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VMO, ESV, AND TOEPLITZ OPERATORS 
ON THE BERGMAN SPACE 

KEHE ZHU 

ABSTRACT. This paper studies the largest C*-subalgebra Q of LOO(O) such 
that the Toeplitz operators Tj on the Bergman space L~(O) with symbols f in 
Q have a symbol calculus modulo the compact operators. Q is characterized by 
a condition of vanishing mean oscillation near the boundary. I also give several 
other necessary and sufficient conditions for a bounded function to be in Q. 
After decomposing Q in a "nice" way, I study the Fredholm theory of Toeplitz 
operators with symbols in Q. The essential spectrum ofTj(f E Q) is shown to 
be connected and computable in terms of the Stone-C~h compactification of 
O. The results in this article partially answer a question posed in [3] and give 
several new necessary and sufficient conditions for a bounded analytic function 
on the open unit disc to be in the little Bloch space 80. 

1. Introduction. Let D be the open unit disc in the complex plane C. Consider 
the Bergman space L~(D) of analytic functions in L2(D, dA), where dA = ~rdrd(} 
is the normalized area measure on D. For any function f in L 00 (D, dA), the Toeplitz 
operator Tf: L~(D) -+ L~(D) and the Hankel operator Hf: L~(D) -+ L2(D) are 
defined by 

Tfg = P(fg), Hfg = (I - P)(fg), 9 E L~(D), 

where P: L2 (D) -+ L~ (D) is the orthogonal projection. It is well known that 
Toeplitz operators and Hankel operators are related by 

Tlfl2 - TITf = HjHf· 

In [3], Sheldon Axler raised the question of characterizing the functions f E 
Loo(D) such that Hf is compact. This is equivalent to characterizing functions 
f E Loo(D) such that the semi-self-commutator Tlfl2 - TITf is compact. Axler 
answered a special case of this problem in [1]. He proved that for any analytic 
function f on D, HI is compact if and only if f E 80, the "little Bloch" space. 

Recall that for Toeplitz operators Tf and Hankel operators Hf (f E Loo(81 )) on 
the Hardy space H2 of the unit circle 8 1, it is well known [15] that Hf is compact if 
and only if f E C(8 1 ) +Hooj Hf and HI are compact if and only if f E VMO(81) 

[22, 23]. For Toeplitz operators Tf and Hankel operators Hf (f E Loo(Cn)) on 
the Bergman space L~ (Cn , dj..l) of Cn with the Gaussian measure dj..l, L. A. Coburn 
and C. A. Berger in [7] proved that Hf is compact if and only if Hf and HI are 
compact if and only if f = It + h with It E ESV(Cn ) and 11121 compact. 
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In this paper, we introduce a new space VMOa(D) of integrable functions on 
D and use it to characterize the functions 1 E LOO(D) such that Hf and Hf are 
compact. VMOa(D), roughly speaking, is the space of integrable functions on D 
with vanishing mean oscillation near the boundary of D. The usual area VMO (10) 
fails to work in this situation because a Toeplitz operator Tf on L~(D), up to a 
compact perturbation, only depends on the behavior of 1 near the boundary of D 
[2, 6, 9, 16). The (mean) oscillation of 1 inside D does not affect Tf in the Calkin 
algebra. 

In §§3 and 4, we study the space VMOa(D) and one of its important sub-
spaces, ESV(D). Several equivalent conditions for a function to be in VMOa(D) 
or ESV(D) are proved. We also prove that for 1 E HOO(D), 1 E VMOa(D) if and 
only if 1 E ESV (D) if and only if 1 E 80 • The so-called Berezin symbol [7, 5) serves 
as a basic tool to study VMOa(D) and Toeplitz operators. Some basic properties 
of Berezin symbol are first established in §2. §5 is devoted to the proof of the main 
theorem: For 1 E LOO(D), Hf and Hf are compact if and only if 1 is in VMOa(D). 
Notice that this theorem also solves the "symbol calculus" problem of fmding the 
largest CoO-subalgebra Q of LOO(D) such that the map e: Q - 8(L~(D))/ K defined 
by eU) = Tf + K is a CoO -algebra homomorphism, where K is the compact ideal 
of the full algebra 8(L~(D)) of bounded linear operators on L~(D). 8(L~(D))/K 
is the Calkin algebra. The theorem simply says that Q = LOO(D) n VMOa(D). In 
§6 we discuss the Fredholm theory of Toeplitz operators with symbols in Q. The 
conformal invariance of VMOa is discussed in §7. §8 concludes the paper with some 
open problems and possible generalizations. 

2. The Berezin symbol of Toeplitz operators. Recall that L~(D) has 
reproducing kernel 

K(z, w) = 1/(1 - zw)2. 
For any wED, we can define a unit vector kw in L~(D) by 

kw(z) = K(z, w) = 1 -lwl 2 , 
v'K(w,w) (1- zw)2 

The kw's are called the normalized reproducing kernels. 

zED. 

Now given any bounded linear operator S on L~(D), we define a bounded con-
tinuous function S on D (5) by 

zED. 

S is called the Berezin symbol of S. For any function 1 E LOO(D, dA), we define 
1 = Tf, so that 

j(z) = (Tfkz, kz) = (fkz, kz) = In l(w)lkz(wW dA(w). 

We also call 1 the Berezin symbol of f. Notice that 

II(z)1 = I{Tfkz, kz)1 ~ IITfkzllllkzll ~ IITfl1 ~ 11/1100, 
so 1111100 ~ 11/1100' The map 1 t-> 1: LOO(D, dA) - LOO(D, dA) is lin~ar, c~ntractive 
(hence continuous), and order-preserving. It is easy to see that 1 = 1 for any 
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f E LOO(O). Actually, we have fr = S for any bounded linear operator S on 
L~(O). 

Let HOO(O) denote the Banach algebra of bounded holomorphic functions on o. 
We have 

PROPOSITION 1. For any f E HOO(O) and z E 0, TJkz = /(z)kz. 
PROOF. First recall the reproducing property of K(z, w): 

f(z) = In K(z,w)f(w) dA(w) 

for any f E L~(O) and z EO. The Toeplitz operator Tf is an integral operator: 

(Tfg)(z) = In K(z, w)f(w)g(w) dA(w) 

for any f E LOO(O) and g E L~(O). Now if f E HOO(O), we have 

so 

(TfK(., z))(w) = In K(w, u)K(u, z)J(u)dA(u) 

= In K(w, u) K(u,z)f(u)dA(u) 

= In K(u, w)K(z, u)f(u)dA(u) 

= K(z,w)f(z) = J(z)K(w,z), 

TfK(., z) = J(z)K(·, z). 
Dividing both sides by JK(z, z), we get Tfkz = /(z)kz. 

PROPOSITION 2. For any f E Hoo (0) + Hoo (0), i = f. 
PROOF. Since the map f ,....... i is linear and conjugation-preserving, it suffices 

to prove the result for f E HOO(O). But in this case, we have Tfkz = f(z)kz by 
Proposition 1. Thus 

i(z) = {Tfkz, kz} = (f(z)kz, kz) = f(z)(kz, kz} = f(z). 
PROPOSITION 3. For any f E LOO(O), the following are equivalent: 
(1) limlzl_1- (fg(z) - j(z)y(z)) = 0 for all g E LOO(O); 
(2) limlzl_1-(lfI2(z) -1j(z)12 ) = o. 
PROOF. First it is easy to establish the following two identities: 

IfI 2(z) -li(zW = ~ ( (If(w) - f(uWlkz(wWlkz(uWdA(w)dA(u); 21010 
fg(z) - i(z)y(z) 

= ~ { ((f(u) - f(w))(g(u) - g(w))lkz(uWlkz(wWd.4(w)dA(u). 
2 1010 

Then the Cauchy-Schwarz inequality gives 

Ifg(z) - i(z)y(z)12 $ (lfI 2(z) -li(zW)(lgI2(z) -IY(z)12). 
Now the desired result follows easily from this inequality. 
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COROLLARY. 

Q = {I E LOO(D)I lim (1112(Z) -1i(zW) = o} 
Izl--1-

is a C"-subalgebra of LOO(D). 

So 

PROOF. Let h,h E Q. Then for any g E LOO(D), we have 

/ig(z) - h(z)g(z) - 0 as Izl - r, i = 1,2. 

, ,~ 
(h + h)g(z) - (h + h)(z)g(z) 

= hg(z) - i1(Z)g(Z) + hg(z) - i2(Z)g(Z) - 0 

as Izl-l-, and 

r----/ .... _ .... ~ _ 

= h(hg)(z) - h(z)hg(z) + h(z)(hg(z) - h(z)g(z)) 
- (hh(z) - i1(Z)i2(Z))g(Z) -? 0 as Izl- 1-, 

thus h + hand h h are in Q by the previous proposition. Q is obviously selfadjoint 
and closed under scalar multiplication. Q is norm-closed since 1 ~ i is continuous. 
Therefore, Q is a C"-supalgebra of LOO(D). 

Before going on, we have some remarks: 
(1) kz - 0 weakly in L~(D) as Izl - 1-, so if S is a compact operator on L~(D), 

then 
S(z) = (Skz,kz) - 0 as Izl-l-. 

(2) If f is a polynomial in z, then it is well known that Tlfl2 - TfTf is compact 
[9], so 

1f12(z) -li(zW = 111 2(z) - I/(zW = ((1IfI 2 - TfTf)kz, kz) - 0 as Izl - 1-. 

Propositions 1 and 2 are used here. Thus Q contains all the polynomials. By 
the Stone-Weierstrass theorem, Q contains C(D), the algebra of all continuous 
complex-valued functions on the closed disc D. 

(3) Propositions 1-3 extend to general domains in cn without change of proofs. 
However, for an arbitrary domain [2 in cn, one does not have kz - 0 weakly as z 
goes to the boundary of [2. 

Let E = {f E LOO(D)li(z) - 0 as Izl - 1-}. 

PROPOSITION 4. Q n E is a closed selfadjoint ideal of Q, and the following 
conditions are all equivalent: 

(1) IEQnE; 
(2) If I E E; 
(3) 1112 E E. 

PROOF. If 1 E QnE and g E Q, then Ig(z) = (fg(z)- i(z)g(z)) + i(z)g(z) - 0 
as Izl - 1, so fg E Q n E. Thus Q n E is an ideal in Q. The selfadjointness and 
closedness (in the sup-norm topology) of Q n E are trivial. 
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Next we prove that (1)-(3) are all equivalent. 
(2)# (3) follows from the following inequalities: 

W(z) = In I/(wWlkz(wWdA(w) 

$ 11/1100 In I/(w)llkz(wWdA(w) = 1l/1I001/1(z); 

1/1(z) = In I/(w)llkz(wWdA(w) 

< In If(w)12IkAw)12dA(w) = VI/12 (z). 

(3) * (1). Suppose 1/12 E 13, i.e. W(z) ----- 0 as Izl-----1-. Then 

o $1/12(Z) -li(zW $1/12(z) ----- 0 (lzl-----1-), 

so IE Q. But li(z)1 $ 1/1(z) ----- 0 (Izl ----- 1-), so we have IE Q n 13. 

621 

(1) * (3). If I E Q n 13, then j(z) ----- 0 and 1/12(z) -li(z)j2 ----- 0 as Izl ----- 1-, 
so 1/12(z) ----- 0 (Izl----- 1-), i.e. 1/12 E 13. 

In [7], Coburn and Berger pointed out that for Toeplitz operators on L~ (en, djJ), 
where djJ is the so-called Gaussian measure on en, the Berezin symbol i is just 
the solution of the heat equation on en = R 2n at time t = ~ with initial values I. 
We expect that the same thing happens on the unit disc, but no such equation has 
been found yet. 

3. VMOa(D). For any zED, let 

8z = {w E Dllwl ~ Izl, I arg w - arg zl $ 1 - Izl} . 
Now we can give the definition of VMOa(D). 

DEFINITION. A function IE £l(D,dA) is in VMOa(D) if 

Izt~- ILl 1s.1/(W) - I;zl Is. I(U)dA(u)1 A(w) = 0, 

where 18z1 = (1+lzl)(1-lzl)2 is the measure of 8z and VMOa stands for ''vanishing 
mean oscillation near the boundary" . 

The main theorem of this section is the equality 

Q = Loo(D) n VMOa(D). 

LEMMA 1. 118 E (0,1) i8 clo8e enough to 1, then 11-zl $11-8ei (1-0)1 lor all 
z in 80 , 

PROOF. Given z E 80 , write z = rei8 . Then 

11 - 8ei (1-0)12 -11- Zl2 = 82 - 28 cos(l - 8) - r2 + 2r cos 0 
~ 82 - 28 cos(l - 8) - r2 + 2rcos(1- 8) 
= (8 - r)(8 + r) - 2(8 - r) cos(l - 8) 
= (r - 8)(2cos(1 - 8) - 8 - r) 
~ (r - 8)(2cos(1 - 8) - 1- 8). 
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For 8 close enough to 1, we have 
cos(1 - 8) ~ 1 - (1 - 8)2/2, 

thus 
2 cos(1 - 8) - 1 - 8 ~ 2 - (1 - 8)2 - 1 - 8 = 28 - 82 - 8 = 8 - 82 > 0. 

This completes the proof of the lemma. 
LEMMA 2. If 8 E (0,1) is very close to 1, then 11 - 8ei (1-6) I :s: 2(1 - 8). 
PROOF. The equality 

11 - 8ei (1-6) 12 = 1 + 82 - 28 cos(1 - 8) 
and L'Hopital's rule give us the limit 

. 11 - 8ei (1-6) 12 
hm ( 8)2 = 2. 6--+1- 1 -

So for 8 close enough to 1, we must have 
11- 8ei (1-6)1 2 :s: 4(1- 8)2. 

LEMMA 3. For any c > 0, there are a and 80 in (0,1) such that 

r (1 -lzI2)2 dA(w) < c 
10-86 •• 9 11 - zwl4 

whenever z = Izlei8 ED, ° < 1 -Izl < 80 , and 1 -Izl = a(l- 8). 
PROOF. Let r = 14 A change of variable gives 

1 (1 - Iz12)2 1 (1 - r2)2 1 
11 14 dA(w) = 11 14 dA(w) = - AreaF(D - S6), 

0-86 •• 9 - ZW 0-86 - rw 7r 

where F: D -+ D is the map defined by F(w) = (r - w)/(1 - rw). 
Notice that we have used the fact that (1 - IzI2)2/ll - zwl 4 is the Jacobian of 

the map w 1-+ (z - w)/(1 - zw). 
Now suppose that a is any number in (0,1) and 1 - r = a(1 - 8). We want to 

estimate 11 - F(w)1 for all w in D - S6. If wED - S6, then either Iwl < 8 or 
Iwl ~ 8 but largwl > 1-8. 

Case 1. Iwl < 8. In this case, we have 

11 - F (W)I=ll- r-w 1= (l-r)ll+wl 
1- rw 11- rwl 

< 2(1 - r) = 2a(1 - 8) 
- l-r8 1-8(I-a(I-8)) 

= 2a(1 - 8) = ~ < 2a. 
(1- 8)(1 + (8) 1 + a8 -

Case 2. Iwl ~ 8, I argwl > 1- 8. In this case, we have 
11 - rwl2 ~ 1 + r21wl 2 - 2rlwl cos(1 - 8) 

~ 1 + r21wl 2 - 2rlwl(1 - (1 - 8)2/2 + (1 - 8)4/24) 
= (1 - rlwl)2 + rlwl(1 - 8)2 - rlwl(1 - 8)4/12 
~ (1 - r)2 + 8r(1 - 8)2 - l2 (1- 8)4 
= (1- 8)2(a2 + 8r - l2(1- 8)2), 
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thus 
11- F(w)1 = (1- r)11 + wi < 2(1- 6)0' 

11 - rwl - 11 - rwl 
20'(1 - 8) 20' < =--;::====== 

- (1-6h!O'2+8r- 112(1-8)2 vO'2 + 8r -l2(1-8)2 

Since we are only concerned with 8 close to 1, we may assume 6 > ! (=> r > 8 > !). 
Thus 

0'2 + 8r - 112 (1 - 8)2 > ! . ! - l2 (1 _ !)2 > ~, 
which gives 11 - F(w)1 ~ 60'. 

Combining Cases 1 and 2, we have proved that 11 - F(w)1 ~ 60' whenever 
wED - S6, 1 - r = 0'(1- 8) (6) !). Therefore, if a is small enough, F(D - S6) 
is concentrated around 1, so Area F(D - S6) is small. This completes the proof of 
Lemma 3. [Note: 6 > ! => 1 - r = 0'(1 - 6) < !o', so 80 can be chosen to be !o'.] 

(1) 

(2) 

LEMMA 4. For f E Loo(D), we have 

I;zl ls.it(W) - I;zl Is. f(U)dA(u)1 dA(w) 

< IS112 { ( If(w) - f(u)1 2dA(w)dA(u); 
z 1s.ls. 

IS~12 Is. Is. If(w) - f(uWdA(w)dA(u) 

~ 411fll00 I;zl 1s.IJ(w) - I;zl Is. f(U)dA(u)1 dA(w). 

PROOF. (1) follows from the Cauchy-Schwarz inequality, while (2) follows from 
the following identity: 

IS112 ( (If(w) - f(uW dA(w) dA(u) 
z 1s.ls. 

= I:zl Is. f(w) (J(w) - I;zl Is. f(U)dA(U)) dA(w) 

+ I:zl Is. f(w) dA(w) . I;zl Is. (J(w) - I;zl Is. f(U)dA(U)) dA(w). 

COROLLARY. For f E Loo(D), f E VMOa(D) if and only if 

lim _ IS112 { ( If(w) - f(uW dA(w) dA(u) = o. 
Izl-1 z 1s.ls. 

THEOREM 1. Q = VMOa(D) n Loo(D). 
PROOF. First we prove the inclusion Q C VMOa(D). Given z = Izlei8 ED and 

fEQ, 
IfI2(z) -1j(zW = ~(1_lzI2)4 ({ If(w) - f(u)j2 dA(w)dA(u) 

2 1D 1D 11- zwl 4 11 - zuI 4 

~ ~(1-lzI2)4 { ( If(w) - f(u)12 dA(w) dA(u). 
2 1s.ls. 11- zw1 4 11- zuI 4 
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For w, u E 8z , we have ZW, ZU E 81z12. Thus if Izl is close enough to 1, 

11 - zwl $ 11 _lzI 2ei (1-lzI2) I $ 2(1 - Iz12) 
by Lemmas 1 and 2. Similarly, 11 - zul $ 2(1 - IzI2). So 

IfI2(z) - li(zW ~ 219 . (1 _ ~ZI2)4 Isz Isz If(w) - f(u)12 dA(w) dA(u). 

Notice that 

So we have 

IfI2(z) -li(zW ~ ° => lim 18112 [ [ If(w) - f(u)12 dA(w) dA(u) = 0, 
Izl-+1 z 18z 18z 

which means f E Q => f E VMOa(D) by Lemma 4. 
Next we prove the other inclusion: 

VMOa(D) n Loo(D) c Q. 
Given z = IzleiO ED, 8 E (0,1), and f E VMOa(D) n Loo(D), 

IfI2(z) -1j(zW = ~ [ [ (1 -lzI2)~lf(w) - !(u)j2 dA(w) dA(u) 21010 11 - zwl4l1- zul4 

= ~(1-lzI2)4 [ [ If(~) - f(U)J2 dA(w) dA(u) 
2 18 . I 8c, . II-zwI4II-zuI4 

6et8 6e tO 

+ ~(I - Iz1 2)4 [ [ [ + [[ - [ [ 1 
2 10-86.i8 10 1010-860i8 10-86•i8 10-860i8 

. If(w) - f(u)12 dA(w) dA(u) 
11 - zwl411 - zul4 

< ~(I_lzI2)4 [ [ If(w) - f(u)j2 dA(w) dA(u) 
- 2 1860i8 1860i8 (1 - Iz1)4(1 - Izl)4 

+ ~(I -lzI2)4 [[ [ + [ [ 1 
2 1010-86 .i8 10-86 • i 8 10 

411fll~ 
11- zwl4l1- zul4 dA(w) dA(u) 

= ~ (~ ~ 11;11 )41 . 1 . If(w) - f(uW dA(u) dA(w) 
8 6 .,8 8 6 .,8 

+ 41Ifll~(1-lzI2)2 [ dA~w) 4 10 - 8 .8 11 - zwl 6.' 

= (1 + Iz1)4(1 + 8)2 (~)4 1 
2 1 - Izl 186ei812 

·1 1 If(w) - f(u)12 dA(w) dA(u) 
8 60 i8 8 60 i8 

[ (1 - Iz12)2 
+ 411fll00 10-860i8 11 _ zwl4 dA(w). 
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Now given any c > 0, by Lemma 3, there exist 0' E (0,1) and 80 E (0,1) such 
that 

[ (1 -lzI2)2 dA(w) < c 
in-s60 iO 11 - zwl4 

whenever 0 < 1 -Izl < 80 , 1 -Izl = (1 - 8)0'. Thus 

IfI2(z) -li(z)12 

~ 411fll~c + (1 + Iz1)4~1 + 8)2 1 2 [ [ If(w) - f(uW dA(w) dA(u) 
20' ISseiOI is ·0 is ·0 lie' lie' 

whenever 0 < 1 - Izl < 80 and 1 - Izl = (1 - 8)0'. 
N ow using Lemma 4 we get 

lim (i7T2(z) -1j(z)12) ~ 411fll~c. 
Izl-+l-

(Note: Izl - 1 :::} 8 - 1, 0' is fixed.) Since c is arbitrary, we have 

lim (//P(z) - li(zW) = 0, 
Izl-+l-

and so f E Q. This completes the proof of Theorem 1. 

(1) 

THEOREM 2. For f E LOO(D, dA), f E Q n B iff 

lim IS1 I [ If(w)1 dA(w) = O. 
Izl-+l- z is. 

PROOF. Suppose that (1) holds. Consider 

Ifl(z) = (1 -lzI2)2 [ If(w)1 dA(w), in 11- zwl4 

Given c > 0, by Lemma 3 there are 0' E (0,1) and 80 E (0,1) such that 

[ (1 -lzI2)2 dA(w) < c 
in-s60 iO 11 - zwl4 

whenever 0 < 1 -Izl < 80 and 1 -Izl = (1 - 8)0', so 

ff!(z) ~ IIfilooc + (1 -lzI2)2 [ I If(~)114 dA(w) is ·0 1- zw 
60' 

~ IIfilooc + (t1-=-1~;/42 fs
60

iO If(w)1 dA(w) 

whenever 0 < 1 -Izl < 80 and 1 -Izl = (1 - 8)0'. Since 

(1 - Iz12)2 _ (1 + Izl)2 _ (1 + Izl)2 < 4 
(1 -lzl)4 - (1-lzI)2 - 0'2(1 - 8)2 - 0'2(1 - 8)2 

and ISseiOI = (1 + 8)(1 - 8)2, thus 

(2) Ifl(z) ~ IIfilooc + !;~S:e~/I fs
60

iO If(w)1 dA(w) 
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whenever 0 < 1 - Izl < 150 and 1 - Izl = 17(1 - 15). Let Izl - 1- in (2). Then 

lim 1/1(z) ~ 11/1100c. Izl-1-

Since c is arbitrary, we have III E B, thus IE Q n B. 
Conversely, if IE Q n B, then III E B. But 

IJI(z) = (I-lzI2)2 r I/(w)1 dA(w) 1011- zwl4 

~ (1 -lzI2)2 r I/(w)1 dA(w), 
ls. 11- zwl4 

and 11 - zwl ~ 2(1 - Iz12) for Izl close enough to 1 and w E Sz by Lemmas 1 and 
2. So there is 15 E (0,1) such that 

(3) ~ 1 r 
1/1(z) ~ 24 (1-lzI2)2 ls.l/(w)ldA(w) 

for all 15 < Izl < 1. Notice that (1 - Iz12)2 = (1 + Izl)ISzl. So (3) says that 
lil(z) - 0 (Izl - 1-) implies 

I;zl h.l/(w)ldA(W) - 0 (Izl-I-). 

This completes the proof of Theorem 2. 

4. ESV(D). Let I be in Loo(D,dA). We say I is in ESV(D) if for any c > 0 
and a E (0,1), there is 150 > 0 such that lJ(z) - l(w)1 < c whenever Izl,lwl E 
[1 - 15, 1 - 1715], 15 < 150 and I arg z - argwl ~ max(I -Izl, l-Iwl). 

Recall that for ZED, 

Sz = {w E D Ilwl ~ Izl, I argz - argwl ~ I-Izl}. 

Then it is clear that I E ESV(D) if and only iffor any c > 0, a E (0,1), there exists 
150 > 0 such that lJ(z)- l(w)1 < c whenever wE Sz and Izl, Iwl E [1-15, l-at5J, 15 < 
150 . 

lt is also easy to see that I E ESV(D) if and only if for any c > 0, a E 
(0,1) and for any positive number k, there exists a positive number 150 such that 
I/(z) - l(w)1 < c whenever Izl, Iwl E [1 - 15, 1- 1715], 15 < 150 , and I arg z - arg wi ::::; 
k max(I -Izl, 1 - Iwl). In particular, if 

S~ = {w E D Ilwl ~ Izl, I argw - argzl ~ (I-lzl)/2}, 

then IE ESV(D) if and only if for any c > 0, and a E (0,1), there exists 150 > 0 
such that I/(z) - l(w)1 < c whenever w E S~ and Izl, Iwl E [1- 15, 1 - 1715], 15 < 80. 

The notation ESV is borrowed from [6] and [7], where it stands for "eventually 
slowly varying". In [22] and [23], Sarason also introduced the concept of ESV 
in a special case, but used a different notation, namely, SO, standing for "slowly 
oscillating". ESV is indeed an oscillation condition. It is stronger tha.n the mean-
oscillation condition as shown in Theorem 5. 

ESV (D) is a relatively large class of functions in L 00 (D, dA). lt is easy to see 
that C(D) is strictly contained in it. 
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Let I E V Xl (D) and ZED, and define 

, 1 r 
I(z) = IS~I lSI I(w) dA(w) . . 

REMARK. By the corollary to Lemma 4, it is easy to see that I E Q if and only 
if liI2(z) - li(z)12 -+ 0 as Izl -+ 1-. 

THEOREM 3. II IE Q = VMOa(D) n VXl(D), then i E ESV(D). 

PROOF. Given e > 0, a E (0,1), choose 80 > 0 such that 

1 11 ea2 
Is 12 I/(w) - l(u)1 dA(w) dA(u) < 8 

z s. s. 
whenever 0 < 1 - Izl < 80 • 

Now if 1-8 ~ IZll ~ IZ21 ~ I-a8, 8 < 80 , and 

I arg Zl ~ arg z21 ~ ~ max(I - IZll, 1 - IZ21) = ~(1- IZll), 
then S~2 c SZl' so we have 

But 

li(zt} - i(Z2)1 = ilS~l ~S~21 Is~l 1s~2 (f(u) - I(w)) dA(u) dA(W)i 

~ IS~l ~S~21 Is~l 1s~2 I/(u) - l(w)1 dA(u) dA(w) 

~ IS~l ~S~21 Is'l Is'l I/(u) - l(w)1 dA(u) dA(w) 

= IS ~S' I r r I/(u) - l(w)1 dA(u) dA(w). 
Zl Z2 1 S'l 1 S'l 

Thus i is in ESV(D). 

LEMMA 5. If IE ESV(D), then 

lim lSI I r I/(z) - l(u)1 dA(u) = O. 
Izl-+l- Z 1 s. 

PROOF. For 0 < Izl < 8 < 1, let 

Al = {w E Sz Ilwl ~ 8}, 
A2 = {w E Sz Ilwl ~ 8}. 
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Then 8z = Al U A2 and 

I;zl 1s.lf(Z) - f(u)1 dA(u) 

~ 1111 il lJ(z) - f(u)1 dA(u) + I;zl i2 If(z) - f(u)1 dA(u). 

Given any c E (0,1), choose 80 E (0,1) such that 
(*) If(r1ei(il) - f(r2ei(i2)1 < 6 

whenever rl, r2 E [1 - r, 1 - 6r], r ~ 80 , and 181 - 82 1 ~ max(1 - r1, 1 - r2). 
Now let Izl > 1 - 80 and 8 = 1 - 6(1 - Izl). Then Izl < 8 < 1. For any u E AI, 

If(z) - f(u)1 < c by (*). So for each Izl > 1 - 80 , we have 

Since 

I;zl Is. If(z) - f(u)1 dA(u) ~ 6 + I;zl i2 If(z) - f(u)1 dA(u) 

~ c + 21A21/18zlllfiloo. 

18z 1 = (1 + Izl)(1-lzI)2, 
IA21 = (1 -lzl)(1 - 82 ) = c(1 -lzI)2(2 - c(1-lzl)), 
IA21 < 2c(1 -lzl)2 
18z1 - (1 + Izl)(1-lzI)2 ~ 2c, 

Izl > 1 - 80 implies 

ILl Is. If(z) - f(u)ldA(u) ~ (1 + 411flloo)c. 
This completes the proof of Lemma 5. 

THEOREM 4. IffEQ=VMOa(D)nLOO(D), thenf-jEQnB. 

PROOF. Let 9 = f - j. Then 
1 f 1 f A 18z1 }s.lg(w)ldA(w) ~ 18z1 }s.lf(w) - f(z)ldA(w) 

+ I;zl Is. Ij(z) - j(w)1 dA(w). 

The second term goes to 0 as Izl ----> 1- by Lemma 5 and Theorem 3. Next We 
estimate the first term. 

ILl Is. lJ(w) - j(z)1 dA(w) 

= I;zl 1s.II;i' lsi (f(w) - f(u)) dA(u) I dA(w) 

~ 18z~8il Is. lsi If(w) - f(u)ldA(u) 

~ 182 12 f f If(w) - f(u)ldA(w)dA(u), 
z }s. }s. 

this goes to 0 as Izl ----> 1 since f is in VMOa(D). 
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LEMMA 6. ESV(D) C Q = VMOa(D) n LOO(D). 

PROOF. Let f E ESV(D). Then Ifl2 E ESV(D) since ESV(D) is a C*-
subalgebra of LOO(D). By the corollary to Lemma 5, we have fez) - fez) ---+ 0 
as Izl ---+ 1-, iJi2(z) -lfI2 (z) ---+ 0 as Izl ---+ 1-. Moreover, 

/If(zW -If(zW/ = (lj(z) 1 + If(z)!} /If(z)I-lf(z)l/ 

$ 21Iflloolf(z) - f(z)1 ---+ 0 as Izl ---+ 1-. 

So 

iJi2(z) -If(zW = (iJi2(z) -If(zW) + (If(zW -If(zW) ---+ 0 as Izl ---+ 1-, 

and we have f E VMOa(D). Since ESV(D) C LOO(D), f E VMOa(D) nLOO(D) = 
Q. 

Summarizing the above results, we have proved the following theorem. 

THEOREM 5. Q = ESV(D)+QnB. A decomposition is given by f = f+(f- f). 

COROLLARY 1. 

ESV(D) n B = {J E LOO(D, dA) 1 fez) ---+ 0 as Izl ---+ 1-} . 

PROOF. If f(z) ---+ 0 as Izl ---+ 1-, then obviously f E ESV (D) (just by defini-
tion). On the other hand, 

fez) = In f (: ~:W) dA(w) ---+ 0 (lzl---+ 1-) 

by the dominated convergence theorem. So fEB, and hence f E ESV (D) n B. 
Conversely, if f E ESV(D) n B, then fez) - fez) ---+ 0 as Izl ---+ 1- and 

, 1 f 
If(z)1 $ IS~I lSI If(w)ldA(w) . 

$ I;zl Is. If(w)1 dA(w) ---+ 0 as Izl ---+ 1-

since f E Q n B. Therefore, fez) = (f(z) - fez)) + fez) ---+ 0 as Izl ---+ 1-. 

COROLLARY 2. For f E Q = VMOa(D) n LOO(D), f E ESV(D) iff fez) -
fez) ---+ 0 (lzi ---+ 1-). 

PROOF. The "only if" part follows from the corollary to Lemma 5. If fez) -
fez) ---+ 0 as Izl ---+ 1-, then f - f E ESV(D). So f = (f - f) + f E ESV(D). 

THEOREM 6. II IE ESV(D), then fez) - fez) ---+ 0 as Izl---+ 1-. 

PROOF. 

fez) - j(z) = (1 -lzI2)2 f fez) - few) dA(w), lD 11- zwl 4 

If(z) - f(z)1 $ (1 -lzI2)2 f If(z) -J(w)1 dA(w). lD 11- zwl 4 
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Given c > 0, by Lemma 3, there are er and 80 in (0,1) such that 

r (1 _1:12)2 dA(w) < c (z = IzleiO ) 1D-860,6 11 - zwl4 

whenever 0 < l-lzl < 80 and l-lzl = (1- 8)er. But 1 E ESV(D), so there exists 
81 E (0, 1) such that 

(4) 

whenever T1,T2 E [1- A, 1- erA], A < 8b and 1(}1 - (}21 ::;; max(l- T1, 1- T2). 

Let 82 = min(80, 8d. Then for 0 < 1 -Izl < 82 and 1 -Izl = er(1 - 8), we have 

I/(z) - j(z)1 ::;; 211/1100 10-8
60

,8 (I~ ~ 1;~1~2 dA(w) 

+ (1- Iz12)2 r I/(z) -J(w) I dA(w) 18 . 11- zwl4 
6e slJ 

::;; 211/1100c + \11 ~1~~~/42 fs
6e

,8 lJ(z) - l(w)ldA(w) 

::;; 211/1100c + (1 _ 41z l)2 fs
6e

,8 I/(w) - 1(8eio )ldA(w) 

4 r iO + (1-lzIP 18
60

'8 I/(z) - 1(8e )ldA(w). 

Since I/(z) - 1(8eiO)1 < cer2 by (4), and 

IS6e,81 = (1 + 8)(1 - 8)2 = 1 + 8 < ~, 
(1 - IzlP (1 - Izl)2 er2 - er2 

we must have 

- 8 1 1 '0 I/(z) - l(z)1 ::;; 211/1100c + 2" . -IS . I I/(w) - 1(8e' )Id(w) + 8c 
er 6e· 8 8 60 ,8 

(0 < 1 -Izl < 82 ), 

Because 
lim -lSI I r I/(w) - 1(8eio)ldA(w) = 0 

Izl--+1- 6e,8 1860 '8 

by Lemma 5, we have 

lim I/(z) - j(z)1 ::;; 211/1100c + 8c. 
Izl-+1-

This completes the proof of limlzl--+1- (f(z) - j(z)) = 0 for any 1 E ESV(D). 

THEOREM 7. FOT 1 E Q = VMOa(D) n Loo(D, dA), we have 
(1) j E ESV(D); 
(2) 1 - j E Q n B. 
PROOF. (1). By Theorem 5, 1 = h + 12, where h E ESV(D) and 12 E Q n B. 

Taking the Berezin symbol of I, we get j = A + j2' 
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Now h E Q n E implies J2(Z) -+ 0 as Izl -+ 1-, so J2 E ESV(D). II E ESV(D) 
implies Idz) - J1(Z) -+ 0 as Izl-+ 1-, so II - A E ESV. Thus 

J1 = (J1 - Id + II E ESV(D). 
Hence 

J = J1 + J2 E ESV(D). 

(2). 1 - J = II + h - J1 - J2 = (II - J1) + h - J2' lI(z) - Jdz) -+ 0 (as 
Izl -+ 1-) implies II - J1 E Q n E. J2(Z) -+ 0 (as Izl -+ 1-) implies J2 E Q n E. 
SO 1 - J E Q n E. 

COROLLARY l. If 1 E Q, then J(z) - fez) -+ 0 as Izl-+ 1-. 

PROOF. If 1 E Q, then J and j are ESV(D) by Theorems 3 and 7, so J - fare 
ESV (D). On the other hand, 

J - f = (] - f) + (f - f) E Q n E 
by Theorems 4 and 7. Therefore, 

J - f E ESV(D) n Q n E = ESV(D) n E. 
Applying Corollary 1 to Theorem 5, we get ](z) - fez) -+ 0 as Izl -+ 1-. 

COROLLARY 2. For 1 E Q, we have 1 E ESV(D) iff f(z)- ](z) -+ 0 as Izl -+ 1. 

PROOF. If 1 E ESV(D), then I(z) - J(z) -+ 0 (izi -+ 1) by Theorem 6. If 
I(z) - J(z) -+ 0, then 1 - J E ESV(D), but J E ESV(D) by Theorem 7, so 
1 = (f - J) + J E ESV (D). 

REMARK. For the identity Q = ESV (D) + Q n E, we have found two canonical 
decompositions: 

1 = J + (f - J) and 1 = f + (f - f). 
THEOREM 8. For 1 E LOO(D), we have 1 E ESV(D) iff llf(z) - 1 0 bzll£2 -+ 0 

as Izi -+ 1-, where bz(w) = (z - w)/(1 - zw), and the norm is just the usual 
L2-norm. 

PROOF. For 1 E LOO(D), it is easy to check the following identity: 

(5) II/(z) - 1 0 bz lli2 = 1/12 (z) -IJ(zW + IJ(z) - f(z)12. 

If the left-hand side of (5) goes toOas Izl-+ 1-, then 1/12(z)-IJ(zW -+ 0 (lzl-+ 
1) and IJ(z) - l(z)1 -+ O. The first limit says that 1 is in Q, the second limit and 
Corollary 2 to Theorem 7 imply that 1 in in ESV(D). 

Conversely, if 1 E ESV(D) c Q, the 1/12 (z) -1](zW -+ 0 and I/(z) - J(z)1 -+ 0 
as Izi -+ 1-, so the left-hand side of (5) goes to 0 as Izl -+ 1-. 

LEMMA 7. There is an absolute constant C such that 

fD I/(z) - 1(0)12 dA(z) :::; C In (1 -lzI2)21!'(zW dA(z) 

for all 1 E HOO(D). 
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PROOF. Using Green's formula, we can easily prove (see p. 236 of [13]) 

r 1f'(zW log -Irl dA(z) = 41 r27r I/(rei6 ) - 1(0)12 dO. 
i1zl<r z 7r io 

It is also known (p. 237 of [13]) that 

r 1f'(zW log -Irl dA(z) ~ 0 r 1f'(zW (1_1~12) dA(z) 
i1zl<r z i1zl<r r 

for all 1 E HOO(D), where 0 is an absolute constant, i.e. 0 does not depend on I. 
Now integrating the above inequality with respect to rdr, we get 

~ r1 rdr r 7r I/(rei6 ) _ f(OWdO ~ 0 t rdr r 1f'(zW (1_1~12) dA(z), 
47r io io io i1zl<r r 

or 

~ In I/(z) - I(OWdA(z) ~ ~ In [1 -lzl2 + Izl2log IzI 2JIf'(zWdA(z). 

Power series expansion shows that 

1 - Izl2 + Izl2 log Izl2 ~ (1 - IzI2)2, 

so we have 

In I/(z) - 1(0)12dA(z) ~ 20 In 1f'(zW(1-lzI2)2dA(z). 

THEOREM 9. For 1 E HOO(D), the following are all equivalent: 
(1) f E ESV(D)j 
(2) 1 E VMOa(D)j 
(3) 1 E Qj 
(4) 1 E 80 , where 80 is the "little Bloch" space consisting of all the analytic 

functions g on D such that Ig'(z)l(l -lzI2) ---- 0 as Izl ---- 1-. 

PROOF. (2) and (3) are equivalent by Theorem 1. That (1) implies (3) follows 
from the fact that ESV (D) c Q. If f E Q, then 

11/(z) - 1 0 bz lli2 = 1/12(z) -1j(zW + li(z) - l(zW ---- 0 

as Izl ---- 1- since i = 1 for 1 E HOO(D), so 1 E ESV(D) by Theorem 8. Thus we 
have proved that (3) implies (1). 

Next we prove the equivalence of (3) and (4). 
If we replace 1 by 10 bzo in Lemma 7, then the inequality becomes 

( 
2)2 2 

1/12(zO) -li(zoW ~ 0 r 1 _I Zo ~ z 1 If' ( Zo ~ z ) 1 dA(z). in 1 - ZoZ 1 - ZoZ 

Now if 1 E 80 , then 
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as Izol ---- 1- for any fixed zED. Thus by the dominated convergence theorem, 
we have IfI2(ZO) -1j(zo)12 ---- 0 as Izol----1-. This shows that (4) implies (3). 

To prove (3) implies (4), we use the Bergman formula 

f(z) - f(O) = f f(w) - [(0) dA(w), 10 (1 - ZW)2 
f E HOO(D). 

Taking derivative on both sides, we get 

Let z = 0, then 

!'(z) = f 2w(f(w) - f(O)) dA(w). 10 (1- zwp 

If'(OW ~ 4 L If(w) - f(oW dA(w), 

Replacing f by f 0 bz, we get 

1!,(zW(1-lzI2)2 ~ 4(lfI 2(z) - li(zW), 

This completes the proof of Theorem 9. 

zED. 

5. Symbol calculus of Toeplitz operators. In this section, we are going to 
determine the largest C'"-subalgebra Q of LOO(D,dA) such that the map e: Q ----
8(L~(D))/ K, defined by e(f) = Tf + K, is a CoO-algebra homomorphism, where K 
is the compact ideal of the full algebra 8(L~(D)) of bounded linear operators on 
L~(D). First we establish the existence of such an algebra. 

Let 

r = {f E LOO (D) I TgTf - Tgf E K for all g E LOO(D)} , 
Q=rnr, 
B = {f E LOO(D) I Tf E K}. 

PROPOSITION 5. For f E LOO(D), the following are all equivalent: 
(1) fEr; 
(2) Hf is compact; 
(3) l1fl2 - TfTf is compact. 

PROOF. The proof is the same as in [6]. 

PROPOSITION 6. For f E LOO(D), the following are all equivalent: 
(1) f E Q; 
(2) Hf and Hf are compact; 
(3) TIJ12 - TfTf and 11J12 - TfTf are compact. 

PROOF. The proof follows from Proposition 5. 

PROPOSITION 7. Q is a C*-subalgebra of LOO(D); QnB is a closed selfadjoint 
ideal of Q. 

PROOF. The proof is the same as in [6] and [7]. 
REMARK. Propositions 6 and 7 imply that Q is the largest C· -sub algebra of 

LOO(D) such that the map e: Q ---- 8(L~(D))/K is a CoO-algebra homomorphism. 
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The kernel of this homomorphism is Q n B. Thus if we let ;(Q) denote the C*-
subalgebra of 8(L~(D)) generated by all the operators Tf with IE Q, then 

(6) Q/QnB~;(Q)/K 

as C·-algebras. (6) is traditionally called the symbol calculus of Toeplitz operators. 
So far Q has only been defined abstractly. Next we want to determine Q. The main 
theorem is that for a function IE LOO(D). IE Q if and only if I E VMOa(D); 
I E Q n B if and only if I E Q n B. 

PROPOSITION 8 (C. A. BERGER). The operator P: LOO(D) -+ L~(D) is 
compact. 

PROOF. Given a bounded sequence Un} in LOO(D), say, IIlnlloo ~ M (n = 
1,2, ... ). We want to find a subsequence Unk} such that {PInk} converges in 
L~(D). 

Recall that r In(w) 
Pln(z) = 10 (1- zw)2 dA(w), zED. 

Now if Izl ~ 8 < 1, then 

r MdA(w) M 
IPln(z)1 ~ 10 11- zwl2 ~ (1- 8)2' n= 1,2, .... 

So {PIn} is uniformly bounded on every compact subset of D. Since {PIn} is a 
sequence of analytic functions on D, by Arzela's theorem, there is a subsequence 
{PInk} which converges to h E L~(D) uniformly on every compact subset of D. 
(Note: h E L~(D) by Fatou's lemma.) It remains to prove that 

(7) (k -+ +00). 

For any ZED, we have 

r dA(w) M 2 
IPln(z)1 ~ M 10 11 _ zwl2 = - 21z12 In(1 -Izl ). 

Since Jo(~lzl-2In(I-lzI2))2dA(z) < +00, (7) follows from the dominated con-
vergence theorem. 

LEMMA 8. If Un} is a sequence of real-valued functions in L2(D) such that 
Ilfn - hll£2 -+ 0 (n -+ +00) for some h E L~(D), then h is a constant. 

PROOF. Write h === u + iv. Then 

so 

Let n -+ +00, we have v = O. Thus h is real-valued. Since h is analytic, h must be 
a constant. 



VMO, ESV, AND TOEPLITZ OPERATORS 635 

THEOREM 10. Q c Q = VMOa(D) n LOO(D). 

PROOF. Given I E Q, we want to prove III2(z) -li(z)12 -+ 0 (Izl -+ 1-). Since 
Q and Q are selfadjoint, we might as well assume that f is real-valued. 

It is easy to check that 

W(z) -li(zW = Ili(z) - 10 bz lli2 ~ 0, 
where bz(w) = (z - w)/(l - zw). We prove the theorem by contradiction. 

Suppose 
lim lIi(z) - 10 bz ll 2 > O. 

Izl-+1-

Then there exists p > 0 and IZnl-+ 1- such that 

(8) n = 1,2, .... 

Because IE Q, Hf = (I - P)MfP is compact, so 

(9) 

since kz -+ 0 weakly as Izl -+ 1-. 
For each zED, define a unitary operator Uz on L2(D) as follows: 

1 - Izl2 ( Z - W ) 
Uzf(w) = (1- zwpI 1- zw ' 

It is easy to check that U; = Uz and L~(D) is a reducing subspace of Uz, so 
UzP=PUz. 

Now using the equality Ikz = Uz(f 0 bz ) and (9), we get 

11(1 - P)Uz(f 0 bz )IIL2 -+ 0 (as Izl-+ 1-). 

But (I - P)Uz = Uz(I - P) and Uz is unitary, so we must have 

(10) 

Notice that 1110 bzll oo = IIflloo for all ZED, so by Proposition 8, there is a 
subsequence {Znk} of {zn} and h E L~ (D) such that 

(11) 

Now (10) + (11) implies that 

(12) 111 0 bZnk - hllL2 -+ 0 (k -+ +00). 
By Lemma 8, h is a constant. Therefore, 

i(Znk) = (f 0 bZnk , 1) -+ (h, 1) = h 

as k -+ +00. Thus 

111 0 bZnk - i(znk)lI£2 ::; 111 0 bZnk - hllL2 + IIh - i(znk)lI£2 

= 111 0 bZnk - hllL2 + Ij(Znk) - hl-+ 0 as k -+ +00, 
a contradiction to (8). 

REMARK. The proof of Theorem 10 is a modification of the corresponding result 
in an early version of [71. 
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PROPOSITION 9. Let 

M 1 dA(w) - sup 
P - zED D 11 - zwl p(1 -lwI2)p/2· 

Then Mp < +00 for p < ~. 
PROOF. See [1], or 1.4.10 of [21]. 

LEMMA 9. Let Do = {z E D Ilzl < 8}, 8 E (0,1). Then MXD6 Hf is Hilbert-
Schmidt as an operator from L~(D) to L2(D) for all I in LOO(D). 

PROOF. For Izl ~ 8, MXD6 Hfg(z) = 0. For Izl < 8, 

MXD Hfg(z) = Hfg(z) = r It) -~~~) g(w) dA(w). 
6 1D 1- zw 

Thus for all zED and g E L~(D), 

r I/(z) - l(w)1 
(13) IMxD6Hfg(z)1 :5 1D (1- 8)2 Ig(w)ldA(w). 

The operator A on L2(D) defined by 

Ag(z) = In I/(z) - l(w)lg(w)dA(w) 

is Hilbert-Schmidt since the integral kernel is in L2(D x D), so MXD6 Hf is Hilbert-
Schmidt by (13). 

THEOREM 11. ESV(D) C Q. 

PROOF. Let I E ESV(D). Then by Theorem 8, II/(z) - I 0 bz ll L 2 ...... ° as 
Izl ...... 1-. Given g > 0, choose 8 E (0,1) such that II/(z) - 10 bz ll£2 < g3 for all 
8 :5 Izl < 1. Then for all 8 :5 Izl < 1, we have 

r I/(z) - l(w)1 dA(w) = 1 r I/(z) - 1 0 bz(w)1 dA(w) 
1D 11 - zwI 2y'1-lwI2 y'1-lzI21D 11- zwly'I-lwI2 

:5 M (r I/(z) _ 1 0 bz(W) 16dA(W)) 1/6 
y'1-lzI2 1D 

:5 M(211/11oo)2/3 ( r I/(z) _ 1 0 bz(wWdA(W)) 1/6 
y'1-lzI2 1D 

= M(211/11oo)2/311/(z) _ lob 111/3 < M(211/11oo)2/3g 

y'1 - Izl2 z L2 y'1 _ Izl2 ' 

where M = M6/ 5 in Proposition 9. 
It is easy to check that 

r I(z) - I(w) 
Hfg(z) = 1D (1- zw)2 g(w)dA(w), g E L~. 

So 
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The Cauchy-Schwarz inequality shows that 

IH g(zW < ( I/(z) - l(w)1 dA(w) 
f - 10 11- zwl 2JI-lwl2 

. ( I/(z) - l(w)1 Jl -lwI2Ig(wW dA(w). 10 11 - zwl2 

Thus for all 8 ~ Izl < 1, 

IH g(zW ~ M(211/I1oo)2/3 e ( I/(z) - l(w)1 JI-lwI2Ig(wW dA 
f Jl - Izl2 10 11 - zwl2 

< M(211/I1oo)5/3 e ( Jl - IwI 2Ig(w)12 dA(w). 
- Jl -lzl2 10 11 - zwl2 

Write M = M(211/I1oo)5/3. Then 

( IHfg(zW dA(z) 
11zl~O 

~ Me ( Jl -lwI2Ig(wW dA(w). ( dA(z) 10 10 Jl -lz1211 - wzl2 

= Me ( Ig(wWdA(w). ( dA(z) 
10 10 11 - wzlJl - Izl2 

~ MM1e In Ig(wWdA(w) = MMlellgl1 2. 
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This implies that IIMxD-D6Hfll ~ MM1e, namely, IIHf - MXD6Hfil ~ MM1e. 
Since MXD6 Hf is compact and e is arbitrary, Hf is compact, and so I E r. Because 
I is arbitrary and ESV(D) is selfadjoint, we have proved ESV(D) ern r = Q. 

THEOREM 12. QnB c QnB. 
PROOF. Given I E Q n B, we have III E B. To prove IE Q n B, it suffices to 

prove III E B, that is, lIfl is compact. 
Recall that 

Tlflg(z) = ( (1/(w)I)2 g(W)dA(W) 10 1- zw 
for g E L~(D) and zED. So the Cauchy-Schwarz inequality gives 

IT'! (z)12 < ( I/(w)l2dA(w) (JI-lwI2Ig(w)1 2 dA(w). 
Iflg - 10 11 - zwl2Jl -lwl2 10 11- zwl2 

But 



638 KEHE ZHU 

and we have 

111 g(zW < M (lfl(zW/6 ( VI -lwI2Ig(w)12 dA(w) 
III - vI-lzl2 Jo 11- zwl2 ' 

where M = M6/5I1fll~/6. 
Given c > 0, choose 8 E (0,1) such that Ifl(z) < c6 whenever 8 < Izl < 1. Then 

( ITI/lg(zWdA(z) ~ Mc ( Ig(w)12VI-lwI2dA(w) 
J lz l?l5 Jo 

( dA(z) 
. Jo 11 - zwl2VI-lzl2 

= Mc ( Ig(wWdA(w) ( dA(z) 
Jo Jo 11 - zwlVI-lzl2 

~ MMlc In Ig(wWdA(w) = MM1cllglli2. 

2 -So IIMxD - D6 Till II ~ M M1c, that is, 
2 -

IITI/I - MXD6 Till II ~ MMlc. 

Since MXD6 Till is compact as an operator from L~ (D) to L2 (D) and c is arbitrary, 
Till must be compact. 

REMARK. Since kz ---- 0 weakly as Izl ---- 1-, we have Q nBc Q n B trivially. 
Theorems 11 and 12 and the decomposition Q = ESV(D) + Q n B show that 

Q c Q. In summary, we have proved the following main theorem. 

THEOREM 13. (1) Q = Q = VMOa(D) n £<Xl(D). 
(2) QnB=QnB. 

COROLLARY 1 (S. AXLER [1)). Let f E HOO(D). Then Hf is compact if and 
only if f is in the "little Bloch" space 80 . 

PROOF. It follows from Theorems 9 and 13 and the fact that Hf = O. 

COROLLARY 2. Q and Q n B are invariant under Mobius transformations. 

PROOF. This follows from the facts that Q = Q and Q n B = Q n B and 
j(b>..(z)) = j;'b>..(z) (simply a change of variable formula), where the b>..'s are 
Mobius transformations. 

6. Fredholm theory of Toeplitz operators with symbols in Q. The 
isomorphism Q/Q n B == r(Q)/ K and the decomposition Q = ESV + Q n B will 
serve as basic tools for our study of Fredholm theory of Toeplitz operators with 
symbols in Q. Let BC(D) be the C·-algebra of all bounded continuous functions 
on D, and Co(D) be the space of continuous functions f on D with the property 
that f(z) ---- 0 as Izl---- 1-. Consider the algebra BCESV defined as BC(D) nESV. 
Since j E BC(D) for any f E LOO(D), the equality f = j + (f - j) gives a 
decomposition 

Q = BCESV + Q n B. 
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Notice that BCESV n (Q n B) = Co(D), so we have 

Q/Q n B = (BCESV + Q n B)/Q n B ~ BCESV /Co(D). 
Also we should mention that 

Q/Q n B ~ ESV /Vo(D), 
where Vo(D) consists of all functions I in LOO(D) with I(z) -t 0 as Izl -t 1-. 

Let [23 {3{3D be the Stone-Cech compactification of D. Any bounded continuous 
functions I on D has a unique continuous extension to {3D: we also denote this 
extension of I to {3D by I, so there should be no confusion about this. 

THEOREM 14. If I E Q, then ue(Tf) = ]({3D - D), where ue(Tf) z"s the 
essential spectrum of Tf· 

PROOF. Since IE Q, we know Tf-j is compact. Thus ue(Tf) = ue(Tj). ] is 
in BCESV. Mimicking [7], we can prove that for any g E BCESV, g + Co (D) is 
invertible in BCESV /Co(D) if and only if there are 8, c in (0,1) such that Ig(z)1 ~ c 
for all 8 :5 Izl < 1. By the symbol calculus 

BCESV /Co(D) ~ r(BCESV)/ K, 
Tg + K is invertible in r(BCESV)/ K if and only if there are 8, c in (0,1) such that 
Ig(z)1 ~ c for all 8 :5 Izl < 1. Therefore 

ue(Tj) = n ](D - Do), 
OE(O,l) 

where Do = {z E D I Izl < 8}. The compactness of {3D and the continuity of ] 
yield] (D - Do) = ] (D - D,,) = ]({3D - Do). So we get 

ue(Tj) = n ]({3D - Do). 
OE(O,l) 

On the other hand, if A E nOE(O,l) ]({3D-D,,), then A = ](zo), z" E {3D-Do, 8 E 
(0,1). Consider the sequence {Zl-l/n}. The compactness of {3D implies that there 
exists a subsequence {Zl-l/nk} and z E {3D such that Zl-l/nk -t Z as k -t +00. It 
is clear that z E {3D-D since D is open in {3D. The continuity of] and the equality 
A = I(z,,) give A = ](z) E ]({3D - D). Hence ]({3D - D) = n"E(O,l) ]({3D - Do), 
and the proof is complete. 

COROLLARY 1. For I E Q, Tf z"s Fredholm if and only z"f I z"s nonvanz"shz"ng on 
{z I zED, Izl ~ 8} for some 8 E (0,1). 

COROLLARY 2. II IE BCESV, then ue(Tf) = 1({3D-D), hence Tf z"s Fredholm 
if and only if I is nonvanishing on {z I ZED, Izl ~ 8} for some 8 E (0,1). 

PROOF. For IE BCESV, 1-] is in Co(D), so 1({3D - D) = ]({3D - D). 

COROLLARY 3. If IE Q, then ue(Tf) is connected. 

PROOF. ue(Tf) = n"E(O,l) ](D - Do) is the intersection of a nested family of 
compact connected sets, so it is connected. See [7]. 
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REMARK. As C*-algebras, C(,BD) is isomorphic to BC(D). Under the isomor-
phism, Co(D) is the closed ideal of C(,BD) consisting of functions I on ,BD such 
that I is identically zero on ,BD - D. 

If I is in BCESV and Tf is Fredholm, then we know that there are 8, c E (0,1) 
such that I/(z)1 ~ c for all 8 ~ Izl < 1. For any r E (8,1), we have a continuous map 
Ir : aD ---> C - {O} defined by Ir(ei8 ) = l(rei8 ). Given any two r11 r2 E [8,1), Ir! 
and Ir2 are homotopic in the obvious way. So the winding numbers of Ir! and Ir2 
are equal and independent of the choice of 8. Denote the common winding number 
by ).If. Then by monodromy as used in [7J, we can prove 

THEOREM 15. II I E Q and Tf is Fredholm, then Ind(Tf) = -).I j' where 
Ind(Tf) is the Fredholm index of Tf, i. e. Ind(Tf) = dimension 01 kernel Tf-
dimension 01 kernel Tf. 

REMARK. BCESV has played a significant role in our analysis. It seems inter-
esting to know the structure of BCESV as a C*-algebra. BCESV contains C(D) 
as a proper C*-subalgebra. Let M be the maximal ideal space of BCESV. M is 
connected since for any I E BCESV, a(f) = I(D) is connected (so there is no 
idempotent in BCESV with spectrum {a, I}). For any ). ED, the evaluation func-
tional on BCESV at ). is in M, denoted by FA' The map). .-. FA is a one-to-one 
map of D into M. Let D be the image of this map. We put the induced topology 
on D. Let 10 E BCESV be the function lo(z) = z for all zED. Then we have the 
following 

THEOREM 16. Let F E M be a multiplicative linear functional on BCESV. 
Then FED il and only if 1F(f0) I < 1. 

PROOF. The "only if" part is obvious. We prove the "if" part. 
Suppose IF(fo)1 < 1. Let Zo = F(fo) E D. We want to prove F(f) = I(zo) for 

all I in BCESV. By the Stone-Weierstrass approximation theorem, it is easy to 
show that F(f) = I(zo) for all I in C(D). Choose a function cp E (D) so that cp == 1 
on a neighborhood U C D of Zo and cp == ° on a neighborhood V of aD. Now for any 
I E BCESV, Icp E C(D). Thus F(fcp) = (fcp)(zo) = I(zo)cp(zo). On the other 
hand, the multiplicativity of F given F(fcp) = F(f)F(cp) = F(f)cp(zo) = F(f). 
Hence F(f) = I(zo) for all IE BCESV. 

COROLLARY. D is open in M, and hence BCESV /Co(D)::: C(M - D). 

PROOF. The map F .-. F(fo) from M to C is continuous. By the above theorem, 
D is the inverse image of D under this map, so D is open in M. 

REMARK. This corollary says that M - D is homeomorphic to the maximal ideal 
space of BCESV /Co(D) ::: r(Q)/ K. 

REMARK. M - D is connected since BCESV / Co (D) has no idempotent element 
with spectrum {O, I} by Corollary 3 to Theorem 14. 

7. A conformal invariant description of VM08' In this section, we are 
going to give another characterization of VM08. Also we will describe the rela-
tionship between VM08(D) and the usual VMO(D). 

For Zo ED and r E (0,1), let 

D(zo,r) = {z E D: I(zo - z)/(l- Zoz) I < r}. 
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D(zo, r) is called the pseudohyperbolic disc centered at Zo with radius r. It is 
actually a Euclidean disc (see [13]) contained in D with center 

1- r2 
c = Zo 1 - r21zo12 

and radius 
R=r l-lzol2 . 

1 - r21zo12 
Thus the normalized Lebesgue measure of D(zo, r) is 

ID(zo, r)1 = r2(1 -lzoI2)2 /(1- r2IzoI2)2. 
THEOREM 17. For I E LOO(D, dA), we have IE VMOa if and only if 

lim ID/ )1 ( I/(W) - ID( 1 )1 ( I(U)dA(U)1 dA(w) = 0 
jzj-+1 z, r J D(z,r) Z, r J D(z,r) 

for each r E (0,1). 

PROOF. Let 

fez, r) = ID( 1 )1 2 { ( If(u) - l(w)1 2 dA(w) dA(u). 
z, r J D(z,r) J D(z,r) 

Since I is bounded, it suffices to show that IE VMOa ¢} f(z,r) -+ 0 as Izl -+ 1 
for each r E (0,1). 

A change of variable shows that 

f(z r) = 1 { { II (~) _ I (~) 12 
, ID(z, r)12 Jjwj~r Jjuj~r 1 - ZW 1 - zu 

(1 -lzI2)4dA(w)dA(u) 
11 - zwl 4 11 - zul4 

1 (1 -lzI2)4 { {I (z -w ) ( z -u ) 12 
::; ID(z,r)12 (l-r)8 JDJD I 1-zw -I l-zu dA(w)dA(u) 

= 2(1 - r21z12)4 (1/12(Z) -1](zW) 
r4(1 - r)8 

::; r4(1 ~ r)8 (1f12(z) -li(zW). 

Thus f E VMOa => IE Q => fez, r) -+ 0 as Izl -+ 1 for each r E (0,1). 
On the other hand, 
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that is, 

~ - 2 28r 4 2 2(1/12(Z) -1/(z)1 ) ::; (1 _ r 21z12)4 J(z, r) + 811/1100iD - Drl· 

Now if J(z,r) ---+ ° as Izl---+ 1 for each r E (0,1), then 

2 lim (1/12(Z) -li(zW) ::; 811/11~ID - Drl 
Izl-1 

for each r E (0,1). Letting r ---+ 1 yields 

lim (1f12(Z) -li(zW) = 0, 
Izl-1 

namely, I E Q = VMOa n L oo . 

COROLLARY 1. For I E LOO(D, dA), we have IE Q n B il and only if 

lim ID( 1 )1 r I/(w)ldA(w) = ° Izl-1 z, r J D(z,r) 

for each r E (0,1). 

The proof of Corollary 1 is very similar to that of the theorem, so we omit it. 
For any IE LOO(D,dA), define a continuous function ir(z) on D as follows: 

A 1 f Ir(z) = ID( )1 l(u)dA(u). z, r D(z,r) 

Then we have 

COROLLARY 2. For I E LOO(D,dA), we have 

IE Q ¢> im(z) -lir(zW ---+ 0 (Izl ---+ 1) for any r E (0,1), 

IE Q n B ¢> fJi::(z) ---+ ° (Izl ---+ 1) for any r E (0,1). 

PROOF. The second equivalence is just the above Corollary 1. The first equiv-
alence follows from the identity 

J(z, r) = 2(im(z) -lir(z)12). 
THEOREM 18. For I E LOO(D,dA), we have 

1 1 -IE Q ¢> lim ID( )1 I/(w) - l(zW dA(w) = 0, 
Izl-1 z, r D(z,r) 

IE ESV ¢> lim ID/ )1 r I/(w) - l(zW dA(w) = o. 
Izl-1 z, r J D(z,r) 

PROOF. Recall that 

IE Q ¢> 111 0 bz - j(z)IIL2 ---+ 0 as Izl ---+ 1, 
IE ESV ¢> 111 0 bz - I(z) 11£2 ---+ ° as Izl ---+ 1. 

N ow the theorem can be proved by using the same techniques as in the proof of 
Theorem 17. 
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COROLLARY 1. For I E Q, we have 

IE ESV ¢:} ir(z) - I(z) -- 0 as Izl-- 1 lor each r E (0,1). 
PROOF. The proof follows from Corollary 2 to Theorem 17 and the identity 

ID/ )1 f I/(w) - l(z)1 2dA(w) = im(z) -lir(zW + lir(z) - l(z)12. z, r J D(z,r) 
COROLLARY 2. For I E Q, we have 

ir(z) - j(z) -- 0 as Izl -- 1 lor each r E (0,1). 
PROOF. 

lir(z) - j(z)1 ~ ID( 1 )1 f I/(w) - j(z)1 dA(w). z, r J D(z,r) 
Now the assertion follows from Theorem 18 and the Schwarz inequality. 

COROLLARY 3. For I E Q, we have ir E ESV and I - ir E Q n B. 
PROOF. It follows from Corollary 2 and the fact that j E ESV and 1- j E QnB. 
COROLLARY 4. Given IE LOO(D), we have 

IE ESV ¢:} lim sup I/(z) - l(w)1 = 0 
Izl--l- wED(z,r) 

for all r E (0,1). 

PROOF. "<:::" follows from the second statement of the theorem. 
To prove "=>", given any r E (O,!) and consider ir(z) on D. Suppose w E 

D(z, r). Then 

lir(z) - ir(w)1 ~ ID( )I~D( )1 f f I/(u) - l(v)ldA(u)dA(v) z, r w, r J D(z,r) J D(w,r) 
ID(z,2r)12 1 f f ~ ID( )IID( )IID( 2 )12 . I/(u) - l(v)ldA(u)dA(v). z, r w, r z, r D(z,2r) D(z,2r) 

Since IE ESV => I E VMOa(D), we have 

lim sup lir(z) - ir(w)1 = 0 (r E (0, !)), 
Izl--l- wED(z,r) 

but I(z) - ir(z) -- 0 as Izl-- 1-, hence 

lim sup I/(z)-/(w)I=O (rE(O,!)). 
Izl--l- wED(z,r) 

By a finite covering argument, we get 

lim sup I/(z) - l(w)1 = 0 
Izl--l- wED(z,r) 

for all r E (0,1). 
Finally, we discuss the relationship between VMOa(D) and the usual area 

VMO(D). Recall that IE VMO(D) if and only if given c > 0, there is 8 E (0,1) 
such that 

I~I In /f(W) - I~I In I(U)dA(U)/ dA(w) < c 
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whenever D is a disc contained in D with radius ~ o. For any r E (0,1), the 
pseudohyperbolic disc D(z, r) centered at z is a Euclidean disc contained in D with 
radius 

R = r l-lzl2 
1 - r21z12 

which goes to 0 as Izl - 1. Thus if f E VMO(D), then for any r E (0,1) we have 

lim ID/ )1 r If(W) - ID( 1 )1 r f(u) dA(U)1 dA(w) = O. Izl-+1 z, r 1 D(z,r) Z, r 1 D(z,r) 

THEOREM 19. If f E LOO(D), then f E VMO(D) => f E VMOa(D). 

REMARK. The converse of Theorem 19 is obviously false. For example, if f is 
the characteristic function of any closed square contained in D, then f E Q nBc 
VMOa(D) while f ~ VMO(D). Even for bounded continuous functions f on 
D, the converse of Theorem 19 does not hold. However, if f E HOO(D), then 
f E VMOa(D) ¢} f E VMO(D). 

8. Open questions and possible generalizations. All the results in this 
paper are concerned with essentially bounded functions on D. It is clear that 
many concepts and techniques apply to unbounded functions. First we make some 
definitions. 

DEFINITION 1. A function f E L1(D) is said to be in BMOa(D) if 

sup -I; 1 r If(W) - I; 1 r f(U)dA(u)1 dA(w) < +00. 
zED z 1s. z 1s. 

It is obvious that VMOa(D) c BMOa(D). 
For a function f E L2(D, dA), the Toeplitz operator Tf is an unbounded operator 

in general. However, we always have kz E D (Tf ). Thus, the Berezin symbol j is 
well defined in this case. Also i is well defined. Our first problem is to generalize 
Theorem 1: 

Problem 1. For f E L 2 (D,dA), prove that the following are all equivalent: 
(a) H f and Hf are compact; 
(b) Tlfl2 - TfTf and 1if12 - TfTf are compact; 
(c) f E VMOa(D); 
(d) IfI 2 (z) - lj(z)12 - 0 as Izl - 1; 
(e) IfI 2 (z) -li(z)12 - 0 as Izl - 1. 
An analogous problem is 
Problem 2. For f E L 2 (D, dA), prove that the following are all equivalent: 
(a) H f and H f are bounded; 
(b) 1if12 - TfTf and 1if12 - TfTf are bounded; 
(c) f E BMOa(D); 
(d) IfI 2 (z) -lj(zW is bounded on D; 
(e) W(z) -li(zW is bounded on D. 
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For I E L2(D, dA), let 

11/111 = sup I; I r I/(W) - -I; I r I(U)dA(u)1 dA(w), 
zED z ls. z ls. 

1 
11/112 = sup -IS I 

zED z 
r r I/(u) - l(w)1 2dA(u)dA(w), ls. ls. 

11/113 = sup VI/12(z) -1j(z)1 2 . 
zED 
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Problem 3. Show that II Iii (i = 1,2,3) are complete norms on BMOa(D) modula 
the constant functions and show that they are equivalent. 

In the theory of BMO and VMO [13], Fefferman's duality theorem is one of the 
most important and deepest results, so it is very natural to propose: 

Problem 4. Formulate and prove a duality theorem about BMOa(D). 
New characterizations of BMOa(D) and VMOa(D) are also worth further in-

vestigation. 
Finally, I am very curious about the possible generalizations of the above con-

cepts and results to general strongly pseudo-convex domains 0 in en. The defi-
nitions of Berezin symbol, Q, and Q can be carried over word by word. It seems 
to me that a reasonable definition of BMOa(O) and VMOa(O) as well as ESV(O) 
should involve the geometry of 0 and a~. A connection between geometry and 
operator theory is expected in the further study of this direction. 
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