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GROWTH PROPERTIES OF FUNCTIONS IN HARDY FIELDS 

MAXWELL ROSENLICHT 

ABSTRACT. This paper continues the author's earlier work on the notion of rank in a 
Hardy field. Further results are given on functions in Hardy fields of finite rank, 
including extensions of Hardy's results on the rates of growth of his logarithmico-
exponential functions. 

1. Comparability classes. Nonzero elements a, (3 of an ordered abelian group are 
called comparable if there are positive integers m, n such that mlal > 1f3i and 
nlf3i > lal. Nonzero elements f, g of a Hardy field k are accordingly called 
comparable if both lim x ~ 00 f (x) and lim x ~ 00 g( x) are ° or ± 00 and their rates of 
approach to ° or + 00 or -00 as x ~ + 00 are comparable, that is if the nonzero 
elements v(f), v(g) of the value group v(k*) of k are comparable, as in [5, §3]. (We 
assume some f~rniliarity with [5], whose notation we employ.) More generally, germs 
f, g of continuous real-valued functions on positive half-lines in R which are 
nowhere zero on some half-line and are such that limx~oof(x) and limx~oog(x) 
are either 0, or + 00, or -00, will be called comparable if, on some half-line, each of 
If I, Igl is bounded above and below by suitable integral powers of the other. 
Comparability is an equivalence relation among such germs. In particular, compara-
bility is an equivalence relation among all nonzero elements f of Hardy fields with 
the property that lim x ~ 00 f (x) is one of 0, + 00, or - 00, that is among all nonzero 
elements f such that v(f) =1= 0, 

For f a germ of a nowhere zero continuous real-valued function on a positive 
half-line that approaches 0, + 00, or -00 as x ~ + 00, denote the comparability 
class of f by CI(f). Noting that f, -f, lIf, and -llf are comparable and that 
precisely one of these is infinitely increasing (that is, approaches + 00), we define 
CI(f) < CI( g) if each infinitely increasing element of Cl(f) is less than each 
infinitely increasing element of CI( g), "less than" meaning "less than on some 
half-line", If f, g are nonzero elements of a Hardy field k such that v(f), v(g) =1= 0, 
and CI(f) =1= CI(g), then either CI(f) < CI(g) or Cl(g) < Cl(f), The rank of a 
Hardy field is the number of its comparability classes, 

PROPOSITION 1. If u, v are infinitely increasing elements of a Hardy field, then 
Cl(u) ~ Cl( v) if and only if v( u' lu) ~ v( v' Iv), which holds if and only if v (log u) ~ 
v (log v). 
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The first part of this result is a restatement of [5, Propositions 3, 4]; we do not 
even hllve to assume u, v infinitely increasing here, just that u, v "* 0 and v( u), 
v(v)"* 0, for one of ±u, ±lju is infinitely increasing and gives the same v(u'ju), 
and similarly for v. The last part follows from [5, lemma to Proposition 6]. 

COROLLARY. Let u, v be nonzero elements of a Hardy field such that v( u), v( v), 
v( ujv) "* 0 and CI( ujv) < CI( u). Then CI( u) = CI( v) and u' jv' - ujv. 

For (ujv)'j(ujv) = u'ju - v'jv and v«ujv)'j(ujv» > v(u'ju), so u'ju-
v' jv. Note that we would have obtained the same results, with simpler proofs, under 
the similar but stronger hypotheses u, v "* 0, v( u) = v( v) "* O. 

PROPOSITION 2. Let u be a nonzero element of a Hardy field, with v(u) "* O. Then 
(1) if Cl(u) > CI(x) then v(u'ju) < v(ljx), u', u", ... , v(u'), v(u"), ... are 

nonzero, u' ju - u" ju' - ... , log lui - loglu'l - ... , and, except in the case 
CI(u) = CI(e X ), v(u'ju)"* 0 and Cl(u'ju) < CI(u). 

(2) If Cl(u) = Cl(x) then v(u'ju) = v(ljx) and v(u"ju') ~ v(u'ju), with 
u" ju' -I- U' ju. 

(3) If CI(u) < CI(x) then v(u'ju) > v(ljx), u"ju' - -ljx and either 
v(ujlogx) = 0 or CI(u'x) < CI(x). 

We have u' "* 0, for otherwise u E R* and v(u) = 0, contrary to assumption. By 
Proposition 1 we have 

Cl(U)\ : Cl(x) according., .(u'/u) \ ~ .(I/x), 

which is true according as 

v(uju')\ : v(x), 

which cases imply respectively that 

.( (u/u')'{ .(1) ~ 0, or ,( (u')' - uu") ( : • « u')') 

Note that u", u Iff, ••• are all nonzero, unless u E R[x], which occurs only in case 
(2). Note also that the case v( u') = 0 occurs only if u' - c, for some e E R*, in 
which case u - ex, so we are again in case (2). Therefore we have, in case (1), 
v«U')2 - uu") > v«U')2), so (U')2 - uu", u'ju - u"ju' - ... , with v(u'), 
v(u"), ... "* 0 and loglul - loglu'l - .... Also 

v((u'ju)'j(u'ju)) = v(u"ju' - u'ju) > v(u'ju), 
so that if v(u'ju)"* 0 we have CI(u'ju) < CI(u); if v(u'ju) = 0 we have Cl(u) = 
CI(e X ). In case (2), we have v«U')2 - uu") = v«U')2) and the stated claims follow 
immediately. In case (3), from v(xu') > v(u) "* 0 follows v(xu" + u') > v(u'), or 
xu" - -u', so u"ju' - -ljx. If v(u'x) = 0 then there is a e E R* such that 
u'x - e, or u' - cjx, so u - c logx, or v(ujlogx) = 0, so if v(ujlogx) "* 0 then 
v(u'x) "* 0 and v«u'x)'ju'x) = v(u"ju' + 1jx) > v(ljx), so CI(u'x) < CI(x). 
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COROLLARY 1. Let u be a nonzero element of a Hardy field, with v(u) =1= 0, 
v(u') =1= 0, and CI(u') > CI(x). Then u - (U')2ju". 

In either case (2) or (3) we have v(u"ju') ~ v(ljx), contrary to the assumption 
that Cl( u') > CI(x), so case (1) obtains. (Note: This corollary justifies such classical 
computations as f e x2 dx - (e X2 )2j(e X2 ), = e X2 j2x.) 

It is convenient to define A(u) = u'ju for any nonzero element u of a Hardy 
field. Then v(A(U» depends only on CI(u) if v(u) =1= 0, so that CI(A(U» depends 
only on Cl( u) if v( A( u» =1= 0, that is if CI( u) =1= CI( eX). 

If u is infinitely increasing then A(u) > 0. If, in addition, CI(u) > CI(e X ), then 
v(A(U» = v(u'ju) < v«ex)'je X ) = 0, so that A(u) is also infinitely increasing. If 
u > v are infinitely increasing elements of a Hardy field then log u > log v, so that 
log u - log v is either infinitely increasing or bounded from above, and therefore 
v(logu) ~ v (log v). Taking derivatives we get v(A(U» ~ v(A(V», so that CI(A(U» 
~ CI(A(V». Removing the restrictions that u, v be infinitely increasing, we get the 
following result. 

COROLLARY 2. Let u, v be nonzero elements of a Hardy field such that v(u), 
v(v) =1= ° and CI(u) ~ CI(v) > CI(e X). Then Cl(A(u» ~ CI(A(v». 

COROLLARY 3. If u is a nonzero element of a Hardy field such that v(u), 
v(A(U» =1= 0, then CI(A(u» < CI(u) if and only if CI(u) > Cl(x), and in this case 
CI(u') = CI(u). If u is an element of a Hardy field such that u > e xN for all real N, 
then CI(A(u» = Cl(logu). 

For CI(A(U» < CI(u) if and only if v«u'ju),j(u'ju» > v(u'ju), which holds if 
and only if v«U')2 - uu") > v«u')2), or (U')2 - uu", proving the first contention. 
Since CI(u'ju) < CI(u), it follows that CI(u') = CI(u). If u> e xN for all real N, 
then CI(logu) > CI(x) and we can infer that CI«(logu)') = CI(logu), which means 
just CI(A(u» = Cl(logu). 

Parts of these last results have also been proved by D. Gokhman (unpublished) 
and M. Boshernitzan [1, §12]. 

2. Level. 

PROPOSITION 3. Let k be a Hardy field and i'(k) = {v( u' ju): u E k*, v( u) =1= OJ. 
If i'(k) = 0, then k c R. For any g E k* such that v(g) =1= ° we have v(g') =1= 

l.u.b.i'(k). IffE k*, v(f) =1= l.u.b.i'(k), then thereexistsg E k* such that v(g) =1= ° 
andf - g', and v(g) > ° if and only if v(f) exceeds each element of i'(k). 

If i'(k) = 0 then for any f E k* we have v(f) = 0. In the Hardy field k(x), 
where x is the germ of the identity function on R, we have v(f) > v(x) =1= 0, so that 
v(f') > v(x') = v(l) = 0. Therefore f' = ° and fER. The next statement is 
precisely [5, Proposition 2]. If now f E k* and v(f) =1= l.u.b. i'(k), then [5, Theorem 
1] and the argument immediately preceding [6, Lemma 1] show that there exists 
some g E k* such that v(g) =1= ° and f - g'. If v(g) > ° then [5, Proposition 1] 
shows that v(g') exceeds each element of i'(k). If v(g) < ° then v(f) = v(g') = 

v(g'jg) + v(g) < v(g'jg) E i'(k). 
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If U is an infinitely increasing element of a Hardy field k, then its repeated 
logarithms Il(U) (= I(u) = log u), 12(u) (= log log u), 13(u), ... are also infinitely 
increasing and k(x, Il(U), 12(u), ... ) is also a Hardy field, so that we can compare its 
comparability classes. 

THEOREM 1. Let k be a Hardy field of finite rank r and let u E k be infinitely 
increasing. Then there is a integer s with Is I ::;; r such that for all integers N > r we 
have IN(u) - IN-s(x). 

For the proof we use repeatedly the fact that if f is an infinitely increasing 
element of a Hardy field k which has smaller comparability classes than CI(f), then 
there is agE k such that g - logf [5, Proposition 6]. As a consequence, if u is an 
infinitely increasing element of an extension Hardy field of k and u - v, for some 
v E k, then either CI( v) is the smallest comparability class of k or log u - VI' for 
some VI E k. Since u, Il(U), 12(u), ... are all infinitely increasing and mutually 
incomparable, there is an integer i, with 0 ::;; i < r, such that IJ u) - (some element 
of the smallest comparability class of k). Now, since k has finite rank, 'I'(k) is 
finite. Suppose for a moment that max '1'( k) =fo O. Taking f = 1 in Proposition 3, 
there is agE k such that g' - 1, or g - x, so there exists an integer j, with 
o ::;; j < r - 1 such that I;C x) - (some element of the smallest comparability class of 
k). Thus CI(li(u»=CI(l;Cx» for some i,jE{0,1, ... ,r-1}. If however 
max'l'(k) = 0 then there exists v E k* such that rev) =fo 0 and r(v'lv) = 0 = 
r« eX)' I eX), and CI( v) = CI( eX) is the smallest comparability class of k. In this case 
we have CI«((u» = CI(l/x» with j = -1. In either case we have, by Proposition 1, 
r(li+l(u» = r(lj+l(x», so that li+l(U) - cli+l(x), for some positive c E R, hence 
li+2(u) - Ij+2(x), li+3(u) - Ij+3(x), ... , which completes the proof. 

We say that an infinitely increasing element u of a Hardy field has level s if for 
some integer N we have IN(u) - IN-s(x). Then IN+l(u) - IN+l-s(x), IN+2(u)-
IN + 2 _ / x), . .. so that the integer s, if it exists, is unique and the set of integers N 
such that IN(u) - IN_/x) is closed under the taking of successors. The verification 
of the following properties of level is straightforward. 

PROPOSITION 4. For infinitely increasing elements u, ul , U 2 of Hardy fields, level has 
the following properties. 

(1) en(x) has level n, In(x) has level-n. 
(2) If the Hardy field Q( u) has rank r, then U has level 0, ± 1, ... , or ± r. 
(3) If U l' U 2 are of levels Sl' S2 respectively and Ul ::;; u2, then Sl ::;; S2· 
(4) If Ul' u2 have levels and are comparable, then their levels are equal. 
(5) If Ul' U 2 lie in a common Hardy field and have levels Sl' S2 respectively, then 

ul + U 2 and UlU2 have level max{ Sl' S2}. 
(6) If Ul' U2 have levels Sl' S2 respectively and the composite germ ulo u2 lies in a 

Hardy field, then ul 0 u2 has level Sl + S2. 
(7) If u has level s and the integer N is such that I N( u) - IN _/ x), then for each real 

number e > 0 we have eN«l - e)IN-s(x» < U < eN«l + e)IN-s(x». 

Clearly any transexponential function, that is an element of a Hardy field that 
exceeds any repeated exponential en (x), has no level. Examples of such functions 



GROWTH PROPERTIES OF FUNCTIONS IN HARDY FILES 265 

are given in [2], which also shows the existence of an infinitely increasing element g 
of a Hardy field such that g(g(x» = eX. This g has no level, for if it had level s 
then by (6) above eX would have level2s. 

Consider now germs of continuous functions on positive half-lines in R that are 
obtained by starting with the identity germ x and taking repeatedly multiplies by 
positive real numbers, or exponentials, or logarithms, that is germs which are 
functional composites (c1ej )0(c2ej )0 ... o(cnej ), with each Cj a positive real 

1 2 n 

number and its occurrence in this expression denoting multiplication by cj and each 
ij an integer (so that, for example, (le2)0(c2e_ 2)(x) = e2(c212(x» = exp((logxy2». 
These germs are infinitely increasing elements of a Hardy field containing them all 
and they form a group under functional composition. The question arises of 
comparing two such germs. If g, gl' g2 are such germs, then gl = g2' or gl - g2' or 
gl > g2' or CI(gl) ?> CI(g2)' or level gl ?> level g2 if and only if gl ° g = g2 ° g, or 
gl ° g - g2 ° g, . .. respectively. The germ (C1ej) o( c2ej) ° ... ° (cne j) has level i1 + 
i 2 + ... + in' This germ can also be written in such a way that no i j is zero, except 
possibly in' and no cj is 1, except possibly c1• But there is no question of uniqueness 
of expression, since (c1e_1)0(c2e1)0(c3eO)(x) = c1 log C2 + C1C3X and different tri-
ples (c1, c2, c3 ) can give the same pair (c1 log c2, C1C3 ); similarly for 
(c1e1)0(c2e_1)0(c3eO)(x) = c1cjzx c2 • However there are partial results. 

PROPOSITION 5. Consider expressions of the form (c1e j ) ° (c 2e j ) ° ... ° (cne j ), 
1 2 n 

representing germs of functions on positive half-lines in R, with each cj a positive real 
number and each ij a nonnegative integer, such that no cj is 1 except possibly for C1 and 
no ij is 0 except possibly for in' Two such distinct expressions represent comparable 
germs if and only if they are identical except for their c1's and of two such expressions 
whose germs are not comparable the larger germ is the one for which the germ of 
(lejl_1)0(c2ej)0 ... o(cne j) is larger, if both iI'S are positive. 

These results, which enable us to compare any two expressions of the given type, 
are proved by applying induction on the maximal level i1 + ... + in of the two 
expressions to both parts of the proposition simultaneously. We may assume that the 
two expressions under consideration have equal levels. The result is trivial for level 
zero. For positive level, each i1 is positive and Proposition 1 tells us that the 
expression with the larger comparability class is that with the smaller 
v(log«c 1e j)0 ... ° (cnej)(x))), that IS the one with the larger 
log«c 1e j)0 ... o(cnej)(x», and IOg«C1ej)0 ... o(cnej)(x»-
(e jl -1 ° (c2e j) ° ... ° (cnej»(x), which enables the induction to go through. 

Taking functional inverses enables us to compare any two expressions of the form 
(c1I j)0 ... ° (cnl;) if each ij is nonnegative. 

COROLLARY. Let r1, Sl' r2, S2 be nonnegative integers and c1, c2 positive real num-
bers distinct from 1, with (r1' Sl' c1 ) * (r2' S2' c2 ). Then 

e rl ( ( 151 ( X ) ) Cl ) > e r, ( ( 152 ( X ) ) C2 ) 
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if and only if rl - Sl > rz - Sz or 
rl - Sl = rz - sz, r1 > rz , and Cl > 1, or 
r1 - Sl = rz - sz, rl < rz , and Cz < 1, or 
r1 = rz, S1 = Sz andc1 > cz· 

Furthermore these two functions are comparable if and only if r1 = rz = 0 and Sl = sz. 

This useful result, which is given less explicitly in [3, pp. 23-24], reduces after the 
replacement of x byes +s +l(X) to the question of comparing er«es +l(XW') = 

1 2 1 2 

(e rl + 1 0 (cle s»(x) with e r2« e Sl + 1 (x »C2) = (e r2+ 1 0 (cze s)(x), which reduces di-
rectly to the proposition. 

Hardy points out [3, p. 24] that for any real numbers aI' a z, a3,· •• , /31' /3z, /33' ... 
such that 0 < a1, a z, ... < 1 < /31' /3z, ... we have 

eZ((Il(X)rl ) > e3((tz(X)r2) > ... > er+l((tr(x)r') > ... 

... > er((tAx))P,) > ... > ez((tz(x))P2) > e1(U1(x))PI), 

and er+l«(lr(x»"') > er«(lr(x»p,) for all r (all direct consequences of the corollary). 
He also shows [4, pp. 82-85] that there is an infinitely increasing function cf> such 
that cf>(cf>(x» = eX satisfying 

er+1((tr(x)r') > cf>(x) > er((tr(x))p,) 

for all r, and states without proof that such a function cannot be an L-function. We 
can prove that there is no function cf> in a Hardy field of finite rank such that 

er+l((tr(x)r') > cf>(x) > er((tr(x))p,) 

for all r as follows. Let N, s be integers such that I N( cf» - IN _ s( x). Taking r = N 
above and applying the operator INto the resulting inequalities shows that 
I N-s(x)je«(l N(X »"N) and (IN(X))PN II N-s(X) are bounded as x ~ + 00. The corre-
sponding expressions with aN' /3N replaced by 1 are therefore bounded, giving 
respectively the estimates s ~ 1 and s» 0, so that s = 0 or 1, and both these 
possibilities can be ruled out directly by the same boundedness argument, with 
aN' /3 N this time maintaining their original values. 

3. Liouvillian Hardy fields. 

PROPOSITION 6. Let k c K be Hardy fields and let wE K* be such that v(w) » 0 
and v(w') E v(k*). Then there exists atE k* such that vet) > 0 and v(w') » vet') 
if and only if v( w') "* l.u.b. 'Ir( k). This last condition is satisfied if l.u.b. 'Ir( k) does 
not exist or if max 'Ir(k) exists. 

If such a ( exists and p( w') = l.u.b. 'Ir( k) then p( w') » p(t'), which exceeds each 
element of 'Ir(k) [5, Proposition 1], so that p(t'»> l.u.b. 'Ir(k) = pew'), so that 
pew') = v(t') = l.u.b. 'Ir(k), contrary to [5, Proposition 2]. Conversely, suppose 
v(w') "* l.u.b. 'Ir(k), if this exists. We have pew') E v(k*) and v(w') exceeds each 
element of 'Ir( k), hence each element of 'Ir( k), so by Proposition 3 there is a ( E k * 
such that p( t) > 0 and p( w') = p( ('). This shows the equivalence of the two 



GROWTH PROPERTIES OF FUNCTIONS IN HARDY FILES 267 

conditions. The last condition is already satisfied if l.u.b. 'I'(k) does not exist. If, on 
the other hand, max '1'( k) exists, then [5, Proposition I} implies that v( w') exceeds 
each element of '1'( K), in particular the element max '1'( k) = l.u.b. '1'( k). 

PROPOSITION 7. Let k C k(w) be Hardy fields, with either w' E k or w'jw E k 
and w - 1. Suppose that there exists t E k* such.that v(t) > 0 and v(w'»): v(t'). 
Then for each u E (k(w»* there exists v E k* such that u - v. 

This result strengthens [6, Lemma 2}, which under exactly the same hypotheses 
proves the weaker result that v«k(w»*) C Qv(k*). From this follows that if 
u E (k(w»* then there exists a positive integer n and an element v E k* such that 
v(u n) = nv(u) = v(v). If v(u) * 0, we get v(u'ju) = v«u")'ju n) = v(v'jv) E 

'I'(k). Thus 'I'(k(w» = 'I'(k). We now prove the preliminary result that v«k(w»*) 
C v(k*). In the case w' E k, it suffices to prove by induction on n that if 
ao, a l ,···, an E k and u = aown + aIw n- 1 + ... +an * 0, then v(u) E v(k*). This 
is clearly true if n = 0, so that we may assume that n > o. Also assume, as we may, 
that a o = 1. Then u' E k[w} has degree in w at most n - 1, so that by induction 
either u' = 0, in which case u E R* and v(u) = 0, or v(u') E v(k*), in which case, 
unless v(u) = 0, we have v(u) = v(u') - v(u'ju). But since v(u') E v(k*) and 
v(u'ju) E 'I'(k) C v(k*) we get the desired inclusion v(u) C v(k*). In the case 
w'jw E k it suffices to prove by induction on card{i} that a sum u = Liaiwi, with 
the i's distinct integers and each ai E k*, is either zero or such that v(u) E v(k*). 
We may clearly assume that n > 0 and that one of the terms aiw i of u is one. 
Noting that (aiwi)' = (a;ja i + iw'jw)aiwi, we see that u' is a sum of terms of the 
given type but with fewer terms, so by induction we get either u' = 0, in which case 
u E R and either u = 0 or v(u) = 0, or v(u') E v(k*), and if v(u) * 0 we get as 
before v(u) = v(u') - v(u'ju) E v(k*). This in any case v«k(w»*) = v(k*). In 
particular, l.u.b. 'I'(k(w» = l.u.b. 'I'(k). We now complete the proof by reworking, 
somewhat differently, the previous argument. If w' E k we show by induction on n 
that for any u = aown + aIw n- 1 + ... +an, with each ai E k, we have either u = 0 
or u - v, for some v E k*. As before, we may assume n > 0 and a o = 1. By the 
induction assumption u - wn is either 0, in which case u - 1, or u - wn - b, for 
some bE k*. In the latter case u - b + 1, unless b - -1. If b - -1, then u = 0 or 
u * 0 and v(u) > O. Then v(u') * l.u.b. 'I'(k), so there exists an f E k* such that 
vU) > 0 and f' - u', in which case f - u. In the case w' jw E k, we show by 
induction on card{ i} that for any sum u = Li aiwi, with the i 's distinct integers and 
each a i E k*, we have u = 0 or u - v for some v E k*. We may clearly assume 
that u has more than one term and that one of its terms is 1. The induction 
hypothesis then gives u - 1 = 0, in which case u = 1, or u - 1 - b, for some 
bE k*. Then u - 1 + b, unless b - -1, in which case u = 0 or u * 0 and v(u) > O. 
As before, f' - u' for some f E k* such that vU) > 0 and as before we obtain 
f- u. 

PROPOSITION 8. Let R eke K be Hardy fields and let U C K be such that each 
u E U is primitive over k, that is u' E k, and K = k(U). If l.u.b. 'I'(k) exists, 
suppose that there is a Uo E U such that U o * 0, v( uo) * 0, and v( u~) = l.u.b. '1'( k). 
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Then Cl( uo) is smaller than any comparability class of k and for each element y of K * 
we have y - auo for some a E k* and m E Z. If l.u.b. 'l'(k) does not exist, then for 
each y E K * there is an a E k * such that y - a. 

Suppose for a moment that l.u.b. 'l'(k) exists. If y E k* and p(y) > 0 then 
p(y') > l.u.b. 'l'(k) = p(u~) > p«ljy)'), so that p(y) > p(uo) > p(ljy) and 
Ip(uo)1 < p(y). For any odd positive integer N we can apply this same argument to 
the Hardy fields k(yl/N) c k(U, yl/N) and the element yl/N to obtain Ip(uo)1 < 
p(yl/N) = (ljN)p(y). Therefore Cl(uo) < Cl(y). Note that if there exists ayE k* 
such that p(y) =f= 0 and p(y' jy) = l.u.b. 'l'( k) then this y could be chosen to be 
infinitely increasing and we would have an example of the present situation with 
Uo = logy; in fact we must always have Uo - clogy for some c E R*. Now in either 
case, l.u.b. 'l'(k) existing or not, we consider the differential ring k[U], whose field 
of quotients is K. Each nonzero element y of k[U] can be written as a finite sum of 
monomials auI u2 ••• un' with a E k* and ul , u2 , .•• , un E U and we call a positive 
integer N the degree of y if y can be written as a sum of such monomials with each 
n at most N, but not as such a sum with each n at most N - 1. We prove the 
proposition by proving by induction on the degree of the nonzero y E k[U] that if 
l.u.b. 'l'(k) exists then y - auo for some a E k* and some nonnegative integer m, 
while if l.u.b. 'l'(k) does not exist then y - a, for some a E k*; this will complete 
the proof since K is the quotient field of k[U]. This statement is clearly true if y has 
degree zero. So suppose that the degree of y is N > 0 and that the statement is true 
for each nonzero element of k[U] of degree less than N. We shall prove our 
contention for all nonzero y E k[U] of degree N by induction on the mininal 
number of monomials aU I ... UN of degree N that appear in any expression of y as 
a sum of monomials of degree at most N. We have reached the point where we have 
positive integers N, M and we want to show that for any nonzero y E k[U] that can 
be written as a sum of monomials of degree at most N with at most M monomials 
of degree N appearing we have y - auo with a E k* and m a nonnegative integer 
or y - a with a E k*, as the case may be, under the assumption that this is true for 
any nonzero y E k[U] that can be written as a sum of monomials of degree at most 
N with at most M - 1 monomials of degree N appearing. We may suppose that y 
can be written as a sum of monomials of degree at most N with exactly M 
monomials of degree N appearing and we may also assume, without loss of 
generality, that one of the terms of degree M that actually appears in such a 
representation is of the form UIU2 ••• UN' for some ul , ... , UN E U. Then y' can be 
written as a sum of monomials of degree at most N with less than M monomials of 
degree N appearing. If y' = 0 then y E R* and we are done. Otherwise, the 
induction assumption applied to y' shows that if l.u.b. 'l'(k) exists then y' - f3uS 
for some f3 E k* and some nonnegative integer p while if l.u.b. 'l'(k) does not exist 
then y' - f3 for some f3 E k*. We may assume that p(y) =f= 0, for otherwise y - c 
for some c E R* c k. If l.u.b. 'l'(k) does not exist then Proposition 3 implies that 
f3 - a' for some a E k* such that pea) =f= 0; thus y' - a' so that y - a, as claimed. 
For the rest of the proof we may restrict ourselves to the case in which l.u.b. 'l'(k) 
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exists, where y' - {3ug. If v({3) *- l.u.b. 'Ir(k) then there is an a E k* such that 
v(a) *- 0 and {3 - a'. We already know that CI(uo) < CI(a), so that v(aug) *- 0, 
v(u~/uo) > v(a'/a), and (aug)' = (a'/a + pu~/uo)aug - a'ug - {3ug - y', giv-
ing y - aug. In the final case v({3) = l.u.b. 'Ir(k) = v(u~) we have {3 - cu~ for some 
c E R*. Taking a = c/(p + 1), we get v(aug+ l ) *- 0 and 

(aug+ l )' = a(p + l)ugu~ - {3ug - y', 

so that y - aug+ l , completing the proof. 

PROPOSITION 9. Let R eke K be Hardy fields and let W be a multiplicative 
subgroup of K * that contains k * and is such that K = k (W) and each W E W is 
exponential over k, that is w' /w E k. Suppose also that either max 'Ir( k) exists or 
l.u.b. 'Ir(k) does not exist. Then for each y E K * there is awE W such that y - w. 

The set of all finite sums WI + ... + Wn ' where WI' ..• ' Wn E W, consists of the 
differential ring k[W] whose field of quotients is K. It therefore suffices to prove the 
proposition for nonzero elements y = WI + ... + Wn ' where each Wi E W, and we 
do this by induction on n. The case n = 1 is trivial, so suppose that n > 1 and that 
the result is true for n - 1. Then y = WI + ... +wn - Wi if i E {1, ... , n} is such 
that v( w) > v( wJ for all j E {1, ... , n}, j *- i. We are therefore reduced to the 
case where v(wI ), ••• , v(wn) are not all distinct, say v(wI ) = v(w2 ). Let c E R* be 
such that w2 - CWI , so that Wo = w2/cw i - 1. Applying Proposition 7 to wo, taking 
note of Proposition 6, we see that for each nonzero u E k( wo) there is a v E k* 
such that u - v. We have v«k(wo»*) = v(k*), 'Ir(k(wo» = 'Ir(k), max'lr(k(wo» 
= max 'Ir(k), and l.u.b. 'Ir(k(wo» = l.u.b. 'Ir(k), if these latter exist. If we apply our 
induction assumption to y = WI + ... + wn = WI (1 + cwo) + W3 + ... + Wn, with k 
replaced by k(wo), K by K(wo) and W by (k(wo»*W we obtain y - uw, with 
u E (k(wo»* and w E W. If u - v, with v E k*, we have y - VW E W. 

PROPOSITION 10. Let k be a Hardy field containing R and let W = {± exp(J a): a 
E k} be the set of all germs that are exponential over k, where f denotes antidifferenti-
ation, so that k(W) is a Hardy field. Let w = exp(J a), where a E k. If a = 0 or 
v(a) exceeds each element of 'Ir(k), then v(w) = o. If v(a) is less than some element 
of 'Ir(k), then a - b' for some b E k* such that v(b) < 0 and either CI(w/e b ) < 
Cl(w) or v(w/e b ) = 0, with CI(w) = CI(e h ) exceeding at least one comparability 
class of k. If k has a smallest comparability class and Wo E k is one of its infinitely 
increasing elements and a E k* is such that a - cw~/wo for some c E R*, then 
v(w) = v(wt); furthermore, in this last case CI(wo) is the smallest comparability class 
ofk(W). 

We note first that a = w'/w is equivalent to a = (loglwJ)', or w = ±exp(J a). 
Since antiderivatives and exponentials of elements of a Hardy field lie in a larger 
Hardy field, k(W) is itself a Hardy field. Now let a E k and w = exp(J a). If 
a = 0 then w' = 0, so wE R* and v(w) = o. If a*-O and v(a) exceeds each 
element of 'Ir(k) then we cannot have v(w) *- 0, for otherwise v(a) = v(w'/w) E 

'Ir(k). We now claim that in each of the remaining cases we cannot have v(w) = o. 
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For otherwise, choosing a E R* such that pew - a) > 0, we have pea) = p(w'/w) 
= pew') = p«w - an, which by Proposition 3 exceeds each element of i'(k(W» 
:J '1'( k). If p( a) is less than some element of '1'( k), then Proposition 3 shows the 
existence of some bE k* such that a - b' and pCb) < 0. Then p(e h) '1= ° and 
(w/eh)'/(w/e h) = w'/w - b' = a - b', so that p«w/eh)'/(w/e b » = pea - b') > 
pea) = p(w'/w). This shows that CI(w/e b ) < CI(w) or that p(w/e b ) = 0, and also 
that CI( w) exceeds at least one comparability class of k. In the final case, in which 
a - cw6/wo, with a E k * and Wo and c as stated, we have 

so that the first part of the proposition implies p( w /wJ) = 0. Among other things, 
we have shown that CI( wo) is the smallest comparability class among {CI( w) : w E W, 
pew) '1= o}. Proposition 9 states that for each y E (k(W»* there is awE W such 
that y - w, which shows that CI(wo) is the smallest comparability class of k(W). 

THEOREM 2. Let R eke K be Hardy fields, let U c K consist of elements that are 
primitive over k, let W be a multiplicative subgroup of K * that contains k and that 
consists of elements that are exponential over k, and suppose that K = k(U, W). 
Suppose also that either max '1'( k) exists and there is a Uo E U such that U o '1= 0, 
p(uo) '1= ° and p(u~) = maxi'(k), or that l.u.b.i'(k) does not exist. If maxi'(k) 
exists then for each y E K * there are m E Z and w E W such that y - uO'w. If 
l.u.b.i'(k) does not exist, then for each y E K * there is awE W such that y - w. 

If max '1'( k) exists, Proposition 8 shows that CI( uo) is the smallest comparability 
class of k(U) and that maxi'(k(U» > maxi'(k). We now apply Proposition 9 to 
the Hardy fields R c k(U) c K and the multiplicative group WI = (k(U»*W, 
getting CI( uo) to be the smallest comparability class of K and obtaining for each 
y E K* a Yl E (k(U»* and a WI E W such that y - yIWI . By Proposition 8 again, 
YI - auO' for some a E k* and m E Z, so that y - uO'(awl ). This finishes the case 
where max '1'( k) exists. The same proof, simplified by omitting all references to 
CI( uo), handles the remaining case in which l.u.b. i'(k) does not exist. 

COROLLARY. Let R eke K be Hardy fields, let U c K consist of elements that 
are primitive over k, let W be a multiplicative subgroup of K * that contains k and that 
consists of elements that are exponential over k, and suppose that K = k(U, W). 
Suppose that k has a smallest comparability class and that Wo E k is one of its infinitely 
increasing elements. If y E K * then either there exists some b E k such that Ibl is 
infinitely increasing, CI(e b ) > CI(wo), and either CI(y/e b ) < CI(y) or p(y/e b ) = 0, 
or else there exist a E R*, mE Z and c E R such that y - a(log wo)mw~. 

Since CI( wo) is the smallest comparability class of k we have max '1'( k) 
= p( w6/wo). The infinitely increasing germ log Wo is primitive over k and 
p((log won = max '1'( k), so that we can replace U by U U {log wo} and K by 
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k(U u {logwo}, W) if necessary to guarantee that we are in the circumstances of 
Theorem 2, with U o = log woo If y E K * then y - (log wo)mw for some m E Z and 
w E W. The various possibilities for ware enumerated in Proposition 10. In the first 
case, v( w) = 0 so that w - a for some a E R* and hence y - a(log wo)m. In the 
second case, there is abE k* such that v(b) < 0, CI(e h ) > Cl(wo), and either 
CI(wje h ) < Cl(w) or v(wje h ) = 0, so that either CI(yje h ) < CI(w) = CI(y) or 
v(yje h ) = O. In the final case, v(w) = v(w~) for some c E R*, so there exists 
a E R* such that w - aw~, giving y - a(log wo)mwo' 

In analogy with the work of Hardy on his logarithmico-exponential functions 
(L-functions, for short), we pose the following definition: Let ko be the real 
algebraic closure of the Hardy field R( x) and for each n > 0 let the Hardy field k n 

be the real algebraic closure of the Hardy field obtained by adjoining to k n -1 all 
germs that are either primitive or exponential over k n -1' (" Germ" of course means 
germ of real-valued functions on positive half-lines.) 

A liouvillian Hardy field is a differential subfield of U~=o k n that contains R. 
Elements of k n that are not in k n -1 are called liouvillian Hardy functions of order n. 
(Liouvillian Hardy functions generalize Hardy's L-functions and are somewhat 
easier to work 'with. In Hardy's definitions germs primitive over a field are replaced 
by germs that are logarithms of the absolute value of an element of the field and 
germs exponential over a field are replaced by germs that are the exponential of an 
element of the field.) 

THEOREM 3. Let u be an infinitely increasing liouvillian Hardy function of order n. If 
n = 0 then u - ax m, for some positive real a and positive rational m. If n > 0 then 
either In(u) - ax m, where a and m are as above, or for some i = 1,2, ... , n we have 
In_;(u) - a(l;(x»m(l;_l(X)y, where a, c E R, mE Q, a > 0, and either c > 0 or 
c = 0, m> O. 

The proof uses repeatedly the result [5, p. 665] that if k c K are Hardy fields with 
K algebraic over k, then v(K *) c Qv(k*). Since each infinitely increasing u E R(x) 
satisfies u - ax m for some positive real a and positive integer m, the case n = 0 is 
clear. The proof for n > 1 goes by induction on n, applying the last corollary to 
k n - 1 and its extension field obtained by adjoining all primitive and exponential 
germs over it and then using the quoted result on algebraic extensions. 

A large number of minor results of Hardy [4] follow immediately. For example, 
the elements of the smallest comparability class of k n are precisely those u-
a(ln(x»m, with a E R* and m E Q*. No liouvillian Hardy function of order 3 
exists which exceeds all e«(l(xW), n = 1,2, ... , and is less than all e2«(l(x»1/n). 
The function xxx is of order 3. The function x" is a liouvillian Hardy function of 
order 1 but an L-function of order 2. 
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