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KNAPP-WALLACH SZEGO INTEGRALS. 11
THE HIGHER PARABOLIC RANK CASE

B. E. BLANK

ABSTRACT. Let G be a connected reductive linear Lie group with compact center and
real rank /. For each integer k (1 < k < /) and each discrete series representation
of G, an explicit embedding of 7 into a generalized principal series representation
induced from a parabolic subgroup of rank k is given. The existence of such
embeddings was proved by W. Schmid. In this paper an explicit integral formula
with Szego kernel is given which provides these mappings.

1. Introduction. To each discrete series representation , of a connected reductive
Lie group G with compact center, Knapp and Wallach have associated a “Szegod
kernel” which provides a G-equivariant map of a certain principal series representa-
tion onto m, [10 and 11]. Subsequently, the author defined analogous mappings
from generalized principal series representations induced from a maximal parabolic
subgroup P, of G [2]. In this paper, under the additional assumption that G has a
faithful finite dimensional representation, we give such Szegd mappings for gener-
alized principal series representations induced from standard parabolic subgroups of
G of any parabolic rank.

We shall describe the contents of this paper more precisely now, referring to later
sections for some definitions. To simplify certain statements, we assume for this
section only that G is acceptable in the sense of Harish-Chandra [4]. There
Harish-Chandra proved that G has a discrete series £2(G) if and only if G has a
Cartan subgroup T contained in a maximal compact subgroup K of G. To each
nonsingular integral form A on the complexification t€ of the Lie algebra t of T,
Harish-Chandra associates an invariant eigendistribution which is the character of a
discrete series representation 7, [3, 4]. These representations exhaust &2(G) and two
such are equivalent if and only if their parameters A are conjugate under the Weyl
group of K.

The representation 7, may be realized on the space of square integrable smooth
functions on G that transform on one side under K and that are annihilated by an
appropriate first order elliptic differential operator. Differential operators such as 0
and 0* and the Dirac operator have been used, but as was observed in [10, §3],
Schmid’s operator 2,, first introduced in [15 and 16], is in some sense the most
appropriate in that its kernel is contained in the kernels of the other operators listed.
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Thus, with 7, so realized, the quotient mapping onto 7, maps into the kernel of a
well-known first order elliptic system, hence the name “Szegd kernel.” Indeed, in a
limiting case the Szegd kernel given by Knapp and Wallach coincides with the
classical Szego kernel for the unit ball in C” [8, 10].

Let a,,...,a, be a sequence of noncompact roots of A = A(a€, t€) that satisfies
(2.1), (2.2), and (2.3). For each p, 1 < p < /= real rank of G, let P, denote the
standard cuspidal parabolic subgroup with Langlands decomposition M,4,N, and
parabolic rank p built from a, ..., a,. The constructions which we outline in §2 and
the facts quoted concerning these parabolic subgroups are well known [5, 6, 18]. In
§2 we also discuss the finite subgroup F of K that controls the disconnectedness of
the parabolic subgroups P,; the properties of F that we will need were obtained in [9
and 12]. The important point for the induction argument given in §4 is that
M, N P, is a maximal parabolic subgroup of M.

Let A be the Blattner parameter associated to the Harish-Chandra parameter A.
Let (7,,V,) be a K-type of highest weight A. The main content of §3 is the
construction of K -type (o5”’, H{”’) where K} = K N\ M, H\"’ C V,, and o{" =
al k- We also make the useful observation there that A gives rise to Harish-Chandra
parameters A, of &*(M,) by restriction.

In §3 we grve a procedure for iterating the results of {2] to provide Szegd maps of
the appropriate P,-induced continuous series representations, where the parabolic
rank p of P, is arbitrary. A complication arises in the induction method we employ
in that M, does not inherit the connectedness property of G which was assumed in
[2]. The simplest approach seemed to be to apply the results of 2] to M, 9 and to pass
to £*(M,) from &*(M)) by inducing representations of MJZ w, [6] This is
facﬂrtated by the study of the subgroup F of K [9, 12] and its subgroups F) and
I‘;‘” (cf. §82, 4) which control the disconnectedness of M, and its maximal parabolic
subgroup; it was to simplify F that we imposed the condition of linearity on G.

In [2] we showed that for the maximal parabolic P, = M, A, N, of G there exists a
parameter », € af, a character n, of F¥ compatible with a member =, of &*(M/),
and an integral mapping S7(A) that carries C*(G,m, ® n, ® e” ® 1) into the
kernel of &2, in C*(G,,). These spaces can be identified with the spaces of the
generalized principal series representation U(P,:m, (n;):v,) and discrete series
representation m, respectively. The mapping is given by

(1.1) SE(A:f)(x) =j n(k) ' f(kx)(1)dk  (x € G).

Our main result here is the specification of a member M, of & 2(M 9, a parameter
v, € a,, and a character 1, of F?) for which

THEOREM 1.1. The Szego integral defined on C*(G, Ty, ® 1, ® e’ ® 1) by the
right-hand side of (1.1) maps into the kernel of Schmid’s operator @D, in C*(G, T)).
Under the identification of C*(G, m,®m,®e *» ® 1) with the space of the gener-
alized principal series U(P,:my (np) ), S, G(A) carries the K-finite vectors of
U(P,:m\ (m,):v,) in a g-equivariant fashton onto the K-finite vectors of the discrete
series .
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This theorem follows from the case p = 1 proved in [2] and the construction in §4
of a composed map J, with factor Sl’”ﬂ? for which

J
CW(G’WAFH ®n,, ®er!® 1) 5 C°°(G,7rAp ®n,®e”® 1)
SE(A) N L SP(A)
Cw(G,TA)

Iteration through p = I recovers the Szegd maps constructed in [11], although we
have not cleaned up the parameter », as was done in [11, §8]. Nor have we discussed
the case where A is a limit Harish-Chandra parameter; the interested reader will
have no trouble extending the statement of Theorem 1.1 to include these parameters.

The existence of such surjective maps onto discrete series is due to W. Schmid,
who in a 1976 1.A.S. lecture discussed the p = 1 case. Iteration of his character
identities using induction in stages and exactness of the induction functor leads to
the existence of the maps we have obtained. The virtue of the present treatment is its
explicitness.

The author would like to thank Professor A. W. Knapp with whom he has had
conversations concerning Szegd kernels and also the referee of [2], whose comments
on that paper improved the exposition of the present one as well.

2. Standard parabolic subgroups. Throughout the remainder of this paper G will be
a connected reductive linear Lie group with compact center. Let g=f® p be a
Cartan decomposition of the Lie algebra g of G with respect to the Cartan
involution @ fixing K. Fix a compact Cartan subalgebra t C f of g and let A be the
corresponding set of roots A(g€, t€). The Killing form B of g€ gives rise to a
nondegenerate bilinear form ( -,-) on (t€). A linear functional A on t€ is
nonsingular if (A, a) # 0 for every a in A. If an ordering of A has been given, let
8 = 41X < - a. The discrete series of G is parametrized (with repetition) by the set
of nonsingular A in (t€)’ for which A — § is integral. This set does not in fact
depend on the ordering that led to & and so, given a Harish-Chandra parameter A,
we are free to choose a convenient ordering. We do this by letting A*= {a €
A|{(A,a) > 0}.

Since t C f, the root spaces g, (a« € A) are contained either in £€ or p<; A
therefore splits into compact roots A, and noncompact roots A,. Let / be the real
rank of G, i.e., | = dimg a where a is any maximal abelian subspace of p. We fix a
sequence «, . . ., &, of positive noncompact roots such that

(2.1) the a; form a strongly orthogonal set,

(2.2) for each j=1,...,/ a; is a simple root in the subsystem of roots strongly
orthogonal to a, ..., a;_,

(2.3) for each p =1,...,/ if a compact root B is orthogonal to a;,...,a, then B
is strongly orthogonal to a;, ..., a,,.

The existence of such a system for any system of simple roots of A follows from the
existence of a “fundamental sequence” [10, §4].
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Normalize nonzero root vectors E, € g, according to [7, pp. 155-156]. Let
X, = Ea/ + E_a/ (j=1,...,1). Each X, belongs to p. Form abelian subspaces a , of
pbya,=R-Xanda,=a, ;®R- X, (2<p</) Let H; be the element of it
for which a,(-) = B(-, H)). Let b, be the orthogonal complement in t of the space
spanned by {iH,,...,iH,} over R. Let b, = a,® b,. Then b, is a §-stable Cartan
subalgebra of g and A, = expa, is the split component of a cuspidal parabolic
subgroup P, of G.

Some computatrons with Cayley transforms [13] will be needed. Let u,

expm(E ) and let ¢, = Ad(u; --- u,). Then c, carries bC onto t€ actmg
trivially on b and taking R X; onto R - H for j —1 , D- Furthermore ‘c,
A - A(gS, bc) carrying roots that vanish on C H o G)C - H, to roots vanish-

ing on a( let @, be th= set of restrictions to b of such roots. If we let m, denote
the orthogonal complement of a, 1n Z,(a,), the centralizer of a, in g, then @, is
the set of roots A(m hC) of m with respect to b,f. The ordering of <I>p is
transferred to @, from A by ‘c,. The following well-known Cayley transform
computations for orthogonal roots a and «; will be needed later:

(2.4) Ad(u‘,)'lEa = E, if a and «, are strongly orthogonal,
(2.5) Ad(uj)_lEa = %([E_a/, Ea] - [Ea/, Ea]) otherwise.

Form a,-roots A(g,a,) (1 <p </) and define an ordering on A(g,a,) by
means of the ordered basis X|,..., Xp of a - Then the positive a ,-Toots are the
nonzero restrictions to a, of the positive asroots. Let p, denote half the sum of the
positive a p-roots with multiplicity. Let 1, be the sum of the A*(g, a,)-root spaces
and let N, = expn, Let M, 9 be the analytic subgroup of G corresponding to m »
and let M, Zy(a,), the centrahzer of a,in K.

We will be concerned with a family of cuspidal standard parabolic subgroups P,
(1 < p < 1) with split components 4,. These parabolic subgroups of G are obtained
in a standard way [5, 18] from the subsets {‘c;a;|,:j=p+1,...,1} of simple
elements of A(g, a,). We write the Langlands decomposrtlon of Pp as M,A,N,.
Then there is a finite group F defined by F = K N expia, with the following
properties [9, 12]:

(2.6) F is generated by {ya = exp 2wi|a|_2Ha ta € A(q, a,)},
(2.7) F is a subgroup of the center Z,, of M,, and
- M0
(2.8) M, = M,F.
We have the inclusion relations P, > --- D P, [18, p. 283]; the maximal and

minimal parabolics P, and P, are noteworthy, the former for the facility of dealing
with the one dimensional A,, the latter for the compactness of M, Let a? =
Y, R- X, for p= .,1 = 1. Then a” plays the same role for M, as a, does
for G. If A” is the analytlc subgroup of G corresponding to a” then A,A47 = A4,
and if N =M, NN, then N,N” =N, and M;APN? is a minimal parabohc
subgroup of M,. Now @, 1 lye = (o, 4 |e belongs to (®,), and its root vector
inm,is E, by (2.4). Thus,if d,,, =R - X,,H, then 4,,, = expd,,, serves the
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same role in M, as A, doesinG and 4,,, = 4 Ap+l Then Z, ( p+1) ~ X1
which is nothmg but m,;, plays the same role in m, as M, does in g. Smce M, has
the same role in both M, and G, M,,,, = M, MP, M, arrses in M, in the same way it

does in G and M, Hffp +1 1s the reductive component of a maximal parabolic
subgroup of M,. The &, -roots with respect to m, are the restrictions to &,,, of
a,.1-roots (wrth respect to g) that vanish on a, Let p,+1 be half the sum of the
positive elements in A(m ,, &,,,) with multrplrcny By [18 p. 290], if N /,+1 1s the
nilpotent Langlands component of this maximal parabolic subgroup of M,, then
N,.1 =N, NpHand i1 =M, NN, .
In the precedmg paragraph we have arrived at a maximal parabolic subgroup
M, A » +lN +1 of M,. However, it is the corresponding maximal parabolic sub-
group of M, ¢ that we shall require. In this situation, the finite group that controls the
disconnectedness of the reductive component of the maximal parabolic subgroup of
M) is F,= K N expia, where K} = K N M) is the maximal compact subgroup
of M,. 9. As the notation indicates, K, 9 is the identity component of K,=KNM,
the maxrmal compact subgroup of M Note that F, = FN M. O The results quoted
earlier show that (M, 1F )A p+1N, 11 18 @ maximal parabohc subgroup of M. 0

3. Harish-Chandra and Blattner parameters for M. Let A € (t€) be a Harish-
Chandra parameter for a discrete series representation m, of G. Order A = A(g€, t€)
so that A is dominant. Let 8, §,, and §, be half the sum of the elements of A*, A},
and A respectively. Then A = A — §, + §, is the Blattner parameter associated to
A and A is integral, A} -dominant and the lowest K-type in m,. Let (7,, V,) be an
irreducible representation of K on ¥, with nonzero highest weight ¢,.

Foreach p=1,....,/—1let A, = A]| he- Since b, is a compact Cartan subalge-
bra of m,, the dlscrete series & (M) of M) is indexed by Harish-Chandra
parameters on h<. Let 8(7), §{7, and 8“’) be half the sum of the elements of @,
(®,);,and (D, )+ respectively. Let H{? be the K ?-cyclic subspace of V), gcnerated
by ¢, under 7,. Denote by o{”’ the restriction of 7, | ko to H{P.

PROPOSITION 3.1. The restriction of X to Y5 is an integral form on §S dominant
with respect to (®,); . Indeed, (o}”), H\"’) is an irreducible representation of K.
Relative to @, the highest weight of o{P is \| hC and ¢, is a nonzero highest wezght
vector.

PrROOF. The argument runs along the lines of {10, Proposition 5.5] which treats the
p = [ case with M, rather than M. The result stated there needed correction
because of the disconnectedness of M, (cf. [11]). We avoid this complication by
using K.

To prove that ¢, is a highest weight vector for o{”?’ we are to show that
o5P(c,Eg) = 0 if B € A* with (B,a;) = 0 for 1 < < p and with c,Eg e tC If B
satisfies these properties and is a compact root, then by (2.3) and (2.4), ¢, E; = E,
and 6{”(c,Ep)$) = m\(E)$, = 0 since ¢, is a highest weight vector for .

Next, let B be noncompact. If B were strongly orthogonal to each « s J=1,...,p,
then we would have c,Eg = Eg € p€, so we may suppose that 8 is not strongly
orthogonal to some «; for some j < p + 1. Then, by (2.5), there is a constant a for



54 B. E. BLANK

which Ad(u,)Ep = aEBM akg_ o Forl<i<p,i#j,a;+(B= a;) cannot be
roots since then we would have roots of three different lengths Thus all other
Ad(u,) fix Ad(u; )EB and we obtain ¢ »Eg = akg ‘a, aEﬂ_aj. Since this argument
also shows that ,B is strongly orthogonal to a),...,a;_; and since a; is simple in
such a subsystem of roots by (2.2), we must have ,B — a; > 0. Thus B + «; belong to
A and 1y(Ep, ,)$r = 0. O

Let A, € (bc) be defined by A, = A, — (7’ + §{».

PROPOSITION 3.2. The linear functional A, on bc is a Harish-Chandra parameter
for M. 0. Furthermore, the Blattner parameter A, assoczated 1o A, is the restriction to
bc of the Blattner parameter X associated to A.

PROOF. The main point here is that

(3.1) B — 87 = (8, 8,)I,c.

This is done first for the maximal parabolic case p = 1 and then by induction for
the general case using the method outlined in §2 in which m ., , is seen to have the
same role in m, as m, in g (cf. [17, §7]). The last assertion that A, = )\|hc 1s an
immediate consequence of this. It follows from Proposition 3.1 that A, is mtegral
and therefore A , — 87 is integral as well.

Suppose o’ = c Pars: belongs to @, where a € A with (e, ;) =0 (1 <j < p). If
a is strongly orthogonal toeacha, 1 < J < p, then E_, (the root vector in mc) is E,
by (2.4) and so the vector H,, representmg o’ by the Killing form B, of m is H,.
In this case A ,(H,) = A(H,) # 0 since A is a Harish-Chandra parameter for G. If
a fails to be. strongly orthogonal to some a; (1 <j < p), then the proof of
Proposition 3.1 shows this ; to be unique and E, = ¢, E, = aE, +a, ~ aE,_, . Then

Ha' = b(Ha+al + Ha—aj)
and’

A (H,)=bA(H,., + H,_,)=2bA(H,) +#0. O

It is worth noting that Proposition 3.2 remains valid if A is allowed to be
orthogonal to any subset of {a;,...,a,} as is evident from the proof. Another
obvious but useful observation is that

Ko = K0 (MDE)

thus, if we start with the K J-type (a5”’, H{”) and the maximal parabolic subgroup
(M HF )A Pl p+l of M, ° the procedure analogous to going from (,,V,) to
(o“) H{”) gives rise to the Kl?ﬂ-type (ofP*V, H{P*D),

4. Szego integrals. It will be convenient to have the following notation: if X is a
subgroup of Y and (¢, H*) is a representation of X on H¢, it will be convenient to
define

(41) C=(Y.§) = {fe C=(Y,H"):f(xy) =&(x)f(y), xEX, yEY}.
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Let A € (t¢) be a Harish-Chandra parameter for the discrete series representa-
tion m, of G. Let m, denote the discrete series representation of M, associated to
A,Q<sp<i-). The representation space of m, (respectively M, ) can be taken
to be the space of square integrable elements of C%(G, 'r,\) (respectively
C*(M_?,0{P)) that are annihilated by Schmid’s operator 9, (respectively 2, ).
Discrete series representations of M, are obtained by inducing to M, representa-
tions m, ® 7 of M Z,, where 7 1s a character of the center Z,, of M, that is
compatlble with 7, [4 9). In [12, §2] it is shown that the subgroup F® of Z m, N F
generated by {ya|a €'c,A = A(g€, bY), a|,, = 0} satisfies M;Z,, = MOF“’) and
we need only take 7 to be a character on F(P) compatible with LIS We let

m (n) = M;’)rl<12f1¢ Mp(‘”/\p ®n)
be the resulting member of £*(M,)).

We will use the (consistent) notation G = MQ. We will be concerned with
generalized principal series representations of My, MP,..., M? . If Q = MyA,N,
is the Langlands decomposition of a cuspidal parabolic subgroup of M?, we will let
U,(Q:my:v,) be the generalized principal series representation of le’ induced from
7y ® e’ ® 1 on Q, where 7, € £*(M,) and v, € (ap)C. A dense subspace on
which U,(Q; my: vp) acts is C*(M, 0, 7, ® e"2 ® 1). For an element f of this space
we have

U,(Q:mpivg:m)f(x) = f(xm) (x,mEMO).

L P13

When p = 0 we will drop the subscript. By Mackey’s
(14, p. 109], U(P,: WA,,(TI) 1) is equivalent to

induction in stages” theorem

U(my im:v) = Ind (m, ®n®e ®1).
7 MPFPA,N, G T
A dense subspace is C*(G, T, ®N® e” ® 1). The analogous representation of M1?
will be denoted by %,.

Our inductive hypothesis is that there exists a parameter », = »,(A) in a), a
character n, of F» compatible with 7, , and an integral mapping S(A) that
carries %(m, :m,:v,) onto m, in a G-equivariant fashion.

The validity of this hypothesis for p = 1 is the subject of [2]. The parameter », is
defined by

(4.2) (X)) = pi( X)) - 2<A,al>/|al|2‘
Since FO = (1,7, ),
o M (Ve,) = (- et

determines 7, on F®, For f in C*(G, my, ® My ® e’ ® 1), the Szegd map is given
by

(4.4) Sf(A:f:x)=for,‘(k)_1f(kx)(1)dk (x € G).
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Note that elements of C*(G,m, ® 7, ® e” ® 1) have values in the representation
space of m, , which is taken to be the subspace of C*(M/,of") described earlier.
Thus, evaluation of f(kx)(-) in (4.3) is at the identity element of M. Then f(kx)(1)
takes values in H{" and since H{" C V,, (4.3) is well defined. It is clear that S(A)
is G-equivariant and ST(A :f) belongs to C*(G, 7). The reader may consult [2] for
the proof that 2,SU(A:f) = 0 and the identification of the image of SC(A) with
Tp-

We apply this result to the case where the group G 1s taken to be M, 9 and the
maximal parabolic subgroup of M, s ( pHF yA p+1Np +1- Table 1 comams the
relevant objects pertaining to G and the corresponding objects of M,,. 0

TABLE 1
0

G M,
MIOF(I)AINI Mp0+1Fp”)Ap+1Np+l
P ﬁp+1 =% Z a

acA” (m, a,,H)

B;(.’.> Bp;<.’.>p
A A,
Ap Ap+l )
(1 V3); (af", H{D) (o7, H{P); (ofP* 1, H{P* D)
Yal; T ‘Ya,,,l; ﬁp+1

In Table 1 £,V = {1, Ya,., ) 18 the subgroup of Z,0 r N F, which plays the same
role in M) that the subgroup FO=(l,y,}of Z, '‘"F plays in G. With the listed
conversions, ¥, in &, .1 is defined by (4. 2) and npﬂ(ya ..) by (4.3). For f in the
dense subspace C*(M ®M,,1 e 21 ®1) of @ (77,\ et P,,0) the
Szegd map S P(A )i 1s gnven by

(4.5)  SM(A, fm)[ P(k,) " f(k,m)(1)ak,  (me M).

The image of S P(A )is M, reahzed in C°°(M0 ).
The definition of S +1(A) can now be easily given. We define the parameter v,

ona,,; =a,®d,, by
(46) Vp+1_V +Vp+1
where each parameter », and ¥,,; is extended by zero on the complementary

subspace of a, . The finite group F®*D s given by
F+Dh = span{ya a €A, a(pr) = 0}
= span(y,:« €A, H,€CH, & --- ®CH, }.

The inductive definition of 5, on F'” and the definition of #,,, on FV=
{1. 7,,.,} therefore determine the character 7,,, on F (P+1)_ The discrete series
parameter on M? ,+1 18 taken to be My, We are therefore to provide a G-equiv-
ariant map from the representation space

Cw(G"”ApH ®n, 1 e’ ® 1)
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of %(my,, ‘Mys1:¥p41)ONLO Ty We claim that for f in
C*(G,m,, ®m,, ®e"® 1),

the map is

(4.7) SPGH(A:f:x)=/K'r>\(k)_1f(kx)(l)dk (x € G).

That this formula has meaning follows from the discussion that showed (4.4) has
meaning. Once again it is clear that SPGH(A) is G-equivariant and has image in
C*(G, 7,). That its image is nonzero can be shown by constructing an element,
analogous to the one given in [2], that is not mapped to zero. Simpler and preferable
in that it uses nothing about S other than that it is nonzero, which is very easily
proved [11], is to observe from Proposition 4.1 that if SG(A) were zero for any p,
iteration would lead to SC(A) being zero. Indeed, the next proposition shows that
@, is the image of S, pH(A).
Define j, on G X C*(G, Ta,,, ® Mps1 ® e’r*1 ® 1) by

(4.8) Jp(x f)= (%( TAper - Mp+1-Vp+1- x)f)|M°

i.e., for m in M0 Jp(x:f)(m) = f(mx). Assuming for the moment that jp(x f)isin
the dense subspace C(M), M, @0, 1 ®e 1 @ 1) of U,(my  1W,1115,41) OD
which S r(A ) is defined, let J f be defined on G by

(4.9) Jf(x) =S¥ (A, :j,(x:f)).

PROPOSITION 4.1. Let x belong to G and f to C°°(G T, ®Mpey ® €7 ® 1).
The map j, defined by (4.8) takes values in C*(M, WAP l® M,.,1®e€ e @ 1)
and so the map J,f is well defined with values in m, . Furthermore J,f belongs to
C*(G, M, ®n,® e’» ® 1) and !

(4.10) S (A:f)=SF(A:Lf).

PRrOOF. It clearly suffices to prove the first assertion when x = 1, that is, to show
that j,(1:f) =f]| e belongs to C*(M,): LN npﬂ ® e’»+1 ®1). That f| e
satisfies this transformation law by elements of M A +1F 4, +1N +, follows im-
mediately from the transformation law of f by elements of M, | F (P“)A Y AT

Next observe that for m’ in M, we have

(4.11) Lf(x)(m') = f oP(k,) " f(k,m'x)(1) dk,.

Now let m, z, a, and n belong to M, FP, 4, and N, respectively. Since F‘?’ is
contained in both Z M, and K, smce n, agrees w1th the scalar action of o{”’| pn,
since the integration in (4.11) is over elements that centralize A, and normalize N,
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and since f transforms as it does, we have

J,f(mzanx)(m’) =/ o,(\”)(kp)_lf(kpm’mzanx)(l)dkp
K,

evploga‘/;(() oﬁp)(kp)—lf(kpzm/mx)(l) dkp

4

e.,plogao;\m(z)/ Uﬁp)(kp)_lf(kpm'm . x)(l)dk,,
K7

errieen (2)J,(x)(m'm)
= enlsen (z)(my (m)J,(x))(m).

Thus J,f belongs to C*(G, T, &1, ® e’r ® 1).
Finally,

SS(A:T,f)(x) =/K7>\(k)_1.lpf(kx)(1)dk
= [ ) [ ot (R, ) 1 (ke k) (1) e,

B j;< (k)" f(kx)(1) dk = 87,1 (A:f)(x). O

REFERENCES

1. B. E. Blank, Embedding limits of discrete series of semisimple Lie groups, Canad. Math. Soc. Conf.
Proc., vol. 1, Amer. Math. Soc., Providence, R. 1., 1981, pp. 55-64.

2. , Knapp-Wallach Szego integrals and P-induced continuous series representations: the para-
bolic rank one case, J. Funct. Anal. 60 (1985), 127-145.

3. Harish-Chandra, Discrete series for semisimple Lie groups. 1, Acta Math. 113 (1965), 241-318.

4. , Discrete series for semisimple Lie groups. 11, Acta Math. 116 (1966), 1-111.

5. , On the theory of the Eisenstein integral, Lecture Notes in Math., vol. 266, Springer-Verlag,
New York and Berlin, 1971, pp. 123-149.

6. » Harmonic analysis on real reductive groups. 1, J. Funct. Anal. 19 (1975), 104-204.

7. S. Helgason, Differential geometry and symmetric spaces, Academic Press, New York, 1962.
8. A. W. Knapp, A Szego kernel for discrete series, Proc. Internat. Congress Math. 1974, vol. 2, Canad.
Math. Congress, 1975, pp. 99-104.
9. , Commutativity of intertwining operators for semisimple groups, Compositio Math. 46 (1982),
33-84.
10. A. W. Knapp and N. R. Wallach, Szego kernels associated with discrete series, Invent. Math. 34
(1976), 163-200.
11. , Correction and addition to Szego kernels associated with discrete series, Invent. Math. 62
(1980), 341-346.
12. A. W. Knapp and Gregg Zuckerman, Classification of irreducible tempered representations of
semisimple groups, Ann. of Math. (2) 116 (1982), 389-455.
13. A. Koranyi and J. Wolf, Realization of Hermitian symmetric spaces as generalized half-planes, Ann.
of Math. (2) 81 (1965), 265-288.




KNAPP-WALLACH SZEGO INTEGRALS 59

14. G. W. Mackey, Induced representations of locally compact groups. 1, Ann. of Math. (2) 55 (1952),
101-139.

15. W. Schmid, Homogeneous complex manifolds and representations of semisimple Lie groups, Thesis,
Univ. of California, Berkeley, Calif., 1967.

16. , On the realization of the discrete series of a semisimple Lie group, Rice Univ. Studies 56
(1970), 99-108.
17. ., On the characters of the discrete series (the Hermitian symmetric case), Invent. Math. 30

(1975), 47-144.
18. V. S. Varadarajan, Harmonic analysis on real reductive groups, Lecture Notes in Math., vol. 576,
Springer-Verlag, New York, Berlin and Heidelberg, 1977.

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. Louis, MISSOURI 63130



