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ABSTRACT. Let ¥ be a UHF algebra and &/ (D) the disk algebra. If % = [U, ., U, ]~
and « is a product-type automorphism of % which leaves each ¥, invariant, then «
defines an embedding

%A, ®#(D)>A,,, ®F(D).

The inductive limit of this system is a Banach algebra whose maximal ideal space is
closely related to that of the disk algebra if the Connes spectrum I'(a) is finite.

1

Let % be a UHF-algebra, and let { %, }2°, be a nested sequence of subalgebras of
A, each of which is isomorphic to a complex matrix algebra, such that A =
U,..%,)". Let /(D) be the disk algebra; that is, /(D) is the commutative
Banach algebra of functions that are continuous on the closed unit disk D~ and
holomorphic in the interior. In this note we consider Banach algebras € of the
following sort: % possesses a nested sequence {%,}y_, of subalgebras, €, is
isomorphic to A, ® /(D) and ¥ is the closure of the union of the €,’s. To be more
precise, let a be a “product-type” automorphism of the UHF-algebra 9. Denote by
Z*x U the closed subalgebra of the C*-crossed product Z X, % which is gener-
ated by the nonnegative powers of a. Such algebras have been called semicrossed
products [1, 9]. The class of Banach algebras treated here is semicrossed products of
UHF-algebras by product-type actions. That Banach algebras € of this kind possess
a nested sequence of subalgebras {%,}5_, with €, = A, ® A(D) and U%, dense in
%, is proved below (cf. Proposition I1.5, Lemma IV .4).

It is not surprising that there is a close connection between ideals in the disk
algebra and ideals in €= Z" X _ %. Our main result states that if the Connes
spectrum I'(a) is a finite subgroup of the unit circle, then there is a natural
one-to-one correspondence between the strong structure space (or maximal ideal
space) A of € and D™ /T'(a) (D~ the closed unit disk); in fact, the correspondence
is even a homeomorphism for the respective hull-kernel topologies (Theorem 4.13).
This work reveals a phenomenon which illustrates how greatly the ideal theory of
such algebras can differ from that of % *-algebras. Recall that if ¢ is a unital
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C*-algebra and {%,}7., a nested sequence of unital C*-subalgebras with dense
union, and if J C € is any (closed, two-sided) ideal, then J =[U, . ,J N €,]".
(This was proved in [2] in the context of AF-algebras, though Brattelli later observed
it holds more generally [3].) But if % is a Banach algebra of the type Z*x , 9, and
€ =[U%,]”, where {%,}>_, is a nested sequence of unital subalgebras, then for an
(closed, two-sided) ideal J C ¥ it may or may not be the case that J equals
[U,51(J N €,)]". If this holds, we will say J is ascending with respect to {6, };_;.
For example, it can happen that only a proper subset of the maximal ideal space 4
consists of ascending ideals; if #, C # denotes those maximal ideals which are
ascending with respect to { %, }5_, then “typically” we will have .# , corresponds to
oD U {0} /T'(a). Power [10] has studied nest algebras where every ideal is ascending
(which he calls inductive).

The paper is organized as follows: In §II the framework of semicrossed products
is introduced, along with some remarks on inductive limits. §III pertains to spectral
theory of automorphisms; the one new result in this section, which apparently does
not follow immediately from the general theory, is Proposition II1.10. The Main
Theorem, describing the strong structure space of semicrossed products of UHF-
algebras by product-type actions, appears in §IV.

I

I1.1. We begin by reviewing some standard facts concerning inductive limits of
Banach algebras which will be needed later. The proofs (which are omitted) are
essentially as in [11, 1.23.2], only with “star isomorphism” replaced by “isometric
isomorphism”.

Let {%,}>_, be a sequence of Banach algebras with identity, and ¢,: €, > %, .,
an isometric embedding, with ¢,(1) = 1, n = 1,2,.... Then there is a unital Banach
algebra € and isometric embeddings ®,: %, — €, with ®,(1) = 1, such that the
diagram

%tﬁ—l q)n+1

-
l’nT e %
%, o,

commutes. If €, is the subalgebra ®,(%,) C €, then {%,}%_, is a nested sequence
of subalgebras whose union is norm dense in . € is the inductive limit of {%,; ¢, }.

Conversely, let 2 be a Banach algebra with identity which contains a sequence
{2, )%, of subalgebras with identity which satisfies

(i) 2 is the norm closure of U, 2,

(ii) there is an isomorphic isomorphism ¥, of %, onto 2, C & such that the
diagram

%n
b N,
\Iln+l
3 - 9

n+1
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commutes. Then, there exists an isometric isomorphism 6 of ¥ onto £ such that
0(%¢,)=2,and 0|, = ¥,0".

I1.2. COROLLARY. Let € be a Banach algebra with identity, and let {%,}3_, be a
nested sequence of closed subalgebras containing the identity. Suppose that € is the
norm closure of U, ., %,, and let v,; €, — €,,, be the identity map. Then € is
isometrically isomorphic to the inductive limit of {%,;¢,}.

I1.3. Notation. If €= lim {%,;¢,}, we will not distinguish between ¥ and the

subalgebra €, = ®,(%,) C €.

11.4. Semicrossed products. Let a be an automorphism of a (separable) C *-algebra
9, and let /Y(Z*, A, a) be the subalgebra of /'(Z, U, a) consisting of functions F:
Z — A supported on the nonnegative integers. Thus, ||F||, = £, . (|| F(n)||, and

m

(FG)(m) = ) F(n)a"(G(m —n)) = ¥ F(n)a"(G(m — n)).

n>0 n=0
Denote by Z* X U the enveloping Banach algebra of /}(Z*, %, a) with respect to
the class of contractive Hilbert space representations. It follows from [9] that the
norm of Z* X ¥ is also given by
IF|=supl(Ux p)(F)[,  FeZ %,

where the supremum is taken over all covariant representations (U, p) of (¥, a); in
fact, there is a faithful covariant representation for which equality holds. This shows
that Z*X A may be considered as a closed, nonselfadjoint subalgebra of the
C*-crossed product, Z X %. Z* X A will be called the semicrossed product of 9
with a.

If K(Z*, %, a) is the subalgebra of /Y(Z", %, a) of functions with finite support,
K@Z*, %A, a) c Z"X N is dense.

I1.5. Let % be a C*-algebra with 1 and { %, }%_, a nested sequence of subalgebras
of A such that 1 € A,, n=1,2,.... Let a € Aut(U) leave each subalgebra %,
invariant, and set a, = a|A,. K(Z*, % ,, a,) can be regarded in an obvious way as
a subalgebra of K(Z*, %, ,,a,,,)- This gives rise to an isomorphic embedding ¢,
Z°X A, > L%, A, ..

n+1

PROPOSITION. Z* X 3 = liin (Z7X,A50,)

PRrROOF. Let 7 be a faithful representation of A and u a unitary (on some Hilbert
space) such that (w, u) is a covariant representation of (¥, a). Then Z* X U is the
completion of K(Z*, ¥, a) in the norm ||x|| = |(u X 7)(x)||. If m, = 7| %, then =,
is faithful representation of ¥, and for x € K(Z*, %, a,), ||x|| = |(u X 7, )(x)].
Now the dense subalgebra A, is a-invariant, and K(Z*,U,,«) C K(Z*, %, a) is
dense in the semicrossed product norm, and hence is dense in Z* X A as well.

On the other hand, we may regard the algebras Z* X, %, as a nested sequence of
subalgebras of the inductive limit, lim {Z*X, ,;¢,}, whose union is dense in the

inductive limit norm (cf. I1.3). Now since K(Z", %, a,) is dense in Z "X, A,

UK(Z+’ S")’[nvarn) = K(Z+7 U%[n*an)

n
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is a dense subalgebra of both Z*X % and lim {Z*X, % ,;¢,}. Thus the proof will

be complete if we can show that the two norms agree on this subalgebra. So let
xeU,K(Z*%U,,a,). Then x € K(Z*, %, ay) for some N. Viewing x as an
element of the semicrossed product Z* X U, ||x|| = |I(u X 7)(x)|. Also, (u X 7)(x)
= (u X wy)(x). But ||(u X my)(x)|| is the norm of x, viewed as an element of
Z7x, Ay, which coincides with the inductive limit norm of x, since Z*X, A is
isometrically embedded in the inductive limit, lim {Z "X, % ;¢,}.

I1.6. COROLLARY. Z* X A = [U,,, Z" X, A,]".

I

III.1 For each positive integer n, let [n] be a positive integer, and M " the

[n] X [n] complex matrices. Let ¥ be the UHF-algebra ® _ M™. So if A, =
®:_ M, A=[U,,,%,]", where the embedding %A, — A, ,, given by x Sxe

I where I™ is the identity in M ™.

For each n > 1 let v be a unitary element of M, and e{’ (1 <i,j<[n]) a
full set of matrix units for M such that e{”, i = 1,...,[n], are minimal, mutually
orthogonal selfadjoint projections with respect to which v(™ has spectral decomposi-
tion

[n]
v =Y exp(2m/-1y™)e{".
i=1

We will assume that -1/2 < y{™ < 1/2 for all i, and that y{™ = 0. (Since our
interest is in the action Ad(v‘™), the assumption y{"™ = 0 is just a convenient
normalization.) Set

[n]

v (1) = ¥ exp(2aV/-1y(Mt)e”, tER,
i=1

()= ® (1), (1) = Ad(e(1).

n

a(n)(t) = kgla(k)(t)’ and Ot(t) = n§1an(1)’

the corresponding strongly continuous one-parameter group of automorphisms. « is
called a product-type automorphism of A. (The parameter ¢ will usually be omitted
when ¢ = 1.) In case the sequence {v,,(¢)} converges in norm, call v(7) the limit; if
v(t) exists for all ¢, it is a norm continuous group of unitaries in .

Let

Qn.m={>\ER:>\= Y eyl sjkslk],ske{o,l}}

k=n+1
O<n<m)SetQ,=9, U =Un_..9Q,,, @=0Q,and Q= Nz, Q.. Next,
set T, (resp., I, T, ') equal to {exp(V-1A): A€, ,, (tesp., 2,,2,,Q)}.
Finally, set I, = N T
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IIL.2. LemMa. T, T = N2 [TAT)
PrOOF. Clearly, T, I';! € NZ_,[T,(T,;)™"]". Conversely, let ¢ € NZ_,[T,(T,;)™']~

—_, = n=1 n=1
=N,_:L/(T,)"". Then there exist {a,}, {b,} €T, n=1,2,..., such that ¢ =
a,b;!. Passing to a subsequence, we may assume that {a,}, {b,} are both conver-
gent. Let a =lima,, b=1limb,. Since {a,a,, ,a,,, ...} C I, for all n, it

follows that a € T, ; alsob € T,. Hence ¢ = ab™! € T T ;.
II1.3. LEMMA. T is a closed subsemigroup of the unit circle.

PROOF. Let a,b € T. Then, given ¢ > 0 and a positive integer n, there exists
a’ € T; such that |a — a’| < ¢/2. By definition of T}, a’ € T, ,, for some m > n.
Again, there exists b € T, such that |b — b’| < ¢/2. Nowa’, b’ € T, and

lab — a’b’| <|ab — a’b| +|a’b — a’b’| < e.
Since ¢ > 0 was arbitrary, ab € T,:; since this holds foreach n > 1, ab € T_.

II1.4. CorOLLARY. T is either a finite subgroup of the unit circle T, or else
r,=T.

ProoOF. These are the only closed subsemigroups of T.
IIL5. CoroLLARY. T, = T, Tt =N [TAT)'].

PRrROOF. This follows from I11.2 and II1.4.

I11.6. Next we recall some facts concerning the infinitesimal generators of the
one-parameter group a(?). Let

&x = —y/-1 lim 9&)();)—_)6;
t—0

the domain of &/ consists of all x € A for which the limit exists. If o, g,, and o,
denote the spectrum, the point spectrum, and continuous spectrum, respectively,
then

(@) o(#) = 0,(L)Uo(Z)CR,and o (&) = 0,(F) \ 0,();

(b)o,(L)=Q—-Q=(A-N: A, XN€Q},

(c) for each A € 0,(), ker(«/ — AI) is infinite dimensional, and

ker(&/— A1) = { U ker[(«- )\I)l?[,,]} ;
n>1

(d) # is bounded iff £2_, y¥ < oo, where y X = max, , ; <y [v\* — v/©L If &
is bounded, ||| = L¥_,;y* = r (), the spectral radius (cf. [8]).

IL7. (a) o(a(1)) = o,(a(t)) U (a(1)) C T, and o(a(1)) = o,(a(t))\ o,(a(?))
(similarly for v(t));

(b) o,(a(1)) = {exp(y-1 At: A € @ — Q);

(¢) {a(?)} is norm continuous iff {v(¢)} exists in A for all 7 iff ZF_, y* < oo,
where Yy = max, _, . 1v?)

We sketch the proof. It follows from general principles (e.g., [6, Theorem 2.2.2]
that o(a(t)) D exp(V-1 to(s7)). However, a calculation like that in [8, p. 182] yields
the inverse inclusion as well. This, together with o,(a(?)) = exp(V-1 to,()) [6,
Corollaries 2.2.3 and 2.2.5], implies the results.
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I11.8. COROLLARY. Let a = a(l). Then o(a)= T'TY, which coincides with the
Arveson spectum of a. (Here a is the automorphism «(1l), not the one-parameter

group.)
Prook. This follows from II1.7 and [7, Corollary 8.1.11].

I11.9. COROLLARY. The following are equivalent:
(a) {«(t)} is norm continuous and hence unitarily implemented by {v(t)} C U;
(b) £, = (0).

PrOOF. O = (0)iff 7, — 0, where 7, = sup{|7|: 7 € Q,}. Let

n)

v = max
1<ig[n]

Then 7, < ¥ ,.,v® < 27,. Thus, 7, > 0 is equivalent to the convergence of
Y ¥, which in turn is equivalent to the norm continuity of { a()} by 1L.7(c).

I11.10. PROPOSITION. If T is a finite group, there exists an automorphism B of I
with o(B) = I',, and a unitary u € A such that o = (Adu)e B = Bo(Adu).

Proor. Let T, = {exp(Y-127k)A,): k=0,1,....,p — 1} (A, =1/p). Define
i e [—Xo/2, Ao/2) by 70 = A (mod A ), and set

(M = max {]Tk"”,n:l.z,...}.
1<k<([n)

We claim that ©2_,7(") < 0. Suppose, to the contrary, that £ ;7" = + o0, and
let P = {n: there exists j, 1 <j < [n], such that 7" =7} Now 7" = 0 as
n — oo; if not, there is a subsequence 7("«) and ¢ > 0 with 7("*) > ¢. But then there
is a further subsequence {n; }i=, and m; € {1,...,[n, ]} such that {7;*} con-
verges to some value X € [—A,/2, A,/2). But in that case A € Q_, so exp(Y~1 27\)
€ T, a contradiction. Next, either , . p7"’ = + o0 orelse L, c yy p7") = + 00 (0r
both). Say, without loss of generality, >, c p7¢") = + c0. Then @), is dense in R* for
every N. Indeed, let A > 0 and N € Z* be given. Let n, = inf{n: n€ P, n > N,
(" < \}. Suppose n,,..., n, have been chosen. Let

N1 = inf{n: neP,n>n,, t4 o 4700 4700 < ?\}.

The conditions lim, , . 7™ =0and L,cp ,. y7"' = + oo imply that given & > 0
there exists k € Z* such that (") + ... +70") & (X — g A). Thus @/ is dense in
R*, and so @, = N*_,Q/ D R*. But then I = T. This proves the claim.

Set u™ = Yl exp(V=1277{)e(®, and u, = ®;_, u'™. By IL7(c) and £ ;7"
< o0, {u, )} converges to a unitary u in ¥. Set # = Ad(u*)e° a. By construction, the
spectrum of B is T, and Ad(«~') commutes with a.

IT1.11. Recall that the Connes spectrum I'(«) is defined to be Ny o(a| Z), where
the intersection ranges over all a-invariant, hereditary subalgebras % C A. Let %,
be the smallest hereditary subalgebra of 9 containing e’ ® --- ®e{". @, is a
UHF-algebra invariant under «, and «|%, is a product-type automorphism. So
from Corollary I11.8 the spectrum of «a restricted to &, is I'/(T/)"%. Thus the Connes
spectrum ['(a) c N=_,[/(T)) ' =T,.
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COROLLARY. ' = I'(a).

PROOF. From a = Ad(u)° B and 87 = 1, p = ||, it follows that a( p) = Ad(u?)
is unitarily implemented. On the other hand, a(n) is not unitarily implemented
unless B(n) is, which will not be the case unless n € Zp, as can be seen from [3,
Lemma 3.5]. It follows that T') = I'(a) * , and hence I’ = I'(a).

v
IV.1. Unless stated otherwise, an ideal in a Banach algebra is a closed, two-sided
ideal.
DErFINITION. Let & be a Banach algebra, and suppose % contains a nested
sequence of closed subalgebras {%,}5., such that & =[U_,%,]". An ideal
J C & is called ascending with respect to the sequence { 4, } if

- [('OJ (mg«m}.

If the sequence { %, } is understood, we will simply say that J is ascending.

IV.2. Next we state the analogue for semicrossed products of a fact for C*-crossed
products. Let &, 8 be automorphisms of a C*-algebra # with identity, and suppose
there is a unitary u € % such that a(B) = Ad(u)°B(B), BE #. ThenZ*X , % =
Z"X, %, and the (isometric) isomorphism is given on the dense subalgebra
K(Z*, #,a) by

Y &*®B,—> Y 8f®@Ba"Yu) - alu)u

n>0 n>0
(X, 5007 ® B, € K(Z", B,a) is the function F: Z*— # such that F(n)= B,) (1,
ITL.4].

IV.3. We will adhere to the notation of §III. Fix a product-type automorphism «
of the UHF-algebra % = (U, ,, %,)". If a, = a| A, by IV.2, Z7 X, A, is isometri-
cally isomorphic with Z* X, %, = ¥, ® A(D). If =, is any faithful representation
of %, on a Hilbert space 5, and L is the representation of A(D) by multiplication
on the classical Hardy space H?, the semicrossed product norm of x € A, ® A(D)
is the norm of (7, ® L)(x) acting on 5, ® H? (Although %, ® A(D) is semisim-
ple, and hence has a unique norm topology, it is important that a particular norm be
specified when taking inductive limits.) Next we define a sequence of isometric
embeddings ¢,: Z*X, % > Z" X, A, ,,; the lemma which follows is essentially
[3, Theorem 2.1].

IV.4. LEMMA. Define A, as the set of functions a from {1,2,...,n} into {1,2,...}
such that a(i) € {1,2,...,[i]} for all i=1,2,...,n. Then Z*Xansll,, is linearly
spanned by elements f, "‘)( g), a,b € A,, g € AD). These elements satisfy

L) [ (h) = 8,14 (gh)
for all a,b,c,d € A,; g h € A(D). The embedding Z+x , %, >Z*x, U, ., is

given by the relation
[n+1]

(")(g) = L (n+1)(gyk(n+l))’
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where a,, b, € A, ,, are both defined by

G PR iy

ifi=n+1,

and g (z) = g(exp(- 2m/-17)z), z € D. An isomorphism Z°X, A - A, ® AD)is
given by f577(g) — ely) ® g. (By e(p) we mean e{i),, 1, ® -+ ®el) )

IV.5. NotaTION. We may now form the inductive limit of {Z*Xx, % ,;¢,}. By
Proposition I1.5, the inductive limit is Z X 9. We will view {Z* X, %} as a nested
sequence of subalgebras of Z*X U, whose union is dense (cf. I1.3, I1.6). By an
ascending ideal we mean an ideal that is ascending with respect to the sequence
(Z*x,90,).

IV.6. Let # be a nonzero closed ideal in the disk algebra A(D), and let K be the
intersection of the zeroes of the functions in £ on T = dD, the unit circle. Let F be
the greatest common divisor of the inner parts of the nonzero functions in #. Then
SF is precisely the set of functions of the form Fg, where g ranges over the functions
in A(D) which vanish on K [4, p. 85].

Now let J € Z*X U be an ascending ideal (cf. IV.5), and set J, = J N Z*X(,HQI".
The isomorphism Z*Xx , %, - %, ® A(D) maps J, to an ideal in %, ® 4(D); but
ideals here are of the form span {e(") ® h: h €2} where £, C A(D) is an ideal.
Thus J, is linearly spanned by elements f}’(g), where a, b € A, and g belongs to
some ideal Z, C A(D). As above, #, corresponds to a compact set K, of T (having
Lebesgue measure zero) and an inner function F,. Let a,b € A, and g € A(D)
vanish on K,. By Lemma IV.4 we have

[n+1]

f(F,g) = Z (n+1)((F )y,i"*”gy("“')
k=1

In particular,
fcgl+1)((F) (n+l)gy(n+1)) (S J

for all c,de A,,;, k€ {1,2,...,[n + 1]}. But then f("*“((F,,)Ywngwm) must
be of the form f{'*V(F,,  h), where h € A(D) vanishes on K,,,. As F,,, is the
greatest common divisor of the inner parts of all nonzero functions in Z, ., F,,,
must divide the inner part of (F,) +ng,+v, and hence, as (F,), ,41) is the
greatest common divisor of the inner parts of all functions of that form, it follows
that F, ., divides (F,) +v, Or, (F, 1) _ v divides F,, 1 < k < [n + 1]. In fact, we
claim that F, is the least common multlple of {(F,;1)_yrv: 1 <k <[n+ 1]}. For
let F, be the least common multiple. If g € A(D) is such that
FETOWE)) yrongypren) € Jyprs 1 < k < [n+ 1), then the condition J,=J,,, N
Z*x U, implies
’ [n+1)

fa(:)( ) Z (n+1)(( ) {n+1)g7(n+l)) EJ"_

By definition of F,/, F, divides F,; but the characterization of F, implies F, divides
E/ so F,, F, agree up to a unit.
Let L, = {y: y € [- {, 1) and exp2m/-17) € K,))}.
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LEMMA. F, = lem{(F,,{)_,p-0t k=1,...,[n + 1]},

[n+1]
L= U (L, —v") (mod1)
k=1
and
[n+1]
K,= U exp(-2a/-1y{"*V)K,,,.
k=1

PrROOF. The first statement has been proved, and the second follows from (3,
Corollary 2.2] by taking complements.

IV.7. Since each inner function is uniquely decomposable as the product of a
singular inner function and a Blaschke product, we can write F, = S, B,. Here B, is
a Blaschke product, and S, has the form

.0 = exp| - | 55 an(0)]

where p, is a positive singular measure supported on L, C [}, 7). Let Z, be the set
of zeroes of B, in the interior D of the unit disk. From IV.6,

B,=lem{(B,, ) yo: k=1,....,[n+1]}.

This implies
[n=1]

(*) Z,= U exp(-2n/-1y{""V)Z,.,,.
k=1

LEMMA. If T has infinite cardinality, then either each Blaschke product B, is void,
or else each B, has a zero (of some positive order) at the origin.

ProOF. If 0 <r<1, n=12,..., set Z, ,=Z,N{z€C: |z|=r}. We will
show that Z, , is empty. Observe that (+) holds with Z, ,, Z,., , in place of Z,,
Z,.,. Hence, by (%), if Z, , in nonvoid for some », it is nonvoid for all », in which
case, by compactness, Z_, , =Ny, Z, , is nonvoid. Repeated application of (*)

implies, for m > n,

n,r

Zn,r= U TZm,r’

T€T,

and hence Z, , DU, 7Z, ,. Since m > n is arbitrary Z, , DU, cp7Z,, ,. If
z1,€2,,2,, contains {7z, v € I/}. If T is infinite, so is I,. But then the
Blaschke product B, would have infinitely many zeroes on the circle |z| = |zy| = r.
That is impossible, and so Z,, ,, Z, , are void.

n,r

IV.8. LEMMA. Let {K,}*_, be as in 1V.6, and set K = Ny_, K,. Then K, =
[(TDK, )™

PRrOOF. Repeated application of Lemma 1V.6 yields K, = (T, ,.)'K,, (m > n).
So K, o (T, ,,)'K,, for all m > n, and hence K, > (I;))"'K,,. Since K, is closed,
K, > [(T))'K_]". For the opposite inclusion, let r € K, and 7,, € K, 7, € T,
such that 7 = 7, (7.)~'. Passing to a subsequence, we may assume that {7, }, {7}
are convergent. If 7, = lim 7, 7, € K. Since I, , c T, for all m > n, {1,} C

m 'm> "00

I/, andif 1/, = limr/, 75 € (T7)~. Then 7 = 7,(72)"L.

m> ‘oo
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IV.9. COROLLARY. There is a one-to-one correspondence between the ascending
ideals J C 7+ X N and triples ({ B, }3_1, { K, }2o1, {1, )3 1) satisfying:
(1) { B, }*~, is a sequence of Blaschke products with

B, =lem{(B,,,) v, 1 <k<[n+1]};

(1) { K, }i*-; is a sequence of compact subsets of T of Lebesgue measure zero with
K,.1CK,and K, =[K_(T))"']" or K, void, where K, = N7_, K ;
and

(iil) {p, },—, is a sequence of singular measures on [~ 3, 3), with p.,, supported on L,
(¢f. 1V.6), and p, =lem{(p, 1) 0), 1 < k <[n+ 1]}. (The translate v, of the
measure Yy on [— 3, 3] is given by [ f(8)dv, = [ f(6 — y)dv.)

PROOF. In IV.6, IV.7 and IV.8 it is shown that each ascending ideal J € Z*x A
gives rise to a triple ({ B, )51, { K, }oo1, {1, }3,) satisfying (1)—(iii). Conversely,
any such triple satisfying the stated conditions determines a sequence {J,}%_; of
ideals. J,CcZ*x, A, and J,=J,  NZ"X A, n=12... Then J=
(U%_,J,)" is an ascending ideal in Z* X 9.

IV.10. Let J be an ascending ideal corresponding to the triple ({ B, }, { K, }, {#,, });
now K, is invariant under I' ) = I'(a) and the zeroes Z, of B, are invariant under
I'(a).

Suppose now I'(«) is finite; say |I'(«)| = p. Then J will be maximal in the set of
all ascending ideals iff it is of one of the following forms:

(@) p,=0forall n, L, =NL,=U"_{y, +j/p} (mod1) for some y, € [~ 3, 3),
and the Blaschke products B, are all void; or

(i) L, =L,= & and p, = 0 for all n, and the zeroes of B, are of multiplicity
one with Z_, the common zeroes of the B,, of the form Z_ =U_ @A, for
some A, € D.

If J is of type (i), write J = M, , where A, = exp2m/~1vy,) € T = 9D; also
write J = M, if J is of type (ii).

Of course, just because an ideal J is maximal among the ascending ideals does not
autmatically imply that it is maximal among all (proper, closed, two-sided) ideals of
Z*x A. Let A denote the maximal ideals of Z* X ¥, and #, denote the subset
of A consisting of ascending ideals (with respect to the sequence) {Z "X, %, }). As
we have seen in Lemma IV.7, if the spectrum of « is infinite, there is no ascending
ideal of the form M, A, € D, A, # 0. Later we will show that ., consists
precisely of those M, ’s ( A, € D) for which an ascending ideal M, exists. At the
moment we consider the case where « has finite spectrum.

n’

PROPOSITION. Assume o(a) = I'(a) is finite. Let Ny € D, then M, is a maximal
ideal in % x .

PROOF. We need to show that the quotient Z*X /M, is simple. The cases
Ao =0, Ay # 0 will be dealt with separately; Z*X A/M, = A, whereas if A, # 0,
Z" X A/M,  is a simple [AF]-algebra (which is not necessarily UHF if p = |I'(a)|
> 1). In each case we will construct a representation 7, ~with kernel M, .
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Fix a nontrivial (and hence faithful) representation p of the UHF-algebra A on
some Hilbert space. The formula

" (15'(8)) = g(0)p(ely)) (g€ 4(D),abeA,)

defines a contractive representation on Z "X, A, (n > 1) such that
al"t | 27X, U, = =",

Also, ker (" = M, N Z"x, ,. This allows us to define a representation 7, on
U,>1Z" %, A,, and since 7, is contractive it extends uniquely to a representation
7, of Z7X A. Since the image of =, is precisely p(2), the kernel of =y, M, is a
maximal ideal in Z* x 9.

Now let 0 # A, € D7, and let p,...,p,_; be representations of A which are
unitarily equivalent to p. Let w € T be a generator of I'(a) (so I'(a)=
{1,0,...,w? !}), and define a representation 7 of Z¥X, A, by

m(f(g)) = Zg( No)e,(elp)) € @p,(m ),

(g € AD), a,b € A),). Since the assumption o(a) = I'(a) implies that the con-
stants v/ € {0,1/p,....(p — 1)/p}, write v/ = k") /p; so k" is an integer in
{0,..., p — 1}. We want to embed @/.’;’01 p,(A,) into eajl;‘olpj(%[,,ﬂ) in such a way
that the diagram

(1 p-1
+ 0
Z Xa,,”mn+l - @ p,(%[n+l)

j=0

T, )
" p—1
Z+Xanmn - @ pj(s)ln)
Jj=0
commutes. Now the formula
[n+1)]

(g = Z f(n+1)( (n+1))

i=1

(notation as in Lemma IV.4) implies
[n+1]

77,)(\:)1)( a(n) ) Z p n+1)(f(n+l)(gy“’“)>

i=1

1.e.,
p-1 p—1[n+1]
Y gl@hg)p(el) = X X gl N )y (el ).
j=0 j=0 i=1
Comparing coefficients,
[n+1]

( ('1)) Z [JRe “( (n-j—l))

i=1
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(where k — k{"*D is to be understood mod p). In other words, the factor p, () is
partially embedded in p,_ (¥, 1), i=1,...,[n+ 1]. By definition of I,
(which is T'(a)), given n and k,k’ € Z, there exists m > n and k}lf), j=n+
1,...,n,ij € {1,...,[j]}, such that

kK'=k+ X k¢ (modp).
j=n+1
Thus, p, (% ,) is partially embedded in p} (¥ ,,). It follows by [2, Corollary 3.5] that
the [AF]-algebra which is the direct limit of eBP o pj(QI ) with respect to these
embeddings is simple. If m, is the representatlon of Z*x % defined by the
sequence {'rr{(’;) }, thenkerm, = M, , and so M, isindeed maxxmal inZ*x, 9.

IV.11. LEMMA. Suppose — 3 <vy{", /" <, 1<k <[n), n=1,2,..., and
suppose that v\ = v} except for at most finitely many pairs (k, n). Let a, o be the
corresponding automorphisms of W (cf. 111.1). Then there is an isomorphism ®:
Z"X N - Z" X A which maps the ascending ideals of Z* X 3 bijectively to those of

Z"x .

PROOF. By hypothesis, there exists an integer N such that y{" = v/, 1 < k < [n],
n>N. Let ®:Z%X,%,—>Z"X, A, be the isomorphism ®(£}(g)) = f’(")(g),
where a,b € A,, g € A(D) (notatlon as in IV.4). Then, for n > N, the diagram

o’l
Zx, 4, S 2%, 4,
bty L,
on+l
+ +
Y/ Xa,,H An+1 - (/ Xa;H An+1

commutes. The sequence {®, } defines an isometric isomorphism ®: U,Z" X, %A, —
U,Z*x, %A,, which extends uniquely to an isomorphism ®: Z*X A —» Z*X U,
and, by its definition, maps ascending ideals of Z*X N bijectively to those of
Z x N

IV.12. Let M be the set of maximal ideals of Z*X %, and # , C .# be the
subset of ascending maximal ideals.

PROPOSITION. Assume the Connes spectrum T'(a) is finite and that o(a) = I'(a).
Then every maximal ideal M of Z* X % is ascending.

ProoOF. Let p =|['(a)|, and set 4,(D) C A(D) the subalgebra of p- -periodic
functions, i.e. f(wz) = f(z), w-—exp(ZW\/—/p) Let ¥,: %, ® AD) > Z* %, ¥,
be the isomorphism ¥, (e(? ® g) = f{7(g), n = 1,2,. Then the diagram

\I”l
%A,84,(D) - A ®AD) S ZtX, A,
Lj,®id Le,

v,
QIn-&-l®Ap([)) - S‘)’In+l®A(])) - Z+X 9’[n-i»l
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commutes. This is because ¢, only involves translations by powers of w =
exp(2my/-1 /p) (cf. Lemma IV.4). The sequence {¥,} thus defines a map ¥:
A ® A,(D)—> Z"X A ¥ is an isomorphism whose range is a proper subalgebra of
Zx N Gf p > 1).

Next we define “translation” on Z*X . Set Q{"(f$(g)) = f{’(h), where
h(z)=g(z)($ €T, g€ AD),and a,b € A ). Since

Qé")

Z'X, %, - Z°x, %,
lt’l ltﬂ
Q}IH-I)
Z+Xan”9{n+1 - Z+Xa"+1%n+1

commutes, and {Q{"} is isometric, the sequence { Q{"} defines an operator Q, on
Z*x U, whose restriction to Z*X , %, is Q{".

We want to define a (linear) projection P from Z*X _ 9 onto the subalgebra
V(A ® 4,(D)) C Z*x U Set

p—1
P(F)= % Y QX(F), FeZ'x Y.
p=0

It is easy to check that P is a projection whose range is just ¥(4 ® 4,(D)). Now let
M be a (proper) maximal ideal in Z*Xx _ ¥, and let I(M)=MnN Q (M)
N --- NQP Y M). Suppose I(M) C M, = kerm,. Since the product MQ (M) - - -
QF~Y(M) c I(M), and since maximal ideals are prime, we conclude Q%(M) C M,
for some k, 0 < k < p — 1. But then M = QK..(Q¥(M)) c Qk..(M,) = M,, since
M, is translation invariant. By maximality, M = M, so in this case M is ascending.

Thus we may assume there exists F € I(M), F & M,. Then P(F) € I(M). But
as my(F) = mo(P(F)) and my(F) # 0, we have m,(P(F)) # 0, or P(F) & M,. Thus
I(M) N ¥ (A ® 4,(D)) + (0).

Let J,=MNZ*X,%,, and J = (UJ,)". Since every ideal of ¥(A ® 4,(D)) is
ascending (with respect to the sequence ¥ (%A, ® A4,(D)) C Z+><a”%[n), JNn
¥(A, ® 4,(D)) is ascending, and in particular J, # (0), n = 1,2,....

As in IV.9, {J,}%_, corresponds to a triple ({ B,},{L,},{n,}). (It is more
convenient to work with L, than K,.) We finish the proof by showing that if a
maximal ideal has nontrivial intersection with an ascending ideal, then the maximal
ideal is ascending. By Lemma 1V.8, L, =Uf_}L_ + k/p (mod1), where L =
NL, = L, for all n. Set

-1

p
o= U
k=0

1 k
L, 0[0, E] + 7 (mod1).
If Z is the intersection of the zeroes Z, of B,, then Z, = Uf_§w*Z , for all n by
V.7, where w = exp(2m/-1 /p). Let
p—1
20V = | o*[Z2, Nn{0<argz < 7}],
k=0
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and

p—1
23Y = |J o*[Z, n{7 < argz < 27}],
k=0

and B&D, B2 be Blaschke products with Z{D, Z(-? as zeroes. Let p(tD, p2
be singular measures supported on LV, L1? respectively, such that pD + p(2)
=p,. Let J&D, JOD be the ideals in Z*Xx A which correspond to the triples
(B, (LOV), (WD, ((BE2), (O, (402)), Now JUDI02 e c M,
and since M is maximal, either J*Y or J1-? is contained in M. Let J be the one
which is contained in M. (If both are contained in M, pick one arbitrarily.) Suppose
J®¥ ) c M has been defined in such a way that L =U?-j(I*) +j/p) (mod1)
where length of 7™ is 27%, and Z{?) ¢ U?_jw’S™), where S*) c D is a sector of
width 27/2k. Let [*k*1D [(k+1.D he compact intervals of length 2°% in I

whose union is 7%, and set

p—1

L¢+0 = Y (1<k+1v")+ i) (mod1), i=1,2.
j=0 P
Also set
p—1
ZE 00 = (| o/(S*HInZ®) =12,
j=0
and B{*'D the Blashke product with Z{**1" as zeroes, n = 1,2,.... If p{f*4D

are singular measures on LG*LD LK1 respectively, with p(%) = plA+ih 4
ple+ 2 and if J*HLD (7= 1,2) are the ideals in Z* X ¥ corresponding to the
triples ({ Lﬁlk+1,1)}’ {B;k+l,i)}’ {“(nk+1,i)})’ then J(k+1.1)J(k+l,2) C J(k) C M, SO
either J(**1.D or Jk*1.2 M Call J**1 the one that is contained in M. Thus the
chain {J)}%_, is contained in M, and so is (U, J®)". Changing notation,
(U, J®)~ is an ascending ideal corresponding to the triple ({ B,},{L,},{r,}),
where L, = L, =U?-3{A, +j/p} (mod1) for some X, € [0,1), or else L, = L,
= @, if Z, are the zeroes of B,, Z, = Z,, € U?_j w’/R, where R is a ray emanating
from the origin in D (possibly Z, = &), and g, = 0 or else p,, is supported on L,.
Now an argument very similar to the one just given shows that M contains an ideal
M’ corresponding to a triple ({ B,}, {L,}, {p,}) where u, =0 and either L, =
U?Z5{Ao +j/p} (modl)yand Z, = @, orelse L, = @ and Z, = U?-; {w/A,} for
some A, € D. But such an M’ is maximal, so M = M’ is an ascending ideal.

IV.13. Suppose that o(a) = I'() is finite. By IV.10 and IV.12 the maximal ideals
and maximal ascending ideals coincide (# = ./ ,), and every M € ./ is of the form
M, , for some A, € D. Recall M, is the closed linear span of f\;’(g), where
a,be A, (n=1,2,...) and g € A(D) vanishes at A\j, Ajw -+ Aw? L (0 is a
generator of I'(@).) Clearly, My = M, = -+ = M1, . Thus, there is a one-to-
one correspondence between the space .# of maximal ideals of Z*x 9 and
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D/T(a). Call ¢ the mapping M — D/T'(a), (M, )=A[(a). Then ¢ is a
homeomorphism if . is given the hull-kernel topology and D has the hull-kernel
topology from the disk algebra. Indeed, if ¥ C 4,

.57={Je//1:13 N M}
Mey¥

= {J Nu: J is the closed linear span of
£ (g),a,be A, (n=1,2,...) and g belongs
to a maximal ideal # in A(D), > ker(¢(S))}.

In other words, (%) = ¢(&)".

For sake of concreteness, let us recall the description of the hull-kernel topology
on D. The closed sets IV € D are of the following form:

(1) ¥V n D is either finite or countable; if ¥ N D is countable, say {A;,A,,...},
then X%_; (1 — |A,]) < co.

(i) V' € 9D is a closed subset (in the usual topology of the circle) of Lebesgue
measure zero, and contains every accumulation point of V' N D [4, p. 89].

Let us still assume I'(a) finite, but relax the condition o(a) = I'(a). How does the
situation change? Not surprisingly, the answer depends on how much o(«a) differs
from I'(a). If o(a)\ I'(a) is finite (equivalently, o(a) is finite), then there is no
change; Lemma 4.11 together with what we have said about implies /# , = # =
D/T(a).

Suppose, on the other hand, T'(a) is finite but that o(a) (= TT ') has infinite
cardinality. By Proposition I11.10, & = (Adu)B, where u € U is unitary, and B is a
product-type automorphism of % with respect to the same masa, and o(8) = I'(a)
= I'(B). Then Z* X A, Z" X gA are isomorphic, and hence have the same maximal
ideals, # = D /T'(a). The isomorphism, most easily described on the dense subalge-
bras K(Z*, A, B) it K(Z*, A,a) by ¥(F)= F’, where F'(m)= F(m)u*", does
not map the sequence of subalgebras {Z* X %, } onto {Z*X, %, }, and conse-
quently ascending ideals in Z* X 5 % may not necessarily be mapped onto ascending
ideals in Z* x , A. (It should be noted that every maximal ideal of Z* X , U will be
ascending with respect to the sequence of subalgebras which is the image of
{Z*x, %,} under ¢, but may not be ascending with respect to {Z"x, %,}.)
Indeed, if the spectrum of a is infinite (equivalently, I' is infinite), then by Lemma
IV.7 y(M,) is not an ascending maximal ideal in Z*X, % for any A, € D U {0}.
It should be observed here that if J C Z*X U is an ideal corresponding to the
triple ({ B, },{L,},{n,}), and if ¥(J)C Z" X, U is also ascending, hence corre-
sponding to some triple ({ B,},{L,},{w,}), N_L,=N_,L, and the set of
common zeroes of {B,} coincides with that of {B,} (cf. Lemmas IV.7, IV.8).
Moreover, if T is not nowhere dense, then by Lemma IV.8 L, contains an interval,
but since the only functions in the disk algebra (unlike C(T)) which vanish on a set
of positive measure are zero, it follows that the maximal ideal ¥(M, ) C Z" X, U
(A, € T) is not ascending.
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These facts are summarized in the following

THEOREM. Assume that the Connes spectrum 1'(a) is finite. Then the space M of
(closed, two-sided ) maximal ideals of Z*X ) is homeomorphic with D /T(«), where
D carries the hull-kernel topology of the disk algebra. Let M , denote the subset of M
of ideals which are ascending (with respect to the sequence {Z* X , %, }):

(i) If the spectrum of a,0(a) = T, is finite, M , = M

(i) If T is infinite but nowhere dense, then M, =T U {0} /I'(a) under the same
homeomorphism which maps # to D /T'(a);

(iii) If T contains an interval, then M , consists of a single point { M, }.

IV.14. REMARK. We have not treated the case I'(a) infinite (in which case
I'(a) = T), but we suspect that here .# consists of a single maximal ideal { M, }. We
can prove, however, that if the strong radical (i.e., the intersection of the maximal
ideals) is nonzero, then .# = { M,}. Since the result is not definitive, the proof is
omitted, but it uses the same sort of “Fejér kernel” argument as in §IV of [9].

IV.15. REMARK. The ideas of 4.13 can also be used to characterize the maximal
ideal space # of the C*-crossed product Z X N. Indeed, if T'(a) is finite,
A = T/T'(a), where T has the Euclidean topology. (Of course if I'(a) =T, Z X A
is simple by [3, Corollary 3.8].)
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