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TWO-DIMENSIONAL NONLINEAR BOUNDARY VALUE
PROBLEMS FOR ELLIPTIC EQUATIONS

GARY M. LIEBERMAN

ABSTRACT. Boundary regularity of solutions of the fully nonlinear boundary
value problem

F(z,u,Du,D%*u) =0 in Q, G(z,u,Du) =0 on 90

is discussed for two-dimensional domains 2. The function F' is assumed uni-
formly elliptic and G is assumed to depend (in a nonvacuous manner) on Du.
Continuity estimates are proved for first and second derivatives of u under
weak hypotheses for smoothness of F, G, and Q.

In [9] nonlinear boundary value problems for nonlinear, uniformly elliptic equa-
tions were studied, and several important existence and regularity results were
proved when the boundary condition is oblique, i.e., it prescribes a nontangential
directional derivative. Results were derived there for problems in any number of
dimensions, but it was shown that the two-dimensional case is simpler than the
higher-dimensional one. Here we examine the two-dimensional case in more detail
using different arguments. By exploiting special features of the two-dimensional
problem, we can weaken the regularity hypotheses in [9] and, more significantly,
remove the obliqueness assumption. We refer the reader to [1 and 14] for existence
results with nonoblique boundary condition; our main concern here is with the
regularity of solutions.

Specifically we consider the problem

(1) Flu] = F(z,u,Du,D?*u) =0 in Q, G(z,u,Du) =0 on 9N

for a bounded open subset 2 of R2. Leaving aside temporarily questions of smooth-
ness of F, G, and 2, we assume that there are positive constants y and x, and a
positive function A for which

(2) Mz, z,p)I < Fi(z,2,p,7) < pA(z, 2,p),
(3) |Gp(2', 2,p)| > x

for all (z,2,p,7) € @ x R? x 82 and (2/,2,p) € 90 x R x R", where S? is the
set of all real symmetric 2 x 2 matrices and subscripts denote partial derivatives.
(Actually these conditions can be generalized slightly at the cost of additional
technical complications; see [9, §§2 and 4].)
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Note that any oblique boundary conditions satisfy (3) since obliqueness means
that G, is positive, where +y is the inner normal to Q. Also, the Dirichlet bound-
ary condition u = ¢ on 91 can be recast in this form (for ¢ and 90 sufficiently
smooth) by writing G(z, z,p) = p-7 — Dp(z) - 7(z) where 7 is the tangent vector to
01 because Dy is uniquely determined on 911 (see [3, p. 389]). Finally boundary
conditions prescribing the magnitude of the gradient, that is |Du| = f(z,u), fall
into our framework provided f(z,u) is nonnegative.

We begin by quoting some known technical results in §1. Estimates up to the
boundary for first derivatives are proved in §2, and second derivative estimates are
proved in §3.

1. Preliminaries. The key idea in our estimates is to extend G to a globally
defined function in an appropriate way. This extension is provided by a more-or-
less standard mollification (as in [7, Theorem 1.3]), so we shall just state the result
in n dimensions.

LEMMA 1. Let h be a function defined on R™ with
(11) |h(p) — k()| < vIp—p'| for all p,p" in R"
for some positive constant v and with weak derivative h, satisfying
(1.2) |hp| > 1 in R™
Then there is a function h € CO(R™*1) N C?*(R™ x R) such that

(1.3a) h(p,0) = h(p),

(1.3b) L<|hp(pt) <v,  |he(p,t)| S v,
(13C) |hpp|v |hpt|a Ihttl < C(’I’L)V/t
Moreover if hy, 15 continuous with

(1.4) Ao (p) — hp(®')] < vlp —9'°
for some § > 0, then

(15) ,;Lppl, I’—lptl, I’_Lttl S C(n,&)Vts_l.

LEMMA 2. Let 0 be a bounded open subset of R™ with 8Q € C1 for some
a>0 and let G € CY*(00 x R x R"). If

(16) |GP| > ]-a IGX| < v, [GX]C! < v,

then there is a function G € C°(A x R x R* x R)NC% (1 x R x R® x R, ) such
that

(1.7a) G(z,2,p,0) = G(x,2,p) for (z,2,p) € 0N x R x R™,
(17b) Iapl 2> 1, Iaxlv |6t| <v,
(1.7¢) IGx x|, |Gxtl, [Gee| < C(n)r t> 1.

In addition we shall use an interior gradient estimate and Holder gradient esti-
mate, both of which follow from the results in [13] and are valid in two dimensions.



TWO-DIMENSIONAL ELLIPTIC BOUNDARY VALUE PROBLEMS 289

LEMMA 3. Let Q) be a disk of radius v and center y and let (a¥) be a positive
definite matriz function on Q. Let v € W22(Q)) and suppose there are constants
1, Mo, m such that

(1.8) I<(a¥)<ul, |a9Diyv|<upo (IDv+1)/r, v<mr
in Q. Then v e CH9 () for some o = o(u) > 0. Moreover

(1.9) |Dv(y)| < C(u, o, m),

(1.10) |Dv(21) — Dv(z2)| < C(g, pio, m)r~7 |z1 — z2|”

for all T,, T2 with max{|z; —y|,|z2 —y|} < r/2.

2. First derivative estimates. We begin by proving a Holder estimate for
the gradient of a solution of (1). In order to make sense of the equations in (1),
one should assume u to be fairly smooth; however, this smoothness can be relaxed
provided the equations are interpreted in a suitable generalized way. Specifically
we say that u € C1(Q2) N C%1(Q) satisfies G(z,u, Du) = 0 on 90 if

lim G(zo, u(zo), Du(y)) =0
y—zTo

for any zo € dQ. The proof of the theorems below show that this is the natural
generalized sense for our boundary condition. In addition we say that u € Wlif(ﬂ)
satisfies F(z,u, Du, D?>u) = 0 in (0 if this equation holds almost everywhere.

Our results will always be given locally near dQ} with parameters of the local-
ization displayed. This localization allows some simplifications of the calculations,
and the dependence of various estimates on the parameters is important in certain
applications. It should be pointed out, though, that global versions of all our the-
orems can be proved directly via slight modifications of the arguments presented

below.

THEOREM 1. Let Q C R? with 0Q € CY° for some a € (0,1), let F €
Co' (@ x R x R? x S?) and G € C°(00 x R x R?), let 7o € 80 and R > 0.
Suppose that conditions (2) and (3) are satisfied and that there are nonnegative
constants ug, p1, v such that

(2.1a) |F(X,0)| < poA(X)d(z)*~*,

(2.1b) (L + [rFDIFp(X, )] + [Fo (X, )| + [ Fe(X, )| < s MX) (7] + d(2)*7?)

for all (X,r) = (x,2,p,7) € Qg x R x R% x S?, where d(z) = dist(z,99) and
Qr = {z € Q:|z— 20| < R}, and

(2.2) IG(z,2,p) = G(z', 2, p')| S vx(lz = 2'|* + |2 = &'|* + [p — P'|)

for all (z,2,p) and (2',2',p') in (0QrNAN) X R x R2. Then for any K > 0, there
are positive constants v = v(u), and o, C depending on o, p,po, 1K, v, Q such
that any solution u € COL(Q) NW22(Q) of (1) with sup(Ju| + [Du|) < K obeys the
estimates

(2.3) |u|1,a;03/2 + sup d(Q’,&QR)l"Y*"’luh,,;n/ < C(1+ R °oscqy, Du).
0'CCr)s

PROOF. The regularity of 90 and [2, §2] imply that there is a positive con-
stant Ro(Q2) such that the problem can be transformed to one with zq replaced by
(0,0), d(z) replaced by z%, Qg replaced by

B} ={z € R%:|z| < R,2%? > 0}
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and 902 N 8N g replaced by
BY ={z € R%:|z| < R,z* =0}

if R < Ry. (Note that this transformation can be achieved with the constant I
increased by at most a factor of two.) We shall only examine the case R < Ry and
assume that this preliminary flattening of the boundary has been carried out.

The proof now proceeds in two steps. First we use a barrier argument based
on [4, §4] (see also [6]) to show that an extension of g(z) = G(zo, u(zo), Du(z))
is Holder continuous at zg. Then we obtain derivative estimates on this extension
which imply the estimates on w.

We set h(p) = G(zo,u(z0),p)/x, where we use the symbols zy and d even in
the flattened domain for notational simplicity. Next we set M = supq, |h(Du)]

and observe that M < voscq, Du. With h given by Lemma 1, we introduce the
function

w(z) = h(Du(z), f(d)) + viz|* + M|z]?R™% + Lo f(d),
where Ly is a nonnegative constant and f is a nonnegative function to be chosen. If
Lo > v, then w >0 on 8Bj2'. Thus we obtain w > 0 in B}*{' if w satisfies a suitable
differential inequality, which we now produce. To this end we set

aV = (0F/0r;)/\, F*=0F/dpy, F,=09F/dz, F,=0F/dz*,

all evaluated at (z,u, Du, D?>u) and hy = Oh/dpk, ho = Oh/dt, etc., evaluated at
(Du(z), f(d)). Differentiation of w leads to

a¥ D;jw = av D;jruhi + a¥ Dy uDjmuhbim,

+2f'a*® Diguhio + a®*[f" (Lo + ho) + (') %hoo]

+ av|z|* %[(a - 1)az'e? 2|72 + a¥] + 2M R %a™
while differentiation of the equation F[u] = 0 implies that

a* Djjpuhy = —[F'Dyxuhi + F,Dyuhyg + Fih] /A
Combining these equations with (2), (3), (1.3), (2.1b) and (2.2) then gives
@’ Dijw < C(d*~2 +|D?ul*/f) + 2nuMR™2 + a®*(f" (Lo + ho) + (f')*hoo]
on ¥ = {z € Qg:0 < f(d) < 1}. In addition, we have
D;w = Djuhy + 2Mz*R™2 + awl|z|*~ 22" + f'6'2(Lo + ho)
so that
(2.4) |D?*u|? < C(|Dw|? + d**~2 + (f')*(Lo + ho)® + M*R™?)
by virtue of (2.1a) and (3). Therefore
Qu = a” Dy;w — C|Dw|?/f < Cd*7%(1+d*/f) + CMR™?(1+ M/f)
+a"™{f"(Lo + ho) + (f")[hao + C(Lo + ho)?/ f1}.

If we take Lo = 1+ (K + 2)v and f = fod® with 0 < « and fy positive constants
at our disposal, we see that

Qu < Cd* 2 (1+d*™°/fo) + CMR™°d° > + CM?R™*d° %/ f,
+ 2 Lo fod°2(a(c — 1) + Co?)
< dﬂ—'-’[C(l +MR°)+C(1+ MR™°)?*/fo + %Lofo(O'(U —1) 4 Co?)]
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if d < 1and fo > 1in X. By choosing o so small that o(c — 1)+ Co? < o(0 —1)/2,
we obtain

Qw < d°"2C(1+ MR™°)?/fo + L foo(oc - 1)] <0
in ¥ for fy a sufficiently large multiple of 1 + M R~?. By our choice of Ly, we also

have w > 0 on % and therefore the maximum principle implies that w > 0 in X.
A similar barrier argument gives the upper bound

w < C(1+MR™%)d° + 2v|z|* + 2M|z|?R~2

and hence
|w| < C(1+MR™°)d° where |z!| < 22 < R.

To derive the gradient bound for w, we first observe that
|a¥ D;;w| < C|Dw|*/(1+ MR™°)d° + C(1 + MR™°)d° 2.
Therefore if we choose r € (0,3R/4) and set
Q= {Jz!% + (2 - r)? < r?/36}, v=r"w/(1+ MR™),

we obtain - 5
|a* D;;0| < C(|Dv|? + 1)/, v<Crin (.

It now follows from Lemma 4 that |Dv(0,2r)| < C and hence
|Dw(0,d)| < C(1+ MR=°)d°~! for 0 < z2 < 3R/4.

By virtue of (2.4) this estimate is also valid with Dw replaced by D?u. Translation
of the origin then proves that

|D*u(z)| < C(1+ MR™)d°™" in Bf ,.

The Holder estimate on Du follows by integrating this inequality (cf. [2, Lemma
2.1}, and the Holder estimate on D?u follows via Lemma 4.
Theorem 1 provides an alternative proof (although only in two dimensions and

under slightly different hypotheses) of the author’s results on boundary regularity
for the Dirichlet problem with C!*® boundary data [5, Chapter III] and [8, §5]. It
also provides an elementary proof of boundary regularity for the capillary problem:

div((1 + |Du|?)"2Du) = h(z,u) inQ,
(1+ |Dul?)""2Du - v = g(z,u) on IN.

Theorem 1 shows that any C!(Q) solution of this problem will be in C% if
h € C%, g € C* 00 € CH*. J. E. Taylor proved similar results in [12] us-
ing geometric measure theoretic techniques by rephrasing the problem in a more
natural variational setting. Our third application of Theorem 1 appears to be new.
Here we take our boundary condition to prescribe |Du| on ). Then any globally
Lipschitz (and locally smooth) solution of the differential equation F[u] = 0 in Q2
such that |Du| has a continuous extension to {1 which is Holder continuous on 92
is C1°(Q) for some o > 0!

Of course ¢ in Theorem 1 is generally quite small. To obtain ¢ = «, we
strengthen the hypotheses slightly.
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THEOREM 2. Suppose that the hypotheses of Theorem 1 are satisfied. If also
(25) Gp(z,2,p) — Gp(z,2,p)| <vxlp— I
for all (z,2,p), (z,2,p') in Qr x R x R? and some § > 0, then (2.3) holds with
o=a.

PROOF. Again we assume that (g is replaced by B}" and 90 N 0Nk by BY,
and we define h and w as in Theorem 1. From Theorem 1, we have |D?%u| <
C(1+ MR=P)d?~1 for some 3 > 0 and therefore

a“Dy;w < Cld*~% + (1 + MR™P)d®~ Y D%u|f*~ 1] 4+ 2nuM R 2
+a™[f"(Lo + ho) + (f')*hoo]
<C(1+ MR P)dPYDw|fo~! + Cd* % + 2nuMR™?
+CdP 1+ MR™P)fo=1d*™ ! + (f')(Lo + ho) + M/R]
+a™[f"(Lo + ho) + (f')*hoo)-
We now introduce the linear operator L given by
Lv =a"Dyjv—C(1+ MR P)d?* f~'Dw - Dv/|Duw|
(with Dw/|Dw| defined to be zero where Dw = 0) and infer that
Lw < Cd*?+CMR™?+Cd?*(14+ MR P)f6~1d*~ ! + Lof' + M/R)
+ 3 Lolf” + (1 - a)/2)(f")£°]

provided Lo > 1+ (2 + K + 4C(2,6)/(1 — a))v where C(2,6) is the constant
from (1.5). For constants ¢ € (8,a] and fo > 0 to be further specified, we set
f = fo(1+ MR™¢)d*® and conclude that

Lw < C(1+MR™)d"2+ LLo[f" + f'fo-1 (155 ' + CdP~1(1+ MR™P))]
<C(1+ MR ©)d* %+ Lofod* %(1 + MR™%)
x le(e = 1)/2+ (1 —¢)f° /4
+Cf 1+ MR™5) (1 + MR™P)de—Ve+h),
Now
1+ MR™ = 1+ (MR™)P/sM'=P/¢ <2(1 + MR™%)P/*(1+ M'~P/°)

and hence Lw < 0 for fo sufficiently large if we take e = /(1 — 8). Therefore (2.3)
holds with ¢ = (1 — §)~* for any positive integer k such that o < a. By choosing
8 appropriately small, we can thus arrange for a« = 8(1 — §)~* for some k, proving
the theorem.

Note that Theorem 2 applies directly to the Dirichlet and capillary problems
already mentioned in connection with Theorem 1. For the boundary condition
|Du| = f(x), we assume that f is bounded away from zero, in which case the choice
G(z,u, Du) = |Du|? — f? gives |Gp| = 2|Du| bounded away from zero.

3. Second derivative estimates. Clearly Theorem 2 gives the best possible
regularity up to the boundary that can be expected under the assumptions there.
In this section we show that the regularity of the solution is improved when the
data are smoother.
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THEOREM 3. Let  C R? with 00 € C** for some a € (0,1), let F €
COY A x R x R? x S?) and G € CH*(00 x R x R?), let zo € 90 and R > 0.
Suppose that conditions (2) and (3) are satisfied and that there are nonnegative
constants g, p1,v, and vy such that
(3.1a) |F(X,0)] < poA(X),

(3.1b) (1 + [P Fp(X, )| + | Fo (X, 7)| + |Fa(X, )| < paMX)(Ir]? + d(2)°7Y)

for all (X,r) € Qgp x R x R? x 82, and

(3.2a) IGx(X)| < vy,
(3.2b) IGx(X) = Gx(X')| < vix|X - X'|*
for all X, X" in (0Qg N ON) x R x R2. Then for any K > 0, there are positive

constants v = y(u, ), and C = C(a, K, p, po, p1,v,v1,Q) such that any solution
uwe COLQ) NWE2(Q) of (1) with sup(|u| + |Du|) < K obeys the estimate

loc
2 9 Du
(3.3) |D*ulo;p,, + RY[D ’U,]»y;QRn <Cl1+ OSCQRT .

PROOF. As before we assume that {1p = B; and Qg N AN = BY, but now we
set M = supyy, |G(z,u, Du,0)|/x and

w(z) = G(z,u, Du, f(d))/x + Lof(d) + M|z|*R™2

with G the extension from Lemma 3. Similar reasoning to what we have already
seen leads to the estimate

Qw = a¥Dyyw — Cf* | Dw)?
<Cf* ' 1+ M/R)? + Cd*™' + 2MpnR™% + CLE(f)2 f*~ 1 + 3 Lof"
provided f” <0, f'>1,0< f <1,and Lo = 1+ (K + 2)v + 2v;. If we also have
/' > 1+ M/R, then
Quw < CLE{ M (f")? +d* '} + 3 Lof”
< 3Lols" + Col )=o)

for some constant Cy because f > f’d. Therefore (see [5, §2.1]) we have Qw < 0
for

d d/H
(t* + H*)~Vodt = (Co)—l/“/ (t + 1)~ Vgt
0

1@ = o= [

0

for some positive constant H. Let us denote by 6 the solution of f(6) = 1. Then
6 =CH and

f(d) 2 f'(8) = ((6/H)* + 1)7V/%(Co)~"/*/H = C1/H.
Therefore we obtain the desired function w by taking H = C,/(1 + M/R). Since
f(d) < f(0) = (Co)~/«/H, we easily obtain the bound on |D?u|.

The continuity of D?u is now proved using ideas from [9]. We set

9(z) = G(z,u(z),d)/x, B(z) = Gp(z,u(z), Du(z),d)/x.
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The hypotheses on G along with Lemma 3 and the preceding bound on D?u yield
|(Dig — B:Dizu)(z) — (Dig — B; Diju)(y)| < C(1+ M/R)|z — y|*,
|[B:(z) = B; ()| Disuly)| < C(1+ M/R)|z — y|*

for all z and y in Qg /,. In addition it follows from results on the Dirichlet problem
(for g(z)) that

|Dg(z) — Dg(y)| < CR™(1+ M/R)|z —y|” for all z,y in Qpg/s.

(See, e.g., (8, §5].)
To proceed we fix z € (g, and rotate coordinates so that 3(x) = (1,0). The
three preceding estimates give

|Diu(z) — Digu(y)| < CR™V(1+ M/R)|z — y|” for y € Qp)s
for = 1,2. But now the integral form of the mean value theorem implies that
0= Flu](z) - Flul(y)
= [F(z,u(z), Du(z), D*u(x)) - F(y, u(y), Du(y), D*u(z))]
+ Aa” (Diju(y) — Diju(z))
for some matrix (a*’) > I. Because a?? > 1, we readily infer that
|D22u(z) — Dagu(y)| < CR™V(1+ M/R)|z — y|? for y € Qgys,

which completes the proof.

Presumably the condition (3.1b) can be relaxed so that F is merely Holder con-
tinuous with respect to z, 2z, p. For the Dirichlet problem this relaxation appears
in [11], while Neil Trudinger informs me that such is also the case for oblique
boundary conditions. The general problem studied here is more complicated, how-
ever, because Safonov and Trudinger rely on existence results, which may not be
available here.
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