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SQUARES OF CONJUGACY CLASSES
IN THE INFINITE SYMMETRIC GROUPS

MANFRED DROSTE

ABSTRACT. Using combinatorial methods, we will examine squares of con-
jugacy classes in the symmetric groups S, of all permutations of an infinite
set of cardinality R, . For arbitrary permutations p € S,, we will characterize
when each element s € S, with finite support can be written as a product
of two conjugates of p, and if p has infinitely many fixed points, we deter-
mine when all elements of S, are products of two conjugates of p. Classical
group-theoretical theorems are obtained from similar results.

1. Introduction. We will deal with the symmetric group S, of all permutations
of an infinite set of cardinality X,. The normal subgroups of S, are known since
1933 from Schreier and Ulam [25] in the countable case (i.e. for v = 0) and from
Baer [3] in the general case. They form a well-ordered chain

{1cAacsics,c-csycst =5,

where S] is the group of all elements of S, moving less than R, symbols (0 < 7 <
v+ 1) and A, is the infinite alternating group in S2. The result that the factor
groups HY, = S7%1/S7 (0 < 7 < v) are simple has recently been sharpened in two
directions.

First, Moran [21, 22] and Arad, Chillag and Moran [1] have shown that for any
non-unit conjugacy class C in H? (0 < 7 < v), in fact H, = C? if v > 0, and
H? = C? if v = 0. Secondly, Droste and Gébel [13] (and Bertram [5] if v = 0)
showed that whenever p € S, satisfies |p| = R,, then each element of S7*! is a
product of four conjugates of p, i.e. S;+! = [p]4; here |p| denotes the cardinality
of the support of p and [p] is the conjugacy class of p in S,. Indeed, here we even
have S7*! = [p|® if r < v or if 7 = v and p is not a fixed-point-free involution, see
[11].

It is the aim of this paper to study which conjugacy classes C in the groups
S7+1 satisfy S7+1 = C2. In the literature, several authors [6, 17, 20] have already
proposed this problem for 7 = v, and various conjugacy classes C in S, have
been found satisfying S, = C?2, cf. [4-6, 10-14, 17, 19, 23]. Here, we first wish
to characterize when C? contains S2, the group of all permutations with finite
support. Because of work done in {10], we can assume that no p € C has an infinite
orbit. Let us call (k,I,m) € N3 an additive triple, if k +1 = m. For p € S, let
Soo(p) = {n € N; p has infinitely many orbits of length (cardinality) n}. Using
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covering results of Boccara (7] and Dvir [16] for finite symmetric groups, we will
show

THEOREM 1. Let p € S, have no infinite orbit. Then the following are equiva-
lent:

(1) 8P € [p)*

(2) (Seo(p))® contains an additive triple.

In fact, here condition (2) is also equivalent to the statement that [p]? contains
a transposition; this was observed by G. Moran. Hence, if [p]? contains a transpo-
sition, then it contains every permutation of the underlying set with finite support.
Using Theorem 1 as well as results of Moran [21] and of [10, 11], we can now
characterize when S, = [p]?, provided the permutation p € S, has infinitely many
fixed points.

THEOREM 2. Let p € S, have infinitely many fized points. Then S, = [p)? if
and only if |p| = R, and at least one of the following two conditions holds:

(1) p has an infinite orbit.

(2) (Seo(p))® contains an additive triple, and, if v = 0, p has also infinitely many
finite orbits of length > 3.

We will also give a simple characterization of when a permutation p € S, (v > 0)
with at least one infinite orbit satisfies S, = [p]?, see Theorem 5.2. These results
generalize various theorems of the literature, cf. Bertram [4, 5], Boccara [6], Droste
and Gobel [13, 14], Gray [17], Moran [19], and [10, 11]. As a consequence, we
will obtain for each 0 < 7 < v a complete characterization of all conjugacy classes
C in S7*1 with S7+! = C%

COROLLARY 3. Let0 <7 < v, and let p € S,. Then the following are equiva-
lent:

(1) s7* = [p)%.

(2) |p] = R, and [p)? contains a transposition.

(3) |p| = R, and either p has an infinite orbit or (Seo(p))® contains an additive
triple.

We just note here that if 7 = 0 or if 7 is a limit-ordinal with 0 < 7 < v, clearly
there is no conjugacy class C in S} with S = C?, and the same applies to the
group A,.

The proof of Theorem 1 is contained in §3. We prove Theorem 2 in the countable
case in §4 and derive from this the uncountable case and Corollary 3 in §5; this
section also contains further related group-theoretical results.

2. Notation and remarks. Let |JA; denote a disjoint union; N = {1,2,...},
the set of all positive integers, and Ny, = NU{Ro}. For any group G we let [g] =
{z7!.g-1;z € G}, the conjugacy class of g € G, and A-B = {a-b;a € A,b € B} for
subsets A, B C G. Mappings operate from the right on elements; so the composition
of mappings is from left to right.

Sy denotes the symmetric group of all permutations of a set M, Ay C Sm
the alternating group if M is finite, and idas (or id, if there is no ambiguity) the
identity permutation of M. Now let p € Sps. Then D(p) = M, the domain of p.
An orbit of p is a minimal p-invariant subset of M. The length of an orbit is its
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cardinality, and an orbit is nontrivial if it has length > 2. The type of p € Sy is
the function $ from Ny, into {¢;0 < ¢ < |M|} defined by

p(n) = |{X; X orbit of p of length n}| (n € Noo).

Hence p(1) is the cardinality of the set of all fixed points of p. The support of p
is the set {zx € M;zP # z},; its cardinality will be denoted by |p|. Hence |p| =
Y n>2 M- B(n). The following fact is well known (e.g. [26, 11.3.1]) and will be used
throughout this paper without mentioning it again:

Whenever p,q € Sn, then [p] = [q] ¢f and only if p = G. In particular, p~?! is
conjugate to p, and hence idps = p-p~! € [p|? for any permutation p € Sp.

If M= Uz‘ezMi is a partition, p; € Sp, and p € Sy satisfy p|m, = pi (2 € I),
then we also write p = €D,; p;. Clearly, in this case p(n) = ), Pi(n), and if also
¢ € Sm, (1 €1)and ¢ =D ¢, then p-q =D, (pi - 4)-

3. Proof of Theorem 1. This section is devoted to the proof of Theorem 1. We
will also derive a necessary condition for permutations p € S, to satisfy A, C [p]2.
One of the main tools for the proofs of this paper is the splitting-argument-technique
which may be best described by an example. Let s,p € Sy and suppose we wish
to show that s is a product of two conjugates of p. Assume that it is possible to
decompose s = s; @ s2 and p = p; D p2 such that the domains of sy, sg, p1, p2 are all
infinite. Now if, for ¢ = 1,2, we can find permutations g¢;, r; of the domain D(s;) of
s; such that s; = ¢;-r; and §; = 7; = Py, then ¢ = q; ®qe and r = r; Hry € S satisfy
g = 7 = p, hence are conjugate to p, and s = 51 Dse = (q1-71)D(g2°72) = q-r € [p)?,
establishing our goal. Now we give the formal statement of the technique which is
only a bit more general than the above example.

(3.0) THE SPLITTING-ARGUMENT-TECHNIQUE. Let M, M; be sets and s, q;,
ri € Sm, such that s; € [gi] - [ri] in Sm, for each i € 1. Let s,q,r € Sy satisfy
5(n) = Yyer 5i(n), 4(n) = Yoe, (), 7(n) = Yie; Ti(n) for each n € Neo. Then
s€lq]-[r] in Snm.

A proof of this result is contained, for instance, in [11]. Now we turn to the
proof of Theorem 1. Let M be a fixed finite set with |M| =n € N and n > 3. Our
argument for Theorem 1 rests on results of Boccara [7] and Dvir [16] characterizing
when a cycle in Sps is a product of two elements of Sps belonging to prescribed
conjugacy classes. We follow mainly the version of Dvir [16].

If ¢ € S, let ¢(q) denote the number of orbits of q. For each 3 <17 < n let C;
denote the conjugacy class of all cycles of length 7 in Syy, i.e. of all s € Sps such
that 5(¢) = 1 and 3(j) = 01if j # 1,7. Now let ¢q,r € Sps and T = (g,7). We put
r(T)=2n+1-c(q) —c(r) and let (T) = min{7;3 < ¢ <n, C; C [q] - [r]} provided
such ¢ exists. Then we have

LEMMA 3.1 (DVIR [16, THEOREM 6.1]). Let q,r € Sm, T = (q,7), and
3 <1< n. Assume that i(T) exists. Then C; C [q]-[r] if and only if:(T) <1 < r(T)
and ! = i{(T) mod 2.

Note that if ¢ € Sps is neither the identity nor a fixed-point-free involution and
if T = (q,q), then ¢(T) = 3, as follows from Boccara [7, Théoréme 4.3] or from the



506 MANFRED DROSTE

identities
(123)=(12)(3) (13)(2),
(123)=(132)-(321),
(123)4)---(k)=(13245---k)-(k---4321)
if4<k<n.
The?efore the following result is immediate by Lemma 3.1 (or by Boccara [7, 4.3,
4.12)).

LEMMA 3.2. Let 3 <n €N, |M|=n, and s € Aps such that s has precisely
one nontrivial orbit. Let p € Sps have only orbits of length > 3. Then s € [p)?.

Next we show

LEMMA 3.3. Let (k,l,m) € N2 be an additive triple, n = j-m for some j € N,
and |[M| =n. Let s € Sp\Am have precisely one nontrivial orbit. Then there are
g,7 € Spr such that s = q - r and the following two conditions hold:

(i) g(m) = 4, i.e. g has only orbits of length m.

(il f(m)=7-1,7k)=Fl)=1¢fk#!, andFlk) =2 if k=1, de.r hasj—1
orbits of length m, one orbit of length k, and another one of length [.

PROOF. If s is a transposition, the result is clear by the identity
(1 k+1)=(m m-1 -~ 21)-(1 2 - k)k+1 k+2 --- m).

Hence let now the nontrivial orbit of s have length > 4. By Lemma 3.1 it suffices
to prove the result for the case that the nontrivial orbit of s has length precisely
4. This follows from the subsequent identities where we assume without loss of
generality that j is minimal with respect ton=7-m > 4.

Triple (1,1,2):  (1234)=(12)(34)-(13)(2)(4).
Triple (1,2,3):  (1234)=(125)(643)-(153)(46)(2).
Triple (2,2,4):  (1234)=(4321)-(13)(24).
Triple (k,l,k+1) with k,l€N, [ >3:
(k+1 1 k+2 k+3)=(k+! k+I1-1 --- 3 2 1)
(1 23 o K)k+1 k+3 k44 - k+l k+2).

We will also need the following result communicated to us by G. Moran.

PROPOSITION 3.4. Let p € S, have no infinite orbit. Then [p]?> contains a
transposition if and only if (Seo(p))® contains an additive triple.

PROOF. It rests on the well-known observation that if s € SO is a transposition
and r € S, is any permutation, then the orbits of ¢ = s - r and r differ only in
that either one orbit of r is the union of two distinct orbits of g, or vice versa.
Hence, if [p)? contains a transposition, then (S (p))® contains an additive triple.
The converse is immediate by the first identity given in the proof of Lemma 3.3,
and a splitting-argument.

Now we can give the

PROOF OF THEOREM 1. (1) — (2). Immediate by Proposition 3.4.

(2) — (1). By an easy splitting-argument, it suffices to show that s € [p]? for
each s € SO which has precisely one nontrivial orbit. Since any permutation is a
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product of two involutions, we can also assume that p(m) = R¢ for some m > 3.
Now the result follows from Lemmas 3.2 and 3.3.

Next we give a necessary condition for a permutation p € S, such that [p|2
contains the infinite alternating group A, ; recall that A, is the group of all elements
of S which, if restricted to their support, are even. This result partially generalizes
Moran [19, Corollary 2.5].

THEOREM 3.5. Letp € S, satisfy A, C [p)2. Then at least one of the following
three conditions holds:

(1) p has at least one infinite orbit.

(2) p has infinitely many fized points and infinitely many orbits of length 2.

(3) p has infinitely many finite orbits of length > 3.

PROOF. Assume that A, C [p]? but neither of conditions (1)-(3) holds. Thus
p has no infinite orbit, only finitely many orbits of length # 2, and infinitely many
orbits of length 2. Choose s € A, such that all the nontrivial orbits of s have
different lengths and s has more than 2 - En# n - p(n) nontrivial orbits. We claim
s ¢ [p]*.

Assume that s = ¢ - r for some conjugates q,r of p. There is a nontrivial orbit T
of s such that each ¢ € T belongs to some orbit of length 2 of ¢ and to some orbit
of length 2 of r. Let Q(R) be the set of all orbits of length 2 of ¢(r), respectively.
We may assume T C Z. Suppose first that 19 € T for some ¢ € T. Let 7 = 7 and
assume without loss of generality ¢ < j. Hence s|r is a cyclic permutation of T of
the form

S,Tz(.. Z ’L+1 P J_l ] ...).

Since {7,7} € Q,we get j" =7+ 1and {¢+ 1,5} € R. Thus (j—1)? =i+1, and so
{i+1,j—1} € Q. By induction, {i+k,7—k} € Q for each k € N withi+k < j—k,
and {i+1+k,j —k} € R for each k € N with ¢ + 1+ k < j — k. It follows that
for some m € T with ¢ < m < j, either m? = m or m" = m, a contradiction.

Now assume that ¢7 € T* for some 7 € T and some orbit T* # T of s. We may
assume that T = {1,...,5}, T* = {1*,...,7*},

slror-=(1 2 - (1 -+ J5*), and 19=1%

Then {1,1*} € @, thus 1*" = 2 and 1" = 2*. Hence {1*,2},{1,2*} € R and so
7*9 =2, 59 =2* Thus {2,5*},{2*,7} € Q. Now 5*" = 3, 50 {3,5*} € R and thus
(G-1)=3{3,(-1)"} €Q. Hence {2,5°},{3,( - 1)*},...,{5,2"} € Q, which
implies 7 = 7*, a contradiction.

By Bertram [4, Theorem 2.1] (cf. the subsequent Lemma 4.8), condition (1)
of Theorem 3.5 is also sufficient to imply that A, C [p]2. The same applies to
condition (2) by Moran [19, Corollary 2.4] (cf. Lemma 4.7). However, this is not
true for condition (3). For, if s € Ay has only one orbit of length 2 and one orbit
of length 4 (and no others) and if p € Sy has only orbits of length 3, then s ¢ [p)?,
as can be easily checked; this example was communicated to us by G. Moran.

Finally, we note that if v = 0 and [p]? contains a permutation s which has
only one (infinite) orbit, then again p satisfies condition (3.5)(3), as shown in [11,
Theorem 4.1].
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4. Proof of Theorem 2 (the countable case). In this section we wish to
prove Theorem 2 in the countable case, i.e. for v = 0. We will also derive from
it a few consequences on squares C? of conjugacy classes C in Sy. Since Theorem
1 characterizes when C? contains S§, here we first derive a sufficient condition
for permutations p € Sp such that [p]? contains all elements s of Sy with infinite
support. In [10] we characterized the sets [p]? if p € Sy has at least one infinite
orbit; so here we can assume that p has infinite support, but 5(Rg) = 0. Then,
of course, p has infinitely many nontrivial finite orbits. Let us first consider the
case that s € Sy has also no infinite orbit. Our main tool for this case will be the
following recent result of G. Moran.

LEMMA 4.1 (MORAN [21, PROPOSITION 5.1, THEOREM 3]). Let s,q,r €
So each have infinite support but no infinite orbit such that s and q have no fized
points, r has precisely one fized point, and all nontrivial orbits of ¢ and r have
length at least 4. Then s € [q] - [r].

It is clear by an easy splitting-argument that the assumptions on the fixed points
of ¢, in Lemma 4.1 can be weakened to the effect that either q or r has at least
one fixed point. This will be used in the following without mentioning it again.
Next we show

LEMMA 4.2. Let s,p € Sy have infinite support but no infinite orbit such that
p has infinitely many fired points and infinitely many orbits of length > 4. Then
s € [p)%.

PROOF. Clearly s has infinitely many nontrivial finite orbits. We distinguish
between three cases.

Case 1. Assume that s has infinitely many orbits of length 2.

Split s = s1 @ s2 such that |D(s1)| = 4-(p(2) +5(3)), s1 has only orbits of length
2, and D(s2) is infinite. The following formulas,

(12)(34) =(12)(3)(4) - (1)(2)(3 4),
(12)(34)=(123)(4)-(143)(2),

show that there are permutations qi,7; of D(s;) such that s; = ¢ - r1, G1(2) =
71(z) = 0 for each 7 > 4, and g5 (¢) = 71(¢) = p(¢) for + = 2,3. By Lemma 4.1, there
are permutations qg, 72 of D(s2) such that so = g2 - 79, g2(¢) = 72(¢) = p(¢) for each
1 # 2,3, and gz(¢) =73(¢) =0 for : = 2,3. Hence g =q; ®qg, r =71 ® 1y € Sp are
conjugate to p and thus s = ¢ - r € [p]?.

Case 2. Assume that s has infinitely many orbits of length 3.

Here we proceed completely analogously to Case 1. Only split s = s; @ s2 such
that |D(s1)| = 3 (p(2) +p(3)), s1 has only orbits of length 3, and D(s2) is infinite.
Then use the formulas

(123)=(12)(3)-(13)(2),
(123)=(132)-(132),

to obtain the required number of orbits of lengths 2 or 3 of p. Again s € [p]? follows
by Lemma 4.1.

Case 3. Assume that s has infinitely many orbits of length > 4.

We split s = s; @ sz @ s3 such that s, sz, s3 each have infinite support and s;
contains all orbits of s of length at most 3. Hence sq, s3 each have infinitely many
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orbits of length > 4, but no orbits of length < 3. Next split p = p; & p2 @ p3 such
that p;,p2, p3 each contain infinitely many orbits of length > 4 of p, and p; has
infinitely many fixed points, but no orbits of length 2 or 3.

By Lemma 4.1, there are permutations q;,7; of D(s1) such that s; = ¢q; -r; and
g1 =71 = P1- Again by Lemma 4.1, we can find permutations g2, 79 of D(s2) such
that go = s2-75 ', @2(¢) = p(4) and r2(¢) = 0 for s = 2,3, and gz(3) = 72(:) = Pa(¢) for
each 7 > 4. Similarly, there are permutations g3, r3 of D(s3) such that r3 = g5 1.ss,
73(2) = p(7) and g3(z) = 0 for ¢ = 2,3, and §3(¢) = 73(¢) = p3(2) for each ¢ > 4.

Now let g =q1 ® g2 ®qs and r =r; dro ®r3. Then q,r € Sy, § =7 = p, and
s =gq-r € [p|2. The result follows.

Next we deal with permutations s € Sy having at least one infinite orbit. Here
our considerations rest on the following result proved in [11].

LEMMA 4.3 [11, PROOF OF LEMMA 4.2|. Let p1,ps € So each have infinitely
many nontrivial finite, but no infinite orbits such that

Pi(l) =) (n—2)-73(n) aend P3(1) =1+ (n—2) pi(n).

n>3 n>3

Let {P;;1 € N} ({P%;i € N}) be an enumeration of the set of all nontrivial orbits
of p1 (p2), respectively, and let s € Sy have precisely one (infinite) orbit.

Then there are permutations q¢ € [p1], r € [p2] whose nontrivial orbits can be
enumerated as {Q;;t € N}, {R;;1 € N}, respectively, such that s = q-r and
|Q:| = |Pi|, |R:| = |P*|, and Q; N R; # & for each i € N.

We use Lemma 4.3 to show

LEMMA 4.4. Let p;,p2 € So each have no infinite orbit, but infinitely many
fized points and infinitely many orbits of length > 4. Let s € So have at least one
infinite orbit. Then s € [p1] - [p2].

PROOF. By a usual splitting-argument, it suffices to consider the case that s
has precisely one infinite orbit. Because of Lemma 4.3, we can also assume that
s has at least one finite orbit. We first consider the case that s has precisely one
finite orbit and then later show how to deal with the general case.

So let U denote the infinite and V' the finite orbit of s. Let k = |V| € N; we
may assume that V = {1,2,...,k} and sly =(1 2 --- k). Putr=k/2if k
is even, and r = (k + 1)/2 if k is odd. Next let {P;;2 € N} ({P%i € N}) be an
enumeration of the set of all nontrivial orbits of p; (p2), respectively, such that the
set I = {i € N;|P;| > 4,|P*| > 4} is infinite. Choose a subset I* C I with |I*| =1
and here, in the present case, put K = I*. Enumerate I* = {1*,2*,... r*}.

Now by Lemma 4.3 there are permutations ¢, r of U each having infinitely many
fixed points such that s|y = ¢-r and the nontrivial orbits of ¢ (r) can be enumerated
as {Qi;t € N} ({R;;tv € N}), respectively, such that the following five conditions
hold:

(1) |Q:| = |P;| and |R;| = |P}| for each i € N\K;

(2) |Q:| = |Pi| — 2 for each 7 € I*, provided that k is even;

(3) |Qil = |Pi| —2if ¢ € I*'\{r*}, and |Q;| = |P;| — 1 if i = r* € I*, provided
that k is odd;

(4) |Ri| = |PY| -2 ifi € I"\{1*}, and |R;| = |P| - L if i = 1* € I*;

(5) QiNR; # & for each 1 € N.
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Note that we have indeed |Q;|,|R;| > 2 for all + € N and that |Q;|,|R;| > 4
for infinitely many ¢+ € N, in fact for all ¢ € I\K. For each 7 € I* choose some
b€ Q:NR;and let a; = b9 €Qy, ¢; = b € R,.

_Now we deiﬁne two permutations ¢*,7* of M = UUYV as follows. First put
7?7 = 19 (z" = z") whenever either z € U and z is a fixed point of q(r), or
z € Q; (z € R;) for some ¢ € N\K, respectively. Now let Q* = Uiein and
R* = Uiel‘Ri‘ Then we have

glo- = (- arebie ) (- -agebge ) (o @pabye 1),
FlRe = (-+-byecye - )(---bgecge ) o (- bpecpe - -).
Now we distinguish between two cases.

Case 1. Assume that k is even, i.e. k = 2r.
We put

lo-ov =(--a1- 1 2r bye--)(--rage 2 2r—1 bg---+)
...(...ar_ r r+1 br_...)’
that is, we let 29" = z9 if z € Q;\{a;} ( € I*) and a;-9 =3,79 =2r+1—j,
(2r +1—j)¢ = b;- for each j € {1,...,7}.
Similarly, let
Reoy = (oobie 1 cgeo)(-obge 20 2 coe--r)
(«obge 2r—=1 3 cge-)(-ovbpe TH+2 1T Ccpee)(r+1).

This includes

le

¢"lo-ov =(-ai- 1 2 bya--)
and

rlgeoy = (- b1 1 c1---)(2)
ifr=1.

It follows that ¢*,r* are permutations of M = U UV with 297" = 297 = z° for
each z € Q*, and 297" = z° for each = € V. Therefore we obtain s = ¢* - 7*, and
q* = p1,r* = P3 are straightforward. Hence s € [p;] - [p2].

Case 2. Assume that k is odd, i.e. £k = 2r — 1.

Here we put

lo-ov =(a1- 1 2r—1 by----)(---ag- 2 2r—2 by.---)
@y =1 4L by )(ap T b )

and
ri

R_Uvz(...bl_ 1 Cl"")("'b2' 27_1 2 02“")
(...bs_ 27'_2 3 c3‘...)...(...br. T+1 r cr‘...)‘

This includes ¢*|g-y = (-ra1- 1 b1----) and r*|gegyy = (- b1 1 cpo-+)
ifr=1.

Again we have 297" = z° for each z € M, and thus ¢*,r* are permutations of
M with s = ¢* - r* and ¢* = p1,7* = P3. Hence s € [p1] - [p2] as claimed.

Finally, let us assume that s has more than one finite orbit. We proceed quite
similarly as before. Let {V;;7 € J} be an enumeration of the finite orbits of s. For
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each 7 € J let k; = |V}, and put r; = k;/2 if k; is even, and rj = (k; +1)/2 if k; is
odd. If the set I is defined as before, choose a system (I;);es of pairwise disjoint
subsets of I such that |I;| = r; for each 7 € J and such that I\ K is still infinite,

where K = e g1 Now continue as above, dealing simultaneously with each set
I; (5 € J) as before with I*. Then the result follows.

As a first consequence of our results, we obtain a sufficient condition for permu-
tations p € Sp with no infinite orbit such that [p]? contains all elements of Sy with
infinite support.

THEOREM 4.5. Let p € Sy have no infinite orbit, but infinitely many fized
points and infinitely many orbits of length > 4. Then So\SS C [p)?.

PROOF. Immediate by Lemmas 4.2 and 4.4.
Now we give an example to show that the assumptions of Theorem 4.5 (and, in
fact, of Lemma 4.2) cannot be arbitrarily weakened.

EXAMPLE 4.6. Let s,p € Sy such that s is an involution with precisely one
fized point and p has only orbits of length 3. Then s ¢ [p]?.

PROOF. Suppose that s = q-r for some conjugates ¢, r of p. Let us assume that
the underlying set is N U {0}, s has the following form:

s=(0)(12)(34)(56)(78)---,

and 19 = 0. Then 07 # 2, for otherwise we get 29 = 1 and 1 must be a fixed
point of r, a contradiction. Therefore assume 09 = 3 and hence 37 = 1. Then
0" = 197 = 1% = 2 and, similarly, 3" = 0 and 1" = 4. Thus 2" = 3, which implies
49 = 2. We may assume that 57 = 4. Then 27 = 5, which shows 5" = 1 and hence
4" = 5. But this implies 67 = 4, a final contradiction.

We will also need the following two results from [10, 11] which characterize for
two conjugacy classes C in So when Sy = C2.

LEMMA 4.7 [11, THEOREM 2b]. Let p € Sy have no infinite orbit, but in-
finitely many fized points and infinitely many orbits of length 2.

(a) If p has infinitely many orbits of length > 3, then So = [p]?.

(b) If p has only finitely many orbits of length > 3, then [p]? = {s € So; s has
infinitely many orbits}.

LEMMA 4.8 [10, THEOREM 1]. Let p € Sy have at least one infinite orbit. If
p has either at least two infinite orbits or, for some n € N, infinitely many finite
orbits of length n, then Sy = [p]?. In the other case, [p)> = (So\SJ) U Ao.

Now we can give the

PROOF OF THEOREM 2 IN THE COUNTABLE CASE (I.E. v = 0). First
suppose So = [p)2. Clearly p has infinite support. If condition (1) is violated, by
Theorem 1 there exists an additive triple (k,l,m) in (Se(p))3. If m > 3, condition
(2) of Theorem 2 is immediate, and if m = 2, it follows from Lemma 4.7(b).

Conversely, assume that condition (1) or (2) holds. In the first case, we get
So = [p)* by Lemma 4.8. Secondly, let p have no infinite orbit, but let (k,l,m)
be an additive triple in (S (p))3. Then we obtain Sy = [p]? by Lemma 4.7(a) if
m < 3, and by Theorem 1 and Theorem 4.5 if m > 4.
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It remains open whether condition (2) of Theorem 2 is also sufficient to imply
that Sop = [p]? if p € Sy is assumed to have only a finite number of fixed points.
The assertions of Theorem 2 in the uncountable case will be proved in §5. As a
consequence of Theorems 1 and 2 we now show that if p € Sy has infinitely many
fixed points and [p]? contains both a transposition and some s € Sy with only
finitely many orbits (and hence at least one infinite orbit), then So = [p]?.

COROLLARY 4.9. Let p € Sy have infinitely many fized points such that [p)?
contains a transposition. Then either [p|2 = {s € Sp; s has infinitely many orbits}
or So = [p)?.

PROOF. If p has an infinite orbit, the result is clear by Lemma 4.8. If p has no
infinite orbit, (S (p))® contains an additive triple by Theorem 1. Now the result
is immediate by Theorem 2 and Lemma 4.7.

Finally we wish to sharpen Theorem 4.5 and show, in view of the result of Lemma
4.8, that there are also many conjugacy classes [p] in Sp where p has no infinite
orbit, but [p]? contains precisely all elements of Sy which either have infinite support
of have finite support and are even. The following result from the corresponding
theory for finite symmetric groups has found various generalizations, cf. {7, 16] and
the references mentioned there.

LEMMA 4.10 (GLEASON [18, PROPOSITION 4, p. 172]). Let M be a finite
set with |M| > 5, and let p € Sy have only one orbit (which is, hence, of length
|M|). Then Ap = [p]? tn Sn.

Now we can show

COROLLARY 4.11. Let p € Sy have infinitely many fized points and finite
orbits of arbitrarily large lengths. Then (So\SJ) U Ao C [p]?, and equality holds if
and only if p has no infinite orbit and, for each n € N, only finitely many orbits of
length 2n.

PROOF. If p has an infinite orbit, we have Sy = [p]? by Lemma 4.8. Hence
let us assume now that p(Ro) = 0. By Theorem 4.5 we have Sp\SJ C [p]?, and
Ao C [p)? follows by a splitting-argument from Lemma 4.10. The final statement
of the corollary is now immediate by Moran [20, Theorem 3] which characterizes
when a permutation p € Sy satisfies [p]2 N S§ C Ao.

5. From the countable to the uncountable. In this section we will prove
Theorem 2 in the uncountable case and Corollary 3. We will also obtain a simple
characterization of when a permutation p € S, (v > 0) with at least one infinite
orbit satisfies S, = [p]?, using the result contained in Lemma 4.8 for the countable
case.

Let us start with a few preliminary remarks. Recall that S7 = {s € S,;|s| < R,}
(0 < 7 < v+1). First note that any two permutations ¢, € S, are conjugate in
S7 if and only if they are conjugate in S,. Next, if s,p € S, and s € [p|?, then
clearly |s| < 2-|p|. This shows that if 7 = 0 or if 7 is a limit-ordinal, there is no
conjugacy class C in S7 with S7 = C2. Also, it is easy to see that if p € S, has
infinite support, then [p]? contains some permutation s € S, with |s| = |p| (in fact,
by [10, Lemma 4.9] and a splitting-argument [p]? contains each permutation s € S,
which has |p| orbits of length Ro, no nontrivial finite orbits, and infinitely many
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fixed points). Consequently, each permutation p € S, with SI*! = [p]? satisfies
Ip| = R, (0 < 7 < v). Finally note that if p € S, and v > 0, there exists n € N,
such that p has uncountably many orbits of length n.

Let us call an element p € S, a nice permutation if it has, for each n € N,
either no or infinitely many orbits of length n. In particular, such a permutation
has either infinite support or is the identity. The following result, which will be
crucial for this section, is essentially contained in Moran [21] and can be shown in
the same way as Theorem 2 in [21] is derived from Lemmas 3 and 4 of [21].

LEMMA 5.1 (MORAN [21]). Let s,p be nice permutations of an infinite set
M with |s| < |p|. Then s € [p)?.

Now we apply Lemma, 5.1 to obtain the following result which shows, in partic-
ular, that if p € S, (v > 0) satisfies |[p| = R, and has at least one infinite orbit,
then S, = [p]2. This generalizes Theorem 2 of Droste and Gébel [14].

THEOREM 5.2. Letv > 0 and let p € S, have at least one infinite orbit. Then,
for any 0 < 7 < v, ST = [p]? if and only if |p| = X,.

PROOF. As noted above, it suffices to show that if |[p| = R; and s € S, satisfies
|s| < |pl, then s € [p)%. First choose n € N, such that p(n) > Ro. Next decompose
8 =81 ® s2 and p = p; @ ps such that |D(s1)| = |D(p1)| = No, p1 has at least one
infinite orbit and infinitely many orbits of length n, and sg, p2 are nice permutations
with |sz| < |p2|. By Lemma 4.8, there are two permutations ¢;,7; of D(s;) with
81 =¢q -7 and g7 = 71 = P1. Since |D(sz2)| = |D(p2)| = R,, by Lemma 5.1 we
can find permutations g2, 79 of D(sg) with s; = g2 - 72 and g3 = 72 = D3. Then
g=q Dqzand r =1, Ory satisfy g,r€S,,g=7=p,and s =q-r € [p]%.

Now we turn to the proof of Theorem 2 and Corollary 3. In a very similar way
as for Theorem 5.2 we show

PROPOSITION 5.3. Letv >0 and 0 < 7 < v, and let p € S, have infinitely

many fized points such that |p| = R, and (Seo(p))® contains an additive triple. Then
S;*t = [p)*.

PROOF. Let s € S7t1. Split s = s; @ s and p = p; ® p2 such that |D(s1)| =
|D(p1)| = Ro, s1 has infinitely many orbits, p; has infinitely many fixed points,
(Soo(p1))? contains an additive triple, and sq,p, are nice permutations with |sg| <
|p2|. By Corollary 4.9 and Theorem 1, there are two permutations q;,7; of D(s;)
such that s; = ¢; - r; and g7 = 71 = p;. By Lemma 5.1, there exist permutations
g2, 72 of D(s2) with s9 = ¢o-ro and gz =73 = 3. Hence ¢ = ¢; Pge and r =71 ® 7y
satisfy ¢g,7 € S,, §=7=p,and s=q - r € [p]?.

Now we give the

PROOF OF THEOREM 2 IN THE UNCOUNTABLE CASE (I.E. v > 0) I
S, = [p)?, clearly |p| = R,, and Theorem 1 implies that condition (1) or (2) holds.
The converse is immediate by Theorem 5.2 and Proposition 5.3.

With this, the proof of Theorem 2 is complete. To the best of our knowledge,
Theorem 2, Lemma 4.8, and Theorem 5.2 contain all conjugacy classes C in S,
(v > 0) presently known satisfying S, = C2. Next we obtain the

PROOF OF COROLLARY 3. (1) — (2). Obvious.

(2) — (3). Immediate by Theorem 1.
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(3) — (1). Apply Theorem 5.2 and Proposition 5.3.

In [10] we showed that any infinite group G can be embedded into a simple group
H of the same cardinality satisfying H = C? for each nonunit conjugacy class C in
H. Here we wish to sharpen this result. For background information and a variety
of recent theorems in this area we refer the reader to 1, 2, 16, 21, 22]. We will
use the following result related to Lemma 5.1.

LEMMA 5.4 (MORAN [21, LEMMA 3]). Lets,q,r € S, be permutations each
having R, nontrivial orbits of the same length, and no others. Then s € [q] - [r].

Now we show

THEOREM 5.5. FEvery infinite group G can be embedded into a simple group H
of the same cardinality which satisfies H\{1} C C; - Cy for all nonunit conjugacy
classes C1,Cy in H.

PROOF. Let |G| = X,. We show that there is a group H; of cardinality ®,
containing G such that for all a,b,c € G\ {1}, we have a = b’ -¢’ for some conjugates
b'.c" of b,c in Hy, respectively. Let p: G — G x {1} C G® G — S, be the
composition of the canonical embedding and Cayley’s right-regular representation.
We identify G with its image under ¢ in S,,. Then, if g € G hasorder n (n € Ny,), g
has in S, precisely R, orbits of length n, and no others. Hence by Lemma 5.4 there
exists a subgroup H; of S, with the required properties. Now a straightforward
induction implies the result.

For other group-theoretical consequences of similar covering theorems as consid-
ered, we refer the reader to [1, 8-9, 12-15. 21-22, 27].
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