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STABILITY RESULTS FOR A DIFFUSION EQUATION
WITH FUNCTIONAL DRIFT APPROXIMATING
A CHEMOTAXIS MODEL!

JAMES M. GREENBERG AND WOLFGANG ALT

ABSTRACT. A hyperbolic-parabolic “chemotaxis” system modelling aggre-
gation of motile cells by production of a diffusible chemoattractant, is ap-
proximated by a scalar diffusion equation for the cell density, where the drift
term is an explicit functional of the current density profile. We prove the
unique existence and, using the Hopf-Cole transformation, the local stability
of an equilibrium, i.e. a steady aggregation state. We also discuss the limit-
ing hyperbolic case of vanishing random motility with the formation of shocks
describing cell clumps.

1. Introduction and development of the model. In this note we shall de-
velop and explore the behavior of a simple two-speed, one-dimensional model which
describes the motion of chemosensitive cells; that is cells whose motions are influ-
enced by a chemical gradient dp/dz, where p = p(z,t) denotes the concentration
of a diffusible substance produced by each cell. A well-known example is the mor-
phogenetic aggregation of slime mold cells [5], which previously has been modelled
by Keller and Segel [6] using a coupled system of two equations for p and the cell
density u = u(z,t), the so-called “chemotaxis system”. For a recent mathematical
analysis see (4, 12]. In most cases as in slime molds, however, parameter estimations
reveal that the diffusion coefficient of the chemoattractant (D, ~ 10~7 cm? /sec) is
about ten times larger than the motility of the cells (D,, ~ 1078 cm?/sec) (compare
for example [3]). If also the production rate of the chemoattractant is relatively
large, then the quasi-stationary gradient of the rapidly diffusing substance approx-
imately determines the chemotactic drift of the cells. This finally leads to a scalar
diffusion equation for the cell density u of type

ou 0 20u)

where the chemotactic drift velocity V' (z,t) is a functional of the momentary cell
density u(-,t) at time ¢. For a more general treatment of these kind of equations
see [1, 2, 8].

In this first section we want to give a brief derivation of (1.1) from a basic
stochastic model, and then proceed with its analysis. After rescaling space and
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time the one-dimensional motion of cells with speed +c¢ can be described by a
probability density function f: {—¢,c} x [—1,1] X [0,00) — [0, 00). The values

fFE f(en,t)20 and f* ¥ fe,z,t) 20

represent the probability density of finding a cell at z at time ¢ with speeds —c and
+c respectively (compare [10]). The evolution equations for f~ and f* are

Of _0f~ _ 1(1 dp\. 1(1 dp\ .
(1.2) 3t ‘oz 2<u+x8$>f +§<; Xo0 )
and

aft oft _ 1(1 8\, 11  dp\,
(13) ot Ter 5(;"%)/’ +5(;+X£>f’

where x and u are positive constants. The terms 1/u + x(dp/9dz) in (1.2) and
(1.3) represent the fact that, without a gradient of p, a single cell moving with
one speed (+c) randomly switches to the other in a time interval of length dt with
probability 1/2u dt. In presence of a chemical gradient this probability is increased
(or decreased) for cells moving down (or up) the gradient. For simplicity we assume
a linear dependence on 9p/dz.

Introducing the two moments

(1.4) u=ft+ f~ the total cell density,
(1.5) w=c(f - f7) the mean cell fluz,

it is easily checked that (1.2)-(1.3) is equivalent to the hyperbolic system (see also
(10]):

ou Ow
1. —_t — =
(1.6) ot + Oz ’

Ow  ,0u _ w 9p
(17) E +c Z’—'z- = +cxuaz.

The model system is closed by a parabolic diffusion equation for p with a pro-
duction rate proportional to u;

(18) E—- =dT +u

where € and d are positive constants.

Our primary interest is in solutions of (1.6)—(1.8) in a finite tube: —1 < z < 1 for
times t > 0, given initial data for u,w, and p at time t = 0. (Due to the preliminary
rescaling of space we can choose the spatial interval [—1,1] without restriction.)
This requires that boundary conditions be supplied at the ends z = £1. We shall
assume zero boundary conditions for the cell flux w;

(1.9) w(£1,t) =0
and that p satisfies the symmetric Robin conditions;
op ap
) P = Ap(— = = —Ap(1,t
(1.10) 5, Lt) =A4p(=11) and —-(1,t) p(1,t)

where A > 0 measures the dilution of the chemoattractant into the exterior.
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We first observe that if (u,w, p) is a solution of (1.6)-(1.10), then the cumulative
distribution function

(L11) UG ) ™ [ (e vde
-1

satisfies
(1.12) %—(tj+w=0, —l<z<landt>0.
Moreover, w(1,t) = 0 implies that, besides U(—1,t) =0,
(1.13) UL,t) =24, t>0.
Here

1 1
(1.14) a=z / u(z,t) dx

2 J

is the mean value of u(-,t) which is independent of ¢.

The assumption mentioned at the beginning, that diffusion and production of the
chemoattractant are large (relative to the macroscopic scales), means for equation
(1.8) that ¢ is vanishingly small, more precisely we will suppose

(1.15) 0<e<d=1

This first assumption allows us, in the asymptotic limit € — 0, to replace (1.8) by
the quasi-stationary approximation for the gradient;

(1.16) %:b(t)—U(z,t), —1<z<1landt>0,

where

_2u+A [l U t)d¢
2(1+4A)

contains the double integral functional of u(, ).

Using (1.16) we can replace the gradient dp/dz in (1.6)-(1.7) and obtain an
approzimating hyperbolic system with a functional term;

(1.17) , >0,

ou Jw
(1.18) T + 9z 0,
ow 20u uex B
(1.19) LY + pe 9 w+—d u(b(t) — U).

In particular, we want to analyze situations where the net chemotactic drift of
the cells, described by the quotient ucx/d in equation (1.18), is of order 1. By an
appropriate choice of the preliminary time rescaling we might, without restriction,
suppose that

(1.20) pex =d.
Then the motility (diffusion coefficient) for the cells is given by
(1.21) K? = uc? = cd/x.
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Since an analysis of the full hyperbolic system (1.18), (1.19) with boundary condi-
tions (1.9) is not yet amenable, we additionally suppose that the random switching
frequency 1/u is relatively large, i.e.

(1.22) 0O<p<l.
Then we obtain from (1.19) the following diffusive approzimation for the flux w;
du
1.23 =u(b(t) -U) - K*—.
(1.23) w = ulb(t) - U) - K* 9
Replacing w in (1.18) or (1.12) respectively, we finally arrive at the diffusion
equation (1.1) for the cell density u

ou 0 20u
E-l_% [u(b(t)—U)—K %] =0

or an analogous diffusion equation for the cumulative distribution function U in
(1.11);

(1.24)

U 2 1., ,0U]
EJr%[b(t)U—iU —K%]—O.

Equation (1.24) is supplied by the Neumann flux condition w = 0 with w in (1.23).
Equivalently, this gives the following Dirichlet condition for the parabolic equation
(1.25), see also (1.13);

(1.26) U(-1,t) =0 and U(+1,t) = 2a.

Notice that (1.25) still contains the functional term

ao 20+ A [T U(E ) dE
(1.27) (t) = 2(1‘+A)

(1.25)

If we formally (for 4 = ¢ = 0) proceed to the limit A = 0 we observe that
b(t) = @ is constant and we are back to a classical nonlinear diffusion problem
which, in the case of the infinite real line and with density dependent degenerate
diffusion coefficient K2, has been analyzed by Mimura and Nagai (8, 9]. Remark,
however, that p ~ b/A for e = 0 and A — 0, or f_llp(t,x) dz ~ u/2¢ -t fore >0
and A =0 in (1.10).

The remainder of this paper involves a systematic study of system (1.25)-(1.27)
for —1 < z < 1 and t > 0, with initial data

(1.28) U(z,0) = U(z), -1<z<1,

where U(-) is any piecewise smooth function satisfying the compatibility conditions

A A dU
(1.29) U(-1)=0, U(1l)=2u, and E(m) >0, -1<z<1.

Our principal result is that for all A > 0 and positive K? in (1.21) a unique
equilibrium profile is obtained (Proposition 1) which is locally stable (Theorem
2). For small values of K2 this equilibrium profile, Ueq, is approximately the step
function

0, -1<z<0,
(1.30) Ueq(2) = {211, 0<z<1,
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and the density ueq = dUeq/dzx is approximately the dirac measure at the origin
(1.31) Ueq(z) = 2ub(z).
For K2 > 1, we have

(1.32) Uegle) = a(z +1) and ueq = dg;q ~a

Our numerical computations suggest that the unique equilibrium is also globally
attractive, see §4.

These results imply that when the chemotactic effects dominate the chemical
diffusion (x/c > d) the cells tend to aggregate at the center of the tube whereas
when chemical diffusion dominates there is a tendency of the cells to smear to a
uniform distribution.

In §2 we shall investigate (1.25)-(1.28) when K? = 0. In this case (1.25) reduces
to a scalar quasilinear hyperbolic conservation law and solutions with shocks must
be considered. The theory of such equations is well understood; for details see e.g.
[7]. The interesting feature about this case is that after a finite time the solution
U is a step function with a single discontinuity; i.e.

139 =8 SIS

and z = s(t) is a shock wave satisfying

ds__das s

dt 1+A°

In §3 we shall analyze the system when K2 > 0. Here, we shall use the Hopf-Cole

transformation to simplify the problem. Spectral methods will then be applied to
the transformed systems to obtain the long-term asymptotics.

(1.34)

2. The case K% = 0. In this section we shall study the system:

ou 9 U?
(21) W-F%(b(t)[j_T)_O’ —1<z<1andt>0,
2+ A[L U t)d
(2.2) = Ll(g)g
2(1+A)
(2.3) U(-1,t)=0 and U(1,t) = 2a,
and
(2.4) U(z,0%) = U(z), —-l<z<1,

where U (-) is any piecewise smooth function satisfying the compatibility conditions

(2.5) O(-1)=0, (1) =24, %(z) >0, -—l<z<l,

and A and @ are positive constants.
The equation (2.1) is hyperbolic, and in regions of —1 < z < 1 and ¢t > 0 where
U is smooth, it is equivalent to the characteristic system

(2.6) Cfi—(t](z(t), £) = 0 on the curves Z—j — b(t) = U(z(t), 1),
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The last equation, together with the definition of b(-) and the boundary conditions
(2.3), implies that characteristics emanating from the boundaries z = +1 point into
the interval —1 < z < 1 as t increases, and this observation confirms that boundary
conditions at both ends of the interval are required to make the problem properly
posed.

The presence of the quadratic nonlinearity in (2.1) forces us to consider solutions
which are piecewise smooth and exhibit simple jump discontinuities (in z and t)
across piecewise smooth curves z = s(t). Such curves are called shock waves and
in order that they be consistent with the conservation structure of (2.1) they must
satisfy the Rankine-Hugoniot condition,

(2.7) % PR COR) ; U_(s(t),t)
where
(2.8) Us(s(t),t) = lim U(s(t) £ e,t).
e—0"
e>0

In general, not all shock waves are admissible. However, since we look for func-
tions U being monotone in z, we can consider only those shocks which satisfy

(2.9) U_(s(t),t) < Ux(s(t),1).

This last condition guarantees that the sound speeds V_(s(t),t) = b(t) — U_(s(t), t)
and V (s(t),t) = b(t) — U+ (s(t),t) to the left and right of the shock satisfy

ds
dt
(2.9) also guarantees that any shock solution is obtainable by taking limits as K?
tends to zero of solutions of (1.25); clearly a desired property for us. Compare e.g.
[11] for conservation laws without functional terms.

We shall now show how to solve the system (2.1)-(2.4) when the initial data U
is a step function; that is when

(2.10) Vi(s(t),t) < — < V_(s(t),t).

Ui, —-l<z<sY,
(2.11) U)={ Uk, s ,<z<s) 2<k<n-1,
Up, $0_,<z<1,
and
(2.12) 0<U <l << U, <24
In this case shocks will emanate from the points z = -1,z = 32, k=1,2,...,n—1,

and z = 1 and will be denoted by z = [(¢t), z = s,(t), k = 1,2,...,n—1,and z = r(t)
respectively. They satisfy

dl U,
. = b)) - = =-1.
(2.13) o b(t) 5 and [(0)
(2.14) % =b(t) - U +2Uk+1 and s (0) = 52, 1<k<n-1,
and
dr 2u + Uy, B
(2.15) i b(t) 5 r(0) =1,
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where
(2.16)
20+ A (Ur(s1 — 1) + Sr23 Uk(sk = sk—1) + Un(r — sn—1) + 20(1 - r))
b(®) = 2(1+4)
The solution, U, is given by
0, —1<z<It),
Uy, l(t) <1‘<81(t)
(2.17) U(z,t) = { Uk, sk—1(t) <z < sk(t), 2<k<n-1,
U’n,a 3n 1()<z<r()’
2u, rit) <z <1,

and it is valid so long as none of the shocks have collided. When a collision occurs
we simply relabel the shocks and states and continue the solution. In this process
we always reserve the labels z = [(t) and z = r(t) for the distinguished shocks
satisfying U = 0 for —1 < z < I(t) and U = 24 for r(t) < z < 1. It is clear that
when collisions occur, the number of states and shocks decrease by at least one.
More importantly, we find that for times ¢t > 2/4 the only states remaining in the
solution are 0 and 2@ and that the curves = [(t) and z = r(t) have merged. To
see that this last statement is true we simply subtract (2.13) from (2.15) to obtain

d _ Un - Ul
(2.18) o —(r=0)=—-u- 5

The inequalities (2.12) then yield

(2.19) %(r—l)g—ﬁ and 0<r—-I1<2-ut

which implies the result claimed.
Finally, for times ¢t > 2/ the solution is given by

_ |0, 0 <z < s(t),
(2.20) Ula,t) = {212, s(t) <z <1,
where s satisfies, by calculation of b in (2.16):

ds Aus
(2.21) AT

The solution to (2.1)-(2.4) for nonstep function data U satisfying (2.5) is ob-
tained by first approximating U by step data, then solving the resulting problem
with the approximating step data, and finally by extracting a convergent subse-
quence of approximate solutions which converge strongly in L; of any compact
subset of {(z,t)] — 1 < z < 1 and t > 0} to a weak solution of (2.1)—(2.4). That
such a program is possible follows from two facts: (1) the approximating step data
converge strongly in L;(—1,1) to the given data U, and (2) the approximating
solutions are monotone increasing in z and satisfy the boundary conditions (2.3).

Remark that (with A > 0) the final shock curves with the whole cell mass
concentrated on them

u(t, z) = 28b,(1)(2)
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converge to the center of the interval as

s(t) ~ e A+ 0 ast — 0.

This convergence, however, is not uniform in A > 0 since for the limiting cases
A =0, (2.1) reduces to the well-known Hopf equation whose final shock lines are
constant in time, their position depending on the initial data. For small K2 > 0

compare the numerical simulation in Figure 2b, which approximates the hyperbolic
case K2 = 0.

3. The case K? > 0. We now turn to the problem described in (1.25)-(1.28).
Here it is convenient to introduce a new potential W defined by

(3.1) Wy -
Then, solving (1.25)-(1.28) is equivalent to solving

(3.2) %+%<B()W—%2>—K2§g=0, Cl<a<l, t>0,
where B8 is given by

(33) B(t) = 1+A / W(E,b) de,

and W satisfies

(3.4) W(-1,t)= -4 and W(l,t)=a

and

(3.5) W(z,0t)=0@) -aEW(k), -l<z<l

First let us find the equilibria of this system. Any time independent solution
W = W (z) with W' > 0 can be written as

(3.6) W(z)=Z(z)+ B
where Z satisfies the Riccati equation
, Z% - C? c
. == >0
3.7 Z 3K? for some constant C >

with boundary conditions

(3.8) Z(xl)=+u—-B
and

A 1
(3.9) B=1% /_ z

Integration of (3.7) yields
1 — Ae—Ce/K?
1+ Ae—Ce/K?

with some constant A > 0. The free integration constants A and C are determined
by (3.8) and (3.9) via the following conditions for

(3.11) at X 4etC/K7

(3.10) Z(z) =
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L 2K2;Lg

\

-1 1 X

-1 1

FIGURE 1. The unique solution u = ueq(z) given by (3.17) for
different parameter choices with equal maximal value of ueq. A
broad distribution (a) is achieved by a large diffusion constant K2
resulting in a small ug, whereas for small K2, i.e. large ug, the
distribution is clustered around the origin (b). Thus, with fixed
K? shape (a) arises for small mean densities 4, whereas (b) is
obtained for large u.

namely

1+a- a” ata” -1
(3.12) A{l—2ln———1+a+/lna—+—}—(1+a+)(1+a_)
and
(3.13) | at at —a~ _2u

Yo U+a)1ta) K2

It turns out that the zero curve {(a*,a™): ata™ = 1} of both the right and the
left sides of equation (3.12) represents all solutions, since the two functions have
opposite sign on each side of the zero curve. Now a= = 1/a™ corresponds via (3.11)
to A=11in (3.10) and B = 0 in (3.9). Then condition (3.13) determines the second
constant to be

(3.14) C =2K%u
where
(3.15) 0 < o is such that ugtanh ug = @/2K2.

Thus, we have the following

PROPOSITION 1 (UNIQUE EQUILIBRIUM). With A > 0 and K? > 0 system
(3.2)—(3.5) has, for given mean value @, a unique equilibrium solution

(3.16) Weq(z) = 2K%pg tanh poz

with pg given by (3.15). It is skew-symmetric with respect to x = 0 and corresponds
via (3.1) and (1.11) to the symmetric density profile

(3.17) Ueq() = 2K 22 /cosh? poz,
q 0
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the latter being the unique equilibrium solution of the original parabolic problem
(1.24), (1.9).

To analyze the full time dependent problem (3.2)—(3.5) it is convenient to employ
the Hopf-Cole transformation; that is, to introduce a positive potential ¢ via the
relations:

dp w
B18) 5 = age® ot 2K?
It is easily checked that if W satisfies (3.2), then the relations (3.18) are compatible;
that is that 9% /020t = 92p/0tdz. 1t is also easily checked that

and 02 _ Z1BOW —W?/2 - K2(0W/07)]

dlog ¢
_ o2
(3.19) W= 2K2 =8
satisfies (3.2)—(3.5), if  evolves as
dp  20%0 _ dp
(3.20) 3t K 27 = B(t) E
where B is given by
KA o(1,t)
(3.21) B(t) = A log (<p(—1,t)> ,
and  satisfies
dp _—u dp

(322) _a_x(_lat) - m@(—l,t) and % - m¢(1)t))
as well as the initial condition

z
(3.23)  o(z,0") = exp (%/ W(E)d{) 4f 5(z) > 0, —l<z<1.

-1

The important thing to note about the initial data for ¢ is that it is compatible
with the boundary conditions (3.22). This follows from constraints imposed on U
in (1.29).

To get a better understanding of the structure of the problem (3.20)-(3.23) it is
convenient to write @ as

(3'24) o(z, t) = <,01(1L‘, t) + p2(z,t)
where ¢, is odd and 5 is even in z. A straightforward calculation then shows that
o solves (3.7)-(3.10), if and only if p; and - satisfy

2
8801 _K28 ©1 — —B(t)%

(3.25) ot 9z* 92" g<cz<1,t>0,
Op2 —K26 P2 _ _B(t)&m
ot Oz2 oz’
K2A pa(1,1) + sol(l,t)>
. t = 1 )
(3:26) B0 = {5 o8 (2 i)
P i
02 1(0,6) =0 and S2H(L,1) = sz (L),
' 92 _ 92 _ @
E(O’ t) =0 and o1 (lat) - 2K2302(1’t)a
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(3.28) 0<z<l1.

Our first result is

THEOREM 1. The manifold o1 = 0 is invariant. On this manifold B(t)
and 2 satisfies

92 232<P2

(329) -(9_t__K W=0’ 0<z<1l and t>0,
(3.30) 68‘02 (0,t)=0 and 3‘02 S (Lt) = ;2 02(1,1),
and
(3:31) pa(2,07) = 1(p(x) + p(~x)),  0<z<L
The solution on this manifold is given by
oo
(3.32) 3 = Boe " Wo(z) + D Bane i K Won (2)
n=1

where po > 0 s as in (3.15) and

2n—1 : - 2
(3.33) ( n2 ) T < Han < n7 18 such that cot pop = -ﬁ%ﬁ,
(3.34) Wo(z) = Agcosh oz and Ag > 0 is such that
1
/ V3(z)dz =1,
0
(3.35) Uy (x) = Aoy cos ponz and Az, >0 s such that
1
/ W2 () dz = 1,2
0
1
(3.36) Ban = / pa(z,01)¥s,(z) dz, n=0,1,2,....
0
Since po(x,07) >0, 0 < z < 1, we have Bo > 0 and hence
def 2K? 8<P2
t) =
W(z,t) 2@, t) e ——(z,t)
satisfies
(3.37) Jim W (z,t) = 2K2pgtanh poz = Weq(z), 0<z <1,

the unique equilibrium solution; see Proposition 1. Finally, the identities

{uo ~@/2K? as K — 07,

(3:38) pd ~i/2K? as K — oo

2 With this normalization the constants A2, are O(1) and limp 00 A2n = V2.
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imply that

(3.39) Kan(1)+ Weq(z) = 1, 0<z<l,
and

(3.40) Kll_r'noo Weq(z) = uz, 0<z<l

PROOF. The assertions (3.29)—(3.31) follow directly from (3.25)-(3.27) while the
representation formula (3.32) together with (3.33)-(3.36) is an elementary conse-
quence of separating variables. The positivity of the data po(z,0%) follows from
(3.23) and this fact, together with the maximum principle, guarantees that po(z,t)
is positive on 0 < z < 1 and t > 0. Thus we are guaranteed that

2K2 (9(,02
W(.’E, t) = —@;—a

is globally defined on the strip 0 < z < 1 and t > 0. That the asymptotic limit
(3.37) obtains now follows from the fact that 8y = fol ©2(z,07)¥o(z) dz > 0 and
from the representation formula (3.32). The relations (3.38) follow directly from
(3.15), while (3.39) and (3.40) follow from (3.37) and (3.38).

The remainder of this section will be devoted to the full problem (3.20)-(3.23)
when ¢ (z,t) # 0. We will reformulate the problem as a system of Volterra integral
equations in order to derive a local convergence result (Proposition 2) which will
prove the local stability of the equilibrium Weq (Theorem 2). For this aim we
renormalize ¢ and notice that

(3.41) oz, t) = e MK (2, t)
has to fulfill the equations

0¢ 0%¢

(342) E_K2W+M%K2¢:f
(3.43) %(ﬂ,t) _ 12—;_;—2 (£1,1)
with
(3.44) f(e1) = ~B) 9 (z,0),

_ K?A o(1,t)
(3.45) B(t) = 1 1og (¢(—1,t)> ,

and initial value
(3.46) 6(z,0") = p(x).

For a given source term f = f(z,t) the linear parabolic problem (3.42), (3.43),
(3.46) can be solved via explicit construction of Green’s Function:
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LEMMA 1. Let

(3.47) G(z,€,t) = 1Wo(x)To(€) + ) € )W (€)

Nh—l

where for m > 2:
(3.48) Am = K (4 + u2,)
with wa, defined in (3.33) and, analogously,

_1)

3 7 18 such that

(3.49) (n—1)7 < pon_1 < (2n

U
/‘Zn—ICOtFQn——l:m, n=23,...,
with corresponding eigenfunctions Wa, as in (3.34)—(3.35) and, analogously,
(3.50) Uon—1(z) = A2n_18inpign_12 and Azn_1 >0

15 such that / V2, _(z)dz=1.

Finally, form =1

ud + u? and 0 < py < /2 is such that
= (a/2K*)tanpy, of 5/2K? <1,
(3.51) M=K u2, if u/2K? =1,
pé — p? and 0 < py < po s such that
picothu; = 4/2K?, if a/2K? > 1,
with eigenfunction
Ajsinpuix and Ay > 0 is such that
Jo B(x)de =1, ifa/2K? > 1,
(3.52) ¥y (z) ={ 3z, if u/2K? =1,
Ay sinhuix and Ay > 0 is such that
JiWi(z)de =1, if a/2K2 > 1.

Then the unique solution of system (3.42), (3.43), (3.46) s given by

1
o(z,t) = / Gz, &,6)p(€) de
(3.53) -1

+ /Ot /;11 G(Iy Eat - s)f(ga 3) d& da:.

Since A, > 0 for m = 1,2,... the Green’s function converges towards the pro-
jection kernel of the lowest eigenfunction ¥y with eigenvalue zero:

G(x, &,t) =5 $Wo(x)Wo(8).
This suggests the decomposition
(3.54) G(g,€,1) = §¥o(2) o (£) + G(z, &, 1)
and
(3.55) o(z,t) = 20(t)¥o(z) + Z(z,t)
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with the orthogonality conditions
1 I
(3.56) | zenweic= [ g nueac=o
- -1

With the aid of Lemma 1 the nonlinear system (3.42)-(3.46) can then be rewritten
as a system of Volterra integral equations;

07
(3.57) 20(t) = 20 - To [B5Z] ()
and
(3.58) Z(x,t) = d(z,t) — T [B (zo\IIO + ?)Z>] (t,z)
where
K?A Z(1,t) Z(-1,t)
(3.59) B 1+A {log ( Wo(1)zo(t )> og { 1+ ‘I’o(l)zo(t)>}
' K2A < (1, t) - Z(— 1,t)>+B<Z(-,t)>
114 Wo(1)20(t) zo(t)
with
(3.60) B(s(- 1)) = O(max ¢*(£1,t))
and the two linear Volterra operators T; are given by
(3.61) Tolf1(t) / / Wo(£)f(E, ) de ds
and
t o1
(3.62) Tlflt) = [ [ G g- 960 deds
Furthermore the contributions due to the initial data are
1
(3.63) bo=3 [ woleele)de
and
~ 1 ~
(3.64) dat) = [ Gl vp(e)de

Since an analytic treatment of the full nonlinear problem is beyond us, we shall
content ourselves with showing only the following local convergence result.

PROPOSITION 2 (CONVERGENCE OF SMALL PERTURBATIONS). Consider
system (3.42)~(3.46) for arbitrary initial data near the equilibrium state, i.e.

(3.65) o(z) = Yo(z) + O(a), a> 0 small.

Then the unique solution ¢(z,t) converges for t — oo to a multiple of Wo(z), more
precisely in terms of the decomposition (3.55), there exists a real number zo such
that

(3.66) 20(t) = 200, Z(4t)—0 ast — o0o.
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Transforming back to the original functions

dlog p dlog ¢
— oK2 — o2
(3.67) W =2K Era 2K 92
and
ow

we deduce from the convergence result in Proposition 2 the following theorem.

THEOREM 2 (LOCAL STABILITY RESULT). The uniquely determined equilib-
rium Weq (3.16) of system (3.2)—(3.5) and the corresponding equilibrium solution
Ueq (3.17) of the original parabolic problem (1.24) and (1.9) are both locally asymp-
totically stable, provided the mean value

1 1
4= —/ Ueq(Z) dz
2/

18 held fized.
PROOF OF PROPOSITION 2. Define, as one measure of the “oddness” of ¢(t, )
(3.69) B(t) = Z(1,t) — Z(—1,¢).

Then the approximate description of the functional B in (3.59) and (3.58) give us
a convolution equation for 3;

t

(3.70) [3(t)+/0 k(t — s)B(s)ds = ~(t).
Here the kernel is given by

_ K2A = . P 1t\I,2n 1

HO= g ¢ / Vo (6)WH(E) dE

or

_2K*A i \?\ & Uona (D)2,
1) k=252 (u (W> ); L S

(this computation directly follows from the properties of the eigenfunctions ¥
and ¥y, in (3.15), (3.34) and (3.49)—(3.52)). The right-hand side ~(¢) in (3.70)
depends on ¢, zg, and Z in the following manner;
Z ('s S ) )
ds
( zo0(s)

(1) = (1, (=1,1) -

T

LEMMA 2. For any given function
(3.73) V() =0 +A(t), 20,
with
(5:74 supe” (0] % I3, < o0

(3.72)
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the convolution equation (3.70) has a unique solution

t

675 BHO B0 =20~ [ re-shls)ds t20,
0

which satisfies a uniform estimate

(3.76) 18]I, < Gilyoo| + G2llAllp,  provided 0 < p < Ay.

Here r(-) 1s the resolvent kernel satisfying
t
(3.77) r(t) +/ k(t — s)r(s)ds = k(t), t>0.
0

PROOF. The Laplace transforms k and 7 of k and r are related by
(3.78) (z) = k(2)/(1 + k(2))

where from (3.71) we compute

; 2K (g — (@/2K%)%) o~ 93, (1) 1
3.79 k(z) = 0 n :
( ) (2) 1+A ; Aan—1 2+ Aon—1
k has poles at points
(3.80) Zn = —A2n_1.

From the fact that the residues of k at the points z, are positive and thus

lim  k(z) = oo,

z(real)—>tzn

it follows that # has poles at points

(3.81) Pn = —Tn
where
(382) A1 <rp < )\2n+1 n=12,....

Then the inversion formula for the Laplace transform yields: For any 0 < p < 7;
there are constants 0 < R, < oo such that the following bounds obtain:

(3.83) Irlls < R,
and
o 2R( +71)/2
3.84 ”/ r(s)ds < Aernle
(384 OB e S B
Using (3.73) and (3.75) this finally implies the desired estimate (3.76):
2R, 4r1)/2 2R(p4r)/2 \ =

. < —=—"= 1+ —5—=

(3 85) “ﬁ“ﬁ — Kz(p_l_ Tl) l'Yool + + K2(T1 _ P) “PYHP

where the constants are uniformly bounded for 0 < p < A1 < ry.
With the aid of Lemma 2 we now can finish the proof of Proposition 2 by
using the Banach fixed point theorem and standard regularity estimates for Green’s
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function G. We define the following norms for the functions 2o(t), 3(t) and ¢(z,t) =
0Z(z,t)/0z

(3.86) llz0llo = sup|zo(t)|
£>0
(3.87) 181l = sup{e”*|B(t)|}
£>0
(3.88) lsllp = sup{e”ll¢(, )l L2-1,1}
£>0

and remark that condition (3.56) and ¥ > 0 imply
0z

. . <
(389) 2,1, < ¢||[ 52

From the initial condition (3.65) and the definition of G in (3.47) and (3.54) we
conclude for @g in (3.63) and for ¢ in (3.64) the estimates

(3.90) o — 1| = O(a)

and

(3.91) ll1élll, = O(a) for p < Ar.

Moreover the operator Tp, see (3.61), has the obvious property
(3.92) ITolf1ll, < Colllflll, for all p >0

and careful estimates yield an analogous result for T}, see (3.62),
(3.93) T2 [F1(1,)llp < Cxi—pllI £l

and even for its first derivative (see Lemma 3):

(3.94)

|27l

< Cxi—plllf1lIx
p

but only for p < \;. Here we have used the fact that the eigenfunctions ¥, fulfill
uniform estimates

(3.95) [¥m(£1)|<C,  m20,
and
(3.96) MU 2. <C, m>1.

Consider now the augmented Volterra integral system (3.57), (3.58) and (3.70)
for z9,Z, and B with B (see (3.59)), being linear in 8 and quadratic in Z(+1,-)
and ~ (see (3.72)), and being quadratic in (8, Z(%1,-), dZ/dz). According to the
inequalities (3.85), (3.89)—(3.94) we obtain the following a priori estimates for any
p satisfying

(3.97) % <p<X\
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namely
07z 0z
||Z0—1l|0=0{a+(||ﬁ||p+|H% )Ha_ }
Y oz||?
1% p—O{a+IIBHp+H% ,,}’
and

0z 0z
||ﬁ||p=0{a+<||ﬂ|l,,+H% ,,) 0z ,,}‘

The usual application of Banach’s fixed point theorem then yields the unique
existence of a solution of system (3.57), (3.58) satisfying the estimates

(3.98) %—f—(, t)| =e*0(a)
L2

and

(3.99) |20(t)| = 14+ O(a).

Moreover, (3.98) and (3.57) even imply the existence of the limit
200 Jlim 20(t) = po + O(a) = 1+ O(a),

so that the convergence statement (3.66) in Proposition 2 follows, where conver-
gence of Z(-,t) takes place in the Sobolev space H'2[—1,1]. In general H™?
denotes the space of functions whose mth derivatives are L?-integrable.

REMARK. Regarding the compatibility condition (1.22) at the boundary one
can improve the regularity estimates and prove at least the H?2-convergence of
Z(-,t) in Proposition 2, which then implies the local H2-stability of Weq and the
L2-stability of ueq in Theorem 2.

The proof of Proposition 2 depends on the basic estimates (3.92)—(3.94), where
the last one is the most difficult and whose derivation we would like to sketch briefly.
We state

LEMMA 3. Let f(&,t) = Y oo ocm(t)¥m(&) be the square summable Fourier
representation of a time dependent L2-function f(-,t). Then for each 0 < p < Ay
there is a uniform positive constant Cx,_, such that

2

1 1
e2pt/_1 (/(:/_1 %G(z,{,t—s)f({,s)dfds) dz
t oo
Cx, - 2 203 (s,
<Gy [ 3 s

The proof uses the Cauchy-Schwarz-inequality in order to derive an estimate of
the left-hand side by

/Ot n:i;l Anl (/—11 ¥ (@) dz) c2 (s)e** ds

which gives the desired bound for each p < A; < Am, regarding that the H 1.2 norm
of the eigenfunctions ¥, is O(v/An), see (3.96).

t
sup / Ao~ 2Am(t=9)g20(t=9) g5
0

m2>1
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A = 0.000 °

FIGURE 2. Numerical simulations of the time evolution u = u(t, z),
0 <t <10, for K2 = 0.04 and different A. (a) For A =1 a stable
aggregation profile is formed, identical to ueq. (b) For A =0 a
“pseudo steady state” of similar shape develops, whose position
depends on the initial distribution. (It slowly moves to the origin
as in (a), but for much larger times ¢t > 200.)
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0.200 *
AN = 1.000

ngfo "-0.8 ~0.8 ~0.% -0.2 0.0 0.2 O.% 0.6 0.8 1.0

FIGURE 3. The same simulation as in Figure 2a; but with larger
diffusion constant K2 = 0.2, showing a broad final aggregation

profile.
From Lemma 3 we conclude
1s)
b‘;Tl[f] ) < CM—p»ﬁ—p“‘fmﬁ

for all p < min(Ay, p). Taking p = A1 we finally arrive at the estimate (3.94).

4. Numerical investigations. We use a semidiscretization of the spatial do-
main [—1,1] into N equal intervals I, =|z;_1, z;[ with piecewise constant approxi-
mations for the density
(4.1) u(t,z) ~u;(t) forall z €I,

and piecewise linear approximations for the cumulative density function W = U —u
in (3.1) in such a way that

(4.2) W(t,z;) ~ Wi(t)
with the discretized property OW/dz = u, namely
(43) (N/2)(Wi—W¢_1)=uz- fOI‘i=1,...,N.

According to (3.4) we get the side conditions
(4.4) Wy = —a, Wn = 1,

where the discrete mean value in analogy to (1.14) has to be taken as

1 X
4 i= = u
(4.5) a Nizlu
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FIGURE 4. Stable aggregation profiles u.q developing from a broad
initial distribution, are perturbed by a secondary hump, for larger
(a) and smaller (b) diffusion constant K2, A = 1. After the per-
turbation the two humps coalesce to a new aggregation profile u;q,
which is larger and more centered around the origin.
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FIGURE 5. The merging process of two, initially separated humps:
(a) With amplitude ~ 1 and @ ~ 0.2, leading to initial dispersion
and slow aggregation into a broad final distribution. (b) With am-
plitude ~ 10 and % ~ 2, showing initial formation of two separated
“centers” which rapidly attract each other and finally form a sharp

aggregation profile.
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Then the standard upwind difference scheme for the parabolic equation (3.2)
consists in the following ODE-system for W = (W;), ¢ =1,...,N — 1;

(4.6) W; = —ViD;W + AN?K*(W; 11 — 2W; + W,_y)
with “characteristic velocities”
(4.7) Vi(t) = B(t) - Wi(t)

and the upwind difference operator

(4.8) mwm={$&m g&%;&

Here the u; are given by (4.3) and the functional B(t) approximating B(t) in (3.3)
simply is

1 N-—

since the side terms in (4.4) cancel each other.

An asymptotic equilibrium is attained for large ¢ in all numerical simulations with
any chosen initial data. For A > 0 the “final” shape of the equilibrium distribution
fits the theoretical values: compare Figure 2a with Figure 1b and Figure 3 with
Figure 1a.

We also performed the corresponding numerical simulations in the case A = 0.
Within the same time a “pseudo steady state” develops which is not centralized, see
Figure 2b. However, for ¢ — oo this hump slowly moves to the origin as predicted.

More generally, for A > 0, we observe that the convergence to the unique equi-
librium ueq is faster in time the larger we choose the parameter A, i.e. essentially
the parameter A/(1 + A) according to (4.9).

The two simulations in Figure 4 illustrate that even large perturbations ug =
Ueq + u1 Of the equilibrium state converge quite rapidly to the new equilibrium uéq
which is uniquely determined by the condition for the initial mean value

uly = Ueq + U1, u; > 0.

Comparison of the shapes of u}, and ueq confirms the theoretical information from
Proposition 1, that the final density distribution is more centered around the origin
for larger mean value @ (see also Figure 1).

This can clearly be seen in Figure 5 where two small humps, initially separated,
move towards each other in a different manner, until they finally coalesce.
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