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ON WEAKLY COUNTABLY DETERMINED BANACH SPACES

SOPHOCLES MERCOURAKIS

ABSTRACT. For a topological space X, let C1(X) denote the Banach space
of all bounded functions f: X — R such that for every ¢ > 0 the set {z €
X:|f(z)] > e} is closed and discrete in X, endowed with the supremum
norm. The main theorem is the following: Let L be a weakly countably
determined subset of a Banach space; then there exist a subset ¥/ of the
Baire space X, a compact space K, and a bounded linear one-to-one operator
T:C(L) — C1(Z' x K) that is pointwise to pointwise continuous. In the case
where L is weakly analytic, £/ can be replaced by X. This theorem is connected
with the basic result of Amir-Lindenstrauss on WCG Banach spaces and has
corresponding consequences such as: the representation of Gulko (resp. Ta-
lagrand) compact spaces as pointwise compact subsets of C1(X’ X K) (resp.
C1(Z x K)) (a compact space (1 is called Gulko or Talagrand compact if C(Q)
is WCD or a weakly K-analytic Banach space); the characterization of WCD
(resp. weakly K-analytic) Banach spaces E, using one-to-one operators from
E* into C1 (X' x K) (resp. C1(Z x K)); and the existence of equivalent “good”
norms on E and E* simultaneously.

Introduction. The purpose of the present paper is the study of K-analytic
and, more generally, countably determined Banach spaces in the weak topology.
As Talagrand proved in [21] the well-known class of weakly compactly generated
(WCG) Banach spaces consists of weakly K-analytic spaces. Moreover, Talagrand
proved that these classes of Banach spaces are distinct [21, 23].

The classical Banach space Co(I') = {f:T — R: for every ¢ > 0 the set {y €
T:|f(y)| > €} is finite} has a basic role for the structure of weakly compact subsets
of Banach spaces, in view of the classical theorem of Amir-Lindenstrauss [1]: if
E is a WCG Banach space, then there exist a set I' and a bounded linear one-to-
one operator T from E into Cp(T"). It is an immediate consequence of this result
that every weakly compact subset of a Banach space is homeomorphic to a weakly
compact subset of Co(T").

The proof of the Amir-Lindenstrauss (abbreviated A-L) Theorem relies on the
method of “long” sequences of projections of Banach spaces, which is a compactness
argument.

Vasak [24] and Gulko [9] working independently, extended the method of pro-
jections of A-L to the wider class of weakly countably determined Banach spaces
(WCD). Especially Gulko replaced the (functional) projections of Banach spaces
by (topological) retractions of compact spaces.

The works of Vasak and Gulko leave open the following question: is there an A-L
type theorem for WCD spaces? In this paper we answer affirmatively this question
by introducing a new class of spaces corresponding to the spaces Co(T').

Received by the editors October 1, 1985 and, in revised form, February 26, 1986.
1980 Mathematics Subject Classification (1985 Revision). Primary 46B20, 54H05.

©1987 American Mathematical Society
0002-9947/87 $1.00 + $.25 per page

307



308 SOPHOCLES MERCOURAKIS

DEFINITION 1.1. Let X be a topological space. We set C1(X) ={f: X - R: f
is bounded and for every € > 0 the set {t € X:|f(¢t)| > €} is closed and discrete
in X}. It is clear that C(X) is a Banach space, being a closed linear subspace of
[ (X).

We notice that

(a) For a subset A of X, A is closed and discrete in X if and only if A’, the
derived set of A, is empty,

(b) Co(X) C Ci(X), and if f € C1(X) then f|Q € Cy(X) for all compact subsets
1 of X, and

(c) if A is compact (resp. closed and discrete) in X, then Cy(A) (resp. *®°(A)) is
a complemented subspace of C1(X). In particular, if X is compact (resp. discrete)
then C1(X) = Co(X) (resp. C1(X) = I°(X)).

(d) If X is Lindelof then it is easy to see that for every f € C;(X) the set
{t € X: f(t) # 0} is at most countable (see also Lemma 4.10).

In §1 we study the pointwise compact subsets of the space C;(X) for a countably
determined or a K-analytic topological space X. The main result (Theorem 1.2) is
that if X is countably determined (resp. K-analytic) then every pointwise compact
subset of Cy(X) is Gulko (resp. Talagrand compact); see Definition 0.3. In §2 we
prove an A-L type theorem which is the main result of the paper.

THEOREM 2.5. Let L be a weakly countably determined subset of a Banach
space E and o the least cardinal such that d(L) < 2*. Then there ezists a nonempty
subset ¥’ of ¥ and a bounded linear one-to-one operator T: C(L) — C1(¥’' x{0,1}%)
that 1s pointwise to pointwise continuous. Further when L 1s weakly K -analytic the
set X' can be chosen to be X.

This result, which is fundamental for WCD and weakly K-analytic Banach spaces
(as will be clear from its applications in §§3 and 4), is obtained by improving and
strengthening the techniques of Gulko.

83 contains topological consequences of Theorem 2.5. The most important are
representations and topological characterizations of Gulko and Talagrand compact
spaces (Theorems 3.1-3.3 and Remark 3.4.1). Our representation of Gulko compact
spaces implies immediately the main result of Gulko in [9] that every Gulko compact
space is Corson compact.

84 contains functional analytic consequences of Theorem 2.5: namely we char-
acterize WCD and weakly K-analytic Banach spaces E using the set-theoretic or-
dering of compact subsets of a separable metric space and operators from E* into
spaces of the form C;(X) for countably determined or K-analytic topological spaces
X (Theorems 4.1 and 4.2). We prove that the fundamental geometric property of
strict convexity of Co(T') [7] is preserved by Cy(X) where X is countably determined
(Theorem 4.5). Finally we strengthen a renorming theorem of Vasak [24] proving
that every WCD Banach space admits an equivalent locally uniformly convex and
smooth norm whose dual norm is strictly convex (Theorem 4.8).
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0. Preliminaries. By the term space we mean a Hausdorff completely regular
topological space.

For a space X, w(X), d(X) and K(X) denote the (topological) weight, the
density character and the set of nonempty compact subsets of X.

If X is a space, C(X) is the Banach space of continuous bounded real-valued
functions on X with supremum norm. The pointwise topology on C(X) is de-
termined by the requirement: a net (f;)icr in C(X) converges in the pointwise
topology to some f € C(X) if lim f;(z) = f(z) for all z € X.

For every metric space (M,d) we define the Hausdorff metric dg on K(M) 8,
problem 4.5.22] as follows:

dy (A, B) = sup{d(a, B), d(b,A):a € A, be B}.

It is proved that if (M, d) is complete (resp. separable or compact) then (K (M), dn)
is complete (resp. separable or compact) (see (8, problems 4.5.22(d), 2.7.20(b) and
3.12.26(a)]). It can also be proved that if K is a compact subset of K(M) then the
set U{Q:Q € K} is a compact subset of M [5, Theorem 3.1].

We denote by ¥ = w* the set of infinite sequences of natural numbers (where w
denotes the set of natural numbers), endowed with the product topology. As is well
known, ¥ is a Polish space (that is, homeomorphic to a complete separable metric
space), and every Polish space is a continuous image of ¥ [17, Corollary 2.4.3]. For
every p, 0 € &, we define o < p if o(n) < p(n) for all n € w. It is clear that for
every p € ¥ the set £(p) = {0 € X:0 < p} is a compact subset of X.

S denotes the set of finite sequences of natural numbers. For s € S we denote
by |s| the length (i.e. the domain) of s. For s € S and 0 € ¥ (resp. t € S with
[t| > |s|) we write s < o (resp. s < t) if s is equal to the first |s| terms of the
sequence o (resp. t). If 0 € ¥ and n € w, o|n denotes the finite sequence of the
first n terms of 0.

For two spaces X, Y a mapping f: X — K(Y) is said to be upper semicontinuous
(usco) [17, 21], if for every z € X and every open set V of Y containing f(z) the
set {z € X:f(z) C V} is a neighborhood of z. It is easy to see that for every
compact subset K of X the set f(K) = |J{f(z):z € K} is a compact subset of Y.

PROPOSITION 0.1 [21]. Let K be a compact space and A C K. Then the
following are equivalent.

(a) There exists a sequence (Ay) of compact subsets of K, such that for every
T € A, there exists a subset D C w such that € (),cp An C A.

(b) There exist a family (Bs)ses of compact subsets of K and a subset &' C X
such that A =,cx Ns<o Bs-

(c) There exist a subset &' C ¥ and an usco mapping f:¥' — K(A) such that
F(Z) = Upes: f(0) = A.

(d) A is a continuous image of a closed subset of some space of the form ¥' x K
where X' C 2.

If a space A satisfies some of the above equivalent conditions in a compact space
K that contains A homeomorphically then A is said to be countably determined.
Conditions (b), (c) and (d) remain equivalent if ¥’ is replaced by . A is said to
be K-analytic if some of the conditions (b), (c), (d) are satisfied for X' = . It is
clear that every K-analytic space is countably determined.
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We note that (see [17 and 21]) every countably determined space is Lindelof,
and that the class of these spaces is closed under continuous images, closed subsets,
countable products, intersections, and unions. The same is true for the class of
K-analytic spaces.

DEFINITION 0.2 [7, 21, 24]. A (real) Banach space E is said to be

(a) weakly compactly generated (WCG) if it contains a weakly compact total
subset,

(b) weakly K-analytic (resp. weakly countably determined—WCD) if E in its
weak topology is K-analytic (resp. countably determined). It follows that every
weakly K-analytic Banach space is WCD.

M. Talagrand has proved [21, Theorem 3.2] that every WCG Banach space is
weakly K-analytic.

DEFINITION 0.3 [2, 7, 13, 16]. Let K be a compact space. Then,

(a) K is called an Eberlein compact, if K is homeomorphic to a weakly compact
subset of a Banach space,

(b) K is called a Talagrand (resp. Gulko) compact if C(K) is weakly K-analytic
(resp. WCD),

(c) K is called a Corson compact if for some set I', K is homeomorphic to a subset
of Z(RT') = {z € RI:supp(z) is countable}, where supp(z) = {vy € I':z,, # 0} for
every z € RI', and of course R has the cartesian product topology. The space
T(RT) is called the E-product of the real line.

It must be noted that K is Eberlein compact if and only if C(K) is WCG [19,
Corollary 3.4].

M. Talagrand has constructed a Talagrand compact space that is not an Eberlein
compact [21], and a Gulko compact that is not a Talagrand compact [23].

S. P. Gulko [9] has proved that every Gulko compact space is a Corson compact
space.

For the theory of WCG, weakly K-analytic and WCD Banach spaces we refer
to (7, 16, 21 and 24].

Given a set I', [°°(T') is the Banach space of all bounded real valued functions
defined on I" under the supremum norm; Cy(I") denotes the (closed linear) subspace
of °°(T") consisting of all f such that for every € > 0 there exists a finite subset F,
of ' with |f(v)| < e for all v & F.

The ordinals are defined in such a way that an ordinal is the set of smaller
ordinals. A cardinal is an ordinal not in one-to-one correspondence with any smaller
ordinal. The least cardinal strictly greater than a is denoted by a*. The cardinality
of a set A is denoted by |A| and the cardinality of the family P(A) of all subsets of
A by 2141,

In most cases, the notation and terminology are from [16, 21, 14 and 2].

1. The Banach space C1(X). In this section we introduce the class of Banach
spaces of the form C;(X), where X is a space, and study their pointwise compact
subsets when X is countably determined.

We shall prove the following

THEOREM 1.2. If X is a countably determined (resp. K-analytic ) space,
then every pointwise compact subset of C1(X) is Gulko compact (resp. Talagrand
compact).
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For the proof we introduce two classes of spaces F* and D> (Definition 1.3)
and prove some of their properties (Lemmas 1.4-1.6).

DEFINITION 1.3. (i) Let M be a separable metric space and F = {Tx: K €
K(M)} a family of sets with the following property: if Ki, Ko € K(M) and
K; C K, then T'g, C I'k,. We define the topological space F*°(M) as the space
MU {oo} where I' = | J{T'kx: K € K(M)} and oo is a point not in I, endowed with
the following topology: each point in I is isolated, while a neighborhood base for
oo consists of the sets (I'\A) U {oo}, where A C T is such that |ANT k| < w for all
K € K(M).

(i) Let X be a topological space and oo a point not in X. We define the topo-
logical space D*°(X) as the space X U {oo} endowed with the following topology:
each point in X is isolated, while a neighborhood base for oo consists of the sets
(X\A) U {00}, where A is closed and discrete in X.

It is clear that F>°(M) and D*°(X) are completely regular and Hausdorff and
that the sets I'x U {oo} are compact in F>°(M).

LEMMA 1.4. F*°(M) is countably determined and, when M is complete, K-
analytic.

PROOF. Let K be a compactification of F>°(M) and let {V,:n € w} be a
countable base for the topology of K(M) with the Hausdorff metric (see §0). Set
B, = clg (U AcVa I‘A) for n < w. It is clear that each B, is compact and so
it is enough to show that for every z € F*°(M) there exists N C w such that
€ € Npen Bn € F®(M) (see Proposition 0.1).

Let A € K(M) such that t € T4 and set N = {n € w:A € V,,} so that
¢ € (),en Bn- Now suppose (for the purpose of a contradiction) that there exists
Y0 € Npen Bn\F>°(M). Then there exists a neighborhood Uy of yp in K such that
00 € U;. Let {nk:k € w} be an enumeration of N. We shall construct inductively
a nontrivial sequence {yi} in U; and a sequence {Ax} in K(M) such that yx € T4,
and Ay € Vnk-

Since yo € By, there exists A; € V,, such that Uy NT4, # O; choose y; €
Ui NT4,. Now yo # y1, so pick a neighborhood Uz C U; of yo in K such that
y1 € Uz. Since yg € By, there exists Az € V,,, such that U N4, # &; choose
y2 € U2 NT' 4, and proceed in the same way.

It should be noted that the sequence {V,,,:k € w} is a neighborhood base for
A in K(M) and since A € Vp,, Ax — A in K(M). Thus {Ax:k € w}U{A} is
compact in K(M) and so B = (Jy¢, Ak U A is compact in M (see §0). Now we
have

{w:k<w}C |JTa, CTs
k<w
and since I'g U {00} is compact in F*°(M), yx — oo. This is a contradiction
because {yx:n < w} C U, and co ¢ U;.

In the case where M is complete, there is f:X — K (M) continuous, onto (see
80). We set M, = J{f(p):p < 0}, 0 € . We observe that M, is compact,
M, C M, if 0 < p (see §0), and that if K is compact in M then K C M, for some
o € X. Thus for every A C T we have: |[ANT k| < w for every K € K(M) if and
only if [ANT | < w for every o € X.
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Now we set I'y = clg (US <ol Ma) for every s € S and using the above remark
we prove similarly that F*°(M) = J,cx, Nne; Cojn, that is F°(M) is K-analytic.

REMARK 1.4.1. If Tk| < w for all K € K(M) then I is at most countable.
Indeed, oo is an isolated point of F°(M), so F*°(M) is a countably determined
(and hence Lindelof) discrete space, and thus the conclusion follows.

LEMMA 1.5. If X is countably determined (resp. K-analytic) then D (X) 1s
countably determined (resp. K-analytic).

PROOF. Assume that X is countably determined and let ¢: M — K(X) be
usco and onto (see Proposition 0.1) where M is a separable metric space. Consider
the space F°°(M) of Definition 1.3, where 'y = ¢(K), K € K(M). Then X =
U{Tk: K € K(M)} and it is easy to see that the “identity” I: F*°(M) — D>®(X)
is continuous. Thus D*°(X) is countably determined.

The K-analytic case is similar (setting M = ¥).

LEMMA 1.6. For every space X, there exists a linear isometry T:C1(X) —
C(D*>(X)) that s continuous for the topology of pointwise convergence.

PROOF. We define T: Cy(X) — C(D*(X)) by

T(f)(t) = {(};’(t)’ igi ii%, for every f € C1(X).
It is easy to see that T has the desired properties.

PROOF OF THEOREM 1.2. Talagrand proved that every pointwise compact
subset of C(Y), where Y is countably determined (resp. K-analytic), is Gulko
compact (resp. Talagrand compact) (Theorem 3.7 of [21]). Thus the proof follows
immediately from Lemmas 1.4-1.6.

As consequences of Theorem 1.2 we have

COROLLARY 1.7. LetT' = |J{Tk: K € K(M)} be as in Definition 1.3(i). If
is a compact subset of RU such that for each K € K(M), QT'x C Co(T'k) then

(a) @ C E(RT) (= the T-product of the real line),

(b) © is Gulko compact, and

(c) if M =X, then Q is Talagrand compact.

PROOF. We define H: (1 — C1(F*(M)) by
1w ={ 5

It is easy to see that H is continuous when C;(F*°(M)) is endowed with the
topology of pointwise convergence. Thus the result follows from Lemma 1.4 and
Theorem 1.2 (see also Definition 1.1(d)).

COROLLARY 1.8. Let Q) be a compact space, M a separable metric space and
{Lk:K € K(M)} a family of weakly compact subsets of C(Q) such that
(a) for every K € K(M) the only possible weak limit point of Lk 15 0 € C(Q),
(b) of K1, Ko € K(M) with Ky C Ky then Lg, C Lk, and
(c) the set L =|J{Lk: K € K(M)} separates the points of ().
Then ) is a Gulko compact space; especially of M = X, Q 1s a Talagrand compact.

PROOF. The space F°(M) = T'U{oo} (Definition 1.3, where I'x = Lk \{0}) is
countably determined (Lemma 1.4). We define f: F*(M) — LU {0} by f(z) ==z

iftel,
if t = o0.
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for z € T, and f(oo) = 0. Then f is continuous when the space L U {0} has the
topology of pointwise convergence, so LU{0} is countably determined. The desired
conclusion now follows from Theorem 3.4 of [21].

2. The main theorem. The content of this section is the proof of Theorem
2.5 (see Introduction); its consequences are examined in the next two sections.

We shall denote by K a compact Hausdorff space. The topological concepts
involved (closure, density, continuity, etc.) in C(K) are always considered in the
pointwise topology of C(K). We shall refer frequently to the fundamental paper of
Gulko [9], to the survey paper of Negrepontis [16, §6], and also to the basic paper
of Talagrand [21].

DEFINITION. Let F C C(K), F separates points of K, M C K, L C F. We
say that the pair (M, L) is F-conjugate if

(a) for all z € K, there is p(z) € M, such that f(z) = f(p(z)) for all f € L, and

(b) for all f € F, there is q(f) € L, such that f(z) = (¢(f))(z) for all z € M.

LEMMA 2.1. Let F C C(K), F separates points of K, M C K, L C F, with
(M, L) F-congugate. Then,

(a) p(z), q(f) are unique for allz € K, f € F;

(b) the mappings p: K — M, ¢: F — L defined by (a) are continuous retractions
(so M, L are closed subsets of K, F, respectively); and

(c) p*|F = q (where p*: C(K) — C(K):p*(f) = (f/|]M) o p).

DEFINITION. Let F C C(K), M C K, L C F. We say that the pair (M, L) is
F-preconjugate if

(a) {z|L:z € M} is dense in {z|L:z € K} (in the pointwise topology of L C
C(K)), and

(b) {f|M: f € L} is dense in {f|M: f € F} (in the pointwise topology of L C
F C C(K)).

Here we use the notation: z|L: L — R to mean (z|L)(f) = f(z) for f € L.

REMARK. The above two Definitions and Lemma 2.1 are due to Gulko (9] (see
also [16, Definitions 6.11, 6.13 and Lemma 6.12]). We include them here, because
they are useful in the sequel.

Lemmas 2.2 and 2.4 are fundamental for the proof of Theorem 2.5 and improve
corresponding lemmas of Gulko [9] (see [16, Lemmas 6.19, 6.22]). First we need
some preliminaries.

Let K be a Gulko compact and L a countably determined subspace of the closed
unit ball of C(K) for the pointwise topology which separates the points of K (21,
Theorem 3.4]. It is clear that L is a countably determined subspace of the compact
space [—1, 1% and so there are a nonempty subset £’ of £ and a family {L,: s € S}
of compact subsets of [—1,1]¥ with Ly = [-1,1]¥ such that:

(a) for every sy, 82 € S with s; < s2, Lg, C Lg,,

(b) for every 0 € &', Ly =(\,c, Lojn # D and

(C) L= UUGE’ nn<w L0|"'

Since the map F: ¥’ — K(L):0 € ¥’ — L, C L is usco (21, Proposition 1.1] if A is
a compact subset of ', the set L4 = (J{L,:0 € A} is a pointwise compact subset
of L.
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For every A € K(X') we define in the space K an equivalence relation R4 as
follows:

zRay it f(z)= f(y) forall f€ La.

Let K4 = K/R4 be the quotient space and m4: K — K4 the natural map. We
endow the space K4 with the quotient topology, that is, U C K4 is open if and
only if 7r;1(U ) is open in K, and we notice that m4 becomes a continuous open
map and K4 a compact Hausdorff space. We also notice that K4 is an Eberlein
compact, since L4 is a pointwise compact subset of C'(K) which separates points
of K4.

Part (a) of the following lemma is due to Gulko [9] (see also [16, Lemma 6.19]).
We include the proof because it is needed for parts (b) and (c). If £ € K and
A€ K(Z'), [x]* will denote the equivalence class of z with respect to R4.

LEMMA 2.2. Let M C K, N C U,cg(Ls N L) such that (M,NN Ly N L)
ts (Ls N L)-preconjugate for s € S. Set P = clkM, Q = cIyN C L and for
Ae K(Z'), Py = WA(P) CKyp, Qa=QNLAC L. Then

(a) (P, Q) s L-conjugate.

(b) (Pa,Qa) 1s La-conjugate for A € K(¥').

(c) If (p,q) and (p4,q?) denote the retractions corresponding to the conjugate
pairs (P,Q) and (Pa,Qa), respectively (see Lemma 2.1), then p”([z]4) = [p(z)]4
for [z]% € K4 and ¢*(f) = a(f) oma = q(f o ma) for f € La.

PROOF. (a) Let f € L. Then there exists 0 € ¥’ such that f € L, =
Npew Lojn € L. We set for n < w,

V(f,oln) ={g € cli_1,1x (Lojn N Q):9|M = fIM} C Lgjn Ncli_y,11x Q.

Since (M, NN Ly, NL) is (Ls|, N L)-preconjugate, and f € Ly, N L, there is a net
(9i)iect S NN Lyjn N L C Lojp N Q such that limer(g;|M) = fIM. If g is a cluster
point of this net, then it follows easily that g € V(f,o|n), so V(f,o|n) is a nonempty
compact subset of [—1,1]%. We notice that if n > m then V(f,o|n) C V(f,a|m).
Therefore

Vi= (N V(f,0ln) S [ (Lojn Neli-1,xQ)

(*) n<w n<w

=L, ﬁCl[_l’l]KQ CL ﬂCI[_l,l]KQ =Q.

So we have that V; is a nonempty compact subset of @, and thus thereis g € Vy C Q
such that g|M = f|M. Since f, g are continuous, it follows that f|M = g|M, that
is, condition (b) of the conjugate pair.

Since (M,NNLyNL) (= (M,N))is Lg N L (= L)-preconjugate, it follows
that {z|Q:z € P} = {z|Q:z € K} [16, Lemma 6.17], that is, condition (a) of the
conjugate pair. Therefore (P, Q) is L-conjugate pair.

(b) Let A € K(X') and f € Ly C L. Then there exists 0 € A such that
f € Ly, C L4. asin the proof of the claim (a), there exists g € Vy C L,NQ C LaNQ
such that f(z) = g(z) for all z € P (see (x)).

Since f, g € L, C L, it follows by the definition of the space K 4, that fomy4, go
ma€LaCC(Ky)and foma(z) = goma(z) for every z € P, so f([z]4) = g([z]4)
for every [z]4 € Pa.
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Let [z]4 € K4 and fo € Qa4 (= LaN@Q C Q). There is y € P such that

z|Q = y|Q, so [y} € P4 and fo(z) = fo(y). It follows that fo([z]*) = fo([y]*).
Now since fo € Ls we have that fooms € La C C(K4). The proof of (b) is
complete.
(c) Follows immediately from (a) and (b).

LEMMA 2.3. If K is a Gulko compact space, and L a subset of the unit ball
of C(K) that separates the points of K in the pointwise topology, then W(K) =
d(K) =4d(L).

PROOF. We refer to Talagrand {21, Theorem 6.2 and Proposition 6.3].

LEMMA 2.4. Assume that W(K) = 7 > wt and let {z¢:w < € < 7} and
{fe:w < € < 7} be dense subsets of K and L, respectively. (We recall that L 1s
considered with the pointwise topology.) Then

(a) There exzists a family {(Pe,Q¢):w < & < 7} such that

(1) (Pe,Q¢) s L-conjugate, w < £ < 7.

(2) PeCP andQe CQ;, w< €< <T.

(3) If € is a limit ordinal, w < € < 7, then Pe = clg (Un<€ ) Qe =

ClL (Un<€ Qn)

(4) z¢ € Pey1 and fe € Qeqr, forw < €< 7.

(5) W(Pe) = d(Pe) = d(Qe) < €L for w < € < 7.

(6) limpcg pu(z) = pe(z) for € K and & limit ordinal, w < £ < 7, where pe s
the retraction from K onto P; of Gulko’s Lemma 2.1.
(7) For every z € K the set {{:w < € <7 and pe(z) # pe+1(z)} ts countable.
(b) For every A € K(X') there is a famaly {(P£, QA) w < € <1} such that
(1 (PA,QA) 1s L 4-conjugate, where P€ = 7TA(P£) and Q4 = Q¢ N L4 for

)
w<E<
(2) PACPA and QF C QP forw<E<g<.
(3) If € 13 a limit ordinal, w < £ < 7, then Pg“ = clk, (Un<£ n) and QA

clp, (Un<€ Q'ré)

(4) ma(ze) € PEA+1 and feoma € Q?+1 forw< €<,

(5) W(PE) =W(Q¢) < |¢] forw< E <.

(6) If € 45 a limit ordinal with w < € < 7 then limp<¢ pf ([2]4) = pg ([z]*), for
all [z]* € K4, where p{ is the retraction from Ka onto P2 given by p([z]*) =
[pe(2)]” (see Lemma 2.2(c)).

(c) (1) For every ordinal §, w < { <1, Q¢ = U{Q?3 A e K(¥')} and for every
A, Be K(X') with AC B, Q¢ CQ¢.

(2) For every A € K(X') the retractions corresponding to the conjugate pair
(P?,Q?) are the following:

pé:Ka — P{ C Ka:[z]* — [pe(2))4,
gd:La— Qf CLa:f — qe(f)oma = qe(f oma).
PROOF. The main tool of the proof of (a) is Lemma 2.2(a) and is due to Gulko

[9] (see [16, Lemma 6.22]). (b) and (c) follow easily from (a) and Lemma 2.2(b)
and (c).
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PROOF OF THEOREM 2.5. We distinguish two cases.

Case 1. The set L is bounded.

We set K = Bp- with the weak* topology, where F is the closed linear span of
Lin E, so F is a WCD Banach space and K a Gulko compact space by Theorem
3.6 of [21]. Since F is naturally embedded in C(K), L is a countably determined
subset of C(K) for the pointwise topology and separates points of K. It is clear
that we can assume without loss of generality that L is contained in the closed unit
ball of C(K).

CLAIM. There exists a family {T4: A € K(X’)} of bounded linear one-to-one
operators T4: C(La) — Co(A x {0,1}*), where L4 is as in Lemma 2.2, such that:

(a) if A € K(X') then ||Tall < 1 and T4 is pointwise to pointwise continuous;
and

(b) if A, B € K(¥') with A C B, then Tg(f)|A x {0,1}* = Ta(f) for every
fecC(L).

The claim is proved inductively. So suppose that the claim holds when L is
such that d(L) < . (The case d(L) = w is trivial: for every A € K(Z') we set
Ta = T:C(L) — Co(w) C Co({0,1}*) such that T(f)(n) = f(dn)/n, n < w,
where {d,:n < w} is a dense subset of L.) Consider an L with d(L) = k. Let
{(Pe,Q¢):w < € < &} and {(PA,Q¢7):w < € <k, A€ K(X')} be as in Lemma
2.4. Since d(Q¢) < [{] < k by the induction hypothesis, there exists a family
of operators, Tj:C(Q?) — Co(A x {0,1}*¢), A € K(¥'), as in the claim. As
a¢ < oy, the range of each Tj is included in Cp(A x {0,1}*<). Thus, if t:x >
£ — te € {0,1}*~ is a one-to-one mapping, the range of each Tj is considered as a
subset of Co({te} x A x {0,1}=).

We set Y4 = {0,1}* x (A % {0,1}*<) for A€ K(£') and Y = {0,1}>~ x (£’ x
{0,1}=); it is obvious that if A € K(X') the spaces Y and Y4 are homeomorphic
to £’ x {0,1}*~ and A x {0,1}*~, respectively. For A € K(X') we define

Ta:C(La) — Co ( U [{tg} x A x {0, l}a"]) C Co(Ya)

w<lé<K
with Ta(f)(n) = Tu(¢2(f))(n), n < w,
Ta(£)(V) = 5T5H (@1 () -2 ()], v {ter1} x Ax{0,1}*, w < € <k,

Ta(f)n) =0, ~e YA\ U Kted x Ax {0,132,
w<é<k

From Lemma 2.4 and the induction hypothesis it follows that the family {T4: A €
K(Z')} satisfies the claim.

Now we set

T:C(L) — C, (T x {0,1}*)

such that T(f) = [Ta(f)]ack (), for every f € C(L). It is clear from the claim
that the operator T has the desired properties.

Case 2. The set L is unbounded.

For n < w set L, = LN B, where B, is the n-ball of E. Then, by case 1, for
every L, there exists an operator

TnC(Ln) - Cl(zn X {O’ l}an)
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as in the statement of the theorem. Since d(L,) < d(L) < 2* for n < w, we consider
the range of T, as a subset of Cy({n} x &, x {0,1}*).

Now we set T: C(L) — C1(X'x{0,1}2), where £’ = (U,..,{n} x £,), such that
T(f) = (0" T0(f|Ln))n<w for every f € C(L). It is easily seen that T satisfies the
claim.

In the case where L is weakly K-analytic it follows immediately from Lemma
2.2 and the comments before it that ¥’ can be replaced by X.

The proof of the theorem is thus complete.

3. Topological consequences. We now come to some consequences of Theo-
rems 2.5 and 1.2.

THEOREM 3.1 (REPRESENTATION OF GULKO COMPACT SPACES). For a
compact space (1, the following are equivalent:

(a) © s a Gulko compact space;

(b) Q is homeomorphically embedded in C1 (X' x {0,1}*) endowed with the point-
wise topology, for some L' C X and some infinite cardinal a.

(c) @ 18 homeomorphically embedded in C1(Y) endowed with the pointwise topol-
ogy, for some countably determined space Y.

PROOF. (a)=>(b) We have that C(Q?) is WCD. By Theorem 2.5 there is a
one-to-one operator T: C(C(2)) — C1(¥’ x {0,1}*) that is pointwise to pointwise
continuous. Since (2 is homeomorphic to a pointwise compact subset of C(C(Q)),
(b) follows.

(b) = (c) is obvious and (c) = (a) follows from Theorem 1.2.

Analogously, we have the following theorem for Talagrand compact spaces.

THEOREM 3.2. For a compact space () the following are equivalent:

(a) 0 @3 a Talagrand compact space;

(b) Q s homeomorphically embedded in C1(X x {0,1}*) endowed with the point-
wise topology, for some infinite cardinal o.

(c) Q2 is homeomorphically embedded in C1(Y') endowed with pointwise topology,
for some K -analytic space Y .

The following theorem is similar to Rosenthal’s characterization of Eberlein com-
pact spaces [19]. Before we formulate it, recall that, if ¥ is a family of subsets of
a set X then we say that

(a) F separates the points X if for every z, y € X with £ # y there exists
A€ Fixa(z) # xay)-

(b) 7 is point-finite (resp. point-countable) if every point of X belongs to at
most a finite (resp. a countable) number of members of 7.

THEOREM 3.3 (TOPOLOGICAL CHARACTERIZATION OF GULKO COMPACT
SPACES). For a compact space (1, the following are equivalent:

(a) © s a Gulko compact space.

(b) There are a nonempty subset ¥’ of £, a point-countable family ¥ of open F,
subsets of (1, which separates points of 0, and a family {Fa: A € K(X')} of subsets
of ¥ such that

(i) F=U{Fa: A€ K(Z")};

(ii) if A, B€ K(X'), AC B then ¥4 C ; and

(iii) if A € K(X'), then F4 s a point-finite family.
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PROOF. (b) = (a) Let A € K(X') and @ € F4. Since « is an open F, subset of
there exists a continuous function f§:(Q — [0,1] such that a = {z € K: f§(z) # 0}.
Let Ly = {f$:a € 74} U{0}. Using the fact that 74 is a point-finite family, it
is easily seen that L4 is a weakly compact subset of C(f2), whose only weak limit
point is 0 € C(€2). Moreover, if A, B € K(X') and A C B then from condition (ii),
LsClLpg.

Set L = |J{La:A € K(X')}. The conclusion now follows from Corollary 1.8,
since ¥ separates the points of ().

(a) = (b) We consider the family of sets # = {T'y = A x {0,1}*: A € K(¥')} of
assertion (b) of Theorem 3.1. For every A € K(X') and n < w, let #2 be the family
of sets of the form U(A ™ = ={z:() - 2)/n <my(z) < j/n}, where 3<j<n+1lor
-n+1<375< -1, 7 6 I'4, and 7,:Q — R the projection at point v € I'4. It is
clear that 73 consists of open F, sets and

(1) L])Ugj;’"’ - {:c:lm,(a:)| > %}

The family 77 is point-finite. Indeed, suppose that there is some k € () belonging
to infinitely many members of ¥7. Then there exists j and a sequence (7;)i<. of
distinct points of I 4, such that k € ()2, U»(,f""). From (1) we have that |7, (k)| >
1/n for all ¢ < w, which is absurd since (v;)i<w C I'4 and by Theorem 3.1(b) and
Definition 1.1 7., (k) = k() — 0.

For every compact subset A of w x ¥/, set 74 = |J{F* ro(4): K € m1(A)} where
m:w X ¥ — wand m:w X ¥ — ¥/ are the projections onto the first and second
coordinates. We notice that the family 74 is point-finite. Indeed, since A compact,
m2(A) compact and 71(A) is finite subset of w. Also, it is clear that if A, B €
K(w x ') and A C B then 4 C 5.

Set # = J{Fa: A€ K(w x ¥')}. As in the remark following Lemma 1.4, we see
that ¥ is point-countable. It remains to prove that the family 7 separates the points
of . Let z, y be distinct points of 0. Then there is v such that 7 (z) # m(y),
say m(z) < my(y) and m4(y) > 0. Then there is n < w such that 7, (y) > 1/n
and 74(y) — my(z) > 2/n. Therefore for some 7 with 3 < 7 < n + 1 and some
AeK(®), yeUL™ and 2 ¢ US™, where UA™ € 73 C 7.

REMARKS 3. 3 1 G. Gruenhage [10] using Theorem 3.3, proved that every
Gulko compact space contains a G5 dense metrizable subset. This answers a ques-
tion of Talagrand [21, 22] and implies a result of Argyros and Negrepontis (3].

If Q is Gulko compact totally disconnected space, then there exists a family 7' of
clopen sets which satisfies assertion (b) of the preceding theorem. Indeed, for every
a € 7, we can choose an increasing sequence (ax)ke. of open and closed subsets of
Q1 such that o = {J ., ax- Now, for A € K(¥') and for n € w set F, 4) = {1 <
n,a € ¥} and for B € K(w x £') set Fg = |{ Fk,ms(B)): k € m1(B)}. It is easily
seen that the family 7' = |J{7p: B € K(w x ¥')} has the desired properties.

PROPOSITION 3.4. For a compact space () the following are equivalent:

(a) Q is a totally disconnected Gulko compact space.

(b) Q is homeomorphic to a pointwise compact subset of C1(Y) consisting of
characteristic functions, for some space Y of the form F>®° (M) (see Definition 1.3).
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(c) Q 4s homeomorphic to a pointwise compact subset of C1(Y') consisting of
characteristic functions, for some countably determined space Y.

PROOF. (a) = (b) Let 7 = |J{Fa: A € K(X')} be a family of open and closed
subsets of (1 that satisfies (b) of Theorem 3.3 (see also the above remarks).

For K € K(X') set Tx = Fx, M = £’ and F = {Tk: K € K(¥')}. It is clear
from the properties of ¥ that the mapping ®:z € 0 — (X4 (z))ac7 € C1(F*®(M))
is a homeomorphic embedding.

(b) = (c) is obvious.

(c) = (a) By Theorem 1.2, Q is Gulko compact. Since {} is embedded in {0,1}Y,
it is also totally disconnected.

REMARK 3.4.1. It is clear, as in Theorem 3.2, that the analogues of 3.3 and
3.4 hold for Talagrand compact spaces.

Using Theorem 3.1 we obtain a result connecting Gulko compact spaces with the
complicated class of Rosenthal compact spaces. We recall that a compact space is
said to be Rosenthal compact if it is homeomorphic to a pointwise compact subset
of the space By (M) of first Baire class real-valued functions on some Polish space
M (see [20 and 16, Definitions 1.10, 1.12]).

THEOREM 3.5. Every Gulko-compact space Q1 of weight at most 2% 1s
Rosenthal-compact.

PROOF. According to Theorem 3.1, we have that there exists a homeomorphic
embedding of (2 into a space of the form C; (X’ x {0,1}*) for some subset X’ of X.
Consider a completion M of the separable metric space M = £’ x {0,1}*. By the
definition of Rosenthal-compact spaces it suffices to prove that the space C; (M) is
included in the space Bl(M ).

For every f € C;(M), we define f:M - R by

ey )0, z € M\M,
i =% Teu
For every € > 0, the set o.(f) = {t € M:|f(z)| > €} is by definition a closed and
discrete subset of M, and so a countable G subset of M.
Now, it is easily seen that the inverse image under f of every open subset of R
is F, in M, so f is first Baire class [16, Theorem 1.11] and thus C;(M) C By (M).
The following result is due to Professor S. Argyros, who permitted us to inlcude
it in our paper.

THEOREM 3.6. Suppose that K is a Talagrand (Gulko) compact set which is
considered as a subset of the space [0,1]T for some set T. Then there ezists a
family {Ty,0 € £} ({Ty,0 € £',%" C X}) such that for 0 < o/, Ty C 'y and
K|l s a subset of Co(T's).

PROOF. We prove the result for Talagrand compact sets. The case of Gulko
compact sets follows from similar arguments. Since K is Talagrand compact C(K)
endowed with the weak topology is K-analytic hence there exists a family {L,:0 €
¥} of weakly compact sets of C(K) ordered as the irrationals (i.e. 0 < o/, L, C Ly)
and J,c5 Lo = C(K).

In the sequel, for ¥ € T, m.: £[0,1]T — [0, 1] denotes the usual projection on the
~y-coordinate. We also denote by ', the set {y € I':my|K € Lo}.
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CLAIM. For every subset E of I' there exists a partition {Ep}n<, of E so that
the set {n,|K:y€T',NE,} is weakly discrete and has as a unique weak limit point
the element 0 € C(K).

Assume that the claim has been proved. Then we finish the proof of the theorem
in the following way.

For E = I we get a sequence {I',, }»<,, satisfying the claim and set A,, = [J;_, T«
and ') = [ NA,. The set ¥ x N which is homeomorphic to ¥ and it is obvious
that if (o,n) < (0/,m) then I'(5 ) C (57 m)-

Finally, let z € K. Then z|T'(;,n) € Co(I'(5,n)). Indeed, if this is not the case
there exists an infinite sequence {Yk } k< in ['(4,n) With |7y, (z)| > 8 > 0, which
contradicts our assumption that {m., |K} k<. converges weakly to zero.

PROOF OF THE CLAIM. We assume that |I'| = w(K) and we prove the claim
using transfinite induction on the cardinality of the subsets A of I'. It is clear that
the claim is true for all A C I with |A| = w.

Consider a < |I'| and assume that for all 8 < o the inductive hypothesis is
satisfied.

The following lemma is contained in [16, Lemma 6.25].

LEMMA. For a compact subset K of ¥([0,1)'), there exists an increasing family
[ ClyC--CTeC--- CT, =T (where |I'| =7) with [T¢| < 7 for £ < 7, and
Ty = Ugcn D¢ for imit n < 7, such that for all { <7 and z € K, zlle € K.

Consider a subset A of T with |A| = @ > w. From the above lemma there exists
a “long” sequence {T'¢ }¢<, satisfying the conclusion. We set E¢ = (['e1\I'¢) N A.
Clearly we have |E¢| < a, U, Ee = A. From the inductive hypothesis for every
€ < o there exists a partition {E} }n<., of E¢ such that for every infinite sequence
{Yn}n<w in Ef NT, the sequence {m, |K }n<. converges to zero.

For each n € N we set A, = U, Ef. We show that the set {m,[K:vy €
A, NT,} contains only weakly null infinite sequences.

Assume not. Then there exists an infinite sequence {7, |K }n<. weakly con-
verging to some f € C(K) with f(z¢) # 0 for some z¢ € K.

It is easy to see that the function f depends only on the set {yn}n<w (i.e. for
r, y € K with z(v,) = y(») for all n € w we have f(z) = f(y)).

The continuity of f implies that there exists a basic open neighborhood U of zg
depending on a finite subset A of {Vk } k<. so that f(y) # 0 for ally € UNK.
Notice also that for all { < a, Ef N {Y¥n}n<w is at most finite. Hence we may
assume that E7 N {7y }n<. contains at most one element. Therefore the sequence
{~n}n<w has the form {v,(&.)}n<w for an increasing sequence {&n }rn<w, such that

Egl N {’7n}n<w = {’71(51)}

We set ng = sup{n:~y, € A}. Then for the element y = z|['¢, we have that
y € UN K, hence f(y) # 0. On the other hand, for every n > ng, 7, (y) =0
therefore f(y) = limg oo Ty, (y) = 0. This is a contradiction which completes the
proof of the Theorem.

REMARK. Following the arguments of the proof of the above theorem one could
show the next result: '

If K is a compact subset of the space £[0,1]" and A is a subset of I so that
the set {m,|K:v € A} is relatively weakly compact then there exists a partition
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{An}n<w of A so that for each n € N and each infinite sequence {Vn }n<w in Ay,
the sequence {7,,|K:n € N} is weakly null.

4. Functional analytic consequences. The main results of this section are:
some characterizations of WCD (and weakly K-analytic) Banach spaces E using
operators from E* into C;(X), where X is countably determined (Theorems 4.1,
4.2), a result on the strict convexity of C;(X) (Theorem 4.5) and some (mainly
geometrical) applications of the above (Theorem 4.8).

THEOREM 4.1 (CHARACTERIZATION OF WCD BANACH SPACES). Let E be
a Banach space, then the following are equivalent:
(a) E is @ WCD Banach space.
(b) There are a nonempty subset &' of ¥ and a family {Lx: K € K(¥')} of
nonempty weakly compact subsets of E such that
(i) of K € K(X') then 0 € E 1is the only possible weak limit point of Lk ;
(ii) the set L = U{Lk: K € K(X')} s a total subset of E and L C By; and
(lll) if K1, Ko € K(Zl) with K1 C Ky then Lk, C Lg,.
(c) If r = dim E and a is the least cardinal such that v < 2%, then there are
a nonemtpy subset ¥’ C ¥ and a bounded linear one-to-one operator T: E* —
C1(¥' x {0,1}*), that is weak* to pointwise continuous. :
(d) There ezists a bounded linear one-to-one operator T: E* — C1(Y), that is
weak® to pointwise continuous, for some countably determined space Y .

PROOF. (a) = (c) Let T1: C(By) — C1(¥' x{0,1}*) be the operator of Theorem
2.5 and define Tp: E* — C(B1):T2(z*)(z) = z*(z) for z* € E* and z € By. It
follows easily that T is a linear isometry that is weak* to pointwise continuous. It
is clear that T = T} o T3 has the desired properties.

(c) = (b) For every t € ¥’ x {0,1}* we set z;: E* — R:zi(z*) = T(z*)(t).
By our assumption on T, z; is a weak* continuous functional, so x; € E. Set for
KeK(X), Lk = {z::t € Ax{0,1}*}U{0} C E. It is clear that if K; C K> then
Lk, C Lk,, and normalizing T we have L = |J{Lk: K € K(¥')} C B;.

Since T is one-to-one, the set L separates points of E*; indeed, if z} # z3 then
T(z3}) # T(x3), so there is t € ¥’ x {0,1}* such that T(z})(t) # T(z3)(t), i.e.
z¢(z}) # ze(23). It follows from the Hahn-Banach theorem that L is a total subset
of E. \

Let K € K(¥') and (¢, )new a sequence of distinct points of Lg. Then z;, =
0 € E. Indeed, if z* € E* then z*(z:,) = z:,(z*) = T(z*)(tn) — 0, since
T(z*) € C1(X' x {0,1}*) and K is a compact subset of ¥’ containing the sequence
(tn new:

(b) = (a) If Q denotes the closed unit ball of E* with weak* topology, then E
is embedded isometrically into C(Q) and the family {Lk: K € K(X')} consists of
weakly compact subsets of C(€2) and satisfies the conditions of Corollary 1.8, so
C(9) is WCD, and thus E is WCD as closed linear subspace of C(2).

(c) = (d) is obvious.

(d) = (a) E is embedded isometrically into C(Q2), and ) is Gulko compact
because it is homeomorphic to a pointwise compact subset of C;(Y) (Theorem
1.2). It follows that E is WCD.

The next theorem characterizes weakly K-analytic Banach spaces; its proof is
similar to that of Theorem 4.1.
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THEOREM 4.2. Let E be a Banach space. Then the following are equivalent:
(a) E s a weakly K -analytic Banach space.
(b) There is a family {L,:0c € L} of nonempty weakly compact subsets of E,
such that
(i) of 0 € L then 0 € E 1s the only possible weak limit point of Ly ;
(ii) the set L = J{Lo:0 € T} is a total subset of E and L C By; and
(iii) if o, p€ X with o < p then L, C L,.
(c) If 7 = dim E and o s the least cardinal such that T < 2%, then there is
a bounded linear one-to-one operator T: E* — C1(Z x {0,1}%), that is weak* to
pointwise continuous.
(d) There exists a bounded linear one-to-one operator T: E* — Cy(Y), that is
weak* to pointwise continuous, for some K -analytic space Y.

The next theorem is known (Talagrand (21, Theorem 7.2]). We include it here
because it is a direct consequence of Theorem 4.1 (see also [18, 19]).

THEOREM 4.3. Every WCD Banach space E with the Schur property is sepa-
rable.

PROOF. We recall that a Banach space E has the Schur property if every weakly
convergent sequence is norm-convergent. Thus the weak and norm compactness on
E are identical.

We consider the family {Lx: K € K(X')} of weakly compact sets of Theorem
4.1(b). Let L = J{Lk: K € K(X')} and define f:L — R by f(z) = ||z|. Since
0 € E is the only possible weak limit point of each Ly, it follows from the Schur
property of E that f|Lx € Co(Lk) for every K € K(X'). Now by Corollary 1.7(a),
supp(f) is at most countable. But supp(f) = L\{0} and L is total. Therefore E is
separable.

DEFINITION 4.4. A norm || || of a Banach space E is strictly convez if for every
z, y € E with z # y, such that ||z|| = ||y|| = 1, we have ||(z + y)/2|| < 1.

A Banach space FE is strictly converifiable if there is a strictly convex norm ||| - |||
on E equivalent to the original norm of E.

THEOREM 4.5. For every countably determined space X, the Banach space
Ci1(X) admits an equivalent strictly convez norm ||| - |||, that is pointwise lower
semicontinuous (namely, for every r > 0 the closed r-ball of (C1(X),||| - |l]) is a
pointwise closed set).

Before the proof of this theorem we shall present some applications.

THEOREM 4.6. Let E be a WCD Banach space. Then:

(a) E* admits an equivalent strictly convez norm; and

(b) if L is a weakly countably determined subset of a Banach space, then the
Banach space C(L) admits an equivalent strictly convex norm.

PROOF. (a) Let T: E* — C;(¥’ x {0,1}) be the bounded linear one-to-one
operator of Theorem 4.1(c). Since the space C1 (X’ x {0, 1}*) is strictly convexifiable
(see Theorem 4.5) and T is one-to-one, the space E* must be strictly convexifiable
according to a Theorem of V. Klee (7, Theorem 1, p. 100].

(b) This follows similarly using Theorem 2.5.

REMARK Theorem 4.6(a) is known for the class of WCG Banach spaces.



ON WEAKLY COUNTABLY DETERMINED BANACH SPACES 323

COROLLARY 4.7. There is no bounded linear one-to-one operator T:C1(X) —
Co(T), for any set T.

PROOF. H. Rosenthal has constructed a nonseparable closed linear subspace E
of the WCG space L!({0,1}%", 1) (where u is the Haar measure on compact group
{0,1}2"), with an unconditional basis, which is not WCG [19, Theorem 1.1, p. 86].

Since E is weakly K-analytic (as a closed linear subspace of a WCG Banach
space), there exists according to Theorem 4.2(c), a bounded linear one-to-one op-
erator T;: E* — C1(X). Suppose that for some set I', there exists a bounded linear
one-to-one operator Ty: C1(X) — Co(T). Then T = T, o Ty: E* — Cp(T') will be a
bounded linear one-to-one operator. However such an operator cannot exist since
E has an unconditional basis and so by a theorem of W. Johnson [19, Proposition
1.3, p. 98] E would be WCG.

REMARK. Since C;(X) is strictly convexifiable, Corollary 4.7, implies that C; (%)
is one more example with the properties of the examples of Dashiell and Linden-
strauss (see [6, Theorem 2 and 13, problem 8§]).

We notice that the proof of the above corollary is simple but uses some nontrivial
results. For another direct proof we refer to [15], where we attempt a classification
of Banach spaces of the form C;(M) where M is a separable metric space.

A much stronger result than Theorem 4.6(a) follows using the complete strength
of Theorem 4.1. First, we recall that a norm || - || of a Banach space E is said to
be:

(a) locally uniformly convez, if for every sequence (z,)necw C E and every z € E
with ||zy|| = ||z|| = 1, the condition ||(z, + z)/2|| — 1 implies that ||z, — x| — 0;

(b) smooth, if for every z € E with ||z|| = 1 there is exactly one z* € E* with
|lz*|| = 1, such that z*(z) = 1.

THEOREM 4.8. Every WCD Banach space E admats a locally uniformly convez
and smooth norm, whose dual norm on E* 1s strictly convez.

PROOF. According to Theorem 4.1(c) there exists a bounded linear one-to-one
operator T: E* — C;(X' x {0,1}*) that is weak* to pointwise continuous. Let |||-]||
be an equivalent strictly convex norm on space C; (X’ x {0,1}%) that is pointwise
lower semicontinuous.

For every f € E*, set |||f||| = I + IIT(F)Il|- It is easily seen by the above that
the mapping ||| -|||: E* — [0, +00) defines an equivalent strictly convex norm on E*
that is weak* lower semicontinuous. So by standard results [7, Theorem 3, p. 106]
E has an equivalent norm ||| - |||o whose dual norm is ||| - ||| (This norm is defined
as follows: for z € E, |||z||lo = sup{|f(z)|: |||f]|| < 1}.) From a theorem of V. Klee
[7, Theorem 2(i), p. 23] we have that ||| - |||o is a smooth norm. By a theorem of
Vasak [24] E admits an equivalent locally uniformly convex norm ||| - ||;.

Now the conclusion follows using the techniques of Asplund [7, Corollary 1,
Theorem 2, pp. 107-113|.

The next corollary generalizes a result of Asplund [12, Corollary 8].

COROLLARY 4.9. Let E be a WCD Banach space. Then every continuous
real-valued convez function f defined on an open conver subset of E is Gateauz
differentiable in a dense Gs subset of its domain of definition (that 1s, E is a weak
Asplund space, in the terminology of [12]).
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PROOF. By Theorem 4.8, any WCD Banach space E admits an equivalent norm
the dual norm of which is strictly convex. So Asplund’s theorem [12, Theorem 7]
applies to E.

REMARK. Using Theorem 4.8 we have a negative answer to the following prob-
lem of J. Lindenstrauss [13, problem 9]. If a Banach space E admits an equivalent
smooth norm, is then E a subspace of a WCG Banach space? Consider a Gulko
compact space K that is not Eberlein compact [20, 21]. Then C(K) is a WCD
Banach space and so by Theorem 4.8 admits an equivalent smooth norm. But
C(K) is not isomorphic to a subspace of any WCG Banach; otherwise K would be
an Eberlein compact space, by a result of Benyamini, Rudin, and Wage [4].

It must be noted that Johnson and Lindenstrauss first constructed such an ex-
ample [11], which is not however a WCD Banach space.

The rest of this section is devoted to the proof of Theorem 4.5. We shall use the
following two lemmas.

LEMMA 4.10. Let M be a separable metric space, K be a compact space and
fel®(M x K). Then
(a) f € Ci(M x K) if (and only tf) f|Q2 € Co(Q) for all compact subsets 1 of
M x K.
(b) If f € C1(M X K) then we have:
(i) the set {t € M x K: f(t) # 0} s at most countable.
(ii) for everyt € M x K and for every € > 0 there exists an open set V in M
such thatt € V x K and f(V x K\{t}) C (—¢,¢).

PROOF. (a) Suppose that for some € > 0 the set A= {t € M x K:|f(t)| > ¢} is
not closed and discrete in M x K. Let t = (z,y) € A’ and {U,:n € w} a countable
neighborhood base of z. For every n € w, choose t, € AN[U,, x K\{t,t1,...,tn—1}]
where t, = (n,Yn), n € w. Then z,, —» z and so 0 = ({z:n < w}U{z}) x K is
compact. Moreover ) N A is infinite because t,, € 1 N A, n € w, and the proof of
claim (a) is complete.

(b) (i) We have {t € M x K: f(t) # 0} = U, {t € M X K:|f(t)| > 1/n} where
each set in the right side is countable as a closed and discrete subset of the Lindel6f
space M x K.

(i) Assume that the assertion is not valid and let t = (z,y) € M x K such that
for some ¢ > 0, f(V x K\{t}) € (—¢,¢) for every open set V in M such that
t € V x K. Then we can easily find a sequence t, = (Zn,yn), 7 € w, such that
to = t, tn & {tost1,---rtn—1}, Tn — z and |f(tn)| > €. Weset A = {z,:n <
w} U {z} and observe that {t,:n < w} is an infinite subset of the compact A x K
and |f(tn)| > € for n < w, a contradiction.

LEMMA 4.11. For every countably determined space X there exist a separable
metric space M, a compact space K and a linear isometry T: C1(X) — C1(M x K)
that s continuous for the topology of pointwise convergence.

PROOF. Let F be a closed subset of a product M x K, where M is a separable
metric space and K a compact space, such that there exists f: F' — X continuous
onto. Choose Z C F such that f|Z is one-to-one and f(Z) = X. Then for every
A C X with A’ = @, we have (f~1(A)NZ)" = &. Indeed, let 2 be a compact subset
of M x K and set B= f~1(A)N Z. Then f(BNQ) is a relatively compact subset
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of Aandso |BNQ| =|f(BNQ)| <w. Thus by Lemma 4.10(a), xg € C1(M x K),
that is, B' = @.
Now, by the above, the mapping
T:C1(X) — C1(M x K) with T(g)(t) = {0’ t¢ 2,
g(f(t), tez,

has the desired properties.
PROOF OF THEOREM 4.5. Using the fact that strict convexity is preserved

by closed linear subspaces, it suffices by Lemma 4.11 to prove the theorem when
X=MxK.
For an infinite set I' and for every f € [°°(T') we set

o 1/2
D(f) = sup{ [Z 4in|f(Sn)|2} ¢ (Sn)new C T one-to-one sequence} .

n=1

It is an easy (and known) fact that this formula defines a norm equivalent with
the supremum norm of {*°(T').

Let (Un)new be a countable base for the topology of M with Uy = M. Set G, =
U, x K, n=0,1,2,.... For every f € C1(M x K) we set on(f) = D(f|Gr),n =

0,1,2,... and
Y 1/2
Na(f) = [E (5) soj(f)ﬂ .

7=0
It is not hard to see that the mapping N;:C1(M x K) — R is a pointwise lower
semicontinuous norm on C;(M X K) equivalent with the supremum norm.

We shall prove that N; is a strictly convex norm. For this purpose, let f, g €
C1(M x K) such that Ny(f) = N1(g) and N1(f +9g) = N1(f) + N1(g). It is enough
to prove that f = g (see Definition 4.4). We have that

N(f+9) = {3V e5(F + D}z < IH{GV @i (f) + 3V wi(9)} 2
< IHGY @iz + 1{(3) w5 @)}z
= Ni(f) + Ni(g) = Mi(f + 9),

so we have equalities. It follows from the strict convexity of the l2-norm that

(1) {pi(f +9) = v;(f) + ¥;(9) and p;(f) = p;(9), 7=0,1,2,...}.
Let t € M x K and suppose that f(t) # 0 (the proof is similar when g(t) # 0).
It follows immediately from Lemma 4.10(b)(ii) that there exists ng € w such that:

(2) |F ()] > sup{| f(s)l: s € Gno \{t}}.

Now the conclusion follows immediately from (1) and (2) in connection with
following lemma of Dashiell-Lindenstrauss [6], where I' = G,,,.

LEMMA. LetT be a nonempty set and f, g € 1°°(T") such that D(f) = D(g) and
D(f +g) = D(f) + D(g). Then f(t) = g(t) for allt € T with
|7 (&) > sup{|f(s):s € ['\{t}}

or

lg(t)| > sup{lg(s)|: s € T'\{t}}.
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REMARK. The proof of Theorem 4.5 uses a technique of Dashiell-Lindenstrauss
(see Theorem 10 of [6]).

NOTE ADDED IN PROOF. Recently Professor Roman Pol has kindly informed

me

that characterizations of Gulko and Talagrand compact spaces closely related

to Theorem 3.3, were obtained independently by G. A. Sokolov, On some classes
of compact spaces lying in X-products, Comment. Math. Univ. Carolin. 25 (1984),
219-231.

10.
11.

12.

13.

14.

15.
16.

17.

18.

19.

20.
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