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EQUIVARIANT GEOMETRY AND KERVAIRE SPHERES
ALLEN BACK AND WU - YI HSIANG

ABSTRACT. The intrinsic geometry of metrics on the Kervaire sphere which are
invariant under a large transformation group (cohomogeneity one) is studied.
Invariant theory is used to describe the behavior of thése metrics near the singular
orbits. Nice expressions for the Ricci and sectional curvatures are obtained. The
nonexistence of invariant metrics of positive sectional curvature is proven, and®
Cheeger’s construction of metrics of positive Ricci curvature is discussed.

I. Introduction. In [BACH], a general framework for equivariant differential
geometry was sketched. In this paper, we apply that framework and study all
invariant metrics on a class of manifolds including the Kervaire sphere =4"*! with
an almost transitive (cohomogeneity one) S! X O(2n + 1) action.

§§I1 and III review the general approach to studying G-invariant metrics on a
manifold M as suggested in [BdCH]. §IV makes this explicit in the case of the
Kervaire sphere; particularly interesting is the somewhat delicate way that the
invariant theory of the slice representations at nonprincipal orbits dictate the
possibilities for smooth invariant metrics.

In §V, the Ricci and sectional curvature of arbitrary left invariant metrics on
S! X SO(n)/SO(n — 2) (principal orbits of the action) are calculated. §VI uses
these results to obtain curvature computations for arbitrary invariant metrics on
Kervaire spheres. The answers are remarkably simple.

We apply these considerations to the question of whether or not Kervaire spheres
possess equivariant metrics of positive curvature. Away from one orbit, the Kervaire
sphere is equivariantly diffeomorphic to the standard sphere with an orthogonal
action, yet we find that positive sectional curvature is impossible for an invariant
metric (VI.3). Cheeger [C] has shown the existence of invariant metrics with positive
Ricci curvature, and in §VII we relate his construction to our framework.

We also make use of the curvature formulas for S X SO(n)/SO(n — 2) to show
the nonexistence of invariant Einstein metrics on this homogeneous space (V.6) as
well as the uniqueness of Sagle’s Einstein metric on SO(n)/SO(n — 2) (V.7).

In all sign conventions, we follow Kobayashi-Nomizu [KN].
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II. Geometry of orbit structures. First we recall the geometry of a complete
G-Riemannian manifold M as described in [BdCH]. Here M is a smooth Rie-
mannian manifold on which a Lie group G acts through isometries. Let H be a fixed
principal isotropy subgroup. The union M, of the principal orbits (those with
isotropy group conjugate to H) forms the regular part of M and has the structure of
a G/H fiber bundle over M,/G. The complement M, = M — M, is the singular set.
The fixed point set M0 of H acting on M, is the total space ofa G=N(H)/H
principal bundle. The G action extends to the closure M of M,, and as M cuts every
G-orbit, G-equivariant information about M may generally be reduced to G-
equivariant data at points of M. M, is the regular part of M.

In the diagram

M - M
i) )
M/G - M/G

the vertical maps are Riemannian submersions along the regular sets. The submersed
metric measures the distance between orbits. Off the singular set, M / G- M/Gis
an isometry. The orthogonal complement to the orbits in M, > M,/G determines a
G-connection in the principal bundle whose curvature is essentially the fundamental
tensor of the submersion (as in [ON]) M, > M,/G evaluated at points of M.

A function f: M/G — R is defined to be smooth if the composition f: M —
M/G — R is smooth. In understanding this smooth structure, the following basic
theorem of Schwarz [Sc] is fundamental since it points out the intimate relationship

between smooth functions near the singular set and the invariant theory of the slice
representations.

THEOREM 11.1. For any given point x € M with isotropy group G, let S, be the
linear G -space of all normal vectors to the orbit £ = G(x) at x (i.e. the slice). Let
{0,,0,,-*+,,0,} form a Hilbert basis of the ring R[S,]°* of G,-invariant polynomials.
Then the {6} form a local coordinate system for a suitable neighborhood of § in M /G;
i.e. all C*-invariant functions near & are C* functions of the o,.

Let ¢ and 4 be the Lie algebras of G and H, respectively. Choose a fixed
Ad invariant positive definite quadratic form on ¢ and let 4 be the orthogonal
complement of £ in g with respect to this form. Then at each point of M, the orbit
of G is naturally identified with G/H and the metric induced from M on this orbit
is given by an Ad,-invariant inner product on 4. Furthermore, the Schur lemma
tells us that the number of distinct left invariant metrics on G/H is determined by
the decomposition X! _,n,p, of the linear isotropy representation into distinct
irreducible representations p, of H. (The n, are multiplicities.) More precisely the
representation spaces corresponding to nonisomorphic irreducibles are orthogonal,
and the bilinear form restricted to pairs of vectors in isomorphic irreducible
representation spaces must be (after identification) a multiple of any choice
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(e.g. the trace form) of H-invariant quadratic form. So an arbitrary Ad,-
invariant quadratic form on 4 is given by an element of @&’_GL'(n, R)C
GL*(m, R), where GL*(k, R) denotes the nonsingular symmetric k X k real matrices
and m = ¥/, _n, dim(p,).

So the tangential components of the metric are determined by a function h:
M — GL*(m). It is important to realize that this function is G-covariant. Explicitly,
let {V;: 1 <j < m) bea fixed and chosen basis for 4, B(n) the matrix of Ad(n)
acting on # with respect to this basis, and &, ,(x) = (V;*(x), V;*(x)) where V;*(x) is
the associated Killing field at x. (We drop the * when no confusion will result.)
Then, because V,*(nx) = L,((Ad(n~")V,)*(x)), h satisfies the covariance property.

PROPOSITION I1.2. h(nx) = B(n~')'h(x)B(n™").

The function / also determines the second fundamental form of each principal
orbit (see Proposition I11.1).

The above discussion naturally leads to the following uniqueness theorem showing
that the G-isometry type of a G-Riemannian manifold is determined by the three
basic invariants consisting of: (a) submersed orbital distance metric on M,/G; (b) a
G-connection on the principal bundle M, > M,/G (= M,/G); (c) a matrix-valued
covariant function 4, ,(x) on M,

THEOREM 11.3. Suppose that M and M’ are two complete Riemannian G-manifolds
with the same principal orbit type G/H. Assume there exists a G-equivariant map i:
M, — Mj satisfying

(a) the induced map i: My/G — M;/G is an isometry.

(b) i* preserves the G-connections.

(c) i* preserves the matrix-valued functions h, sandhi;.

Then there is an equivariant isometry i: M — M’ whose induced map on orbit spaces
is exactly I.

Equally important, the three basic invariants may be used to construct examples
of G-Riemannian manifolds. The basic tool is the slice theorem describing a tubular
neighborhood of any orbit G(x). The slice S at x is the intersection of an open ball
about 0 in T, M with the set of normal vectors to the orbit G(x). Then using the
exponential map, a tubular neighborhood of G(x) is identified up to equivariant
diffeomorphism with the bundle G X S - G/K where K is the isotropy group at
x. The action of K on § is orthogonal and is called the slice representation at x. The
projection G X, S = K/S is just a local version of the orbit map, and principal
orbits are exactly the places where the slice representation is trivial.

If X is a smooth K-manifold and Y is a smooth G-manifold with K a subgroup of
G, it is immediate that any smooth K-equivariant map §: X — Y has a smooth
extension to a G-map 8: G X , X — Y. Using this, it is easy to see

PROPOSITION 11.4. Let S be the slice at a point x with isotropy group K. Then any
K-invariant smooth inner product defined on T,M for all y € S has a (unique) smooth
extension to a G-invariant Riemannian metric on a neighborhood of G(x).
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So checking the smoothness of the metric determined by the basic invariants need
only be done at points of a slice. As a consequence, in the special case when M has
only one orbit type (M, = & and the slice representation is trivial), we get the
following simple existence theorem.

PrOPOSITION 11.5. Suppose M is a given G-manifold with all orbits of the same type
G/H. Then an arbitrary set of geometric invariants of type (a), (b), and (c) can be
realized by a suitable G-Riemannian structure on M. In fact, any smooth choice of
Ad y-invariant inner product on 4 at points of S has a smooth extension to an
N(H )-covariant function h of type (c) defined on the open set G(S) of M.

The above proposition always applies to the regular part M, of any G-Rieman-
nian manifold M. At points of M, the actual application of 11.4 depends on the
understanding of smooth K-equivariant maps between linear representations. (The
failure of the equivariant Luna-Richardson theorem prevents a complete reduction
of the smoothness condition to G-slices in M.) The smooth (C*) K-equivariant
functions between linear representations form a module over the smooth real-valued
invariant functions on the domain. A module basis is given by a module basis for the
equivariant polynomials as a module over the invariant polynomials, and the smooth
invariant functions are given by Schwarz’s theorem.

We will need the cases of circle and cyclic actions, so we state the following
proposition readily proven by averaging:

PROPOSITION IL6. (1) Let S* act on C" = {(zy,...,2,): z, € C} by N(zy,..., 2,
= (A"Mzy,...,N"z,) and on C by X(z) = N"z. Then the equivariant polynomial maps
from C" to C have as module basis (over C) the monomials z{ -+ z&zf ..z
with Z]_ym (e, = B;) = my,.

(2) If we restrict the above actions to the cyclic subgroup Z,, then the equivariant
polynomials are additively generated by the monomials with Y!'_ m;(a;, — B;) — m,
divisible by k.

III. Curvatures in orbit map submersions. Here we recall the basic curvature
formulas of [BACH] which specialize those of [ON] to the case of invariant metrics.
Firstly, the second fundamental form of the fiber is determined by the covariant
function A.

ProprosITION IIL.1. If X is horizontal and V, W are vertical (Killing) vector fields,
then

<TVW« X> = —%Lx< : >(V,W)~
Thus (T, V,, X) = — ;Xh, in the notation of §I1.
The fundamental method of describing invariant connections on a homogeneous
space G/H is to use the following relation [KN], due to Wang:
Vot = Vv + U 1)*,
where V, € 4 and 2(U(V,, V,), V3) = ([V3, V1], Va) + (V1L [V5, V3] ,)- (Here V, € £,
V.* is the associated Killing field, and [V}, V/]* = -[V;*,V;*].)
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In the almost homogeneous case (dim M,/G = 1), the fundamental tensor 4 of
the submersion, being a curvature, is zero. Let C: M, — R be the orbital volume
element function; C? = det h. Then O’Neill’s curvature formulae become [BdCH]

ProPOSITION 111.2. If M is almost homogeneous, the V,
unit horizontal, then

(1) <R(V1»V2)V3’V4> = <R(V17V2)V3,V4>
LV V) = K vy (v, v,

vertical Killing, and La

@) (R4 DL = ST oy,
(3) (R V)V, L) = [([L, UV, V) ] V1> - ([L,u(v;, V)], )],
(4) Ric(V,,V,) = Ric(V,,V,) — <V1,V2>

LlogCL(V,, Vz)
* 2

+2(T, L, T, L).

Here Ric and R denote the curvature functions of the orbit. The orbital volume
element function C enters in the above Ricci tensor formula because of the
well-known Tr(h~'Lh) = L(logdet h) for any matrix-valued function 4. In using the
above formulae, note that

(T,L,T,L) =4 ¥ h*oLh,Ln,,
! k.p
where h%? is the inverse matrix of A i Also, for two-by-two matrices A,
hdet(Lh)

- (Lh)h™'(Lh) = (Lh)(Llogdet(h)) - det(h)

IV. The Kervaire example. We now apply the above discussion to a specific
example which includes the Kervaire sphere 2"~ ! (n odd) defined as a Brieskorn
varlety in C"*!. Explicitly, if C"*' = C!' X C" has coordinates (z,, Z) where

=(z,...,2,), then 2, is the set of zeros of z) + ¥ ,(z;)> = 0 and ©7_,|z,|*> = 1.
If we let X Re(Z) and Y = Im(Z), these equations take the form

Re(z})+X-X—-Y-Y=0,
Im(z)) +2X-Y =0,
2o+ X - X+Y-Y=1,

where - denotes the ordinary Euclidean inner product. C"*! carriesa G = S X O(n)
action defined by

(e, g)(zo. X, Y) = (e*%zy,cos18gX — sin [0gY,sin [8gX + coslfgY )

which is easily seen to induce an action on Z.
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The O(n)-invariant polynomials on C"*! are generated by x,. y, a=
HX-X+Y-Y),u=%X-X-Y-Y),and v = X - Y. By studying the remain-
ing S' action on these and setting w = u + iv (note w = 1¥"_,z?), we see that a
Hilbert basis for the G-invariant polynomials is given by

a=35X-X+Y-Y), B=|z 2, y=u2+02=|w|2,

o=Rezjw. 7=Imzpw.
The above five basic invariant functions imbed the orbit space C"*! /G into R> with
image the open cone over a topological 3-disc.

From now on, let us assume / is odd. Every orbit on 2, contains points with
Im(z,) = 0, so it is easy to see that the orbit space =,/G is a curve in C""!/G.
Reparameterizing, the projection map =, — [0, pj] is induced by (z,, Z) = |z,|?
where p, is the positive real root of p3 + pf, = 1. The principal isotropy group is
H=2Z,X O(n—2). At z, =0, X and Y are orthogonal of the same length and we
have the isotropy group H, = S' X O(n — 2) C §' X O(2) X O(n — 2), where the
St sits in S' X 0(2) by e — (e, R,,), where R, is the matrix of rotation
counterclockwise by /8. When z, = p,, span(X,Y) becomes one-dimensional and
the isotropy group H, = Z, X O(n — 1) € S' x O(1) X O(n — 1) with Z, c §' X
O(1) by the diagonal. '

A natural choice of complement # of £ in ¢ is the span of vectors

P=0L  0=1(3/80),
E =0, F =0;, 3<ign,
where O/ is the skew-symmetric n X n matrix with +1 in row i, column j, and
zeros elsewhere above the diagonal, and 3,96 is the tangent to the S! factor in

S! X O(n). Thus the principal orbit metric is is determined by the two symmetric
matrix-valued covariant functions a and b defined by

e (au an) _ ((E,»E,-> <E,~’F,~>)’

“\(E.F) (F.F

A R i

We shall use the notations 4 = det(a) and B = det(b).

The manifold M = F(H, T,) is generally a Lens space £, N (C' X C?) and this is
the natural domain of the functions a;, and b,;. The group G = N(H)/H is
S!' X 0Q2).

The slice representations for G and G are also easy to calculate. At z, = 0, the
slices for both G and G are two dimensional and the isotropy S' winds around
twice. At z, = p,, the nontrivial part of the slice for the G action is given by the
standard action of O(n — 1) on R"~!. The nontrivial part of the G-slice is given by
Z, acting as a one-dimensional reflection.

The slice representations tell us exactly which functions a and b are realizable for
equivariant metrics on 2, At z, = 0, the slice is a two-dimensional vector space
with radial lines corresponding to horizontal geodesics. Let z be the natural complex

aj daxp




EQUIVARIANT GEOMETRY AND KERVAIRE SPHERES 213

coordinate in the slice so that xe, + ye, is a unit horizontal vector (e, = 9/0x, x =
Re(z); e,, y similarly). The covariance condition (Proposition 11.3) requires that the
b;; and a;; + a,, be invariant functions on the slice while a;;, — a,, + 2ia,, is
covariant with respect to rotation / times faster in the range than in the domain.
Thus near z = 0, there must be a smooth function : R — C so that a;; — a,, +
2ia;, = z'7(|z|*) and the invariant functions must be smooth functions of |z|.

Since the orbit space is one dimensional, the functions ¢ and b are determined by
their restrictions a and b to a single horizontal geodesic (radial ray) emanating from
the orbit at z, = 0. Letting r denote the unit speed parameter along this geodesic
(r? = |z]?), the above conditions become

ay, —a, = "[7'1("2)’ ap = "172("2)/2» ap +ayp= 73("2)»

where the r, are C* functions (1, = Re(r),, = Im(r)). The b, ,; are all C¥
functions of r2.

However, because radial vector fields are singular at the origin, smoothness of the
functions a and b does not guarantee a smooth metric on S. We must translate the
equivariance conditions above into conditions on the inner products of a spanning
set of vector fields. An easy calculation shows that

Yy -y
(P*e,) = _Eﬁ(bll + 1by,), (Q*.e)) = ﬁ(bzz + 1by,),

2 xZ
(e,.e,) = %(b22 + 2y, + b)) +
r r

These show us that

. b, b - b, b b, b
b(r) = (~11 12) _ bo(_ll [21) +r2( no P s 511 512 ,
2

where b, i),.j. € R, the B,-J- are smooth functions of r2, and 1%b,, + 2/b,, + b,, = 4.
It is easy to check that these conditions are sufficient for smoothness and together
with positive definiteness are the only conditions on the functions a and b.

Suppose the distance between the singular orbits is L. Set 7 = L — r, where r as
above is the distance to the orbit at z, = 0. Let us analyze the behavior of the
functions a and b near a point with isotropy group H, = Z, X O(n — 1) € S* X
O(n) as described earlier. Choose an orthonormal basis e,,...,e,_; for the slice
S = R"~! with associated coordinates x,, ..., x,_,. Then " !(x,)? = 72. We again
use the notation @ and b for the restrictions of a and b, respectively, to a radial
geodesic lying in the G, = N(H,)/H, slice.

The G slice is one dimensional and it is easy to see that covariance demands that
a,, and b, be odd functions of 7 while a,; and b,; are even functions. But it turns

out that this is an example where the equivariant Luna-Richardson theorem does not
hold.
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By choosing an explicit rotation from 7e, to an arbitrary point x = (x,..., x,_;)
€ S, we can verify that at x,

XX, 5 - X;
<EivP> = #(bll_all)* < > 7—,'

a . .
<e,,e>— (1-— ;—222)+6,ji—222, <ei,P>=x1xiF—132.

Smoothness of the metric and the first equation require that b,, = a,, at r = L.
This is just an infinitesimal version of the requirement that we have a G-invariant
metric on G/H, ~ S' X §""!. The second equation forces d,, to vanish to first
order, but the fourth requries vanishing to third order. Thus a,, = 6,(7%), d,, =
730,(7?), and d,, = F* + F%0,(7?) (where the o, are C*). One can verify that these
conditions together with the previously mentioned even/odd conditions on the b, ;
characterize smooth metrics.

We could translate these conditions to other points of the singular orbit at r = L,
but for geometric reasons this is not necessary here. The horizontal geodesic in M
emanating from a point with isotropy group exactly the above H, (as opposed to
some conjugate of H,) eventually becomes a radial line in a slice with isotropy group
S!' X O(n — 2) at r = 0. Because different points in the singular orbit G/H, with
the same isotropy subgroup H, differ by the action of an element of the center of G,
the functions @ and b do not depend on which point with isotropy group H, we
consider. Because all slices along the other singular orbit G/H, are geometrically
equivalent (i.e., elements of N(H,)- and Hequivariant linear maps of S induce
enough equivariant diffeomorphisms to take a radial line in one slice to any other
radial line in any other slice along this orbit) we see that the equivariant isometry
class is independent of anything other than the functions @ and b. Thus we have

THEOREM 1V.1. (1) For an S* X O(n)-equivariant manifold =, with the above orbit
structure, the equivariant isometry class is uniquely determined by the distance L and
the functions @ and b along a horizontal geodesic between two singular points with
isotropy groups H, and H,.

(2) Any set of functions @ and b on [0, L] with the above discussed vanishing
properties at r = 0 and r = L (and positive definiteness conditions) give a smooth
equivariant metric on 2.

It is interesting to note that the standard constant curvature sphere in the
S X O(n) representation space R?> ® R" has the orbit structure of =, for / = 1.
Thus the manifolds =, are all equivariantly diffeomorphic to the sphere S2"~! away
from one orbit. It is the imbedding of the S! factor into S! X O(2) at this orbit
which determines the topological type of X,, When /= +3 (mod8), 2, is a
Kervaire sphere, / = +1 (mod 8) makes =, a standard sphere; otherwise X, has
torsion in its homology of dimension / — 1.

An interesting subclass of the equivariant metrics on £, comes from those
equivariantly and isometrically imbedded in C"*' with the same orbit structure as
our Brieskorn example above. We shall call these special. Then at the point
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(X0» Yor X1» Y1» X2, ¥,) € M C C3, the induced metric satisfies

ay, = xi + yi, by = x{ + x3 +yi +y3,
ay, = xxy + 1y, by =20(x, — x13,),
ay, = x3+y}, b22=4(X§+)’02)+12(x12+x%+)’12+)’22)-

Note that = special means there are only four independent functions a;; and b;;
since b,, = Tra and b}, = 4/24. We will see in §V that this simplifies the curvature
of 2.

One might ask which curves in the orbit space of C"*! by G correspond to
smooth manifolds equivariantly diffeomorphic to X,. To understand the behavior
near singularities, note that for G acting on C"*!, we have isotropy group H, = S*
X O(n — 2) only at points (0, X,Y) € R> X R" X R” with X- X =Y - Y # 0 and
X - Y = 0. The slice representation of H, is modelled on S! winding twice in one
plane (corresponding to the part of the slice in X,), 2/ times in another plane, and
S! acting trivially on a third line. For S' acting on C? X R by A(z, 25, X3) =
(A’z,, A¥z,, x,), the invariant functions are generated by

2 2 . _
A=z, Ay =lz,|, A3+id,=2{Z,, As5=x;.

For = c C* X R to be smooth with Tp02 € C X {0}, £ must be expressible
locally near zero as the graph of an equivariant map q: C - C X R, ie, z, =
z1q,(A,) and x; = g,(A,) where g is C*®. For the image curve of = in the orbit
space, this means A, = 4i|q,(A4,)|?>, 4, + id, = A\q(A,)), As = q,(A,). By ex-
plicitly choosing a slice in C"*! and translating this result, we obtain

PROPOSITION IV.2. In order to give a smooth manifold equivariantly diffeomorphic to
3! near the orbit of type S* X O(n — 2), it is necessary that near zero the image curve
in the orbit space of C"*1 be of the form

2
A4, =H’1(A1)| A{’ As = l1/2(1‘11)~ Ay +id, = \P1(A1)Aia
where Y = (Y,,¢¥,): R > C X Ris C*®.

One can also ask rigidity questions such as when are two special/ manifolds =,
equivariantly isometric? It is easy to see that such an isometry must preserve the
invariant functions Ag, A;, and A4,, but 4, and A4, are only constrained by
A% + A% = Al A,. (This circle of indeterminacy corresponds to the natural S! action
on the orbit space C"*! /G given by the centralizer of G in O(2n + 2).)

V. The homogeneous space S' X SO(n)/SO(n — 2). In this section, we will
outline the explicit calculation of the curvature tensor of the homogeneous space
S' X SO(n)/SO(n — 2) which occurs as principal orbit (up to coverings and
components) for the S' X O(n) action on X, The results are summarized in
Theorems V.1 and V.2 below.
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THEOREM V.1. (A) The nonzero components of the Ricci tensor of an invariant metric
on S' X SO(n)/SO(n — 2) are given by

(1) Ric(Q,0Q) = (n - 2)bi,/(24),
(2) Ric(P, P) = (n = 2)[2 + (b3, = (Tra)’) /(24)],
(3) Ric(P,Q) = (n - 2)b11b12/(2A),

(4) Ric(E, E;)=(n—-2)—byTra/B + a“bzz(Tra)z/(ZAB) —apby/(24),
(5) Ric(F, F)=(n—-2)-byTra/B + azzbzz(Tra)z/(zAB) —anby,/(24),

(6) Ric(E;, F) = alzb22(Tra)2/(2AB) —apbyy/(24).
(B) The scalar curvature is given by
_ =9 by | bn ) ]
K= (n—=2)Tra > T 2B(4A (Tra)) .

THEOREM V.2. Modulo the obvious symmetries and skew symmetries (including
Bianchi identity), the nonzero components of the curvature tensor for S' X
SO(n)/SO(n — 2) are given by

(1) (R(P.Q)Q.P) =0,

(2) (R(E,,P)P,E) = by, — ay, + a;,(b,, — Tra)’/(44)
(3) (R(F,P)P,F) =b, —a, + ay(b, — Tra)’/(44),
(4) (R(E,,P)P,F) =a,, + a,(b,, — Tra)’/(44),
(5) (R(E.Q)Q.E) = a;bi,/(44),

(6) (R(F,.Q)Q.F) = anbi,/(44),

(7) (R(E,Q)Q.F) = apb},/(44),

(8) (R(E,,P)Q,E) =by,[-1+(ay(ay — by)) +ab)y4],
(9) <R(Fw P)Q, F,> = blz[‘l +(ay(ay = byy) + 0122)//1]'
(10) (R(E,P)Q,F) = byay(b, — Tra)/(44),

(11) (R(E,Q)P,F) = bpay,(by, — Tra)/(44),

(12) <R(E,., Ej)Ek’ Em> = (alzzbzz/B - all) '(8ik8/'m - Sjksim)?

(13) <R(E,‘~ E/.)E,\., Fm> = —‘112(3 + by (ay, - ‘122))/(23) '(aikajm - 8jk8im)’

(14) <R(E,., E/)F/w Fm> = (b11/4 = Tra/2 + by(ay, - ‘122)2/(43))
(6 8 - Sijim)’

ik jm

(15) <R(E,~ F/.)F,‘,, Em> = alzzbzz/B‘Sjk‘S =(by, — Tra)/28,3,,,

m

-+-(b22(a“ - "22)2 - bllB)/(4B)8ik8'

jn>
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(16) <R(F,., F,’)Fw Em> = —012(3 + bzz(azz - all))/(zB)(Sikajm - 8jk8im)’
(17) <R(F, E})Fk* Fm> = (‘1122b22/B - a22)(8ik8jm - 8jk8im)'

Of course most of the zero components in the curvature tensor are due to
Ad SO(n — 2) invariance. (The curvature tensor gives an invariant map A%(T,.m) —
A*(T.m) which is accordingly restricted by the Schur lemma.) Still the answers are
remarkably simple, and they simplify considerably further under the assumptions
b,, = Tra and b%, = 41?4 which arise when T, is naturally embedded in R*"*2,

In calculating, it saves redundancy to note that there is an inner automorphism «
of G = S! X SO(n) interchanging E, and F, while leaving SO(n — 2) fixed. This
allows geometrically defined functions of the F, to be written down immediately
upon determining the corresponding functions of the E..

LEMMA V. 3. The automorphism a of S* X SO(n)/SO(n — 2) interchanges E; and
F,, sends P to —-P and leaves Q fixed. Accordingly it induces an isometry from

{

S' X SO(n)/SO(n — 2) with invariant quadratic forms

b b
a=(“11 ‘112) and b=( 11 12)

a, dp b, by

to S' X SO(n — 2) with quadratic forms

(022 alZ) and by, by,
a4y 4y -by, by
respectively.

The first step in calculating R( X, Y)Z is to determine the bilinear form U(X,Y')
describing the connection. (At e, Vy.Y* = - 5[ X, Y]* + U(X,Y)*, where [X, Y] is
taken in g.) Table V.1 describes the Lie bracket structure of g. (These relations
follow from the calculation [0?,0¢] = -8,0¢ + §,,0f + 8,04 — §,,05)

a’ e
In stating U( X, Y) it is convenient to introduce new elements of £ orthogonal to
some of our standard basis elements. We will use the notation N

E[ = (azzEk - alek)/A* Fg = (_alek + aan)/A* P’ = (b22P - ble)/B-

Notice (E/, F,) =0 and (E;, E/Y = (F,, F;,)/A with similar identities for the
others. Also, as the parameter b,, — Tra appears frequently, we will set 7 = b;; —
Tra. Table V.2 summarizes the Lie bracket structure of our additional elements.
Table V.3 gives (U(X,Y),Z) = 3({[Z, X1, Y) + (X,[Z,Y],)). Using this, it is
quite easy to verify ) )

PROPOSITION V.4. The nonzero components of U(X,Y) are given by
(1) U(E. E;) = ay, P,
(2) U(E,. F) = (ay — ay) P,
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(3) U(F,.F,) = -a,,P’,
(4) U(E,,Q) = by, E},
(5) U(F,,Q)= -b,F,,
(6) U(E,,P)=-(F, +1F)/2,
(7) U(F,,P)=-(E, +1E})/2.

The curvature tensor R( X, Y)Z is given by the sum of seven term (KN):
R(1): [[X.Y],. Z],

R(2): -[[X.Y],.Z],/2.

R(3): -U(X.Y],.2),

R(@): (X.1Y. Z),1, —[Y.[X. Z],],)/4,

R(5): (U(X.[Y, Z],) - U(Y.[X, Z],)/2,

R(6): (U(X.Z),Y], - U(Y, Z). X],)/2.

R(: UX,U(Y,Z)) — UY,U(X, Z)).

In view of this, it is natural to prove the following:

LEMMA V.5. The nonzero components of [U(X,Y), Z]ﬁ and U(U(X,Y), Z) are as
given in Tables V.4 and V.5. (Note that the last column gives a common factor which
should be multiplied by each entry in the given row.)

It is now fairly straightforward to calculate R(X,Y)Z and simplify. As V.2
indicates, a remarkable amount of algebraic simplification occurs. (To calculate
Ric(X,Y) in V.1, it is convenient to use the orthogonal basis { E;, E/, P, P’} of 4.
For orthonormal bases { e}, Ric(u,v) = L,(R(e;, u)v,e;).) -

The question of Einstein metrics on S X SO(n)/SO(n — 2) is a natural one. If
Ric(Q, Q) = cb,, and Ric(P,Q) = cb,, with ¢ # 0, we see quickly that b,, # 0,
by, = 2Ac/(n — 2), and b,, = (n — 2)b?,/2 Ac. Hence B = 0, contradicting the
nondegeneracy of the metric. The Ricci flat case is handled by noting b,, = 0 from
Ric(Q, Q) and then

Ric(E,, E;) = Ric(F,,F,) =0 = a;; = a5, = Ric(P,P) = (n— 2)b}, /24 # 0
for nondegenerate metrics. So we have

THEOREM V.6. S! X SO(n)/SO(n — 2) does not admit a homogeneous Einstein
metric.

(Theorem V.6 is well known as a consequence of the theorems of Bonnet-Myers
and Bochner.)

When b, =0, S! X SO(n)/SO(n — 2) splits isometrically, and thus our for-
mulas give the Ricci tensor of the Stiefel manifold SO(n)/SO(n — 2) as well. If one
starts by considering the equation Ric(E,, E;) — Ric(F,, F;) = c(a,, — a,,), one
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fairly quickly finds that the only homogeneous Einstein metric on SO(n)/SO(n — 2)
is proportional to the one given by a,; = a,, = 1, a;, = 0, and

by, =2(n-2)/(n-1).

This example was first discovered by Sagle [Sa].

THEOREM V.7. Any two homogeneous Einstein metrics on SO(n)/SO(n — 2) are

homothetic.
TAaBLE V.1. [ X, Y]
X [X.E)] (X, F] [X.P] [X.0]
E, -0/ 8, P -F, 0
F; —8,,P -0/ E, 0
P F, —EI 0 0
0 0 0 0 0
0/ =0
TABLEV.2. [ X, Y],
Y
X E, Fy P
E ap P ankP —aynF —apE;
A A A A
P -ay P -a;, P anFi + ayE;
K A A A
, bZZFA _bZZEk
P B B 0
TaBLe V.3. (U(X,Y), Z)
Uex,y) (U(X.Y).E) (U(X.Y), F) (U(X.Y),P) (U(X.Y),Q)
U(E,. E) 0 0 80141 0
V(E,. F) 0 0 8“(“22—;“11) 0
U(F. F) 0 0 -8, a1 0
U(E,. P) RUTSaP) B:A(”Il _bn) 0 0
2 2
)
U(E,.Q) 0 —4-12 0 0
by, — L)
U(F,. P) S,A( 11~ dyp) ik 412 0 0
2 2
bll
U(F.Q) 8,73 0 0 0
U(P,P)
0 0 0 0
U(r.Q)
UuQ.Q) 0 0 0 0
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TaBLE V 4. Nonzero [U(X.Y), Z] 4

z Common
E F P
U(X.Y) ! ! Factor
. dy3b)
U(E,. E) F, -E, 0 S/AT
. 22
U(E,-F}.) F -k 0 8,/.%(“22‘“1”
d13 by
U(F. F) F, “E, 0 -8,
. . 1
U(E,. P) 8,,(/4 + Tay,) P 8,,1a13P -AI;,—T(a“E,-l-alZF,) 54
1
U(F.P) 8 ma;, P 8,,(A + 1ay)P | -AF, — 1(ayF, + a;, E)) —
. bi>
U(E,,Q) 8,,(1“P 8,/a12P ~(ay(E; + a;, F) 74
by
U(F.Q) 8,a,P 8,,unP ~(apE; + ank) 54
TaBLE V.5. U(U(X,Y),Z)
V4 - . , Common
(N YY) E k ! ¢ Factor
CCE B (hray  BYF apby K 0 0 _8/:"[1
—ap b B (B bnan) k] 2B
e AMme : 8, (uss  ayy)
- same as same as o (dan "
NS above above 0 0 4B
S same as same as O
COE- R above above 0 0 OB
. 48, I"[ T( "1:1 + u,:.) 8as . l)l,[( ay by Ey 1
ook, r - . ! A E - —
e CAQay b)) | PTrTrao2a) | T DR Can k] 4
8,dys 80 I"{‘r(uf‘ - aiy) by [aE, 1
P - = - ! AV IR o
LR Py Pt Tra+ 24) CAQas b)) (hyt  A)F, (aw o by E] 4.4
. .o > . (axs = b)) 1 . hia
Ul Q) 8, Play, + ajy ~ A) S apxTral aF, ~hy\ b, i1
, s N (u b )V F . hys
U(F.O) 8, 4, TraP 8, Plars - afy A ““”L‘; b “bys F, 4f4

VL. Curvature formulas for Kervaire spheres. Using the results of §III it is now
very easy to determine the components in orbital directions of manifolds such as the
2, described in §1. The remaining components are covered in the following theorem
which follows by computation from I11.2 and V.2.

THEOREM VI.1. Let M be an almost homogeneous manifold with principal orbit type

S!' X SO(n)/SO(n — 2). Then (up to the usual curvature symmetries), the nonzero
components involving L are given by

(1)
(2)

(R(L,P)P,L) = -Lib,,/2 +[Lb, LB — b,,det Lb] /4B,
(R(L,P)Q,L) = -LLb,,/2 +[Lb,,LB — b,,det Lb]/4B,
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(3) (R(L,Q)Q, LY = -Lib,/2 +[Lby,LB — by,det Lb] /4B,
(4) (R(L,E)E, L) = -Lia,;/2 +[Lay, LA — a,,det La] /44,
(5) (R(L,E)F, L> = -Lla,/2 +[La,LA — ay,det La] /44,
(6) (R(L,F)F,L) = -LLay,/2 +[Lay L4 — ay,det La] /44,
(7) (R(P,Q)P,L) =0,
(8) (R(P,2)Q,L) =0,

9) <R(E,’P)E,7L> = 2[‘0‘1"111 (:B + )Lalz +a12(b22Lb11 b12Lb12)/B]’

(10)  (R(E, P)F,L) = %[(3 —v)Lay + aLa,, +(Lb,, — 2Lay,)/2
+(ay — ay,)(byyLby, — by, Lby,)/(2B)],
(11)  (R(F,P)E, L) = [-aLa;, —(B + })Lay, +(2Lay, — Lby,)/2
+(ay — ay,)(byyLby, — by, Lby,)/(2B)],
(12) {(R(F,.P)F, L) =%[(} - y)Lay, + aLay, + ay,(byyLby, — by Lby,)/B],
(13) (R(E,Q)E,, L) = [by,(ay Lay, — ay,La,,)/(44)
+ay,(~by, Lby, + by Lby,)] /(2B),
(14) (R(F.Q)F.L) = [bi(an,Lay, — ayLa;,)/(44)
+ay,(byyLby, — by Lby,)/(2B)],
(15) {R(E,Q)F, L) =by,(a,La,, — a,La,;)/(44)
+Lb,,/4 +(a;, — ay)(by,Lby, — by, Lby,)/(4B),
(16) (R(F,Q)E, L) = by,(ayLay, — a,Lay,)/(44)
—Lb,/4 +(ay, — ay)(byyLby, — byyLby,)/(4B),

where o = ta,;,/(2A), B= -3 —a;1/QQA), vy =% + a,t/(2QA), and 7= b, —
a,; — dapn. ‘

It is now quite easy to determine the Ricci tensor of M. If we introduce the
differential operators T, and T, below, the results are then easy to state.

_ -Lif fdetla [ LlogB (4 —n) ., ]
T,f= 5 >4 + Lf 2 LlogA|,
_ -Lif  fdetib Llog B ‘(Z—n) . ]
T,F = 2 2B Lf[ 7 Llog A|.
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THEOREM V1.2. Let M be as in IV.1. The Ricci tensor of M is given by (where Ric
isinV.1)
(1) Ric(E,, E,) = Ric(E,. E,) + T,a,,,
Ric(E,, F) = EE(E,» F) + Tyay,,
Ric(F,, F,) = Ric(F,, F,) + T,a,,,
(2) Ric( P, P) = Ric(P. P) + Tyb,,.
Ric(P.Q) = Ric(P. Q) + Tyb,,.
Ric(Q.Q) = Ric(Q.Q) + Tyby,.

-LLB N (Llog B) N det Lb

(3) Ric(L, L) = 2B 4 B
LiA (Llog 4 )2 det La
+(n—2)|- VR 4 =1 |
L s n—2 A . .
Ric(L, P) = ( 74 )[alz(Lan — Lay,) +(ay — ay)) Lay,].
Ric(L,Q) = 0.

PrOOF. (1) and (2) are immediate upon noting log C = $(log B + (n — 2)log A4)
and using our observation about (Lh)h~'(Lh) for two-by-two matrices. (3) utilizes
the sectional curvature formulae above. O

We would like to make several remarks about curvature realizability questions.
First, by virtue of invariant theory (Theorem IV.1), when /> 1, Lb = La =0 at
r = 0. Thus the curvature tensor of X restricted to this singular orbit is equal to the
curvature tensor of a homogeneous metric on a Stiefel manifold. Since Stiefel
manifolds O(n)/0O(n — 2) do not have homogeneous metrics of positive curvature
[Be and W], we obtain (without using VI.1)

THEOREM VI.3. When | > 1, Z, does not have an equivariant metric of positive
curvature in any neighborhood of the orbit of type S' X O(n — 2).

Cheeger has shown that equivariant metrics of positive Ricci curvature are
possible.

We also remark that it is not difficult to combine the results of §IV with the above
formulas to obtain curvature near the singular orbits. For example, near r = 0,
B = 4byr? + O(r*). Since b is an even function of r, terms like det(Lb)/B and
Lbl log B have well-behaved limits at r = 0.

One can study the Ricci-tensor or Einstein metric realizability questions near zero
by power series. As questions of formal power series, there do not seem to be local
obstructions beyond those given by invariant theory. The question of convergence
has not yet been resolved.

We also note that the contracted Bianchi identity § Ric = 1dx is useful in
understanding VI.2. For example, in looking for Einstein metrics, we find that if the
Ricci tensor along the fibers is proportional to the metric and Ric(L, P) = 0 (i.e.
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a,; — a,, and a,, are proportional), then
L(Ric(L, L)) = L(logBA""?)(1 — Ric(L, L))
allowing one to establish that the metric is Einstein if Ric(L, L) is initially 1.

VII. Cheeger’s example. In [C], Cheeger elegantly bypassed many of the computa-
tions of this paper and sketched the construction of metrics of positive Ricci
curvature on the Kervaire sphere. His strategy produced invariant metrics of a
restricted kind. In this section, we will explain how his approach fits in with ours.

An equivariant tubular neighborhood of an orbit of type K is given by G X ¢ S
which is the quotient of G X S by a K-action. Hence the product of a left
G-invariant, right K-invariant metric on G with a left K-invariant metric on S will
induce, by submersion, a left G-invariant metric on the tubular neighborhood. This
is the basic construction of [C].

At r = 0, the isotropy group H, is S* X O(n — 2). The adjoint representation of
G restricted to Hy is Ad g, @ p,_» ® p} ® 26, so suitable metrics on g (before
submersion) will satisfy

<Ei’Ei> <Ei’Fi a, O
e w5 o)
(<P7P> <P’Q>) . (511 512)

(Q.P) (0.0)] s s»
for constants a, s,;, 5;,, and s,,; the remaining Lie algebra of the SO(n — 2) block
is perpendicular to the above and will not affect the submersed metric. D? is given a
metric dr? + f2d6? in polar coordinates, where f, is a function solely of r.

After submersion, we are basically measuring the inner products of the compo-
nents of E,, F,, P, and Q perpendicular to the isotropy S! which acts nontrivially on
G and D?. Consequently the submersed metric becomes (in the notation of §1V)

a=|% 9 b=§(1 _£)+i°2(s“ s”),
0 a g\-l | g \Si2 S»

where § = 5,,5,, — s and g = I%s;, + 2Is;, + 55, + 4f5.
Near the other singular orbit 7 =0 (r = L), the isotropy group is H, = Z, X
O(n — 1) and invariant metrics on G will satisfy

(P.P) (P.Q)) (b 0
(<Q,P> <Q,Q>) (0 )
(<E,-,E,.> <Ei,F,)=(b1 0).

(F.E) (F.F)
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Combining this with a metric d7*> + f?d®? on D" ! (spherical coordinates where
d®? is the canonical metric on the sphere S" 2 and f, is a function solely of 7), we
obtain a submersed metric satisfying

a=(b1 0). b=(b1 0),
0 h 0 b,
where h = fa,/(a, + f?).

The metrics are glued together in a region where f, and f, are constant; let f,
and f, denote these respective constants and § = /%5, + 2/s,, + s,, + 4. Requir-
ing the two sets of equations for @ and b to match up gives five equations in the nine
variables a,, 5y, Si5» Sy, fo» b1» bys @y, and f. Using the equation for b,,, we
obtain § = 4f2/1. Set 6 = 4f2/q, u = Is,, + 5,5, and v = s, + s5,,. Plugging our
expression for $ into the equations for b,, and b,, gives u = Ib, /6, v = b, /6. Now
the three equations

~

S=0gs,/l, w+v=01-0)7, S=(w—(lu+v)s,)/I

may be combined with those for u and v to solve first for s,, and then for s,; and
S5 Thus a,. b, b, and ¢ may be viewed as arbitrary parameters (0 <o < 1,0 <
b, < a,, and b, > 0) and the class of metrics obtained by Cheeger’s construction
may be described as follows:

(I) Region where the metric is induced from the tubular neighborhood about the
Stiefel manifold (r = 0):

b, 0 b, 0 ) 1’b?  Ib,b,
= N b = + g - 1)
0 b 0 b byb, b3

1—-0 1

oK ok + 4fl0?’

where

Here k = /2, + b, and both g and f, are functions of r. The value f, of f, in the
overlap region is given by 4f2 = /(1 — o). Also f,(0) = 0, f;(0) = 1, g(0) = -1 /«,
g”’(0) = 8 /K2, and the overlap value of g is 0.

(IT) Region where the metric is induced from the tubular neighborhood about

St x §"°1 (7 = 0):
(b, O 3 b, O
a_(o h)’ b_(O b, |’

where h = (f? — 2)/(f’ + a,) and f, are functions of 7 and the overlap value of
f, is given by f?=b,a,/(a, — b;). Additionally f,(0) =0, f;(0) =1, h(0) =0,
h'(0) = 0, h"”(0) = 2, and h = b, in the overlap.
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Thus metrics of the kind utilized in [C] are specified by the length L of the orbit
space, four constants a,, b,, b,, and o, and the two functions f;, and f; defined on
complementary portions of the orbit space. General invariant metrics are specified
by six functions {a,, b;;} and the length of the orbit space (Theorem IV.1).

In the region where description (I) is valid,

| (n=2)P6g’ B . &b
RlC(Q,Q) = 2 - T +

24’ r(l+kg)’
2
Ric( P, P) = (n—=2)b}(1 + ’big)” 1%}z xkg’%h}
’ 2a? 2 401 + kg)’
Ric(P. Q) = (n —2)ib}b,g(1 + I’b1g)  Ibybyg N kg2lb,b,
’ 2a? 2 41 + kg)’

Ric(E, E;) = (n = 2) = 4(1 + I?b,,g),
Ric( F,, F;) = Ric(E,, E,),

Ric(E,, F,) = Ric(P, L) = Ric(Q, L) = 0,
1

— 1P +kg)
(1+«g)”?

Ric(L,L) = -

Here g = Lg = dg/drand § = Lig.
A straightforward calculation gives

[Ric(P, P)Ric(Q,0) ~ Rie(P,0)°] _ (n-2)(1 +xg)"”
b2 2xa?

1L+ kg)?

and

RIC(P,P) + RlC(Q’Q) - (n — 2) [bl(l + IZblg)Z + 12b%b2g2]
b, b, 2(112

-1+ xg)l/zi,i(l + xg)l/z.
We obtain the corollary:

CoroLLARY VIL1. If LL(1 + kg)/* <0 and -1/k <g <0, then for n > 3,
metrics of the form (1) give positive Ricci curvature on the neighborhood of the Stiefel
manifold.

Since f, < 0 implies LLQ + xg)"/? <0, this corollary refines the positivity
argument used by Cheeger in this region.
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Within the region where the metric is given by (II), the Ricci tensor is given by:

Ric(P.P) = (n - 2)(1 - 5’;’)—1)

Ric(P,Q) = Ric(Q,Q) = 0,

. h
Ric(E,E)=(n—-2) - TR

. _ W h (4—n)h
RIC(F;"E‘)_(’I 3)+ 2b% - 2 4h

(n =31 = (LOR)Y) + 25 = VR LL().
Ric(E,, F) = Ric(P, L) = Ric(Q, L) = 0,

Ric(L. L) = (n - 2)(_% + 4}’;2) = —("‘F;hz)ii(\/ﬁ)'

At7=0, h=0, L(yh)=1,and LL(/h) = 0 in the limit. (We view L = 9 /9F.)
Thus LL(Vh) < 0and L(vh) > 0 implies 0 < L(Vh) < 1. We obtain

CoroLLARY VIL.2. If LL(h) < 0 and Vh increases (as F increases) from 0 10 b,
then for n > 3, metrics of the form (11) in the neighborhood of the S' X S$"~! orbit
have nonnegative Ricci curvature.

Again, f; <0 and f, increasing with the given boundary conditions implies the
applicability of the above corollary and we are generalizing Cheeger’s condition.

As in [C], these arguments suffice for obtaining nonnegative Ricci curvature on
2,. The obstructions to positivity lie in the fact that Ric(Q, Q) = 0 in region (II) and
Ric(L, L) = 0 along the S! x $”~! orbit and in the overlap (h = constant region).
Deformations of the equivariant metric which solely involve b,, and are supported
away from the Stiefel manifold orbit are sufficient to realize positive Ricci curvature,
as is to be expected from the result of Ehrlich cited in [C].
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