwell 

Elliptic Parabolic 

r.(jk) , 
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