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A GLOBAL APPROACH TO THE RANKIN-SELBERG
CONVOLUTION FOR GL(3,Z)

SOLOMON FRIEDBERG

ABSTRACT. We discuss the Rankin-Selberg convolution on GL(3,Z) in the ‘classical’
language of symmetric spaces and automorphic forms.

Introduction. Study of the Rankin-Selberg convolution of two automorphic forms
on GL(2) has yielded many interesting number theoretic applications. Recently, this
construction has been extended to automorphic forms on GL(n) by Jacquet,
Piatetskii-Shapiro, and Shalika (see [8] for the local results). Their methods gener-
alize those of Jacquet-Langlands; in particular, they make considerable use of the
representation theory over local fields, as developed by Bernstein, Zelevinsky, and
others. In this paper we shall give a discussion of their results in a classical,
nonadelic, language in the simplest higher rank situation: that of two automorphic
forms on GL(3,Z).

We must emphasize that most of the ideas in this paper are not really new, but
simply restatements in this more classical language of those of Jacquet, Piatetskii-
Shapiro, and Shalika; further, a classical sketch of the Rankin-Selberg method has
been given by Jacquet [7]. However, we are able to sharpen these results at the
archimedean place by giving the precise gamma factors at infinity, and also the
behavior of the convolution at its poles (see also [10]). These are of particular
interest because of two applications which require this precise version of the
convolution.

The first, noted by Moreno-Shahidi [30] and Serre [17] (see also [14]), obtains the
coefficient bound

la(p)| < p'/* +p7'/°
for the size of the Fourier coefficient of a GL(2) Maass wave form which is also a
Hecke eigenform (here the normalization is such that the Ramanujan-Petersson
conjecture predicts |a( p)| < 2). This follows by combining the convolution with the
Gelbart-Jacquet lifting [3] from GL(2) to GL(3) and a result of Chandrasekharan-
Narasimhan [2] on the order of partial L series. The second is given in the thesis of
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160 SOLOMON FRIEDBERG

G. Gilbert [4], who obtains multiplicity one theorems based on knowledge of the
a( p) for p in a Frobenius class of an extension; the explicit convolution allows him
to give effective results in low rank cases (see also Moreno [12, 13)).

Now, let us describe the Rankin-Selberg Dirichlet series for GL(3). Let 2 be the
center of GL(3,R), and

H = GL(3,R)/Z0(3).

Then from the Iwasawa decomposition one sees that the symmetric space H may be
regarded as the set of (cosets)
(0.1) T= Yoo X
1
with x;, x,, x; € R, y,, y, € R_; we shall use this parametrization throughout.
Left matrix multiplication induces an action of GL(3,R) on H, which we write as o.

An automorphic form on GL(3,Z) is a left-GL(3, Z) invariant function ¢: H — C
satisfying certain differential equations and growth conditions. Such a form has a
Fourier expansion; in the case of a cusp form, it is given by

o= ¥ % am,,,<mn)"w((m" m 1)gw).

geri\rl m, n=1

()

1 b e
r, - {( 1 f) c SL(3,Z)}.
1

()’1)’2 YiXy X3

where

a,b,c,d€l, ad — bc = il}.

[2=r*nr,,
and W(r) is a certain GL(3) Whittaker function, which depends only on the
differential equations for ¢ (see §1 for details). The numbers a,, , are called the
Fourier coefficients of ¢; the factor (mn)~! is included for convenience.
Now let ¢ be as above, and ¢ be another GL(3,Z) form, with Fourier coefficients

b,, .- Then the Rankin-Selberg Dirichlet series is given by

o0
D(S’ ¢’ ¢) = Z a”l.?li)nl.llm_ZSn-x'

m.n=1
It converges absolutely for Re(s) sufficiently large.

The main properties of this series are described in Theorems 3.2, 3.4 (meromor-
phic continuation and functional equation under s = 1 — s, (m, n) = (n, m)), and
4.5 (Euler product) below. First, in §1, we review the basic information about
GL(3,Z) automorphic forms which is needed in the sequel—Fourier expansions,
Hecke operators, and the like—and also discuss briefly the standard minimal
parabolic Eisenstein series. This section is based on the thesis of Daniel Bump, and 1
would like to thank him for providing me with prepublication access to this work
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[1]. Then, in §2, the standard maximal parabolic Eisenstein series of type (2,1),
E(s, ), is introduced, and its properties are summarized. Next, in §3, we show how
the Dirichlet series D(s, ¢, p) arises by integrating against E(s, 7), and obtain the
basic properties of the Rankin-Selberg convolution from this. Finally, in §4 the
Euler product for D(s, ¢, ) is derived from GL(3) Hecke theory, and used to
explicitly evaluate the gamma factors ‘at infinity.” This is accomplished modulo one
hypothesis—that the Rankin-Selberg method extends to noncusp forms—which is
not verified here.

Though we have confined ourselves to the case of GL(3,Z) in this note, both for
simplicity, and to take advantage of the results of [1], it is possible to extend this
approach to the other cases considered in [7, 8].

I would like to warmly thank Daniel Bump, Dorian Goldfeld, Carlos Moreno, and
Peter Sarnak for several helpful conversations.

1. Automorphic forms on GL(3,Z). Let I' = GL(3,Z) = {y € M(3,Z)|dety =
+1}, I, = SL(3,Z), and »,, v, be complex numbers. Also, let & denote the center
of the universal enveloping algebra of GL(3, R), acting as an algebra of GL(3, R)-in-
variant differential operators on H.

DEFINITION 1.1. An automorphic form on T of type (v, v,) is a function ¢: H - C
such that

D) d(yer)=¢(r)forallye T, r € H,

(2) ¢ is an eigenfunction of 2 with the same eigenvalues as the function

— 20 Yy v+ 20
Ivl.vz(T) _yl ! zyZI 2,

(3) ¢ grows at most polynomially in y,, y, as y,, y, = oo, uniformly in x,, x,,
and x,.
DEFINITION 1.2. A cusp form is an automorphic form which satisfies

1 1 1 & .
f f (] 1 §1 °T d§1d§3=0,
o ‘o
1
1 1 1 & &
f f é 1 o1 |dt,dt, = 0.
o ‘o 1

ExamPLE 1.3. The Eisenstein series of type (v,,v,) associated to a minimal
parabolic is given by

Evl,uz(T) = %§(3”1)§(3V2)§(3”1 +3r,-1)- Z Iv,.uz(Y“’)
yel A\I'

(where { is the Riemann zeta function) if Re(»;), Re(»,) > 4, and by analytic
continuation in »,, », (based on the action of the Weyl group) for other values of »,,
v, (see [1] for details). It is an automorphic form for I' of type (»,, »,), but not a
cusp form. We shall give another example of a I'-automorphic form, the maximal
parabolic Eisenstein series, in §2 below.
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Now set

-1
[F=T>NT,, e[x]=exp2mix), w, = ( -1 )
-1

and put
1 ¢ &,
(1.1) VV»l.yz(“') = j];3 1, .| W 1 & |er e[-¢ - §,]d¢, d¢, dé,
1
if Re(»,), Re(v,) > 1. Explicitly,
(1.2) L, (wor)=1,, (1)(x2+ x2y2 + y2y2) "

2 “3v,/2
'((xlxz_x3) +)‘12)’22'*')’12)’22) .

As shown in 1], W, , too has a meromorphic continuation to all values of (»,, »,),
which we again write W, ., based on the action of the Weyl group of GL(3) on
(v1, »,) (see also [20]).

PROPOSITION 1.4 (SHALIKA). Let ¢ be an automorphic form of type (v,,v,) on T.
Then ¢ has a Fourier expansion given by

13) o= L N+t T T elren.

n=-00 yeA\I? m"r;:aoo
where
1 1 g1 1 & &
(14) ¢ (r)=[ [ ['o 1 g |or|el-mé, — ng,) b de, des.
o Jo Yo )

If ¢ is a cusp form, this may be simplified to

L) e(n= ¥ ¥ <m)W((”’ m 1)*”)'

yETI\I? m.on=1

The proof of this result, due to Shalika, may be found in Bump [1, Chapter 4] (we
have also used his formula (3.16) and changed the notation slightly) and Shalika [18,
Theorem 5.9]. A similar simplification may be given in the case of noncusp forms as
well.

Given an automorphic form ¢ of type (,, 7,) on T', one can construct a form ¢ of
type (»,, v;) as follows. Define an involution ¢ of GL(3, R) by

Ly t, -1 .
§=wW1 8 Wy
¢ induces an involution of H:

V1 Xy X1X; — X3
‘r = 2 —X3
1
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Define the function ¢ by
¢(7) = ¢('1);

if ¢ is an automorphic form of type (»,, »,), with Fourier coefficients a,, ,, then one
can verify that ¢ is an automorphic form of type (»,, »,), with Fourier coefficients
a, ,,- The involution ~ will play a key role in the functional equation for the
convolution.

Let us conclude this section with a brief discussion of L-series and GL(3) Hecke
theory. For Re(s) sufficiently large, put

S¢) Zaln 5,

so that

-5

L(s,$) =

a
1

m.lm

M8

PROPOSITION 1.5. Suppose that ¢ is an eigenfunction of the Hecke algebra,
normalized so that a,; = 1. Then
(1) L(s, ), L(s,$) have Euler products given by

-1
L(s,¢)= l_[(l —a,p+ ap,lp_zs - P_h) )
I

~ -1
L(S’¢)=H(l _ap,lp—s+al,pp—2:_p_3s) >
P

where 11, denotes the product over all primes p.

)

ar.Lam,n = E amv/u.nu/l'
wo=r
ulm
t\n
For a proof, see [1]. Additional references for Hecke theory are [23, 24, 25, 26].
For example, in the case of the Eisenstein series E, , of Example 1.3 above, one

has

Vi¥2

PROPOSITION 1.6.
L(s,E,,l‘,,z) =8(s+1 =20 —p)¢(s+ v, —p,)¢(s = 1+ », + 20,).

There is also a meromorphic continuation of L(s, ¢) to the entire s plane, as well
as a functional equation relating L(s,¢) to L(1 — s, $) (see [1] for details). Also, for
an adelic, representation theoretic approach to automorphic forms on GL(3), see [9].

2. Maximal parabolic Eisenstein series. In this section we briefly give the proper-
ties of the Eisenstein series associated to the standard maximal parabolic of type
(2,1), E(s, 7). Let I' be the group

{5 5 i esen)
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Note that for g in f‘,
(2.1) det(gor) =det(7);

this is actually implied by the proof of Lemma 2.2 below, but is also easy to see
directly. E(s, ) is given by

E(s.r)= ) [det(yer)]™:

yel\n
by (2.1), this is well defined. It is clearly a I-automorphic form.

LEMMA 2.1. The cosets of T'\ ', are in one-to-one correspondence with the relatively
prime triples of integers via the map

I'y — last row of v.

PrROOF. The map is clearly well defined and injective, and is surjective since every
relatively prime triple can be completed to a matrix in SL(3,Z). O

LEMMA 2.2. Let
* * *
Y= ( * * * )
a b ¢

be a representative for a coset of I'\ T,. Then

det(yor1) = det(7)
[yﬂaz2 +b +(ax; + bx; + 0)2] v
where z, = x, + iy,, and one takes the positive square root.
PROOF. Write
(2.2) yr = 1'k(rly),

where 7’ in GL(3,R) is of shape (0.1), k is in O(3), r is real, and I, denotes the
3 X 3 identity. Then, by comparing the bottom rows of both sides of (2.2), and using
k € O(3), one sees that

rt= (aylyz)2 +(ay,x, + byl)2 +(ax; + bx, + ).
But taking determinants in (2.2) gives
det(r) = det(7)|r|,
so the result follows. O
PROPOSITION 2.3. The Eisenstein series E(s, 1) converges absolutely for Re(s) > 1.
PrOOF. By Lemmas 2.1 and 2.2,

(v2,.)°
(23) E(S’,T)=Z - \ylyZ) -
[ylz|az2 + b|” +(ax; + bx; + ¢) ]

3s/2°

where the sum is over all relatively prime triples of integers (a, b, ¢). Application of
the integral test then gives the result. O
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For convenience, introduce the series
E*(s,7)=¢(3s)E(s,7);

E*(s, ) is given by the right-hand side of (2.3), with the sum taken over all triples
of integers (a, b, ¢) # (0,0,0).

THEOREM 2.4. The Eisenstein series E*(s,7) (Re(s) > 1) has a Fourier expansion
given by (1.3), with

4(y} 2yz) 1/2 7 m I(3s—1)/2

I'(3s/2) 0,-3,(|m])
Koo 1)/2(2”|m|)’1)e[’"x1]’ m#0,n=0,
4)’1 Vs~ (/2 738/2 Bs/-1
P S S— R n 6 L n|
¢m.n(7) = (3 /2) l | 2-3 (l )

K- 1(27T|”|yz)e[nxz] m=0,n#0,
-1 3
2y8p38(3s) + 2y1 7 y38(3s = 1)F( 7 ) 1/2/1.,(%)

+2y17%5 2S§(3s—2)vrr(3s 1)/r(%), m=n=0,

and ¢, ,(7) identically zero when mn + 0 (here K denotes the modified K-Bessel
function of the third kind,

Kq(y) _ l/oo e__v(r+1/t)/2ts—ldt (y > 0)’
and o denotes the divisor function o(n) = L 4,d°).

ProOF. This follows by breaking the sum (2.3) for E*(s, 7) into two pieces (the
terms a = 0, a # 0), using the Fourier expansion of a GL(2) Eisenstein series to

compute the a = 0 piece, and [5, formulas 3.276(2), 8.432(5)] and Poisson summa-
tion to evaluate the a # 0 terms (see Terras [28] for details). O

COROLLARY 2.5. The Eisenstein series E(s, ) can be meromorphically continued to
the entire s plane, and satisfies the functional equation

7_3‘Y/2r(3_éy“)§(3s)E(s,T) = 77'3‘1‘*")/2I‘(——3(1 > s) )§(3(1 ~$))E(1 = s,'7).
Further,

- /Zr( )§(3S)E(s )
is holomorphic except for simple poles at s = 0,1, of residues — 3, 3 respectively.

The analytic continuation and functional equation of Eisenstein series has been
established in far greater generality by Selberg [22] and Langlands [11]. It can also
be easily derived here since E(s, 7) is an Epstein zeta function (cf. Terras [26, 27, 28]).
Additional references for the Fourier expansions of FEisenstein series include
(6,21, 28, 29).
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3. The Rankin-Selberg integral. In this section we use the Rankin-Selberg method
[15, 16] to study the properties of the Dirichlet series D(s, ¢, ). To do this, we first
need

LEMMA 3.1. The GL(3, R)-invariant (Haar) measure on H is given by

d"r = dx,dx, dx;dy, d)’z/()ﬁ)’z)}‘
Now let ¢ and ¢ be two cusp forms for I, of types (v, »,) and (g, 1,), and with

Fourier coefficients a b, , respectively. By Lemma 3.1, the Rankin-Selberg
integral

m,n?

[ e(n) eI E(s,r)d"
™\H

is well defined. For later use, let us examine the more general integral

1 &
I(s,¢,¢,sl,s2)=ﬁ\ﬂ¢(7)¢ |1 & ||E(s,r)d",
1

where £, £, are real. This integral is evaluated by
THEOREM 3.2. For Re(s) sufficiently large,

I(S9¢’(p’£l’£2) = G(S,Vl,l/z, ”1”"2’£1’£2 Z am n m nm _Z-YH_X’

m,n=1

where

(3.1)

o N1)2
G(S Vi Vza#lvuz’gl»‘gz)_f / "| vy M1
1

Y12 dv. d
— s Ay, 4y
: VV,L,_,,Z N1 e["fl)’l - 52}’2]()’12)’2) : 23 .
1 (»132)

ProOF. First, since

E(S,'r)—— Y [det(yer)]”,

yel“\l“

one sees by the usual ‘unfolding’ trick that

1 &
I(s, 9,9, £I’£2 2/ o(7)p|7 1 ¢ (ylz)’z)sa'”T-
1
Let # be a fundamental domain for
H.

1 e
{( 1 f)e,er
1
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Then we may identify '\ H with T2\ %. Further, the cosets of [Z\& are in
exactly two-to-one correspondence with the cosets of I'2\ .%. Since ¢, ¢, [det T]°,
and d"r are all invariant under
-1
o)
1

1 ¢, 5
[,oema|r| 1 &]||(yprn) dm
TAF

one may rewrite the last line as

Substituting its Fourier expansion (1.5) for ¢(7), and again using the unfolding
trick, one sees that this in turn is equal to

mn 1§
.[ Z A on mn) 28 vz(( " )OT)¢ T 1 §1 (ylzyZ)SdHT‘
\F 1

T m,n=1 1

However,
Fozo \?; {T € H|x1$x2’x3 € (0’1),0 <y17 b ) € R}'

So, substituting in the Fourier expansion of ¢, and switching the summations with
the x-integrations (i = 1,2, 3) (justified by the absolute convergence of (1.5)), one
obtains

[~ [ee]

(2) Issotnt)= [T [T X L anbe ()’

m,n=1 m', n'=1

C LA )

yel‘z \I'?

_ m'n’ 1§ s
) VVM-PZ m’ 1 veT 1 51 ()’12)’2) dr.
1

Now from its definition (1.1) and (1.2), one sees that
(3.3)

1

m'n’ N2
= e[m'(x; + &3,) + n'(xy + §,30) | W ( m’ ) ° »n .
1 1
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* *
y=(c d )
1)

on 7 sends x; to cx; + dx,. But then (3.3) implies that the integrand in (3.2)
corresponding to this choice of y is e[m’cx;] times a function independent of x;.
Integrating with respect to x,, we see that a nonzero contribution occurs only when
¢ = 0. Similar consideration of the x; and x, integrals reduces the sum to the case
y=1,,m=m', n=n".S0

(3.4)

x  poc x _ N mny,y,
I(s.b.9.£,.£,) = fo fo S ap b (mn) W, . my,
1

m.n=1

_ mny, ¥,
’ I/I/”'l M2 §ed 1

Finally, it is easy to see that D(s, ¢, @), G(s.v, v, 4y, 1. &, &,) converge abso-
lutely for Re(s) sufficiently large. This allows one to perform the remaining
interchanges of integration and summation in (3.4). Then making the change of
variables my, — y,, ny, = y, gives the result. O

REMARKS. (i) A similar argument shows that

Further, the action of

e[_mglyl - ’752)’2](nyz)Ay(yl)'z)ddVl dy,.

1§ &
f ¢(1)o| 7 1 & ||E(s.m)d"
\H 1

is independent of £,.

(i1) Note that by (1.1), (1.2), and (3.1), G 1is given for Re(s) sufficiently large as an
integral over (R*)? X R®. As we shall see below, G has a meromorphic continuation
to the entire s plane, and is essentially a product of gamma functions.

(ii1) Theorem 3.2 extends without change to the case where only one of ¢ and ¢ is
a cusp form. Slightly modified, one should be able to extend it to the case where
neither ¢ nor o is a cusp form; the corresponding extension of the GL(2) Rankin-
Selberg integral is given in Zagier [19] (the idea is to truncate the fundamental
domain for I'\ H). Since we do not give the details of this here, we assume it as
hypothesis H.1 below.

For convenience in stating the next result, let

3s
G*(s. v, vy, o by, €1, 65) = 77_3'9/2r(7)6(5sV1»”2*l~‘41a#2~£1~§2)

and

D*(s,¢.(p.§1,§2) = G*(S*"la”2’:"'1’#2«51’§2)§(35)D(5»¢"P)~
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Also, let f be a function on R? such that

(i) f(£1v£2) =f(—£2,—£1),

3.5 5 . . .
(3:3) (ii) f(yp,3)= -[R2 f(&, &)el-€p — €,0,] d€ d€,  is rapidly decreasing,

and set
Gf*(s,”l”’zal"pﬂz) = sz G*(s,v1, vy, s 1y, 61, €2) (61, §,) A€, 8,

Df*(so‘t"q)) = Gf*(s» Vi, ¥y, 115 12)$(35) D(s, 6, 9).

Let us denote the GL(3)-Petersson inner product of two automorphic forms, at least
one of which is a cusp form, by

(¢,9) = fr\H ¢(7) @(r) d'ir;

observe that (¢, ) = (¢, d). Then we have

PROPOSITION 3.3. Let ¢ and ¢ be I'-automorphic forms, of types (v, v,), (pq, 12)
respectively, at least one of which is a cusp form. Then

(1) D*(s, 9,9, &,,&,) has a meromorphic continuation to the entire s plane, and
satisfies the functional equation

D*(S, ¢’ (pvgla §2) = D*(l - s,é,(i), _£2’ _éx)'
(2) D*(s, ¢, ®,0,0) is holomorphic when ¢ and ¢ are orthogonal, and otherwise is
holomorphic except for simple poles at s = 0,1, of residues —3{$,9), (¢, ),
respectively.

(3) D¥(s, ¢, 9) has a meromorphic continuation to the entire s plane, and satisfies
the functional equation

Di(s,¢,9) = DF(1 - 5,9.9).

(4) There exists an f satisfying (3.5) such that G(s, vy, vy, by, jb,) has an analytic
continuation to the entire s plane which is never zero.

PROOF. Observe that

1 & 1 —§1 $1§2
plr 1 & =7 1 —‘52
1 1

Hence (1), (2), and (3) follow by combining Corollary 2.5, Theorem 3.2, and Remark
(i) above. As for (4), note that for Re(s) sufficiently large,

o Y
Gf*(s’Vl’VZ’p‘l’P'Z) =_/ / f()’l»)’2)m,.yz N
0 0 1

Y1)2
.vVM.Mz(( N ))(ylzyZ) =2 :
1

(Y1)’2)3
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Take a function f; whose Fourier transform is concentrated at a point in [0, co] X
[0, oo] where the Whittaker functions do not vanish (presumably they never do, but
this is not needed). Symmetrize by setting

f(&,6,) = fi(¢,,€,) + fi(=65,-6))-
Then it is clear that (4) holds for this f. O

The use of the extra variables §,, £, was suggested to me by P. Sarnak.

Similar reasoning should give the meromorphic continuation and functional
equation of D*(s, ¢, @, &, §,), D#(s, ¢, @) even when neither ¢ nor ¢ is a cusp form
(note, though, that the possibilities for the location and order of the poles are more
diverse). Since we have not verified this here, we make it

HypotHESIS H.1. (1) of Proposition 3.3 holds for ¢, ¢ Eisenstein series.

Note that (3) and (4) of Proposition 3.3 follow from Hypothesis H.1 in this case
just as in the proof of Proposition 3.3. Making use of this, one can sharpen
Proposition 3.3 by giving an explicit gamma factor. Namely, put

s—=2v,— v, —2;.L_1—F;+2)

T*(s, vy, vy, ) = 77,-9:/21"(

'F(s—2vl— — oyt 1 rs—2v1 v2+;12+2,u.2)

2

-I‘(S+V1 v+ +2p, -1
2

(s+v1+2v2 w, o -1

r

s+v1+2vz+2p.1—u_)

r

i :
e

i

t

S+ + 20+ 20, — 2)
-T .
2

We shall show

THEOREM 3.4. Assume Hypothesis H.1. Let ¢ and ¢ be T'-automorphic forms, of
types (v, v,), (Jq, ko) respectively, at least one of which is a cusp form. Then

T*(s, vy, 95, 10, 12)8(35) D(s, 6, 9)
has a meromorphic continuation to the entire s plane, which is holomorphic when ¢ and
@ are orthogonal, and otherwise is holomorphic except for simple poles at s = 0,1.
Further, T'*(s, vy, v, i1, 15)$(35) D(s, ¢, @) satisfies the functional equation

I‘*(saV19”2’”'1’,"‘2){(3S)D(s’¢9<p)
=T*(1 = 5,95, 71, 5, )$(3(1 = 5)) D(1 - 5.9.9).

Since the proof of Theorem 3.4 requires the Euler product for D(s, ¢, @), it is
deferred to §4 below.

4. The Euler product for the convolution. Throughout this section assume that
a,, ,» b, , are the Fourier coefficients of normalized Hecke eigenforms ¢, ¢ respec-
tively (cf. §1). Also, write (m, n) for the greatest common divisor of m and n. The
existence of an Euler product for D(s, ¢, @) is established by the following lemma.
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LeEMMA 4.1. Let (mn,m'n"y= 1. Thena,,,, ., = a,, ,a

m,n“m’,n"

PRrROOF. Induct on mm’nn’, using Proposition 1.5(2). O

COROLLARY 4.2. Let

o0 00
DP(S,(b,(p) = E Z api pk pf.p“'p_zﬁ—kx'
j=0 k=0
Then

D(s,¢,9) = l—[D(sqbqv)

To simplify this, we have
LeEMMA 4.3. ap,"pk = apj‘lal‘pk - ap/—l'lal‘pk—l.
PrROOF. We again induct, this time on j. By Proposition 1.5(2), we have

min(j+1, k)

apjn‘pk = ap/”.lal.pk - Zl ap,n—:‘pk—:.
1=

Then, using the inductive hypothesis, one sees that the sum in the resulting
expression telescopes. This gives the lemma. O

Combining Lemma 4.3 and Corollary 4.2, we see that the evaluation of the Euler
product reduces to the computation of the two series

S (S ¢, q))l E a; p’bl p/p

SP(S, ¢7 (P)2 = Z al,pli)l,p'ﬂp_ls7
=0

since one can obtain the remaining needed expressions from these by using the
involution ~, and by reversing the roles of ¢ and ¢. To give them, put
3

1-a,p”+ ap,lp_zx -p = I__Il(l - a,p*),
(4.1) ;
1=b,p?+b,p¥—-p*»= lj[l(l - Br),

and
3

L(s6®9)= IT (1-aBp)"
iJj=

Then we have
PROPOSITION 4.4. (1)
Sp(37¢»q>)1 = [1 - ap,IBp,lp_zs +(ap.lal,p + l-)p.lBl.p - 2)p_3s
- al.pl—)l,pp_l“ + P_m] L,(s,¢®9).
2
S,(s,9,9), = [Bl.p - al.po.lp-s +(‘112.p - ap.l).l’—Zs

+(B;.l - -b-l,p)p_h_al.pl_)p.lp-“s + ap,lp_ss] LP(S,¢ ® (P)
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PROOF. By Proposition 1.5, we have

- i)k
a p! Z ajas0;
i+j+k=1

and a similar expression for b, ... Thus

[e o]
Y X aedes Y BB

=0 i+j+k=I/ '+ +k'=

o0
= X
i, j. k=0

SP(S, ¢» q))l

i+j+k i+j+k—i’

S Y aladadBBIR b
=0 j'=0

Summing the geometric series here, simplifying, and making use of the relations
(4.1), (1) follows. Part (2) is proved in a similiar way. O
We can now prove the main result of this section.

THEOREM 4.5. {(35)D(s, ¢, 9) = I1,L,(s,¢ ® o).
PrOOF. By Lemma 4.3 one sees that
(4.2)
D,(s.$,9) = S,(5,,9):5,(25.6,9),(1 + p~)

_p_3S[Sp(s’ ¢’ ¢)2Sp(237 &)’ @)2 + ‘§p(s’ P, ¢)2‘§p(2s’ (i)’ ‘3’5)2] .

Each of these terms is evaluated by the formulas of Proposition 4.4. After substitut-
ing these formulas ~into (4.2) and combining terms, one sees that D,(s,¢, ) is
L,(s,¢ ® )L,(2s,¢ ® ) times a polynomial of degree 21 in p~*. However, an
explicit computation shows that this polynomial is exactly

(1-p>)L,(25,6® %)

Applying Corollary 4.2, the theorem is proved. O

REMARK. This computation can be further explained via a combinatorial identity
involving certain Schur polynomials, since the Fourier coefficients a, , may be
expressed by these polynomials [1,24]; this allows its generalization to GL,.

For example, in the case of the Eisenstein series E, ,, E, , studied by Bump, we
see from Proposition 1.6 that

(4.3)
[1L,(s.E, , ®E, , ) =§(s—2v, — v, = 2, — i, + 2)
)4

(s =20 = v, — fp+ iy + 1)8(s = 20y = wy + 1y + 20,)
S(s+vy =y =20 =y + DS(s + vy — vy — iy + 1)

(s + vy — vy + By + 20, = 1D)8(s + vy + 20, — 20, — )
Sls+v + 20—+ — DS(s+ vy + 20 + 5y + 20, — 2).
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However, G*(s, v, 7,, py, t,) depends only on f, s, v, »,, uy, and p,, and not on
¢ and ¢. Hence (4.3), together with the analytic continuation of the Riemann zeta
function, its functional equation, and Theorem 4.5, implies Theorem 3.4. Note that
the £, and &, variables guarantee, by virtue of Proposition 3.3(4), that no extra poles
are introduced when one replaces G*(s, vy, 5, 1, ft5) by [*(s, 7, v5, gy, ).
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