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VMO, ESV, AND TOEPLITZ OPERATORS
ON THE BERGMAN SPACE

KEHE ZHU

ABSTRACT. This paper studies the largest C*-subalgebra @ of L° (D) such
that the Toeplitz operators Ty on the Bergman space L2 (D) with symbols f in
Q@ have a symbol calculus modulo the compact operators. @ is characterized by
a condition of vanishing mean oscillation near the boundary. I also give several
other necessary and sufficient conditions for a bounded function to be in Q.
After decomposing Q in a “nice” way, I study the Fredholm theory of Toeplitz
operators with symbols in Q. The essential spectrum of T (f € Q) is shown to
be connected and computable in terms of the Stone-Céch compactification of
D. The results in this article partially answer a question posed in [3] and give
several new necessary and sufficient conditions for a bounded analytic function
on the open unit disc to be in the little Bloch space Bg.

1. Introduction. Let D be the open unit disc in the complex plane C. Consider
the Bergman space L2 (D) of analytic functions in L?(D,dA), where dA = 2rdr df
is the normalized area measure on D. For any function f in L (D, dA), the Toeplitz
operator Ty: L2(D) — L2(D) and the Hankel operator Hy: LZ(D) — L?(D) are
defined by

Trg=P(fg), Hrg=(I-P)(fg9), ge€Li(D),

where P: L?(D) — L?(D) is the orthogonal projection. It is well known that
Toeplitz operators and Hankel operators are related by

Tig2 — TfTy = H}Hy.

In (3], Sheldon Axler raised the question of characterizing the functions f €
L*° (D) such that Hy is compact. This is equivalent to characterizing functions
f € L*(D) such that the semi-self-commutator T}z — T;Ty is compact. Axler
answered a special case of this problem in [1]. He proved that for any analytic
function f on D, Hj is compact if and only if f € By, the “little Bloch” space.

Recall that for Toeplitz operators Ty and Hankel operators Hy (f € L%(S')) on
the Hardy space H? of the unit circle S1, it is well known [15] that H; is compact if
and only if f € C(S') + H*®; H; and Hj are compact if and only if f € VMO(S?)
(22, 23]. For Toeplitz operators Ty and Hankel operators Hy (f € L>*(C"™)) on
the Bergman space LZ(C™,du) of C™ with the Gaussian measure du, L. A. Coburn
and C. A. Berger in (7] proved that Hy is compact if and only if H; and Hf are
compact if and only if f = f1 + f2 with f; € ESV(C") and Tjy,| compact.
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In this paper, we introduce a new space VMOy(D) of integrable functions on
D and use it to characterize the functions f € L°°(D) such that Hy and Hj are
compact. VMOg(D), roughly speaking, is the space of integrable functions on D
with vanishing mean oscillation near the boundary of D. The usual area VMO [10]
fails to work in this situation because a Toeplitz operator Ty on L2(D), up to a
compact perturbation, only depends on the behavior of f near the boundary of D
(2, 6,9, 16]. The (mean) oscillation of f inside D does not affect Ty in the Calkin
algebra.

In §83 and 4, we study the space VMOg(D) and one of its important sub-
spaces, ESV(D). Several equivalent conditions for a function to be in VMOa (D)
or ESV(D) are proved. We also prove that for f € H®(D), f € VMOy(D) if and
only if f € ESV(D) if and only if f € By. The so-called Berezin symbol [7, 5] serves
as a basic tool to study VMOs(D) and Toeplitz operators. Some basic properties
of Berezin symbol are first established in §2. §5 is devoted to the proof of the main
theorem: For f € L*°(D), Hy and Hj are compact if and only if f is in VMO (D).
Notice that this theorem also solves the “symbol calculus” problem of finding the
largest C*-subalgebra @ of L (D) such that the map ¢: Q — B(L2(D))/K defined
by &(f) = Ty + K is a C*-algebra homomorphism, where K is the compact ideal
of the full algebra B(L2(D)) of bounded linear operators on L2(D). B(L2(D))/K
is the Calkin algebra. The theorem simply says that Q = L*°(D) N VMOs(D). In
86 we discuss the Fredholm theory of Toeplitz operators with symbols in Q. The
conformal invariance of VMOQy is discussed in §7. §8 concludes the paper with some
open problems and possible generalizations.

2. The Berezin symbol of Toeplitz operators. Recall that L2(D) has
reproducing kernel
K(z,w) = 1/(1 — zw)*.

For any w € D, we can define a unit vector k,, in LZ(D) by
— K(Z, ’LT)) _ 1- I’LU|2
VEww) (1-20)%

The k,,’s are called the normalized reproducing kernels.
Now given any~bounded linear operator S on L2(D), we define a bounded con-
tinuous function S on D [5] by

S(z) = (Sk, k), zeD.

ky(2) ze€D.

is called the Berezin symbol of S. For any function f € L*(D,dA), we define
=T, so that

F(2) = (Tykar k) = (fhan kz) = /D F )k (w)[? dA(w).

S
i

We also call f the Berezin symbol of f. Notice that
|f(2)| = |<Tszskz>| < ”Tsz“ ”kz” < “Tf” < Hf”oov
50 || flloo < Iflloo- Themap f +— f: L®(D,dA) — L®(D,dA) is linear, contractive

(hence continuous), and order-preserving. It is easy to see that f = f for any
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f € L*(D). Actually, we have S* = § for any bounded linear operator S on
L?(D).

Let H*°(D) denote the Banach algebra of bounded holomorphic functions on D.
We have

PROPOSITION 1. For any f € H®(D) and z € D, Tjk, = f(2)k..
PROOF. First recall the reproducing property of K(z,w):

/ K(z,w)f(w)dA(w)
for any f € L2(D) and z € D. The Toeplitz operator Ty is an integral operator:
(Ty9)(e) = [ K(0)f(w)g(w) dAw)
for any f € L°(D) and g € Lg( ). Now if f € H®(D), we have
(TFK (- 2))(w) =/13K(w,ﬂ)K(u,2)f(U)dA(U)

- / K(w, %) K(u,2) f (u)dA(u)
D

Kl
TfK(7 2) = f(Z)K(, 2)’
Dividing both sides by /K (2, 2), we get T7k. = f(2)k.
PROPOSITION 2. For any f € H®(D) + H®(D), f = f.
PROOF. Since the map f — f is linear and conjugation-preserving, it suffices

to prove the result for f € H°(D). But in this case, we have Trk, = f(2)k, by
Proposition 1. Thus

f(z) = (Tfk21 kz) = (f(2)kz, kz) = f(2){kz, k2) = f(2).
PROPOSITION 3. For any f € L°°(D), the following are equivalent:
(1) limpzy 1~ (fg(2) = f(2)ii(2)) = 0 for all g € L®(D);

(2) limyz1~1- ([f2(2) = 1/(2)]) = 0.
PROOF. First it is easy to establish the following two identities:

I/12(2) - / / |f(w ) ? |k (w)[? |k (u)|*dA(w)dA(u);
fa(z) -

/ / (w) — F(w)) (g(u) — g(w)) e () ? ks (1) PdA(w)dA(w)
Then the Cauchy-Schwarz inequality gives
179(2) = F(2)3(2) < (IFR(2) = 1F () (g2 (2) ~ 3(=)I?).

Now the desired result follows easily from this inequality.
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COROLLARY.
@={re1=m)| tim () - 17P) =0
18 a C*-subalgebra of L*°(D).
PROOF. Let f1, fo € Q. Then for any g € L°° (D), we have

fig(2) = fi(2)i(z) =0 as|z =17, i=1,2.
So

/\/

(h+ 12)9(2) = (i + F2)(2)i(2)
= f19(2) — f1(2)§(2) + f29(2) — f2(2)3(2) — 0
as |z| » 17, and
(F1J2)9(2) - [ Ta(2)i(2)
= [1(729)(2) - 1(2)Ta9(2) + [1(2) (a9(2) — Fa(2)i(2))
— (fif2(2) = () f2(2))a(2) - 0 as |2] = 17,

thus fi+ f2 and fi fo are in Q by the previous proposition. Q is obviously selfadjoint
and closed under scalar multiplication. Q is norm-closed since f — f is continuous.
Therefore, Q is a C*-supalgebra of L°(D).

Before going on, we have some remarks:

(1) k, — 0 weakly in L2(D) as |2| — 17, so if S is a compact operator on L2(D),
then ~

S(2) = (Skz k) =0 as|z|—17.

(2) If f is a polynomial in z, then it is well known that T}y — 74T 7 is compact

[9], so

IF2(2) = 1f(2)] = [fP(2) = 1F(2)] = ((Tys2 = TyT)kasks) — 0 as |2] — 17

Propositions 1 and 2 are used here. Thus Q contains all the polynomials. By
the Stone-Weierstrass theorem, @ contains C(D), the algebra of all continuous
complex-valued functions on the closed disc D.

(3) Propositions 1-3 extend to general domains in C™ without change of proofs.
However, for an arbitrary domain €2 in C™, one does not have k, — 0 weakly as 2
goes to the boundary of ().

Let B = {f € L°(D)|f(z) —» 0 as |z| —» 17 }.

PROPOSITION 4. Q N B is a closed selfadjoint ideal of Q, and the following
conditions are all equivalent:

(1) feQnB;
(2) Ifl € B;
(3) IfI* € B.

PROOF. If f € QnB and g € Q, then fg(2) = (fg(2) - J(2)3(2)) + [(2)3(2) — 0
as |2| = 1,50 fg € QN B. Thus QN B is an ideal in Q. The selfadjointness and
closedness (in the sup-norm topology) of Q N B are trivial.
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Next we prove that (1)-(3) are all equivalent.
(2)< (3) follows from the following inequalities:

7z /u ) 2|k (1) 2dA ()
snmw/WﬂwMMWW¢«m=umwMux
7z /u )11z (w) P dA(w)

s¢Auwmmwwmm=WWm.

(3) = (1). Suppose |f|? € B, i.e. [f[2(z) — 0 as |2| — 1-. Then
0< PR - 1f @I <[fR() =0 (]2l —17),

so f € Q. But |f(z)| <|f|( )—0(]z] = 17), sowehavefeQnB

(1) = (3). If f € QN B, then f(2) 0 and [/2(2) = |f(2)]* = 0 as |2 = 17,
so [f]2(z) = 0 (|z| — 17), i.e. |f|?> € B.

In [7], Coburn and Berger pointed out that for Toeplitz operators on L2(C™, du),
where du is the so-called Gaussian measure on C™, the Berezin symbol f is just
the solution of the heat equation on C™ = R2" at time t = % with initial values f.
We expect that the same thing happens on the unit disc, but no such equation has
been found yet.

3. VMO3(D). For any z € D, let
S. ={w e D||w| > |2|,|argw —arg 2| <1 —|2[}.

Now we can give the definition of VMOy (D).
DEFINITION. A function f € L*(D,dA) is in VMOy(D) if

1
flw) - f(u)d
ISl Jg, 1A
where |S,| = (1+]2])(1—|2|)? is the measure of S, and VMOj stands for “vanishing
mean oscillation near the boundary”.
The main theorem of this section is the equality
Q = L™ (D) N VMO, (D).

LEMMA 1. If6 € (0,1) is close enough to 1, then |1 — z| < |1 —6e*(1=9)| for all
zin S&.

lim

— A(w) =0,
lz|—1- |S:| Js, ()

PROOF. Given z € S5, write z = re. Then
11— 661912 — |1 — 2|? = 62 — 26 cos(1 — 6) — r? + 2rcosf
> 62 — 26 cos(1 — 6) — r? + 2rcos(1 — 6)
=(6—-r)6+7r)—2(6—r)cos(l —6)
=(r—206)(2cos(1 —8)—6—r)
> (r—06)(2cos(1—46)—1-4).
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For 4 close enough to 1, we have
cos(1—6)>1—(1-6)?%/2,
thus
2co8(1=6)—1-6>2-(1-6)2-1-6=20-62-6=6—-6%>0.
This completes the proof of the lemma.
LEMMA 2. Ifé € (0,1) is very close to 1, then |1 — §e*(1=8)| < 2(1 — §).
PROOF. The equality
[1— 6617812 =1 4 6% — 26 cos(1 — 6)
and L’Hoépital’s rule give us the limit
i |1 _ 56i(1—6)|2 _
s—1- (1—-26)2
So for ¢ close enough to 1, we must have
11— 661792 < 4(1 — 6)2.
LEMMA 3. For any € > 0, there are o and &y in (0,1) such that
/ % dA(w) < e
D-S;,i0 |1 - zw[*
whenever z = |z[e¥ € D, 0 <1 —|z| < 6§y, and 1 — |2| = o(1 = §).
PROOF. Let r = |z|. A change of variable gives
22 2\2
/D . (|1T-|:—|w|)4 dA(w) = /D . l(li_—r%)FdA(w) - %AreaF(D %),

where F': D — D is the map defined by F(w) = (r — w)/(1 — rw).

Notice that we have used the fact that (1 — |2|?)2/|1 — zw|* is the Jacobian of
the map w — (z — w)/(1 — Zw).

Now suppose that o is any number in (0,1) and 1 — r = (1 — §). We want to
estimate |1 — F(w)| for all w in D — Ss. If w € D — S, then either |w| < § or
|lw| > 6 but |argw| > 1 — 6.

Case 1. |w| < é. In this case, we have

r—w (1—-7)1+w|
ll_F(wM:‘l_l—rw - 11— rw|
2(1—r) 20(1 —6)
= 1-r6  1-6(1-0(1-96))
20(1 —9) 20

20.

(=6)(1+0d) 1+406=
Case 2. |w| > 6, |argw| > 1 — 6. In this case, we have
11 —rw|® > 1+ r%|w|? — 2rjw| cos(1 — 6)
> 1+ r3w|? = 2rjw|(1 — (1 —8)%/2+ (1 - 6)1/24)
= (1 —rlw))? 4+ rjw|(1 = 6)% — r|w|(1 - §)*/12
>(1-r2+6r(1-6)>2-%1-96)*
=(1-6)%(c?+6r— L(1-6)°),
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thus

1-rl+w _201-60
<
1—rw| ~ |1-rw|
20(1 —6) _ 20
T (=) forter—E(1-6)2  \Jo2+or— L(1-0)

Since we are only concerned with § close to 1, we may assume § > 3 (=7 > 6 > 1).
Thus

1= F(w)| =

ol +br—H(1-62>%-4-L1-1)2>1¢,
which gives |1 — F(w)| < 60.

Combining Cases 1 and 2, we have proved that |1 — F(w)| < 60 whenever
weD-Ss5,1—r=0(1-6) (6 > 3). Therefore, if ¢ is small enough, F(D — Ss)
is concentrated around 1, so Area F(D — Ss) is small. This completes the proof of
Lemma 3. [Note: § > 3 = 1—r =0(1—6) < 30, so & can be chosen to be 10|

LEMMA 4. For f € L°°(D), we have

1
) - 5 ng() Alw)

1521 Js.
\/,S E / [ 1900) = oA Ay

o L L 1w - sePdawaaw

1
< 4l floo g /S 7w =7 [, waaw

PROOF. (1) follows from the Cauchy-Schwarz inequality, while (2) follows from
the following identity:

o Lo [ 1) - P daw) daw

dA(w)

(2)
dA(w).

2 1
- a7 ). )( (w) - w [ st ()) 4A(w)
2
& Szf(w)dA(w) (-7 [ siaw ) aso)

COROLLARY. For f e L*(D), fe VMOa(D) if and only if

2 —_—
lzl—a— 1S:12 // |/ (w u)|? dA(w) dA(u) =

THEOREM 1. Q = VMO,(D) N L*®(D).
PROOF. First we prove the inclusion Q ¢ VMOy (D). Given z = |z[e? € D and

feq,
—_— - 2
IF12(2) = 1f(2)]* = S(1 = |2 )4/ / ll—zw|4|1—)z|u|4 A(w)dA(u)
= |2l )4/ / i —zw|4|1—2u|4 dA(w) dA(u).

l\DID—‘ l\DIb—\
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For w,u € S, we have Zw, Zu € S,2. Thus if || is close enough to 1,
1= 2] < 1 - [o?e 0D < 2(1 - [2)
by Lemmas 1 and 2. Similarly, 11— §u| <2(1-12]?). So
) = 1F 0 2 5 e [, [, 1700 = P daw) aa(w),

Notice that
1S21? = (1+ [2])2(1 — |2])* ~ (1 — |2)%.
So we have

) = 1F@F = 0= tm, o [ [ 17(w) = sl dAw) daw =

which means f € Q = f € VMO,(D) by Lemma 4.
Next we prove the other inclusion:

VMO5(D) N L*®(D) C
Given z = |z|et0 eD, 6 €(0,1), and f € VMOa(D) me( ),
- 2
e / [, GEEEE O g ag

2
- |z?) /5 v /5 ‘0 |1—ZWI4ll—z| E A(w) dA(u)

; o s //DS” /W/MJ

(w) - dA(w) dA(u)

ll - zw|4|1 — zu|4

~ 1<) / = g 440 40

Ll ]

4l f13

= Zwl41 — Zul?

S L - swras da)
+4)lf1% (1 - |2*)? / dA(w)

D—Ssc,g !1 - Z’U)l‘l

(1+|z|) (1+6)2 < —5>4 1
1—|z] ) [Ssewel?

/S ) / ()2 dA(w) dA(w)

+ 4] flloo /D N (ll—_E‘Tl{ldA(w).

l\DII—l

wli-

dA(w) dA(u)
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Now given any € > 0, by Lemma 3, there exist o € (0,1) and § € (0,1) such

that -
1-—
[
D-Sg,is Il - Zwl
whenever 0 <1 — |z| < ép, 1 —|2| = (1 — 6)o. Thus
If2(2) = 1/ (2)?
1+ |2))%(1+6)2
< 4 fze + LHEX / / £()? dA(w) dA(w)
2 |S§5:0| Sbe'a

5810

whenever 0 < 1—|z| <épand 1 —|z| = (1 - 6)o
Now using Lemma 4 we get

hm (7P(2) = 1f(2)?) < 4llfI|%e
(Note: |2| = 1 =6 — 1, o is fixed.) Since ¢ is arbitrary, we have
Jim (7B @) - 1P =0,

andso f € Q. This completes the pfoof of Theorem 1.
THEOREM 2. For f € L°°(D dA), feQNBif

(1) |f(w)] dA(w) =

lim
z|—1- IS | /s,

PROOF. Suppose that (1) holds. Consider

T = -2 [ WO ), 2= f2ge®.

p |1 —zw|*

Given € > 0, by Lemma 3 there are o € (0,1) and & € (0, 1) such that

(122
[
D—Ssz,'o |1 - Z'LUI
whenever 0 < 1 —|z| < §p and 1 — |2| = (1 — §)o, so

[71(2) < 17 llof + (1 = |2]%)2 / R
a-ppe
whenever 0 < 1 — 2| < §p and 1 — |z| = (1 — é)o. Since

A—-1e? _ (a+la)? _ (42D 4
(-leD* — (1-1]2D)?  02(1-6)2 ~ 0%(1-6)?

and |Sseie| = (1+ 8)(1 — 8)2, thus

< 1 llooe +

4(1+6)
02|S<Se”’l

(2) 1f1(2) < 1/ lloo€ + |/ (w)] dA(w)

SéctO
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whenever 0 < 1—|2| < §p and 1 — |z| =0(1 —6). Let |2| = 1~ in (2). Then
lim_|f](2) < [|fllooe-
|z]—1

Since ¢ is arbitrary, we have |f] € B, thus f € QnB.
Conversely, if f € @ N B, then |f| € B. But

Fite) === [ L gaw)

p |1 —zw/*
> (-1 [ aaw),

and |1 — zw| < 2(1 — |2|2) for |2| close enough to 1 and w € S, by Lemmas 1 and
2. So there is § € (0, 1) such that

3) 716) 2 = [, 1/l dAw)

for all 6 < |z| < 1. Notice that (1 — |212)2 = (1 + |2])|S.|. So (3) says that
|f1(z) = 0 (|z]| — 17) implies

|Sl—z, /S fw)|dA@w) =0 (jz] — 17).

This completes the proof of Theorem 2.

4. ESV(D). Let f be in L*°(D,dA). We say f is in ESV(D) if for any € > 0
and o € (0,1), there is §o > 0 such that |f(2) — f(w)| < € whenever |z|, |w| €
[1-6,1-06], 6 <& and |argz — argw| < max(1 — |z|,1 — |w]).

Recall that for z € D,

S: ={weD||w|2|z], |argz —argw| <1 |z]}.

Then it is clear that f € ESV(D) if and only if for any € > 0, o € (0, 1), there exists
8o > 0 such that |f(2)— f(w)| < € whenever w € S, and |z|, |w| € [1-6,1-06], 6 <
bo-

It is also easy to see that f € ESV(D) if and only if for any € > 0, 0 €
(0,1) and for any positive number k, there exists a positive number 6y such that
|f(2) — f(w)| < € whenever |z|, |w| € [1 —6,1—06], § < by, and |arg z — arg w| <
k max(1 — |z|,1 — |w|). In particular, if

S.={weD||w| >|z|,|argw —arg z| < (1 — |2])/2},

then f € ESV(D) if and only if for any € > 0, and o € (0,1), there exists §o > 0
such that |f(z) — f(w)| < € whenever w € S, and |2|, |w| € [1 = 6,1 — 06], 6 < .

The notation ESV is borrowed from [6] and [7], where it stands for “eventually
slowly varying”. In [22] and [23], Sarason also introduced the concept of ESV
in a special case, but used a different notation, namely, SO, standing for “slowly
oscillating”. ESV is indeed an oscillation condition. It is stronger than the mean-
oscillation condition as shown in Theorem 5.

ESV(D) is a relatively large class of functions in L*°(D,dA). It is easy to see
that C(D) is strictly contained in it.
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Let f € L°°(D) and z € D, and define

2 1

fo)= 15 ., Fw 44w

IA{EMARK.A By the corollary to Lemma 4, it is easy to see that f € Q if and only
if [f?(2) = |f(2)]* — O as || — 17.

THEOREM 3. If f € Q = VMOy4(D) N L°°(D), then f € ESV(D).

PROOF. Given & > 0, o € (0,1), choose 6y > 0 such that

2
5 P/sz/ If (w )| dA(w )dA(u)<€%

whenever 0 < 1 — |z| < do.
Now if 1 =6 < |z1] < |22] £1—06, 6§ < o, and

|arg zy — arg 2| < 3 max(1 — |z1],1 — |2z2]) = 3(1 — |21]),

then S, C S;,, so we have

f(z1) = f(2) (f(u) = f(w)) dA(u) dA(w)

'|s' st

=5 u I/, / f(w)| dA(u) dA(w)
|s;2| /S /S w)| dA(u) dA(w)
ISz,I |/s,1 /s w)| dA(u) dA(w).

1S2] _ (L +1zaD(1 = |21])? <2<1—|21|) 2
1Sl — @+ 221 =22))2 = " \1=1]2a|]) = 0%

(Note: 1 =6 <|21] < |22] <1=06 = (1 —|21])/(1 = |22]) < 1/0.) So we have

1f(z1) = f(z2)] < ; lSZIIQ/S /S w)| dA(u) dA(w) < %'?ze.

Thus f is in ESV(D).
LEMMA 5. If f€e ESV(D) then

But

/\

1/ (2) = f(u)| dA(u) =

z

lim
lzl—1- |Sz|
PROOF. For 0 < |z| < 6 < 1, let

Ay ={wes,||wl L},
Ay ={weSs,||w =6}
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Then S, = A; U A; and

5 1) = Sl A
,AI/ 52) = Sl dA0) + 57 [ 17 - S A
Given any ¢ € (0, 1), choose 6y € (0,1) such that
(*) |f(riet) = f(rae?)| < &

whenever vy, rga € [1 — 1,1 —er], r < &g, and |0; — 02| < max(1 —ry,1 —r2).
Now let |z2| > 1 —ép and § =1 — (1 — |2|). Then |z| < § < 1. For any u € Ay,
|f(2) = f(u)| < € by (). So for each |2] > 1 — &y, we have

5 L 1 - slaaw e+ oo [ 156 - wlaaw
< &+ 20Asl/|S 1o

Since
|S:1 = (1 +|2))(1 = |2])?,
[Az| = (1 —[2)(1 = 6%) = (1 — |2])*(2 — e(1 = [2])),

Ayl 2e(1— [2))?
5. = W leN@— a2 = 2

|z] > 1 — ég implies
|S2 l/ |f(2) = f(u)ldA(u) < (1 + 4f|flloo)e-

This completes the proof of Lemma 5.
THEOREM 4. If f € Q = VMOu(D) N L®(D), then f — f € QN B.
PROOF. Let g = f — f. Then

o L oAt < o= [ 1) - el aaw)
|S|/ 17(e) - f(w)l dAuw).

The second term goes to 0 as |z] — 1~ by Lemma 5 and Theorem 3. Next we
estimate the first term.

|S|/ |f (w) = f(2)] dA(w)
|/ dA(u)
|S||s'|/ / £ (w) = [(w)|dA()

<o L L 1) = Sl A

this goes to 0 as |z| — 1 since f is in VMOs(D).

dA(w)
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LEMMA 6. ESV(D) C Q = VMO, (D) N L>®(D).

PROOF. Let f € ESV(D). Then |f|? € ESV(D) since ESV(D) is a C*-
subalgebra of L°(D). By the corollary to Lemma 5, we have f(z) — f(z) — 0
as |z| - 17, W(z) —|fI%(z) — 0 as |2| — 1~. Moreover,

IFEP =111 = (f @I+ IF(2)] = 17 (2)]
<2flloolf(2) = f(2)] = 0 as |z =17
So

[712(2) = 1f(2)2 = (IF () = 1f(2)P) + (F ()2 = 1f(2)) = 0 as|e] =17,
and we have f € VMO,(D). Since ESV(D) C L*(D), f € VMOs(D)N L*(D) =
Q.

Summarizing the above results, we have proved the following theorem.
THEOREM 5. Q = ESV(D)+QnB. A decomposition is given by f = f+(f—f).
COROLLARY 1.
ESV(D)NB = {f € L®(D,dA) | f(z) — 0 as |2| — 17 }.
PROOF. If f(2) — 0 as |z| — 17, then obviously f € ESV(D) (just by defini-
tion). On the other hand,

for= [ () daw 0 (1)

1-2zw
by the dominated convergence theorem. So f € B, and hence f € ESV(D) N B.
Conversely, if f € ESV(D) N B, then f(z) — f(z) — 0 as |2| — 1~ and
N 1
P& < g [ 17w dAw)
| zl S)
<o | Vwldaw) ~ 0 as s - 17
152 Js,

since f € Q N B. Therefore, f(z) = (f(z) — f(2)) + f(z) = O as |z — 1~.

_ COROLLARY 2. For f € Q = VMOy(D) N L*(D), f € ESV(D) iff f(2) -
f(z) =0 (lz[ = 17).

_ PROOF. The “only if” part follows from the corollary to Lemma 5. If f (2) —
f(2) = 0as|z| » 17, then f — f € ESV(D). So f = (f — f) + f € ESV(D).

THEOREM 6. If f € ESV(D), then f(2) — f(z) = 0 as |2] — 1.
PROOF.

1) - fe) = -1 [ LA aaqw),

w|

1) - Fan < a-tepp [ LE=AN aaw),

w|
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Given € > 0, by Lemma 3, there are o and & in (0,1) such that

— 1~|2)2 '
/D_s . (TII—IE;JUI)‘*dA(w)<€ (2 = [2le)

whenever 0 < 1 — 2| < ép and 1 — |2| = (1 — é)o. But f € ESV(D), so there exists
6, € (0,1) such that

(4) |f(r1e*®) — f(r2€"?)| < e0®
whenever ry,r3 € [1 — A\,1 —0)], A <61, and |0; — 02| < max(1 — 71,1 —rg).
Let 62 = min(6p, 61). Then for 0 < 1 — |2| < 62 and 1 — |z| = 6(1 — §), we have
(1-1]2)?
D-S;,i0 |1 - 211)'4

+(1- |z|2)2/ MdA(w)

11— zul?

1£(2) = F(2)] < 20l lloo dA(w)

SG:"s
1.12)2
<Al + T [ 176) - w)ldA(w)

Set

4 w) — F(66°)|dA(w
< Wl + = 1000 = 166 dAw)

4 2 — F(5ei?
o [ 1) - fEe A w).

seib
Since |f(z) — f(6€*®)| < ea? by (4), and

|Sseiel _ (1+5)(1—-5)2 _ 1+6
(1=1eD? — (1—]e])? o

2
< —
_0_2’

we must have

(2) = F(2)] < 20 oot + =

_ i0

pol TSpur] - |f(w) — f(6€*)|d(w) + b
(0<1—lz2| < é2).

Because

|/ (w) — £(6¢*%)|dA(w) =0

lim ——
|zl=1- |Ssei0| Js,
by Lemma 5, we have

im_|f(2) = f(2)] < 2/l flloce + €.

[2[—1
This completes the proof of lim,|_,1- (f(2) — f(z)) =0 for any f € ESV(D).
THEOREM 7. For f € Q = VMOy(D) N L (D, dA), we have

(1) f€ESV(D);_
(2) f-fe@nNB.

PROOF. (1). By Theorem 5, f = f; + fa, where f; € ESV(D) and f, €@nN B.
Taking the Berezin symbol of f, we get f = f1 + fa.
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Now f; € QN B implies f5(z) — 0 as |z| — 17, so f, € ESV(D). f; € ESV(D)

implies fi(2) — fl(z) —0as |2| = 17,80 f — fi € ESV. Thus
fi = (fi = f1) + f €ESV(D).

Hence o 3
f=/fi+ f. € ESV(D).

@. f-T=h+f-h-f=0-f)+f-f hi(z)-fi(z) =0 (as
|z — 17) implies f; — /1 € QN B. f2(z) — 0 (as |2| — 17) implies fo € @ N B.
So f-feQnNB.

COROLLARY 1. If f € Q, then f(z) — f(z) = 0 as |z| = 1™.

PROOF. If f € Q, then f and f are ESV(D) by Theorems 3 and 7, so f—fare
ESV(D). On the other hand,

f-f=(F-nN+U-He@ns
by Theorems 4 and 7. Therefore,
f-feESV(ID)NQNB=ESV(D)NB
Applying Corollary 1 to Theorem 5, we get f(z)= f(z) > 0as|z| —» 1°.
COROLLARY 2. For f € Q, we have f € ESV(D) iff f(2)—f(2) — 0 as|2] — 1.

PROOF. If f € ESV(D), then f(2) - f(z) — 0 (]z] — 1) by Theorem 6. If
f(z) = f(2) — 0, then f — f € ESV(D), but f € ESV(D) by Theorem 7, so
=(f-f)+fe€ESV(D). o
REMARK. For the identity @ = ESV(D) + Q N B, we have found two canonical
decompositions:
f=i+(U~f) ed f=f+(-1)

THEOREM 8. For f € L%°(D), we have f € ESV(D) iff || f(2) — fob.|[l2 = 0
as |z| = 17, where b(w) = (2 — w)/(1 — Zw), and the norm is just the usual
L%-norm.

PROOF. For f € L*(D), it is easy to check the following identity:

(5) 1£(2) = £ oball?a = [2(2) = 1f ()2 + |f(2) = J()I*.

If the left-hand side of (5) goes to 0 as |z] = 17, then |Tf\}§(z)—|f~(z)[2 —0(|z| —
1) and |f(2) — f(2)| — 0. The first limit says that f is in Q, the second limit and
Corollary 2 to Theorem 7 imply that f in in ESV(D).

Conversely, if f € ESV(D) c @, the [f2(z) — |f(2)|2 — 0 and |f(2) — f(2)] = 0
as |z| — 17, so the left-hand side of (5) goes to 0 as |2] — 17.

LEMMA 7. There is an absolute constant C such that
L1 - 1R aaG) <0 [ @ - dac)

for all f € H®(D).



632 KEHE ZHU

PROOF. Using Green’s formula, we can easily prove (see p. 236 of [13])
1 27 .
| r@Peg s = o [ irte?) - 1) as
|z|<r lzl 4r 0
It is also known (p. 237 of [13]) that

[ reresgam < [ e (i-]E) e

| l |z|<T

for all f € H*°(D), where C is an absolute constant, i.e. C' does not depend on f.
Now integrating the above inequality with respect to r dr, we get

1 er/?’r flre® |2d0<(]/ rdr/ll |f(z|2<1—| ’)dA
z|<r

or
1 17 = 10)PaAG) < 5 [ (1= 2P + e oglef) () PAA:).
Power series expansion shows that
L= 2> + [2[* log |2|* < (1 - [2[*)?

so we have
/ 1/(2) = TO)PdA(z) < 20 / /(2) (1 - |2[?)%dA(2).

THEOREM 9. For f € H*® (D), the following are all equivalent:

(1) f € ESV(D);

(2) f € VMOs(D);

(3) fe@;

(4) f € Bg, where By is the “little Bloch® space consisting of all the analytic
functions g on D such that |g'(2)|(1 — |2|?) = 0 as |2z| —» 17.

PROOF. (2) and (3) are equivalent by Theorem 1. That (1) implies (3) follows
from the fact that ESV(D) C Q. If f € Q, then

1£(2) = foball2a = [f(2) = |f(2)]* + | f(2) = f(2)]> — O

as |z| — 1~ since f = f for f € H®(D), so f € ESV(D) by Theorem 8. Thus we
have proved that (3) implies (1).

Next we prove the equivalence of (3) and (4).

If we replace f by fob,, in Lemma 7, then the inequality becomes

9 2
’ 20 — R
) ‘f (1—502>

20 — R 2
/ ——
d <1—502>

2
dA(z).

0— %

if|2(zo) |f(z0)]? <C/ (1 _

Now if f € By, then
2\ 2

l—zoz

20 — %
0 =0

1— 22
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as |zg| — 1~ for any fixed z € D. Thus by the dominated convergence theorem,
we have |f|2(20) — |f(20)|> — 0 as |2¢| — 1~. This shows that (4) implies (3).
To prove (3) implies (4), we use the Bergman formula
f(w) = 1(0)
- f0)= [ ———=-dA *(D).
1610 = [ FS dAw), [ e H=(D)
Taking derivative on both sides, we get

f,(z):/D2@(f(w)—f(0))dA(w)'

(1-2w)3

Let 2 =0, then
FOF <4 [ 1) - fOPdAW), | e H=(D).
D

Replacing f by f o b,, we get

If'(2)P(1-121%)? <4(fP(2) - 1/(2)]?), zeD.
This completes the proof of Theorem 9.

5. Symbol calculus of Toeplitz operators. In this section, we are going to
determine the largest C*-subalgebra @ of L>°(D,dA) such that the map £: Q —
B(L%(D))/K, defined by &(f) = Ty + K, is a C*-algebra homomorphism, where K
is the compact ideal of the full algebra B(LZ(D)) of bounded linear operators on
L2(D). First we establish the existence of such an algebra.

Let

T ={f € L®(D)|T,Ts — Tys € K for all g € L>°(D)},
Q=rnT,
B={feL®D)|TseK}.

PROPOSITION 5. For f € L*°(D), the following are all equivalent:

(1) fel;
(2) Hy is compact,
(3) Tjsj2 — TfTy is compact.

PROOF. The proof is the same as in [6].

PROPOSITION 6. For f € L (D), the following are all equivalent:

(1) fe@;
an 7 are compact;
2) Hy and H;
(3) Tij2 — TyTj and Ty — T§Ty are compact.

PROOF. The proof follows from Proposition 5.

PROPOSITION 7. @ is a C*-subalgebra of L>°(D); QN B 1is a closed selfadjoint
ideal of Q.

PROOF. The proof is the same as in [6] and [7].
REMARK. Propositions 6 and 7 imply that @ is the largest C*-subalgebra of
L (D) such that the map &: @ — B(L2(D))/K is a C*-algebra homomorphism.
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The kernel of this homomorphism is @ N B. Thus if we let 7(Q) denote the C*-
subalgebra of B(L2(D)) generated by all the operators Ty with f € Q, then

(6) Q/RNB=17(Q)/K

as C*-algebras. (6) is traditionally called the symbol calculus of Toeplitz operators.
So far @ has only been defined abstractly. Next we want to determine (). The main
theorem is that for a function f € L®°(D). f € Q if and only if f € VMOs(D);
fe@QnBifandonlyif feQnNB.

PROPOSITION 8 (C. A. BERGER). The operator P: L*°(D) — L%(D) is
compact.

PROOF. Given a bounded sequence {f,} in L®(D), say, ||fnllcc < M (n =
1,2,...). We want to find a subsequence {fp,} such that {Pf,,} converges in
L2(D).

Recall that

an(z)z/ (lfj(:g) dA(w), zeD.

Now if |2| < 6 < 1, then

MdA(w) < M

< =
'an(z)l —_ D |1 _zwIQ — (1_6)23 n 172,

So {Pf,} is uniformly bounded on every compact subset of D. Since {Pf,} is a
sequence of analytic functions on D, by Arzela’s theorem, there is a subsequence
{Pfn,} which converges to h € L2(D) uniformly on every compact subset of D.
(Note: h € LZ(D) by Fatou’s lemma.) It remains to prove that

(7) I1Pfny = hllLz2 =0 (k— +o0).
For any z € D, we have

dA(w) M

IPfa(2)] < M/ T = ~g (1 = P,

Since [ (3]z]72In(1 — |2[?))2 dA(2) < 400, (7) follows from the dominated con-
vergence theorem.

LEMMA 8. If {fa.} is a sequence of real-valued functions in L2(D) such that
lfn = hllzz = 0 (n — +00) for some h € L2(D), then h is a constant.

PROOF. Write h = u + v. Then
|/n(2) = h(2)]* = (fa(2) — u(2))? + (v(2))?,
1)
fn = hllZz = [1fn = ullZz + [0lI72 > |l0]1Z-

Let n — 400, we have v = 0. Thus & is real-valued. Since h is analytic, A must be
a constant.
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THEOREM 10. Q C Q = VMO,(D) N L (D).

PROOF. Given f € Q, we want to prove W(z) —1f(2)> > 0 (]z2| = 17). Since
@ and @ are selfadjoint, we might as well assume that f is real-valued.
It is easy to check that

I/T(2) = 1F ()] = 1 (2) = foba])32 2 0,

where b,(w) = (2 — w)/(1 — Zw). We prove the theorem by contradiction.
Suppose L
i) - fobal? >0,
z|—1-

Then there exists p > 0 and |2,| — 1~ such that

(8) [f(zn) = fobe, > >p, n=12,....
Because f € Q, Hy = (I — P)M;P is compact, so
(9) (I = P)fkellez =0 (]| > 17)

since k, — 0 weakly as |2| — 17.
For each z € D, define a unitary operator U, on L2(D) as follows:

Uef(w) = =B f(z—w>, weD, feL¥D).

(1-zw)?’ \1-zw

It is easy to check that U} = U, and L%(D) is a reducing subspace of U,, so
U.P = PU,.
Now using the equality fk, = U,(f ob,) and (9), we get

I = P)U.(fob:)|zz =0 (as[2] —17).
But (I — P)U, = U,(I — P) and U, is unitary, so we must have
(10) (I —=P)foby|lrz2—0 (as|z| = 17).

Notice that ||f o byl = ||f|lc for all z € D, so by Proposition 8, there is a
subsequence {z,, } of {z,} and h € LZ(D) such that

(11) |1P{(f ©bz,,) = hllLz =0 (k— +00).
Now (10) + (11) implies that
(12) If 0bey, —hllLz =0 (k— +00).

By Lemma 8, h is a constant. Therefore,

f(zn) = (fobz, 1) = (h,1) =h
as k — +oo. Thus
I1f ©bzn, = fzny)llLe < If 0 by, = Allz2 + B = f(2n,)ll22
=||fobz,, —hllLz + |f(zn,) —hl = 0 as k — +oo,

a contradiction to (8).
REMARK. The proof of Theorem 10 is a modification of the corresponding result
in an early version of [7].
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PROPOSITION 9. Let

dA(w)
M, = .
’ S‘QB/D 1= ZwlP(1 - [w]?)?/?
Then M, < +oo for p < .
PROOF. See [1], or 1.4.10 of [21].

LEMMA 9. LetDs = {2z € D | |2| <6}, 6 € (0,1). Then My, Hy is Hilbert-
Schmidt as an operator from L2(D) to L%(D) for all f in L®(D).

PROOF. For |z| > 6, My, Hyg(2) = 0. For |2| <6,

Mo, Hyae) = Hyae) = [ T2 gtw) dao).

Thus for all z € D and g € L%(D),

(13) Mo, Hyo(2)| < | ”—Qm )l dA(w).
The operator A on L?(D) defined by
Ag(z) = / 1£(2) = F(w)|g(w)dA(w)

is Hilbert-Schmidt since the integral kernel is in L2(D x D), so My, Hy is Hilbert-
Schmidt by (13).

THEOREM 11. ESV(D) C Q.

PROOF. Let f € ESV(D). Then by Theorem 8, ||f(2) — f o b,ljr2 — 0 as
|z]| = 17. Given € > 0, choose 6 € (0,1) such that ||f(z) — fob,||rz < €3 for all
6 < |z| < 1. Then for all § < |z| < 1, we have
p |1 —zw|? 1—|w|2 \/1—|z|2 |1—zw| 1—|wl|?

N W, (1) = sevutunrean ))1/6

dA(w)

2/3 1/6
< 2?’_“;2 (/ 16) - Fobw)PdA(w) )
_ MU )" M2 flle)

_ ob,|1/3 <« MCU/lleo) e
T 1/ (2) = f oball 2 TF

where M = Mg5 in Proposition 9.
It is easy to check that

-/ %g(wm(w), yer

So
\Hyo(2) |</ =) = J0 oy ).
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The Cauchy-Schwarz inequality shows that
' fg )l Dll_z'U_)Pm ( )

[ LR L TPl daw)
D — RW

Thus for all 6§ < |2] < 1,

2/3
e < MO, [ 1D =10 '\/thwn“’dA

V1|2
M (2]|fllo0)® / 1= |w|?|g(w)
dA w).
= 1 — |Z|2 |1 _ z,lvl2 ( )

Write M = M(2||f]lo0)?/®. Then
/ |Hg(2)[? dA(2)
12| >6

<Me/ V1= |w|2|g(w)|? dA(w) - / mﬂ—wd?
_ | dA(2)
= We [ low)Pdd) - | o —

wz|\/1 — |2]?

< MMe / lo(w)PdA(w) = M Myelg|]®.
D

This implies that ||My, 5, Hyll < MMie, namely, ||[Hy — My, Hyll < MMe.
Since MXD,,- Hy is compact and € is arbitrary, H is compact, and so f € I'. Because
f is arbitrary and ESV (D) is selfadjoint, we have proved ESV(D) c I'NT = Q.

THEOREM 12. QNB C QnB.

PROOF. Given f € QN B, we have |f| € B. To prove f € QN B, it suffices to
prove |f| € B, that is, T|| is compact.

Recall that )|
w
Tif19(z) = /D mg(w)dA(w)
for g € L2(D) and z € D. So the Cauchy-Schwarz inequality gives

2 [ _)PdAw /\/71—|w!2|g<w)|2 LA(w).

T
Tingll < [ ap 1-|w|2 1= zup?

But
S@PdAw) 1 TR0 .

b 1-z02/I- WP /1 [2P Jo |1 - z0]y/T— [u]

M 1/6
< ( [ Ifobz(w)I”dA(w))
Meys| fllse’®

< T ( A Ifobz(w)IdA(w))l/s,
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and we have

M o~ /T — [wl2la(w)|?
Mns(a) < — (e [ il aaw)

where M = Mgs||f||s’®.
Given € > 0, choose § € (0,1) such that |f|(z) < €® whenever § < |z| < 1. Then

/{zw T} 719(2)|2dA(2) < ME/D lg(w)[2V/1 — [w]2dA(w)

/ dA(z)
p |1 — z@|%y/1 — |2|?

= e /D l9(w) *dA(w) dA(z)

p |1 — zw|\/1 —|2|?

< MMe / lg(w)[2dA(w) = T Mel|g|2.
D

So ||MXD~D5 T|f|”2 < MMIE, that iS,
I 7151 = Mxo, TislI* < MMie.

Since Myy,, Tjf| is compact as an operator from L2(D) to L?(D) and ¢ is arbitrary,
Ty must be compact.
REMARK. Since k, — 0 weakly as |z| — 1=, we have QN B C Q N B trivially.
Theorems 11 and 12 and the decomposition Q = ESV(D) 4+ Q N B show that
Q C Q. In summary, we have proved the following main theorem.

THEOREM 13. (1) Q = Q = VMO,(D) N L= (D).
(2) QNB=QnB.

COROLLARY 1 (S. AXLER (1]). Let f € H®(D). Then Hf is compact if and
only if f is in the “little Bloch” space By.

PROOF. It follows from Theorems 9 and 13 and the fact that Hy = 0.
COROLLARY 2. Q and QN B are invariant under Mobius transformations.

5 PROOF. ’Ill/is follows from the facts that Q = Q and QN B = C:) N B and
f(bA(2)) = fob,(z) (simply a change of variable formula), where the by’s are
Mobius transformations.

6. Fredholm theory of Toeplitz operators with symbols in . The
isomorphism @/Q N B = 7(Q)/K and the decomposition @ = ESV + @ N B will
serve as basic tools for our study of Fredholm theory of Toeplitz operators with
symbols in Q. Let BC(D) be the C*-algebra of all bounded continuous functions
on D, and Cy(D) be the space of continuous functions f on D with the property
that f(z) — 0 as |z| — 17. Consider the algebra BCESV defined as BC(D)NESV.
Since f € BC(D) for any f € L®(D), the equality f = f + (f — f) gives a
decomposition

Q = BCESV + QN B.
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Notice that BCESV N (Q N B) = Cy(D), so we have
Q/QNB = (BCESV + QN B)/Q N B=BCESV/Cy(D).
Also we should mention that
Q/QN B =ESV/Vy(D),

where V(D) consists of all functions f in L*°(D) with f(z) —0as |2| — 1.

Let [23 56D be the Stone-Céch compactification of D. Any bounded continuous
functions f on D has a unique continuous extension to SD: we also denote this
extension of f to D by f, so there should be no confusion about this.

THEOREM 14. If f € Q, then 0.(Ty) = f(SD — D), where o.(Ty) is the
essential spectrum of Ty.

PROOF. Since f € @), we know Tf_f is compact. Thus o.(Ty) = ae(Tf-). f is
in BCESV. Mimicking [7], we can prove that for any g € BCESV, g + Co(D) is
invertible in BCESV /Cy(D) if and only if there are §, € in (0,1) such that |g(2)| > €
for all 6 < |z| < 1. By the symbol calculus

BCESV /Cy(D) = 7(BCESV)/K,

T, + K is invertible in 7(BCESV)/K if and only if there are ¢,¢ in (0,1) such that
l9(2)] > € for all § < |z| < 1. Therefore

o (Tf)= () f(D-Dy),

5€(0,1)

where Ds = {z € D | |2| < 6}. The compactness of fD and the continuity of f

yield f (D —Ds) = f (D — Ds) = (8D — Djs). So we get
Ue(Tf') = n f(ﬁD — Ds).

§€(0,1)
On the other hand, if A € Ns¢( 1) /(6D —Ds), then A = f(z5), zs € BD—Ds, 6 €

(0,1). Consider the sequence {21_1/,}. The corpactness of 3D implies that there
exists a subsequence {2;_1/n, } and z € D such that z;_;/,, — 2 as k — +oo. It

is clear that z € fD—D since D is open in fD. The continuity of f and the equality
X = f(z5) give A = f(2) € f(BD — D). Hence f(5D — D) = se(q.1) F(6D — Do),
and the proof is complete.

COROLLARY 1. For f € Q, Ty s Fredholm if and only if f is nonvanishing on
{2 |z € D, |z| > 6} for some § € (0,1).

COROLLARY 2. If f € BCESV, theno.(Ty) = f(fD—D), hence Ty is Fredholm
if and only if f is nonvanishing on {z | z € D, |z| > 6} for some § € (0,1).

PROOF. For f € BCESV, f — [ is in Co(D), so f(8D — D) = f(6D — D).
COROLLARY 3. If f € Q, then 0.(Ty) is connected.

PROOF. 0¢(Ty) = Nse(0,1) f(D — Ds) is the intersection of a nested family of
compact connected sets, so it is connected. See [7].
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REMARK. As C*-algebras, C(GD) is isomorphic to BC(D). Under the isomor-
phism, Cy(D) is the closed ideal of C(GD) consisting of functions f on D such
that f is identically zero on D — D.

If f is in BCESV and Ty is Fredholm, then we know that there are 6, € (0,1)
such that |f(2)| > efor all § < |2| < 1. For any r € (6, 1), we have a continuous map
fr : 8D — C — {0} defined by f,(e?) = f(re’). Given any two ry,72 € [6,1), f,
and f,, are homotopic in the obvious way. So the winding numbers of f,, and f,,
are equal and independent of the choice of §. Denote the common winding number
by Nf. Then by monodromy as used in (7], we can prove

THEOREM 15. If f € Q and Ty is Fredholm, then Ind(Ty) = —Nj, where
Ind(Ty) s the Fredholm index of Ty, i.e. Ind(Ty) = dimension of kernel Ty—
dimension of kernel T§.

REMARK. BCESV has played a significant role in our analysis. It seems inter-
esting to know the structure of BCESV as a C*-algebra. BCESV contains C(D)
as a proper C*-subalgebra. Let M be the maximal ideal space of BCESV. M is
connected since for any f € BCESV, o(f) = f(D) is connected (so there is no
idempotent in BCESV with spectrum {0,1}). For any A € D, the evaluation func-
tional on BCESV at A is in M, denoted by Fy. The map A — F) is a one-to-one
map of D into M. Let D be the image of this map. We put the induced topology
on D. Let fo € BCESV be the function fo(z) = z for all z € D. Then we have the

following

THEOREM 16. Let F € M be a multiplicative linear functional on BCESV.
Then F € D if and only if |F(fo)] < 1.

PROOF. The “only if” part is obvious. We prove the “if” part.

Suppose |F(fo)| < 1. Let 29 = F(fo) € D. We want to prove F(f) = f(zo) for
all f in BCESV. By the Stone-Weierstrass approximation theorem, it is easy to
show that F(f) = f(zo) for all f in C(D). Choose a function ¢ € (D) so that ¢ = 1
on a neighborhood U C D of zg and ¢ = 0 on a neighborhood V of 9D. Now for any
f € BCESV, fp € C(D). Thus F(fe) = (f©)(20) = f(20)¢(20). On the other
hand, the multiplicativity of F' given F(fp) = F(f)F(p) = F(f)p(20) = F(f).
Hence F(f) = f(zg) for all f € BCESV.

COROLLARY. D is open in M, and hence BCESV /Cy(D) = C(M - D).

PROOF. The map F — F(fy) from M to C is continuous. By the above theorem,
D is the inverse image of D under this map, so D is open in M.

REMARK. This corollary says that M — D is homeomorphic to the maximal ideal
space of BCESV /Cy(D) = 7(Q)/K.

REMARK. M — D is connected since BCESV /Cy(D) has no idempotent element
with spectrum {0, 1} by Corollary 3 to Theorem 14.

7. A conformal invariant description of VMOgy. In this section, we are
going to give another characterization of VMOgy. Also we will describe the rela-
tionship between VMOy (D) and the usual VMO(D).

For 29 € D and r € (0,1), let

D(zo9,7) ={z€D: |(20 — 2)/(1 — 292)| < r}.
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D(zg,r) is called the pseudohyperbolic disc centered at zp with radius r. It is
actually a Euclidean disc (see [13]) contained in D with center

2

c 1—r
= —2
L= 2zl
and radius ,
1 = 20|
R=r————.
1—172|2)?

Thus the normalized Lebesgue measure of D(zg,r) is
[D(z0,7)] = r?(1 = |20]*)? /(1 = r*|20]*)?.
THEOREM 17. For f € L*°(D,dA), we have f € VMOy if and only if

1

TG g AW

1 -
A D) /mz,,) fw dA(w) =0

for each r € (0,1).

PROOF. Let

— 1 — 2
1) = (B o o 10 = @ dAw)dAG)

Since f is bounded, it suffices to show that f € VMOy < I(2,7) — 0 as |2| — 1
for each r € (0,1).
A change of variable shows that

I(zr) = m/lwm['ulg f (f:;f,,) -/ <1z—_;;>

(1= [2?)*dA(w)dA(w)
s |D(z1r )2 ( 11_—'zr' / / ’ <1—zw> f (lz—_;;) 2

|1 — zZw|4|1 — Zul*
2(1 - r?jz?)

= TAA (lff2 — /() )
< s (PG - 1)

Thus f € VMOy = f € Q = I(z,7) — 0 as |2| — 1 for each r € (0,1).

On the other hand,
(1- |z| / / z—u
I(z,r) 2 28|D 2,012 Jjwi<r Jjui<r 1 - Zw f 1-zu

L /DD,/,J

> WD [ sifizip - o]

2

dA(w) dA(u)

2

dA(w)dA(u)
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that is,

P - 28 4 )
2(IfP(2) - 1f(2)?) < (1_—75@’(“) +8[f1%,|D — D, .

Now if I(z,r) — 0 as |z| — 1 for each r € (0,1), then

2 Tm (If]2(2) - 1F(2)]*) < 8]l f||% /D - D,

[2]—1

for each r € (0,1). Letting r — 1 yields
' TN i) -
Jm (I7P(2) - 17)P) =o.

namely, f € Q = VMOy N L*®.
COROLLARY 1. For f € L*°(D,dA), we have f € @ N B if and only if

1 ~
|l’lr_1‘11 |D(Z,’I')| /D(z,'r) 'f(w)|dA(w) =0

for each r € (0,1).
The proof of Corollary 1 is very similar to that of the theorem, so we omit it.

For any f € L°(D,dA), define a continuous function f,(z) on D as follows:

A 1
fr(2) = DA Joen f(u)dA(u).

Then we have
COROLLARY 2. For f € L*°(D,dA), we have
FeQe @ () >0 (2l —1) for any 7€ (0,1),
fe@nNnB& m(z) —0(]z| = 1) for any r€(0,1).

PROOF. The second equivalence is just the above Corollary 1. The first equiv-
alence follows from the identity

I(z,7) = 2(If(2) = 1 f:(2)?).
THEOREM 18. For f € L>°(D,dA), we have

feQe lim 1£(w) — F(2)|? dA(w) =0,

m
|z]—1 |D(Za T)I D(z,r)

m L (2 -
f€ESV & |£I-1—}1 D Joen |f(w) — f(2)]° dA(w) = 0.

PROOF. Recall that
feQe|fob—f(2)l: =0 as|z—1,
fEESV & | foby— f(2)|lL2 =0 as|z|— 1.

Now the theorem can be proved by using the same techniques as in the proof of
Theorem 17.
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COROLLARY 1. For f € QQ, we have
fE€ESV & f.(2) - f(z) =0 as |z| = 1 for each r € (0,1).
PROOF. The proof follows from Corollary 2 to Theorem 17 and the identity
If(i,—r)l Do) |f(w) = f(2)PdA@w) = [[2(2) = |+ (2) 2 + |fo(2) = F(2).
COROLLARY 2. For f € QQ, we have
fr(z) = f(2) >0 as |z| = 1 for each r € (0,1).

PROOF.

) N 1 3
Ifr(2) = f(2)| £ DG Joen |[f(w) = f(2)| dA(w).

Now the assertion follows from Theorem 18 and the Schwarz inequality.
COROLLARY 3. For f € Q, we have f, € ESV and f — f, € QN B.

PROOF. It follows from Corollary 2 and the fact that f € ESVand f— f € QNB.
COROLLARY 4. Given f € L (D), we have

f€ESV e lim sup |[f(2) — f(w)|=0
[2|1—=17 weD(z,r)

for all T € (0,1).

PROOF. “<«” follows from the second statement of the theorem.

To prove “=", given any r € (0,%) and consider f,(z) on D. Suppose w €

D(z,r). Then
. R 1
16) = 01 S B o o, V)~ SdARIAD

|D(z,2r)|? v
< Dz "D(w."| D 5 I /D(z - /W /@) = JIAW)AR).

Since f € ESV = f € VMOy(D), we have
lim  sup |fr(2) = fr(w)|=0 (re(0,3)),

|2 =1~ weD(z,r)
but f(z) — fr(z) — 0 as |z| — 17, hence

lim  sup |f(z) - f(w)|=0 (re€(0,3))
lz]—1 weD(z,r)

By a finite covering argument, we get
lim  sup [f(2) - f(w)| =0
[2|=17 weD(z,r)

for all r € (0,1).
Finally, we discuss the relationship between VMOg(D) and the usual area
VMO(D). Recall that f € VMO(D) if and only if given € > 0, there is 6 € (0,1)

such that ) .
i A ’f(w)—I—D—I | ftdaw)| daw) <
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whenever D is a disc contained in D with radius < 6. For any r € (0,1), the
pseudohyperbolic disc D(z,r) centered at z is a Euclidean disc contained in D with
radius

1—|2|?

which goes to 0 as |z] — 1. Thus if f € VMO(D), then for any r € (0,1) we have

R=r

1
ID(Z, T)l D(z,r)

THEOREM 19. If f € L*°(D), then f € VMO(D) = f € VMO;5(D).

(w) = f(u) dA(u)| dA(w) =

1
lim ————
[2|—1 lD(z’T)l D(z,r)

REMARK. The converse of Theorem 19 is obviously false. For example, if f is
the characteristic function of any closed square contained in D, then f € @ N B C
VMOy(D) while f ¢ VMO(D). Even for bounded continuous functions f on
D, the converse of Theorem 19 does not hold. However, if f € H*(D), then
f € VMOy(D) & f € VMO(D).

8. Open questions and possible generalizations. All the results in this
paper are concerned with essentially bounded functions on D. It is clear that
many concepts and techniques apply to unbounded functions. First we make some
definitions.

DEFINITION 1. A function f € L!(D) is said to be in BMOs(D) if

f(w) - f(u)dA(u)

sup — dA(w) < +o0.

z€ED ISzl S, IS | S

It is obvious that VMQOa(D) C BMOy(D).

For a function f € L2(D, dA), the Toeplitz operator T} is an unbounded operator
in general. However, we always have k, € D(Ty). Thus, the Berezin symbol fis
well defined in this case. Also f is well defined. Our first problem is to generalize
Theorem 1:

Problem 1. For f € L*(D,dA), prove that the following are all equivalent:

(a) Hy and Hf are compact;

(b) Tjsj2 — TyTj and Tjy2 — TTy are compact;

(¢) f € VMO, (D);

(@ [TP(2) ~ |F(2)F — 0 as |2 — 1

e) [f2(2) = |f(2)]* = 0 as |2| — 1.

An analogous problem is

Problem 2. For f € L?*(D,dA), prove that the following are all equivalent:

(a) Hy and H are bounded;

(b) Tys|z — TsT7 and T\52 — TfTy are bounded;

() fe BMOa( )i

(d) if|2 —|f(2)|? is bounded on D;

() [f12(z ) |f(2)|? is bounded on D.
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For f € L*(D,dA), let

1
11 = sup == lS] [P Szf(U)dA(U) aA(w),
15l = sup o/ [ [ 170 - sw)Paa@aaw),
171 = sup VI7P(2) ~ 1 (2)2.

zeD

Problem 3. Show that || || (¢ = 1,2,3) are complete norms on BMOg (D) modula
the constant functions and show that they are equivalent.

In the theory of BMO and VMO [13], Fefferman’s duality theorem is one of the
most important and deepest results, so it is very natural to propose:

Problem 4. Formulate and prove a duality theorem about BMOs(D).

New characterizations of BMOs (D) and VMO, (D) are also worth further in-
vestigation.

Finally, I am very curious about the possible generalizations of the above con-
cepts and results to general strongly pseudo-convex domains () in C™. The defi-
nitions of Berezin symbol, @, and Q can be carried over word by word. It seems
to me that a reasonable definition of BMOp(2) and VMO3(Q2) as well as ESV(Q?)
should involve the geometry of ) and 9(). A connection betweén geometry and
operator theory is expected in the further study of this direction.
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