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COUNTING CYCLES IN PERMUTATIONS

BY GROUP CHARACTERS, WITH AN APPLICATION

TO A TOPOLOGICAL PROBLEM

D. M. JACKSON

Abstract. The character theory of the symmetric group is used to derive properties

of the number of permutations, with k cycles, which are expressible as the product

of a full cycle with an element of an arbitrary, but fixed, conjugacy class. For the

conjugacy class of fixed point free involutions, this problem has application to the

analysis of singularities in surfaces.

1. Introduction. For nonnegative integers k and N, and a partition \p of N, let ef

denote the number of permutations w on N symbols such that it has exactly k

cycles, and such that it can be expressed as a product of an arbitrary, but fixed,

cycle of length N and a permutation in the conjugacy class indexed by \p. The

purpose of this paper is to derive the generating function for these numbers, and to

obtain some of their properties. The method makes direct use of combinatorial and

algebraic properties of the group algebra of the symmetric group.

A special case of this problem is of particular interest. Let e[p)(n) denote the

number e\ when \p indexes the conjugacy class of permutations on pn symbols,

with n cycles of length p. The matter of calculating ek2\n) arose in connection with

work by Harris and Morrison [4] on singularities in surfaces. It has also occurred

indirectly in the work of Gross [2] on graph embeddings. Harer and Zagier [3] have

shown, by an independent method, that the sequence e(k2)(n) for k, n > 1 satisfies a

three-term linear recurrence equation with coefficients which are polynomials in n.

To fix ideas, note that for n = 2 the permissible permutations are

{(1234)(12)(34), (1234)(13)(24), (1234)(14)(23)} = ((13), (1432), (24)}

so

«P(2)-|{(1432)}|-1,    ef'(2) = 0,    e?(2) = |{(13), (24)} | = 2.

Values of ek2)(n) for some other (ac, n) are given in Table I of the Appendix.

The combinatorial results involving the use of the group algebra of the symmetric

group S„ on n symbols over C are given in §2 together with the appropriate facts

about orthogonal idempotents in the center of the group algebra. The results which

we need about specific characters of S„ are derived in §3 from Frobenius theory.

Although these results are known, uniform proofs of them are not readily available
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and they have therefore been included here. The generating function for ef is

derived in §4 by evaluating certain character sums. It is stated in Theorem 4.5. An

explicit expression for ekp)(n) is given in terms of standard combinatorial numbers

in §5, and in §6 we show that ek2)(n) and ek3)(n) satisfy linear recurrence equations

with polynomial coefficients. We also show that

en2U-2r(n)=l(^)(^++\)Pr(n)/(r+l)(n + l),

where pr(n) is a polynomial of degree r - 1 in n. In §7 we use the form of the

generating function for eyk to establish a bijection between an easily enumerated set

of permutations and another set directly related to the permutations counted by e\.

It would be of considerable interest to establish this bijection combinatorially, and,

by so doing, provide a combinatorial proof of the expression giving e\.

The group algebra of S„ has been used by Stanley [7] in connection with

factorizing permutations into cycles of length n. Character theoretic methods have

been applied by Thompson [8] to a problem which can be stated enumeratively.

The following notation is needed. A partition p = (px, p2,...) is a sequence (finite

or infinite) of nonnegative integers such that px > p2 > • • • . The nonzero elements

of p are called parts, the number of parts is the length, l(p), of p and the sum of all

parts is the weight, \p\, of p. If p is a partition of weight N we write p h- N. Let m}

be the multiplicity of j in p for j > 1. We write p = (mx, m2,... ) or, equivalently,

p = [1"'2"2 • • • ] with the convention that jm> is omitted if m} = 0, and jm> is

replaced by j if w = 1. We also adopt the convention that [1,1'] = [1', 1] = [l' + 1].

For example (5,2,2) = [225] = (0,2,0,0,1) h 9 and /([225]) = 3. Let a = [1">2"2

■■■], B = [lM*2 • • • ]. Then a > B if and only if a, > b, for all i > 1, and a = B if

and only if a, = b, for all i > 1. The sum of a and B is a + B = [1"' +h>2^ + h' • • ■ ].

Let 8a/J = 1 if a = B and 8afi = 0 if a ¥= B.

Each element of the symmetric group it e SN of all permutations on the set

[N] = {1,... ,N} can be expressed uniquely (up to order) as a product of disjoint

cycles. The number of such cycles is denoted by k(it). The cycle a such that

aij = ij+x for 1 < j < k, aik = i^, where ix,,..,ite [N], is denoted by (ix,..., ik).

The cycle (1,2,...,N) is denoted by coN. The cycle-type of it is t(tt) = [\jl2h

■ • ■ NJk], where tt has jk cycles of length k for 1 ^ k < N. A cycle of length j is

called a j-cycle, and we adopt the convention that 1-cycles are omitted from the

disjoint cycle representation of it. Thus, if (ilf...,ik} £ [N], then (ix,...,ik)

denotes either a /c-cycle or an element of SN of type [l"~kk]. The distinction

between these will be clear from the context. The multiplication of permutations is

carried out from right to left. Thus if tt = w6(12)(36)(45), then it = (13)(46) so

t(7t) = [1222] and k(tt) = 4. Finally, if wx,...,wk are indeterminates and i =

(ix,..., ik) is a vector of integers, then the monomial w'x'w22 ■ ■ ■ w'kk is denoted by

w'.

2. Combinatorial lemmas and the group algebra CSN. Each element a of the group

algebra CSN can be expressed as LaeSr<aaa, where aa e C. The product ab of

a, b G CSN is defined to be E„,„'(=sNflA'('('' G csn> where of course aa' e SN.
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For 0 I- N let Ke = T.geCeg, where Ce = {rr e Sn|t(7t) = 0} is a conjugacy class

of SN, each element of which has 1(0) cycles. Then {Ke \0 I- N} is a basis of the

center Z of CSN, so the coefficient operator

[K„]:Z-»C:  I  ceKe ~ ca
0r-N

is well defined and acts linearly on Z. The following results are important combina-

torially.

Proposition 2.1. Let a,B,y\- N, and let c, c' e Cy. Then

\{(a,b) & CaX Cp\ab = c}\ = \{(a,b) & CaX Cp\ab = c'}\.       D

Proposition 2.2. If a,B,0 \- N, then the number of ways of expressing c e CB as

c = ab with (a, b)^CaX Cp is [Ke]KaK^.    D

We may now give an expression for e\ in terms of the group algebra.

Lemma 2.3. Let e} = |wNCy fi Q|, where 0 h N. Then

(i)

ek=      1^      e0>
«|-N

U8) = k

(ii)

^ = -^[Kfl]K(N]K7,    where he = \Ce\.

Proof, (i) Immediate,

(ii) By definition

ej = |<oNCr n Q| = El =-^        II
(«,»)E{»NlxC,      »      («,i)ec|N]xc;

aft 6Q afe e Q

so from Proposition 2.1

el = TJnI        Ii
" («,i)Ef[B,XC,

for an arbitrary c e Q. But, from Proposition 2.2

2^1 = lK9]K[N|Ky
(a,A.)eC(N]xCT

ab = c

and the result follows.   □

To evaluate [Kfl]K„K/8 for arbitrary a,B,0h N, we recall (Burrow [1]) that CSN

is semisimple, so Z, the center of CSN, has a basis consisting of orthogonal

idempotents. Let x* be the irreducible (ordinary) character associated with Ce and

let /* be the degree of \9- The value of \9 at any element of Ca is denoted by x£,

and f = xflN].
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Lemma 2.4. Let a h- N, and

fa

ly-   01-N

TTiev? (FJa I- N} w a Zjosm o/ Z consisting of orthogonal idempotents (i.e. FaFp =

FaSQ/3). Moreover

Ka = ^E^XaF9.        D

It is now possible to express ej as a character sum.

Corollary 2.5. Let \p \- N. IT/en

ft  tl       r~*       J.       o        B     Q

ei = ~JmT  2-   7c X[N]XyX^-
^-    ffh-N  /

Proof. From Lemmas 2.3(h) and 2.4

^ = 7^WK[NlK, = ^7 I   (r/^r'xfNix^K^F^.
" a,/8l-N

But [K+]FaF„ = 8a/J[K^]Fa = Sa/J/ax£/N! since Fa, F, are orthogonal idempotents

and the result follows.   □

3. Character sums. In evaluating the character sum given in Corollary 2.5, we use

known expressions for xf for particular choices of a and B. The proofs are obtained

directly from Frobenius theory and are included partly for completeness, and partly

because they are not easy to extract from the literature.

If A is an r X s matrix whose (/, ^-element is atJ, we write A = [a,y]rXs. When

r = s, the determinant of A is denoted by ||a,- -|| (or by ||[a/7-]||rXr).

Definition 3.1. Let xx,..., xN be commutative indeterminates and let p =

(|U1,jii2,...)r-N, where l(p) = m. The power, elementary, complete and Schur

symmetric functions are, respectively,

(i)/V = /V.^2 '" ; Pi = xi + '" +*n,
(ii) e^ = e^ ■■■; Y*L0e,t' = njl^l + x,t),
(iii) h„ = h^ ■■■; E,>0 V = nji^ - x,ty\

(iv)s)l = \\x^'"-i\\/\\xr'\\- a
Clearly, for partitions a and B, pap/i = pa + p. Analogous statements hold for e^

and h .

Proposition 3.2. Let g(p) = n,(i"'»i,!)"\ where p = [l""i2m* • • • ] h- N. Then

(i) a," = N!g(/i).
Let a = [la'2"2 • • • ] and B = [1*'2*J ■ • • ]. Then

(ii) g(a)g(B) = g(a + BJl^"-).

Proof. Straightforward.   D
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By considering the expansions of

N N

explog J] (1 + Xjt) and  explog Yl (1 _ xtt)
i-i 1=1

it is possible to expand er and hr in terms of power sums.

Proposition 3.3. For r > 0

(i) er = EaHr(-l)a2 + a4+a6+ '" %(a)Pa- where " = t1"'2"2 ■■• 1

(ii) hr = La^rg(a)pa.   □

The next result is a fundamental one, due to Frobenius [5], which gives the Schur

functions in terms of the power sums.

Theorem 3.4. Let p h N. Then S/i = EaHNg(a)Xapa.   □

Let R be a ring and let {Bx, B2 • • • } be a basis of a subring B of R[[xx,..., xN]].

The coefficient operator, [ ]B, on B is defined by

[5JB:B-»R: £ btBt ~ bk,
i>\

which acts linearly on B. In general, B will be understood from the context, so the

subscript B will be omitted from the coefficient operator. In this notation we

therefore have

x5 = r1(«)[/».K

as an expression for the value of x*1 on the conjugacy class Ca.

A result of Jacobi expresses Schur functions in terms of complete symmetric

functions.

Theorem 3.5. Let p = (px,p2,...) andl(p) = m. Thens^ = ||A„(_,+yllmx*-   □

These results are sufficient to enable us to evaluate the required characters.

Corollary 3.6. Let a = [la'2a2 • • • ] I- N. Then

(i) x1ni = ^

(ii)xllN, = (-ir+a*+a<+--

Proof, (i) follows from Theorem 3.4, Proposition 3.3(h) and Theorem 3.5.

(ii) From Theorem 3.4

xf=g-H«)[/>jii*rN-'ii/ii*nN-'ii=g-iM[pa](x1 ■••*„)

= g~1(a)[pa]eN    (from Definition 3.1(h)).

The result follows from Proposition 3.3(i).   □

Corollary 3.7.

va    _/(-l)*    ifa=[lk,N-k]forsomek,0^k^N-l,

10 otherwise.
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Proof. From Theorems 3.4 and 3.5

Xfisi = g~1([N])[/v]l|A«1-,-+,-ILx™.

where m = 1(a) and a = (ax,a2,...). The largest value of a, — i +j occurs at

(/, j) = (1, m). From Proposition 3.3(h), hr contains sums and products of px,..., pr,

so pN occurs in the determinant if and only if ax - 1 + m > N. On the other hand,

by considering the cofactor expansion of the determinant by the first column, we see

that /?N occurs itself as a term if and only if a, - 1 + m = N. Thus ax = N - m + 1

whence a2= • • • = am = 1, since the matrix is am X m. It follows that

X[N]        X[N] °Q,[lm-1,N-m+l]-

But

xK","-"+I1-r1([Ni)[i»H](-i)-+1*M

by the cofactor expansion of [ha i+J]mXm for a = [lm_1, N - m + 1], by the first

row. From Proposition 3.3(h), [/>n]a)n = g([N]) and the result follows, since 1 < m

= N.   □

Corollary 3.8. Let a = [la'2"2 • • • ] h N. Then

r=0 '=1

Proof. Let X(r) = (X\r\ X'-p, ...) = [Y, N - r). Then from Theorems 3.4 and 3.5

xf = g~l(<x)[pa]sX'> = g"1(«)[/'«]ll*x^-<+yll-

Expanding the determinant by its first column gives

Xa" = g"1(«)[/'a](^N-^[ri-ix"-"}-

But g"1(a)[/7J'sx,r-1) = Xa    ' from Theorem 3.4. Moreover, from Proposition 3.3(h)

g~1(«)L>J^N-^[n = S~1(«)[/>J    L    g(P)pPslV]
01-N-r

(from Proposition 3.2(iii)

where a = [la'2fl2 • • ■ ], B = [lfr'2*2 ■ • ■ ])

= L   nfr'.xj,1'1    (from Theorem 3.4, where p = [l^2 •••]).
phf  <>1\    'a

Combining these facts and using Corollary 3.6(h) we have

xr=E(-i)r2+^+-n(a;)-xr".
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Multiply both sides by yr and sum over 1 < r < N — 1 to get

CN(y) ~ xLN1 = u(y) - 1 -y"[y"]u(y) - yCN(y) + y\f\

where CN(y) = EjL^xfyr and u(y) = Y\*=x{\ - (-y)<y-. But [yN]u(y) =

(_i)«2+«4+"6+ ■■■ S0; from Corollary 3.6(i), (ii), (1 + y)CN(y) = u(y) and the result

follows.   □

COROLLARY 3.9. /I1'-"*-'] = C;1).

Proof. /&'•«-'] = x[l'jN_rI = [yr](l + y)N~l from Corollary 3.8 and the result

follows.   □

4. The generating function for ej. We begin by expressing e| in terms of

characters associated with conjugacy classes of cycles.

Proposition 4.1. Let \p,y \- N. Then

el = ̂ -Yo (-l)y(N71)~1X?'*-y,Xp"71-

Proof. From Corollary 2.5

e+ N| Z-        /<PX[N]XyX^
^'      9r-N   /

so from Corollary 3.7

*       N!    j-o ft'.*-/!*1 *

The result follows from Corollary 3.9.   □

The character sum given in Proposition 4.1 may be evaluated by systematically

transforming the generating function for the values of characters associated with

cycles. In the following proposition it is important to note that 1(a) is equal to the

number of cycles in each element of Ca, and therefore that the number of cycles is

preserved in the exponent of z, for future purposes.

Proposition 4.2.

e I1 E xLl'N-'l^y^ = (i+^r1{(^)z-i}.
N>1    1 = 0   ah-N VV ' '

Proof. Let a = [lai2a* • • • ]. Then from Corollary 3.8

Yx*l'r,-']y' = (i+y)-1h{i-(-y)i}'"-
i-0 1-1
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But 1(a) = ax + ■ ■ ■ +aN. From Proposition 3.2, ha = N!l~[,N=1 (/"'a,!)-1. Thus

E   E1 E x«'N-i]hyi!Qz<M
N>1    i = 0   al-N

-d+j')-1   e   n^({i-(-.r>fr
a, 's not all 0

= (i+^r1n e 7r({i-(->)'}*T)',-a+j')'1

= (i + jrWJ^E (i -(-y)'}j) -(i + j)"1-
The result follows.   □

The following mapping is important and two of its properties are given, later, in

Proposition 5.3.

Definition 4.3. Let <£z be a mapping defined by </>2(*) = zk, extended linearly to

R[[z]].   O

Lemma 4.4.

E    E1   E   {NTl)\^-%Y^'^=uz(l-uyz)-1{l-u(l+z)y\
N»l    i = 0   ah-N  v       '       A

Proof. Let F(>», w, z) denote the series

E  E1 E xf'M-i,*y^.
Nil    i = 0   ah-N

SO

f<W) = (1+,r'{(^f)"-i}

by Proposition 4.2. But for positive integers a, 6

r f(i - t)b dt = —T-^(a + b)~l
J0     v ' a + b + l \    a    I

so

/;(1.,)1iir)-(1 _„-.„ = !(«-)-.

Thus

N_1 1      /1VT 1   \"1 >,N

E  E  E ^ N:    x?,-"-1,*y=r*«-)
Nil    1 = 0    al-N V        '        '

= E   E1 E x^-'^/fT^rl^d-OAi-O'^'^/N!
N»l    , = 0   al-N ■'O    V1        ?/

-jf^(rr7J'.(i-0«.x)(i-0-1*.
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Let

G(y,u,z)= E NE   E (N71)"1x?-N-,1*y^w-
Nil    1 = 0   al-N V '

Then

G(y,u,z) = ^/^ ^(y^, (1 - 0«,*)(1 - 0"1*-

But

fc^,«,i)-fc(l+J.)-,{(l + !!T^)'-l}

-,,|i(1+„-(;)(i^)'

Thus

rr x =   _9_ n_uzdt__
u\y,u,z)     m8hjo  1._(1_r)II_(1_r)„(1 + 0;/(1_r))z

3   ri _»zdf_

3w -a0   (1 - " - uz) + u(l + z - yz)t

3 z 1 — uyz

~ "3^1 + z(l-j) '    8l-w(l+z)

and the result follows.   D

We may now give the main theorem.

Theorem 4.5.

z+    E        E    4a>wa^^* = zexp(E  y{(l+z)'-z'>V,).
/t,N»l   (a>l-N W>1 A

Proof. Let (a) I- N. Then from Proposition 4.1

E ^a>^/(a) = ̂ <»>NE   E (-i)''(N71)"VxL1'N-',xl<1a>N-'V<a)
aKN 1 = 0   al-N V '

so, from Corollary 3.8 and Lemma 4.4

E  eia><M'<a) = h<'> E   {[«V]«z(l - uyzY1 {I - «(1 + z)}"1}
al-N y-0

•f[y](i-^r1n(i-y)i.
I. !>1 I

But

[«V]«(1 - mY\l - u(\ + z)}-1 = f ̂ +1(1 + *)N~'_1    if 0 < j < N,
10 otherwise,
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so

E  e<»>^°> = A<«>z(l + z)N-lNEz>(l + z)-JM(l -y)^ (l -/)*
al-N 7 = 0 i>l

.»«,p+,rn{i-(Ti7),}r
Thus, from Proposition 3.2(i)

E   eiW>£*m-*Tl jj(\u'w,{(l+zy-z'}y'
ah-N ^" <>1   °i"  V ' A

since N = Z, /a,. The result follows by summing over the at.   □

As an immediate consequence of this theorem we can give an exphcit expression

for elo when k0 is the largest number of cycles in any of the elements of C[N]Cy,

where y I- N.

Corollary 4.6. Let /c0((a» = max^{/c|e^a> =* 0}, wAWe (a) 1- N. Then

(i)*0(<«»-N + l-2>„

(ii)ei»> = N!/(N + l-E1a()!n(a;!.

Proof. From Theorem 4.5

A: '

= rT^!</,;lzN+1"z'fl' + 0(zN"i;'a')

n,a,!(N+ !->>,.)!* +^Z 7

and the results follow.   □

We return to this result in §7, where it is proved by a direct combinatorial

argument.

5. Explicit forms for special cases. It is possible to obtain an explicit expression for

e[p\n) in terms of some well-known combinatorial numbers.

Definition 5.1. The Stirling numbers of the first and second kinds are given,

respectively, by

(i)

1 °° y"
^{log(l+*)}"- E *<m)fr,

n=m

(ii)

J1(ex-l)m=  E  Sr)f7-       °
am! ai!

rt = m

An elementary combinatorial argument shows that s^m) is (-l)"m times the

number of permutations in S„ with exactly m cycles, and that S^m) is the number of

partitions of [ai] into exactly m nonempty blocks.
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The following properties are immediate.

Proposition 5.2. (i)

m = 0

(ii)

x"=   t  m\S^(m).
m = 0

(iii)

W-sii-v-'CDr.   o
The next result concerns the action of <f>z, defined in Definition 4.3, on certain

polynomials in z.

Proposition 5.3. (i) <t>zz" = L"m=0m\S^,m)zm.

(ii) #lzkQ. + z)> = (&',).

Proof, (i) Immediate consequence of Proposition 5.2(h).

(")

*vu+,)'-i(<)^--i^(k'+J)-(lX%  D

Theorem 5.4.

en-)-     \ n+k 1+f Pm(myp:ixsi"ik.
(1 + pn)p" + k m = n + k      \k>

Proof. From Theorem 4.5

eiP\n) = ^0[zkWz{(\+zY-zp}n

= ^T^W E (/)(-l)""y(l + z)»zW+*
P "■ y=ov   '

= (-l)ni0[zk] t ("l)y(J)(i+*)    (from Proposition 5.3(h))

.(.1).^£(.iy(;)I_L_E>J{ai[l.Kl+Jp).

(from Proposition 5.2(i))

- , J;,1*   , ■ e ;w-ii e (-iW; r-*
Al!/>" + /t(l  +/>Al)      m = 0V/C/ y = 0 ^'

and the result follows from Proposition 5.2(iii).   □
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Simple expressions for ^'(ai) for values of k close to k0([p"]) may be obtained

directly from this theorem. From Corollary 4.6(i), k0([p"]) = n(p - 1) + 1.

Corollary 5.5. (i)

*J#-i)+i(») = nfp-i) + i(Pnh

(ii)

•ie-D-tw-n^-K)-1}!';1)-
Proof. From Definition 5.1

'$-1.    4ft--*»(» +1),    *<& = X« + 1)(« + 2)(3« + 5),

S<">=1,    Si"-1) = i«(«-l),    5*-2» = iAi(Ai-l)(Ai-2)(3A,-5).

The results follow from Theorem 5.4.   □

Thus, en2lx(n) is a Catalan number.

6. Recurrence equations. Theorem 4.5 can be used to obtain further properties of

the sequence {ekp)(n) \k,n ^ 1}.

Lemma 6.1. (i) e[2)(n) = 0ifn + l-kis odd,

(ii) e[2\n) satisfies the recurrence equation

(ai + 1)42)(ai) = (2ai - 1)(» - l)(2#i - 3)ef (ai - 2) + 2(2ai - l)ek2lx(n - 1)

with boundary conditions

(a)    42)(ai) = 0    i//c<0,

<u\      (2)A   ^     1°       ifn<0,

Proof. From Theorem 4.5

z+  E   zZ1^ek2>(n)u»zk = ^z{l-±{(l + z)2-z2}Y1
nil    k    \Zn)- V * '

-('-fW-^-fr-r
-(-r^-ir-uti)

miO

SO

i + « + E E ^J)[«P(»)«"+,»' = t1 +1j'f1 - \Y G <**][[«]].
Let z be replaced by z"1, and u by wz so

i + u + E E 7^(«)«"+v--* = (i + f f-(i - f p.
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Let F(u, z) denote the right-hand side of this equation. Then F(u, -z) = F(u, z) so

F is an even Laurent series in z. Thus ek2)(n) = 0 if « + 1 — k is odd and (i)

follows. Evidently F satisfies the formal differential equation (1 - z2w2/4)3.F/3« =

F. The recurrence equation then follows.   □

Lemma 6.1(h) can be used to calculate particular values of ek2)(n). For example,

with k = 1,

'?>(«) " ^t(2" - 1)(» - !)(2" - 3)«P(" - 2)'

where e[2\l) = 0, e[2)(0) = 1 so

( 1     (2n)!        ._    .
^(«)=p(nTT)T     lf™en'

VO if ai is odd.

Lemma 6.2. {ek3)(n)\k, n > 0} satisfies a linear recurrence equation with coeffi-

cients in C[/c, ai].

Proof. From Theorem 4.5

z+  £   Y n\e?\n)-^zk = *:h{l-±{(l + zf-zY)~l
nil    fe-1 W"'- v J '

-^(i-fHi-f1-!)^1-')"'
= E«*(l-f)        \2k++\)    (from Proposition 5.3(ii))

^     3' *7o   l     3j    (2* + 1)!

where (w)(r) = m(w + 1) • • • (m + r - l)and(m)(r) = m(m - 1) • • • (m — r + 1).

But

(z + k)(2k + l) = (-l)k(z + l)Wz(l - z)(k); (1 + 2/c)! = 4kk\(i)W

so

where

is a hypergeometric series. But this satisfies Gauss' equation (Slater [6])

v(v - 1)^4 + {c -(1 + a + b)v)& - abv = 0.
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Thus by change of variable

satisfies a differential equation in u with coefficients which are polynomials in u and

z. The result follows.   □

Lemma 6.3. For r ^ 1

e(2)       (n) =_(IfOl_1_o(n)
e"^'2An>     n\(n-2r)\    (2(r + 1))! Pr("j'

where pr(n) is a polynomial of degree r — linn.

Proof. We use induction over r > 1. Let

^i-ar(») = „!(J(2")ir)! (2(r I 1))!P'(#,)-

Then, from Lemma 6.1(h)

(ai + l)pr(n) = (n - 2r)pr(n - 1) + \(n - \)(r + \)(2r + \)Pr_x(n - 2),

where p0(0) = 2, pr(«) = 0 if ai + 1 - 2r < 0, and pr(n) = 0 if ai < 0. Regard r as

fixed. Now the general solution of this recurrence equation is

Pr(n) = 0r(n) + Pr(n),

where 0r(n) is the general solution of

(« + \)ur(n) = (« - 2r)ur(n - 1)

and Pr(n) is a solution of the recurrence equation for pr(Ai). Clearly,

(2r + 1)'
*r(") = 7-TT7-^-7-^-7Ter(2r)    for n > 2r

(ai + 1)(ai + 2) ••■ (ai - 2r + 1)  rK    '

so #,.(Ai) = 0 for ai > 2r since 0r(2r) = 0.

Now suppose that p^^ai) is a polynomial of degree r - 2 in ai. Then

(ai + l)Pr(n) -(n- 2r)Pr(n - 1) = \(r + l)(2r + 1)(« - l)Pr_1(« - 2)

which is a polynomial of degree r — 1 in ai. Thus

n{Pr(n) - Pr(n ~ l)} + P,(n) + 2rPr(n - 1)

is a polynomial of degree r - 1 in ai. For a particular solution suppose

Pr(n)= Eaj'V
y-o

so n(Pr(n) — Pr(n - 1)) is a polynomial of degree r - 1 in ai. The values of a{p are

uniquely determined by comparing coefficients of ai7 for j = 0,1.r - 1. Thus

pr(Ai) is a polynomial of degree r - 1 in ai. Finally, from Corollary 5.5(h),

e„221(n) = ^«(»-l)(2w-1)

so p,(ai) = 2, a polynomial of degree 0 in ai. The result now follows.   □
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Observe from the proof of Lemma 6.3 that the coefficients of pr(n) satisfy a linear

recurrence equation. These coefficients are given in Table II of the Appendix.

7. Combinatorial remarks. Clearly, it would be of considerable interest if the

expression for el could be proved combinatorially, without direct appeal to proper-

ties of CSN. As a special case, consider el, where y = [la'2"2 ■ • • ] I- N and where

k0 is the largest number of cycles possessed by any element of C[N]Cy. Such a

permutation can be represented by a dissection of a convex N-gon in the plane by a,

/-gons for i = l,2,..., which are vertex and edge disjoint. The orientation of each

polygon is uniquely determined. The number of such dissections is el. Let

T(z,*)= E 4^-M<.>)wa*N+1"M<a>)-

N+1-M<a»,a

Then an elementary combinatorial argument shows that T must satisfy the func-

tional equation T= 1 + zL^T'w,. Let S=T-\ so S = zLt>l(S + 1)%,

whence, by Lagrange's Theorem

eN + l-Ar0((a>)        Lz "   J3

=_I_rxN+i-M<a>>-ii(A + i)N^a')! =_N-_
N + l-/v0«a»lA n,fl,.!      k0\U,a,\'

which is the statement of Corollary 4.6(h).

Theorem 4.5 may be used to obtain further combinatorial information about el.

We shall say that a permutation is dotted if each element in the cycles of the

permutation has associated with it at most one dot. This is done by placing the dot,

if it occurs, above the corresponding element. Thus (12)(34) is a dotted permutation.

A permutation is strictly dotted if none of its cycles has all of its elements bearing a

dot, and a dotted permutation has weight m if it has a total of m dots.

From Theorem 4.5 and Proposition 5.3(i)

E el ■ m!S<"° = fz-^w-lexpE jw,{(l + *)' " *'}•
k 1 ' J i

But the left-hand side is the number of ways of partitioning the cycles of permuta-

tions, counted by eyk, into m nonempty ordered blocks. This is a consequence of the

comment following Definition 5.1. For convenience let us call such permutations

ordered partition permutations of weight m in «NC . Moreover, by an elementary

combinatorial argument, the right-hand side is the number of strictly dotted permu-

tations in Cy of weight m - 1.

Thus, from the above equation, we have shown that the following result is a

combinatorial restatement of Theorem 4.5.

Theorem 7.1 Let y \- N. Then the number of ordered partition permutations of

weight m in wNCy is equal to the number of strictly dotted permutations of weight

m — 1 in Cy for m > 1.    □

A purely combinatorial proof of this bijection would establish Theorem 4.5, and

would be of considerable interest.
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Appendix.

Table I. ef\x_2g(n), 1 < ai < 10; 0 < g < [ai/2] .

Ai\g       0 12 3 4 5
1 1

2 2 1

3 5 10

4 14 70 21

5 42 420 483

6 132 2310 6468 1485

7 429 12012 66066 56628

8 1430 60060 570570       1169740       225225

9 4862 291720 4390386     17454580     12317877

10 16796 1385670 31039008   211083730   351683046   59520825

Table II. Tabulation of b\r) for 1 < r < 6, where

Pr(n) = cZW^   and    e?U_2r(n) = \ (n + iy\r + l)'1^)^ \ )*(»)•

re i' = 01 2 3 4 5

11 2

2 \ -2 5

3 | 12 -77 35

4 ^r        -72 1094 -945 175

5 ^t   240    -8954   11099    -3850   385
24

6 -^    -199008 19419660 -30398368 14899885 -2802800 175175
4320
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