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A CLOSED SEPARABLE SUBSPACE OF gN
WHICH IS NOT A RETRACT

PETR SIMON

ABSTRACT. We shall exhibit a countable subset, X, of N* whose closure is
not a retract of BN. The points of X are constructed in ¢ steps with the aid
of an independent matrix of subsets of w.

0. Introduction. In the present paper, we shall give a complete proof of the
following result.

0.1. THEOREM. There erists a nonempty closed separable subspace of SN
which 13 not a retract of BN.

Or, using Stone duality,

0.1". THEOREM'. There exists an ideal I C P(N), I D fin such that P(N)/I is
o-centered and admits no lifting to P(N).

Recall that a Boolean algebra B is called o-centered if B — {Og} = U,¢,, Bn
with each B,, centered. A famous theorem due to von Neumann and Maharam
says that every complete o-finite o-additive nonnegative measure u admits a lifting
[vN,M1]. That means, if we denote by B the Boolean algebra of all y-measurable
sets and by I the ideal of all u-null sets, then there is a homomorphism h: 8/ — B
such that h[b] € [b] for each b € B ([b] denotes the I-equivalence class of b).

One may ask whether an analogous lifting theorem holds for measures which are
finitely additive only. D. Maharam [M2] studied this in a special setting B = P(N),
and showed that the problem splits into two parts: Does there exist any injective
homomorphism from P(N)/I to P(N) at all? Provided that there is a one-to-one
homomorphism of P(N)/I to P(N), does there then exist a lifting? She answered
the first question in the negative; the second one remained open. D. Maharam
also proved that the affirmative answer to the second question is equivalent to the
statement that every nonempty closed separable subspace of SN is a retract of SN.

The first example of a closed separable subspace of SN which is not a retract of
BN, was constructed by M. Talagrand under CH in 1981 [T). In 1983, A. Szymariski
gave another one, assuming M A [Sz].

Every nonempty separable closed subspace of SN is homeomorphic to a retract
of AN (see [M2, p. 57 or CN, Theorem 2.33]), so we must consider how our example
is situated in SN as well as its intrinsic properties. It is easy to see that if Y is a
countable subset of 3N and Y is not a retract, then Y cannot be discrete, and in
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fact there must be an X C Y which is dense in itself such that X is not a retract
either. So, we shall begin by constructing our X to be dense in itself.

The proof is organized as follows. §1 constructs a countable subset, X, of SN
with some interesting combinatorial properties, and §2 will prove that for such an
X, X is not a retract.

The notation used throughout the paper is the standard one, used e.g. in Comfort
and Negrepontis’ book [CN]. The letter ¢ stands for the cardinality of continuum.
The bar  always denotes the closure in SN; for A C N, A* = A — A. Though N,
the set of all nonnegative integers, is the same as w, the set of all finite ordinals,
we shall make a slight distinction: N is the discrete countable topological space, w
is used mainly as a set of indices.

1. The construction. The main goal of this paragraph is to prove Theorem
1.3, that means, to construct a dense subset of the desired subspace of SN. Before
stating the result, let us recall the notion of a 7-OK set.

1.1. DEFINITION [K2]. Let X be a topological space, 7 an infinite cardinal
number. A set Y C X is called 7-OK, provided that for each family Uy D U; D
-+ D Ux 2 -+ (k € w) of neighborhoods of Y there is a family {V,: a € 7} of
neighborhoods of Y such that for each positive integer k& and for each ag < a; <
<o < T, Voo NV, NNV, CU.

1.2. THEOREM [K2]. There is a ¢-OK point in N*.

1.3. THEOREM. There exists a subspace X C N* satisfying the following
(1) X = U,eo, Xn, where |Xo| = 1 and for each n € w, the set X, is countable
discrete in N*;
(2) for eachn <m < w, X, C Xy — Xom;
(3) for each n < w and for each x € Xy, = 15 a ¢-OK point in Xpi1 — Xnt1;
(4) suppose {Uy: k € w} C P(N) is a family of sets such that for some ng < w,
(1) Ug N Xp, s finite, and
(ii) for each i <k <w, U N Xpy4i C UR.
Then there is a family {V,: a € ¢} C P(N) such that
(a) for eacha € ¢, Vi D X N(e, Us;
(b) for each k < w and for each ap < a3 < --- < o < ¢,

nVai—-nUi < w,

i<k i<k

ie. ﬂigk Va: € nigk Uss
(5) for each mapping f: N — X there is a set T C N and ny < w such that
T*NX # 2 and for eachn >ny, Xo N f[T] N Xpy1 = 9.

REMARK. In §2, (1)-(4) will be used to show that if there exists a retraction
of BN onto X, then there must be one which takes N into X, while (5) is used to
make sure that maps from N into X cannot generate retractions.

The pattern of the proof is as follows: We shall start with a suitable family ®°
of filters. This family can be visualized as a rough approximation of the set X: It
satisfies (1) and possesses a rudimentary form of (2). Then we shall extend every
filter from the family ®° to an ultrafilter, having in mind that (4) has to hold in the
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end. This will be done by a transfinite induction in Kunen'’s style: we enumerate all
subsets of N and all sequences {Uy: k € w} C P(N), and on each step we decide,
what to do with a set or a sequence in question. Thus we obtain families ®¢ for
€ € ¢, which are better approximations of X as & gets bigger.

But there are also (3) and (5) which must be guaranteed. Notice that (3) wants
the existence of certain ultrafilters on w, namely: If we denote X,,41 = {z;: j € w}
and choose z € X,, then y(z) = {{j € w:z; € Y*}: Y C N,z € Y*} is an
ultrafilter on w. Now (3) says that each y(z) is a ¢-OK ultafilter on w and (5)
requires that X, {y(z): z € X} and f: N — X are specifically related together.
Hence we have to construct y(z)’s simultaneously with z’s and consider a subset
of w, a sequence of subsets of w and a mapping from N to X on each step of the
induction procedure.

This explains the idea of the proof, so let us begin now to swallow all those
indigestible technicalities.

1.4. PROOF OF THE THEOREM, THE START. Following K. Kunen [K2], the
family

{42 ;:Bel, aeJ, 1<k<w}CP(N)

is called an I by J independent linked family (abbr. ILF) provided the following
holds.

(i) (VBeI)(Vae J)(Vk >1): AL, C AL, s

(ii) (V8 € I)(Vk > 1)(VL C J): If |L| > k, then |N,ep A 4] < w.

(iii) For each finite relation p C I x J, the set

A= (N N 4%,

Bedom(p) aEp(B)
is infinite.

There exists an independent linked family on N of size ¢ by ¢ [K2], denote it
A= {Az,k: BeC, a€C, 1<k<w} Forn,j€wlet An; = A%, —U,; AZ;.
By the independence of A, the family {A,;: n € w,j € w} is an independent
family in the sense of Engelking and Karlowicz [EK], i.e. for each n € w and
for each ¢ € ™w, the intersection A, = ()¢, Ai () is infinite, and each family
{An,;:J € w} is pairwise disjoint. Denote ¥ = J, o, "w. Notice that for each
@ € ¥ and for each finite relation p C (¢ — w) X ¢, the intersection A, N A(p) is
infinite.

For p € T, let GO be the Fréchet filter on w, i.e. members of G2 are all cofinite
subsets of w. Denote I'® = {G3: ¢ € £}. Next, for p € T, let 72 be a filter on N
generated by {J{Ay~;: 7€ G}: Ge G2}, let 3 = {72: p e T}. Let Iy = ¢ — w.
Finally, pick an independent linked family B8 = {Bg’k: Bec, aec, 1 <k<w}
on w and denote Kg = ¢.

To abbreviate the notation, if I C ¢, the independent linked family {Ag,k: B e
La€ ¢, 1<k <w}C A will be denoted by A(I), similarly B(K) C B for K C ¢.

Let ® be a family of filters on N, I a family of filters on w, I, K C ¢, A(I) C 4,
B(K) C B. We shall say that (IA) holds for (®,T', A(I), B(K)) provided that

o={7:pcl}y T={G,:pecl}
VoeX)VFeF,): {jew: Fe€ Fpj} € Go;
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(Vo € D)(VF € 7,)(VG € G,)(V finite relation 0 C K x ¢)(37 € GN B(o))
(VH € F,~;)(V finite relation p C I x ¢): FNHN A(p) # ©.

The reader may guess whether (IA) stands for “inductive assumption” or for
“independent apparatus”. Anyway one can easily check immediately from the def-
initions that (IA) holds for (®°,T°, A(Iy), B(Ko)).

Enumerate P(N) = {M¢: € € ¢}, [P(N)]* = {S¢: £ € ¢} with cofinal rep-
etitions, i.e. for cach countable collection U = {Ux: k € w} C P(N), the set
{€€c:U=1Uc}iscofinal in ¢, P(w) = {V¢: £ € ¢}, [P(w)]¥ = {S¢: £ € ¢} again
with cofinal repetitions, finally, let {g¢: £ € ¢} be an enumeration of all mappings
g with dom(g) C N, rng(g) C %.

Suppose ¥ = {¥,: p € B} and W' = {¥/: ¢ € L} are two families of filters on
the same underlying set. If for each p € ¥, ¥, C X, then we shall say that ¥’
extends V.

We shall proceed by a transfinite induction to ¢, constructing families ®¢ =
{75: p € T} of filters on N, families ¢ = {G: p € T} of filters on w, the sets of
indices I, K¢ C ¢ such that: For each € < ¢, (IA) holds for (®¢,T¢, A(I¢), B(K¢));
le = Ie| <w-[€]; e — Ke| Sw - |€];if € < n < ¢, then ®7 extends ®¢; I' extends
[‘5; Ig 2 Iﬂ; K{ 2 K,,.

Of course it was possible to construct all the filters on the same underlying set
w and use only one independent linked family. We preferred this approach (7,’s
live on N, G,’s on w) since we believed it is easier to visualize.

Let ¢ < C be a limit ordinal, and suppose that for n < &, ®7, I'", I,,, K, have
been found. Define for ¢ € ¥,

7E=Fim < G5 =G <¢)
Ie = mlnv K¢ = ﬂKnv

n<¢ n<g
¢ = {75 pe B}, I¢={g5: pex}.

Clearly (IA) holds for (®¢,T'¢, A(I¢), B(K¢)) and [c — I¢| < w-[€], [c = K¢| S w- €],
®¢ extends all ®’s for n < &, similarly for T'¢.

Let £ < ¢, £ =+ 1. We have to do something with M,, U,, Y;, S, and g,.
This means that a step from 7 to £ divides into five substeps. To keep the notation
burden, we shall treat each substep separately in the forthcoming lemmas.

1.5. LEMMA. Let (IA) hold for (®,T', A(I), B(K)) with both I and K uncount-
able. Let M C N. Then there are &', T, I', K' such that

WO I'CIL K CK,|-I'<w, |K-K|<w;

(ii) @' extends ®, I extends I';

(iii) (®',T', A(I'), B(K")) satisfies (IA);

(iv) for each p € 5, either M € F, or N~ M € 7.

Let us make a tacit convention that whenever we use the letter p (o, resp.),
possibly with subscripts, then it always denotes a finite relation contained in I X ¢
(K x ¢, resp.). Further, once in a formula beginning with the existence quantifier
(3F € 7,, for example), the variable, whose existence is claimed, is written with a
subscript (3F, € 7, for example), we shall interpret it as “select one such, denote
it, and fix it for the rest of the proof”.
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Let Ref(M,0) C ¥ be the set of all those ¢ € ¥ such that 7, ultimately refuses
to be extended by the set M, that means,

Ref(M,0) = {p € T: (3F, € 7,)(3Gy € §y)(30, € K x <)
(Vj € Gp N B(0,))(3Hp~; € Fomj)(3pp~; C I X €):
FoNHp-j N Alpp—~;) N M = @}

Let
Ko=K - U{dom(aw): ¢ € Ref(M,0)}.

Io = I - | J{dom(p,~;): p € Ref(M,0), j € G, N B(o,)}-
We shall use induction. For ¥ < wy, 9 limit, let

Ref(M,9) = | J Ref(M,i), Ko=()Ki I=()1I

<P 1<d i<
Forpe L, G € Gy, 0 C K X ¢, denote
Z,(G,0) ={j € GNB(0): (VH € F,~;)(Vp C I x c)H N A(p) # O}
With this notation, let
Ref(M, 9 + 1) = Ref(M,9) U{p € £: (3G, € §,)(To, C Ky x ¢)
such that {9 "j: j € Z,(Gy,0,)} C Ref(M,9)},
Kor1 =Ky — | J{dom(o,): p € Ref(M, 8 + 1) — Ref(M, )},
Isyq = Iy.

Since Ref(M,d) C Ref(M,d’) whenever ¢ < ¥ < wi, and since Ref(M, ) is
a subset of a countable set X, there must be some 99 < w; with Ref(M,dy) =
Ref(M, 90 + 1). Let Ref(M) = Ref(M, ).

It remains to define K’ = Ky,, I' = Iy,. 7, will be the filter generated by
Fo U{N — M} for o € Ref(M), and by 7, U {M} for p € £ — Ref(M), let G, be
the filter generated by G, U {{j € w: ¢ ™7 € Ref(M)}} whenever ¢ € Ref(M) and
by G, U{{j €Ew: o7 & Ref(M)}} otherwise.

Finally, let

' ={7,:pel}, T'={g,:pe}

We must verify that this works.

(ii) and (iv) are clear. (i) follows by the fact that the induction took only
countably many steps. Thus it remains to show that (®',I", A(I'), B(K')) satisfies
(IA).

If pe X, p € Ref(M), F € %, then by (IA), {j €w: F € F,~;} € . Since
N-Me7 . iffp7je Ref(M), then by the definition gi,,

{jew: FN(N-M)e 7~}
={jew: FeF~j}n{jecw: o jeRef(M)} € G.

Similarly for ¢ € ¥ — Ref(M).

The verification of the last condition from (IA) is a bit harder.

Claim 1. Let F € U 5 7, be such that for some p C I'x ¢, FNA(p)NM = Q.
Then for each p € %, if F € 7, then ¢ € Ref(M,0).
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Indeed, if j € w and H € 7,~; are arbitrary, then FNHN A(p) "M = O, so it
suffices to denote e.g. H,~; = N, p,~; = p.

Case (a). ¢ € Ref(M,0). Denote C, = {j € w: ¢~ j € Ref(M)}. Choose
arbitrarily FN(N - M) € 7, with F € 7,, GNC, € G, with G € §,, and a finite
relation ¢ C K’ x ¢.

By (IA), the set G(FNF,) = {j € w: FNF, € F,~;} belongs to §,. Using the
last condition from (IA), for FNF, € 7,, GNG,NG(FNF,) € G,,0Uo, C K X¢,
there is some j € GNG,NG(FNF,)NB(o) N B(o,) such that for each H € 7~
and for each p C I x ¢, FNF,NHN A(p) # Q. Choose arbitrary H € F,~;,
pCI'xc. Since j€ G,NB(o,), Ho~; € F,~; and p,~; C I x ¢ were found,
and since dom(p,~;) Ndom(p) = &, we also have

FﬂFwﬂHﬂHijﬁA(pUpsaﬂj) # .

Since j € G(FN F,), theset FNF,NHNH,~; € F,~;. Now, since j € G, N
B(o,), Fo N Hyp~; N A(pp~;) N M = &. Therefore by Claim 1, o™ € Ref(M,0).
Consequently j € C, and N - M € 7/ - ;- We have found j € GNC, N B(o) such
that for each H € 7,~;, @ # FNF,NHNH,~;NA(pUpy~;) C N—M. Therefore
FNHN(N-M)NA(p) # D, too, but here FN(N-M) € 7, HN(N-M) € 7/ ..
Hence (IA) holds in this case.

Case (b). p € £ — Ref(M). Choose F/ = FNM € ¥, with F € 7,, G’ =
GNCy € G, (here C, = {j € w: p™j € & — Ref(M)}) and a finite relation
0 C K’ xc¢. Denote G(F) = {j €w: F € 7,~;}. Consider the set Z,(GNG(F),0)
defined during the induction. There must be some j € Z,(G N G(F'), o) such that
0™ J & Ref(M), otherwise ¢ € Ref(M).

Thus j € C,. Choose H' € 7/, p C I' x ¢. Since ™ j & Ref(M), H' = HNM
for a suitable H € #,~;. Then F'NH' N A(p) = FNHN A(p) N M and this set
must be nonempty, for otherwise o7 € Ref(M,0).

Case (c). ¢ € Ref(M) — Ref(M,0). Suppose the contrary: (IA) fails for some
© € Ref(M) — Ref(M,0). Choose such a counterexample ¢ € Ref(M, ) with the
minimal possible 9. By case (a), ¥ # 0, clearly ¥ cannot be limit. Let F' € 7,
G' € G, and o C K'xc show that for each j € G'NB(0) there is some H ., € 7/ .
and p,—; C I' X ¢ such that F' N H/ NA(pl~;) = 2.

There are F € 7, with F' = FN(N - M) and G € §, with G’ = GNC,
(here, similarly as in (a), Cp, = {j € w: ¢~ j € Ref(M)}). By the inductive
definition, there were G, € G, and 0, C K X ¢ such that for each j € Z,(G,,0,),
©~j € Ref(M, 9 — 1). By (IA), the set G(F) = {j €w: F € #,~;} € §,.

For F € 7,, GNG,NG(F) € G, and for 0 Ug, C K X ¢, there is some
JE€GNG,NG(F)N B(o Uoy) such that for all H € 7,~; and all p C I x ¢,
FNHNA(p) # 2.

In particular, this means that j € Z,(G,,0,), thence 5 € C,, too. Since
JEG(F), FFNH ;€ 7~ and since j € GN B(o) N C,, = G' N B(a), we have
F'nH, -, NA(p,~;) = O, thus 977 is another counterexample to the validity
of (IA). But as j € Z,(Gyp,0,), 5 € Ref(M,d — 1), which contradicts the
minimality of 9.

Having considered all possible cases, the proof is complete. 0O

The first substep from 7 to n + 1 is over. The sets M,, N — M,, are on sale no
more. Next comes the countable collection U,,.
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1.6. LEMMA. Let (IA) hold for (®,T', A(I), B(K)) with both I and K infinite.
Let U ={Ux: k € w} C P(N) be a family satisfying the following:

(1) For each ¢ € ¥ and for each k € w, either Uy € #, or N = Uy € F,;

(2) there s some ng < w such that

{p € &: dom(p) =no&Up € 7,}| < w;

(3) for ¢ < k < w and for each ¢ € ¥ with dom(p) = ng + ¢, if U; € ¥, then
Uk € ¥, too.
Then there is a family {V,: a € ¢} C P(N) and @', I, I’, K’ such that
GOI'CL K =K,|I-I'|=1;
(ii) @' extends @, I extends T';
(iii) (@', T', A(I'), B(K")) satisfies (IA);
(iv) for each p € Z, if {Ux: k € w} C %, then

{Varaec} CF;

(v) for each k € w and for each ag < a; < -+ < ok < ¢,

Va0

i<k i<k

The trick is due to Kunen [K2]. If for some k < w, ,¢, Ui = ;. Ui, let
Vo =\;<x Ui for all @ € c and we may rest.
Otherwise choose 3 € I, denote I' = I — {3}, K' = K, define

Vo= | (Aﬁyk NV - U,M)

1<k<w i<k

< w.

fora € c. Let [ =T, let 7} be the filter generated by 7, U{Va: a € ¢} for p €
such that 7, O {Ux: k € w} and 7 = 7, for the remaining ©’s.

(i), (i), (iv) are obvious. Let ¢ C X, ¥, D {Ux: k € w}. Notice first that
dom(p) > ng: Indeed, if dom(p) < ng, then by (IA), {j € w: Up € F,~;} € Go;
thus after a short induction we shall find that {¢ € £: dom(p) =no&Up € 7.} is
infinite, which was forbidden by (2).

By (3), if dom(p) = ng+1¢ 7 € w, and if Uy NU; N ---NU; € 7, then
{Ux: k € w} C ¥,. Hence if dom(p) = ng + 1, the set

{7ew:UpgnNUiN---NUsy1 € Fpomj} C{J € w: {Uk: k€ w} C Fpom s}
Consequently, the set
{]’Ew: {Va: a € C} - z;,,«j} D) {jew: UgN °~°ﬁUi+1 S szj},

which belongs to G, = i, by (IA).

In order to verify the last condition from (IA), choose F' € 7/, G € §/,, 0 C
K xc.

If 7, 2 {Ux: k € w}, then for some k, ;Ui € F,. The set Fy = F' —
Ni< Ui € 7. Let G(Fy) = {j € w: Fy € F,~;} € §p. (IA) applies now directly.

If 7, O {Ux: k € w}, then for some F € %,, pE€wand ag < o < -+ < ap,
F'= FN(;<, Va;- Let m € w be such that dom(p) < ng +m, p+1 < m and let
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Fo = FN\;<, Ui. Let G(Fp) = {j € w: Fy € F,~;}, G(Fo) belongs to §,, by (IA).
For Fy € 7,, GNG(Fy) € G, and 0 C K X «, there is some j € G N G(Fy) N B(o)
such that

VpCIXc, VH€7¢~j, FoﬂHﬂA(p)#@.

We have Fy € #,~; because j € G(Fy), thus (;,, U; € F,~;. Having domp ™7 <
n 4 m, we obtain {Uy: k € w} C F,~;. Pickup p' CI' x ¢, H' € 7]~ arbitrarily.
There is some H € 7,~;, ¢ € wand 49 < 71 < --+ < g < ¢ such that H' =
HN(\;<q V- Let r = p+g and choose ko > max(m, r), denote Ho = HN i<k, Us-

Since for each o € ¢ and k € w, Ag’k C AP k41> We have

Vo, NNV, NV, 00V, 0 () U

i<ko

DHoN (A5 . (A2 4, 2 HoN Alpo),

a;,ko !
i<p 1<q

where pg C I is defined by dom(pg) = {8}, po(8) = {ao0,---,p,Y0,---,Vq}- If
p' C I' x ¢ is arbitrary, then

FIOH NAP)2FNHN [ Uin () Va, 0[] Vo N A(p)
1<ko 1<p i<q
2 Fo N Ho N A(po) N A(p') = Fo N Ho N A(po U '),

the last set being nonempty by (IA).

For proving (v), Ni<k Vo = Uj € i<k Agw-. The last set is finite if j < k,
for [{ag,...,ak}| = k+1 > 5 and {Ag,ji a € c} is precisely j-linked (1.4(ii)).
Therefore the set ()<, Vo, — ;< Ui, being a finite union of finite sets, is finite,
too. 0O )

Therefore, on our way from 7 to £ = n+ 1, if the family U,, satisfies the assump-
tions of 1.6, we shall apply it. If it does not, we shall do nothing.

The statements analogous to 1.5 and 1.6 are easier for §,’s. First, consider the
set Yy,.

1.7. LEMMA. Let (IA) hold for (®,T, A(I), B(K)) with both I and K uncount-
able, let Y C w. Then there are ', I, I') K' such that

WICIKCK, |[I-I'<w, |K-K'|<uw

(ii) @' extends @, I extends T';

(iii) (@', T, A(I"), B(K")) satisfies (IA);

(iv) for each p € B, either Y € G, orw —Y € Gi,.

Define Dis(Y) C ¥ the set of all ¢ € ¥ such that G, dislikes the set Y, i.e.
Dis(Y) ={p € X: (IF, € %,)(3G, € §,)(30, C K X ¢)
(4] € Gy (1 B(0,) NY)(BHpm € Fomi)(3ppm € T X )
Fp N Hyp~; N App~;) = O}
Let K' = K — |J{dom(o,): ¢ € Dis(Y)}, I' = I, 7, = 7,, ® = . Finally,

let G, be the filter generated by G, U{w — Y} for ¢ € Dis(Y), and by G, U{Y'}
otherwise.
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Clearly (i), (ii) and (iv) hold, in order to verify the validity of (IA) for the
extended families, the last condition is to be checked only.

Sopickupp € X, Fe 7, G' € Gi,, ' C K' x ¢. There is nothing to prove if
p € X —Dis(Y). If p € DisY, then G’ = GN (w —Y) for some G € §,; consider
FNF, € ¥%,, GNG, € G, and a finite relation 0, Uo’ C K x ¢. By (IA), if
j € GN Gy, N B(oy,) N B(d’), then for every H € F,~; and for all p C I X ¢,
FNF,NHNA(p) #J. We need to show that j € w -, too.

If not, then for the choice H,~; € #,~; and p,~; € I X C, we obtain

G#FNF,NHey-, nA(PsoAj) CF,NHy~; nA(pso“j) =0,

a contradiction. Thus 7 € w — Y, which was to be proved. O
Using Lemma 1.7, we have no problems with Y;, and (w —Y;) any more. Let us
turn now to S,.

1.8. LEMMA. Let (IA) hold for (®,T, A(I), B(K)) with both I and K infinite.
Let S = {Sk: k € w} C P(N) be a famuly satisfying the following

(1) For each p € ¥ and for each k € w, either Sk = G, or w — Sk € Joo.

Then there is a family {Pa: a € ¢} C P(w) and @', I, I', K’ such that

W)I'=I, KCK, |K-K'|=1,

(i) @ extends ®, I extends T';

(iii) (®',I7, A(I"), B(K")) satisfies (IA);

(iv) for each p € Z, if {Sk: k € w} C Gy, then {Py: a € ¢} C Gl ;

(v) for each k € w and for each ag < a1 < -+ < o < ¢,

I

1<k i<k

Let D= {p € %: {Pc: k € w} C Go}. Choose 8 € K. Define K' = K — {3},

=1,
P, = U (szykﬁﬂsi—skﬁ) for a € c.

< w.

1<k<w i<k

Let ® = ®, let G/, be the filter generated by G, U {Pa: & € ¢} whenever G, 2
{Sk: ke w}; G, = G, otherwise, I' = {G,,: p € T}.

Now (i), (ii) and (iv) clearly hold. In order to verify (iii), let ¢ € ¥ be such that
Go 2 {Sk: k € w} and pick upaset F' € 7, = 7,, G' € G, and 0’ C K' x c.
Since G’ € G, there is some G € §, and ap < a1 < -+ < o < ¢ with G =
GNNi<k Pos- Con51der Go = GN(;<k+1 Si and define a ﬁmte relation o9 C K X ¢

by domag = {8}, 00(8) = {ao, ..., ak}. By the inclusion property B e Ba k1o

ﬂSﬂB(TO ﬂSﬂﬂPa,

i<k+1 i<k+1 1<k

Apply now (IA) to F' € %,, Go € Gy, 0o Uo’ C K X ¢. There is some j C
GoNB(ooUa’) such that for each H € 7,~; and for each p C I'xc, F'NHNA(p) # &.
By the choice of G and oy, this j clearly belongs to G'.

We omit the proof of (v) which parallels the corresponding part of Lemma
1.6. O
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Therefore, if S, comes, we examine whether it satisfies the assumptions of 1.8.
If so, we apply Lemma 1.8, if not, we may rest.

It remains to pass from 7 + % to n+ 1. This is the job of the forthcoming Lemma
1.9. We shall recognize at the end of the paper that it is, in fact, the Killing
Retraction Lemma. The moral of the lemma says: Suppose g, is in the spotlight;
that is, it aspires to become a retraction. If you can kill it, kill it. If you cannot,
hit it hard, at least. It will surely die soon after.

1.9. LEMMA. Let (IA) hold for (®,T, A(I), B(K)) with both I and K uncount-
able. Let g be a mapping, dom(g) C N, rng(g) C £. Then there exist &', IV, I,
K' such that
)I'CIKCK,[[-I'<w, |K-K'|<uw
ii) @ extends ®, I extends I';

iii) (®',T7, A(I'), B(K")) satisfies (IA);
iv) either (a) or (b) below holds:

(a) There is a set T C N and ny € w such that N — T € 7/ whenever
dom(p) < ny, T € 7, for some pg € ¥ and {j € w: o7 J & g(T)} € G, for all
© € ¥ with dom(p) > ny.

(b) There is a B = B(g) € ¢ and a family {Wy: a € ¢} C P(N) such that
for each p € S, Wo:a €} CF, and {j e w: 75 € g[Wa]} = Bg,1+dom(<p)'

A~~~

Choose 8 € K, denote it 3(g). For a € ¢, let
Woa=g "o j:pel, je Bg 1 +-dom(p) )

Let [ =1, K = K—{B(g)}, §p = G, for p € £, T =T. Finally, let 7, be the filter
generated by 7, U{W,: a € ¢}, for all p € . (We admit the possibility & € S{,,,
7 is improper.) Let ® = {7 p €}
There are two cases.
Case (a). (®,T, A(I), B(K)) does not satisfy (IA). Clearly, it is the last condition

from (IA) only which may fail: There are some ¢ € ¥, Fy e 5‘;/,, Gy € Gy and
(a finite relation, as usual) oy C K X ¢ such that for each S Gy N B(oy), there
is some Hy~; € Fy~; and py—~; C I x ¢ such that Fy, N Hw i N A(py—j5) =
According to the definitions of 7, and §,, Gy € Gy and Fy = Fy N Ni<pWe
for some Fy, € %y, p € w, o, ...,0p € ¢. Denote G(Fy) = {j € w: Fy € Fy~;}.
By (IA), G(Fy) € Gy- Since (IA) was valid for (®,T, A(I), B(K)), there is some
jo € Gy NG(Fy) N B(oy) such that for each H € .?Q,AN and for each p C I X ¢,
F, N HN A(p) # &. Fix this 5. Since H,VN € #4~j,, there is some Hy~;, €
Fo~jss 4 €w and Yo, ..., € ¢ such that H¢, ~jo = Hy~j, ﬂﬂz<q i

We have Fy N Hy~j, N A(py~j,) # D, Fy 0 Hy~j, € Fy—~j, (because jy €
G(Fy)!) and

Fy N Hy~5, N Alpy~5,) 0 [\ Wa, N [\ Wy, = @.
1<p 1<q

Let us define a finite relation o9 C K x ¢ by the simple rule dom(og) = {8(g9)},
00(B(9)) = {@0,---,p,Y0,--->¥q}- Then I', K', 7, G, will be defined as follows:

I' =1 — dom(py-5,),
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K' = K — dom(ay) — {8(¢9)},

7, = the filter generated by %, U {A(py~;, )}, for all p € %,

G., = the filter generated by G, U {B(0y) N B(do)}, for all p € L.

Finally, ® = {7,: p € 2}, I = {§,: ¢ € £}. Obviously, (IA) holds for
(®',T',A(I'), B(K")): Given p € &, F' € ¥}, G’ € §G,,, then for some G € §,, and
Fe .7:,,, F' = FﬂA(p,ijw), G'D2Gn B(od,) ﬁB(O’Q).

Let 0 C K’ x ¢ be arbitrary. Since dom(¢), dom(oy) and dom(op) are pairwise
disjoint, by (IA) there is some j € G N B(o Uoy Uog) € G' N B(o) such that for
each H € 7,~; and each p C I x ¢, FNHN A(p) # @. In particular, if p C I' x ¢,
then dom(p) Ndom(py~;,) =, hence FNHNA(pU py~j,) # . But this means
that

@ #FNHNA(p) N Alpy~3,)
= F N A(py~j,) VH N Alpy~;,) N A(p)
=F' nH NA(p),
where H' € 7] ;, which was to be proved. Thus (iii) holds as well as (i) and (ii).

It remains to show that (iv)(a) takes place, i.e. to find the set T C N and n € w.
Above we have found ¥ € &, Fy, € %, jy € Gy N B(oy) and Hy~;, € ;~;, such
that the set Ty = Hy~;, N Fy belongs to 7,~;, and

Ty nA(lW‘"jw) CN- (m Wo, N m W. i) .
1<p 1<q

By (IA), there is some ko € w such that Ty € Fy~;, ~k,, again by (IA) there is
some k; € w such that T, € #y~ G kg ki and so on; finally we must find some
©o € T, po 2 ¥ jy such that dom(pg) > |00(B(g))| + 1. The desired set T is then
T = Apo NTy N A(py—j, ), the integer n; = dom(po).

Clearly T is nonempty, which follows by the validity of (IA) for (®,T, A(I),
B(K)), since Ay, N Ty € #,,. By the initial step of the whole induction, N — T 2
N-A,, € %, forall p € X, dom(p) < dom(pg) = n;. But if p € X, dom(p) > n,,
then

{J'Gw:soAJ'efg[T]}Q{J’Gw:so“jeg[ﬂWa,ﬂﬂW,-]}

1<p i<q

-7 . B(g) B(g)

= {] Ew:jJE ﬂ Bai,l+d0m(¢) N ﬂ B’y;,l+d0m(«p)} .
i<p 1<q

Since 1+ dom(yp) > |oo(B(g))| + 1, the first property of independent linked families

guarantees that Bg(lgzr dom(p) = Bffﬁ)o B0 for each a € ¢. Thus

{”' 7€) B nomin ) } PU e Bl =
1<p 1<q
Since the set B(go) belongs to G, (iv)(a) follows.
Case (b). (:i, I, A(I), B(K)) satisfies (IA). Okay, let it be: ® = &, [" = T,
I' =1, K' = K. The condition (iv)(b) then holds obviously. O



652 PETR SIMON

Having applied successively 1.5-1.9, we have completed the induction step from
n to € =n + 1. Let us work the induction.

It remains to set T, = Uge T for p € B, X = {z,: 0 €T}, X, = {2, p €
¥ & dom(p) = n}.

1.10. PROOF OF THE THEOREM, THE END. We have to verify that 1.3(1)-(5)
take place. To this end, denote also y, = Uee, 5, ¥ € Z.

(1) is obvious. Each set X, is discrete, because the family {A,: ¢ € ¥ & dom(p)
= n} separates {z,: p € ¥ & dom(p) = n}, with A, € z,, for each p. Moreover,
X»n € Xpt1 — Xnt1, since for each F € z,, the set {j € w: F € z,~,} belongs to
Yy, hence it is infinite.

Clearly each r, as well as y,, is an ultrafilter, for all subsets of N (of w, resp.)
were considered.

To verify (3) it suffices to show that each y,, is a ¢-OK ultrafilter on w. If
{Sk: k € w} = § C y,, then there is some ¢ < ¢ such that § C G§ and for all
Y € ¥ and for each k € w, either Sy € 95) or w— Sk € gf; If n > £ is such
that § = §,), then the assumptions of Lemma 1.8 were satisfied, hence it had to be
applied. Consequently, {P,: a € ¢} C y,,, too, and by 1.8(v), for each k € w and
ap < - < ok <6 [Ni<k Paw = Ni<k Si| < w. Since S was listed cofinally many
times, the existence of such an n < ¢ follows.

Essentially the same argument applies for (4).

It remains to show (5). Let f: N — X be given. There is a unique mapping
g which represented f in the induction process: g(n) = ¢ iff f(n) = z,. Then
for some n < ¢, g = g,. If 1.9(iv)(a) was the case when having passed from 7 to
n+ 1, we found n; € w and T' C N such that N — T € 77 whenever dom(yp) < n;.
But if dom(p) > ny, then {j € w: ¢ ™5 & go[T]} € G2t!. Since we trivially have
Ty € {Zp~;: J € Q} if and only if Q € y,,, we have also 2, € f[T] N Xdom(p)+1-
Since this applies for all z,, such that dom(p) > n1, we have X, Nf[T| N Xy =
whenever n > n;. Since T € F1t1, T* N X # &, too.

Suppose 1.9(iv)(b) was to be used. Thus we have a family {W,: o € ¢} and
for each a € ¢ and for each ¢ € £, z, € W;. On the other hand, for each

p e {JEw: pJ € gWy} = Bg,(ﬁdom(@)' For p € %, let D(p) = {a €
c: Bg,(lgldom(so) € y,}. Each set D(yp) is finite, because each family {Bg,k: a€c}
is precisely k-linked, that implies, |D(p)| < 1+ dom(y). Thus there is some a € «,

a & |J{D(p): p € Z}. For this a, Bg,(fldom(@) belongs to no y,, ¢ € E. Thus for

all p € X, zp, & {2~ Tp—~j € fIWal}
Consequently, for T = W,, T* 2 X and X,41 N f[T]N X, = for all n € w.
The theorem is proved.

2. The proof. Let X be the subset of BN from Theorem 1.3. We shall examine
several topological properties of X and X, and show that it is rather uneasy for
a countable subset of BN — N to be dense in X (Lemmas 2.5 and 2.6). Then we
state a simple observation concerning retracts of SN, which will turn out to be very
important. We shall finish this section with Theorem 2.8 stating that X really is
what we want.
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2.1. LEMMA. LetY = {y,: n € w} be a discrete set of c-OK points in N*.
Then Y is a c-OK subset of N*.

Choose Q, C N with y, € Q%, Qn N Qm = D for m # n. Let {Ux: k € w} C
P(N) be given and suppose that Y C U} for each k € w. We may w.l.o.g. assume
that Uy 2U; 2U22 - 20Uk 2

Consider the family {Uk(n): k € w}, where Ux(n) = Ux N Qy, for each k. Since

Yn € Uk(n) for each k € w, there is a family {V,(n): a € ¢} such that y, € Va(n)
foreacha€c¢,and forany k€ wand o9 < oy < -+ < ag < ¢,

[Vao(n) N - NV, (n) — Uk| < w.
It suffices now to set V, = [J{Va(n) NUx(n): n€w}. O
2.2. LEMMA. Let X satisfy 1.3(1)~(4). Then X 1s a ¢-OK subset of N*.

Indeed, if Uy, C N are such that U} 2 X for all k € w, then 1.3(4) implies the
existence of the family {V: a € ¢} having the property needed in 1.1. O

2.3. LEMMA. Let X satisfy 1.3(1)~(4), let C be a countable subset of X —
Unecw Xn- Then CNX = Q.

Let z € X be arbitrary. Then for some ng, ¢ € X,,,. Enumerate C = {cx: k €
w}. Choose Uy C N with z € Ug, co ¢ Us. For k > 1, let Uy C N be such that
Up 2 Xno+k, ¢k & Ur. Clearly the family {Ux: k € w} satisfies 1.3(4)(i), (ii) and
z € U; for all k € w. Hence z € V] for all o € ¢, where V,,’s are as in 1.3(4). But
then z ¢ C, otherwise for some k € w, {a € ¢: ¢y € V} is of cardinality ¢, which
contradicts

e €Us 2 (U2 (Ve

i<k i<k
if we take ap < @y < -+ < ag from {a € c: e, €V} O

2.4. LEMMA. Let X satisfy 1.3(1)-(4), let C be a countable subset of
UnewXn—X). Then CNX = 2.

Denote C,, = C N X, 41 — Xn, pick an arbitrary z € X,,,. Since z is ¢-OK in
Xno+1—Xno+1, there is some Uy C N with U§ 2 z, U§NCry = O, U3 NXp, = {z}.
For k > 1, let Uy C N be such that U} 2 Xng+ks Ug NCpot+x =D. By 2.1, this is
possible, for Xpy1k N Cnosk = D, because Cno+k C Xno+k+1 — Xno+k+1 and the
last set is homeomorphic to N*.

Applying 1.3(4), we obtain a family {V,: « € ¢} satisfying 1.3(4)(a), (b). Clearly
z € V} for all o € c. There must be some a € ¢ with V; N C = . If not, then for
some n € w, the set I = {a € ¢: V2 NC, # J} is of cardinality ¢. Since V} C Ug
for all a, n > ng; thus n = ng + k for some k > 1. Enumerate C,, = {c,: j € w}.
Since |I| = ¢, there is some j € w such that the set J = {a € I: VJ 3 ¢;} is of
cardinality ¢. But if we choose ag < a1 < -+ < a, from J, we obtain

G E€C N[\ Va, CCunN (Ui CCuN Ui = Crosk NV = 2.
i<k i<k

This contradiction shows that = ¢ C, which was to be proved. O
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2.5. LEMMA. Let X satisfy 1.3(1)-(4), let C be a countable subset of N*,
CNX=0. ThenCNX =, too.

Indeed, C = C;UC, UC3, where C;, = C - X, C, =CnNX -
C3 = CNU,e., Xn- The result follows now by 2.2, 2.3 and 2.4. O

2.6. LEMMA. Let X satisfy 1.3(1)—(4), let C C X be such that for some n; < w,
X, NCNXpy1 =09 for alln > ny. Then C 1s nowhere dense in X.

Choose z € X, choose arbitrary H C N with H* > z. Then there is some
e H*NX, 1’ € X, and s > ny. Since C N X411 NX; = O for such an s, there is
anz”" € H*NX,41, 2" € CNXsy1. Let M C N be such that M* N X4 = {2"},
M*NCNXsy9 =0, denote Uy = H*NM™. For k > 1, let U be a neighborhood
of X541+ such that U NC N X401k = D. Applying 1.3(4), we obtain a family
{Vo: a € ¢} C P(N) satisfying 1.3(4)(a), (b). There must be some a € ¢ with
VaNC = J—the proof of it mimicks the corresponding part of the proof of Lemma
2.4. For this o, 2” € V}. Thence V} N Ui N X is a nonvoid open subset of X
contained in H*, V2 N C = <. Since ¢ and H were arbitrary, C is nowhere dense
in X. 0O

The next lemma is easy, but for its utmost importance it deserves a name.

X,

new

2.7. SZYMANSKI'S LEMMA. Let Y C BN, let r: SN — Y be a retraction, let
D CY be nowhere dense inY. Then Y NN Nr~1[D] = Q.

Denote P = NNr~![D]. The set PNY is open in Y. Since DNY is nowhere
dense in Y and PNY C DNY, the set PNY must be empty. O

2.8. THEOREM. Let X satisfy 1.3(1)-(5). Then X is not a retract of 3N.

Suppose the contrary, let r: BN — X be a retraction. Consider the set
r1X - X]NN = A. Since A is countable and r[4A] N X = &, r[A] is nowhere
dense in X by 2.5. By Szymanski’s lemma, AN X = @, therefore we are allowed
to continue under the assumption that r[N] C X.

By 1.3(5), there is a set T C N such that T* N X # &, and for some n; € w,

r[T] N Xp1+1 N X, = D, whenever n > ny. By Lemma 2.6, 7[T] is nowhere dense in
X. Therefore by Szymanski’s lemma, X "N Nr~=1[r[T]] = &. On the other hand,

XONNr-Ir[T 2 XNT 2 XNT* # Q.
This contradiction shows that r is not a retraction. O

3. Concluding remarks. The first example of a subset X C BN — N satisfying
1.3(1), (2), (4) was given by Eva Butkovitova in [B1]. Our proof is an adaptation
of her technique. The same author gave an example of a space satisfying 1.3(1), (2),
(3), (4) in [B2]. This example was rather encouraging, because of the following.

3.1. THEOREM. If X C AN — N satisfies 1.3(1)-(4), and f: BN — X 1s such
that f | N 1s one-to-one, then f is not a retraction.
(HINT: Suppose X satisfies 1.3(1)-(4). If f: BN — X is one-to-one on N and if

for each n € w, f~1[X,]NNNX = O, then f satisfies 1.3(5), too.)
The author believes that there exists a space satisfying 1.3(1)-(4), which is still
a retract of SN.
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Andrzej Szymanski has defined a notion of a tiny sequence in [Sz]. In a topo-
logical space X, a sequence {P,: n € w} is said to be tiny, provided that each
P, consists of open sets, |J P, is dense in X and for each choice P, € [P,]<¥,
X # Unew UPs. By [Sz], if a compact space having a tiny sequence is embedded
as a P-set into N*, then it is not a retract of BIN. There is a tiny sequence in our
space X, namely P, = {X N A : dom(p) = n, ¢ € T}. This leads to a question:
Is the presence of a tiny sequence necessary for each closed separable subspace of
BN, which is not a retract of SN?
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