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LOCAL ESTIMATES FOR SUBSOLUTIONS AND
SUPERSOLUTIONS OF OBLIQUE DERIVATIVE PROBLEMS
FOR GENERAL SECOND ORDER ELLIPTIC EQUATIONS

GARY M. LIEBERMAN

ABSTRACT. We consider solutions (and subsolutions and supersolutions) of the
boundary value problem

a'/(x.u,Du)D,ju+a(x,u,Du)=0 in§,
B (x)Du+ y(x)u=g(x) ondQ

for a Lipschitz domain €, a positive-definite matrix-valued function [a"/], and a
vector field B which points uniformly into Q. Without making any continuity
assumptions on the known functions, we prove Harnack and Holder estimates for u
near 9Q. In addition we bound the L*® norm of u near 3Q in terms of an
appropriate L? norm and the known functions. Our approach is based on that for
the corresponding interior estimates of Trudinger.

This paper is concerned with analogs for solutions of oblique boundary value
problems of the results in [10]. Our results will extend previous work of Lieberman
and Trudinger [5] and of Nadirashvili {9]. Specifically we consider second order
differential operators Q of the form

Qu = a"(x,u, Du)D;ju + a(x, u, Du)
in a domain £ with Lipschitz boundary and first order operators M of the form
Mu = B'(x) Du(x) + y(x)u(x)

on 09. The coefficients a'/, a are always assumed measurable, and the summation
convention is observed. We also assume that Q is elliptic at u, that is, the matrix
[a”(x,u, Du)] is everywhere positive definite with maximum eigenvalue A and
minimum eigenvalue A. For our purposes, the obliqueness of M is defined in a
rather unusual fashion motivated by [3]. Set

B(xo,R) = {x € R":|x — xo| < R}.

A vector B, is oblique at x, € 9% if there are a Lipschitz function f and a positive
constant R such that

QN B(xg,R) = {x=(x',x") €R":x"> f(x'),|x]| < R}
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in an orthonormal coordinate system centered at x, for which B, is parallel to the
positive x"-axis. A vector field 8 is oblique on a subset S C 9Q if B(x,) is oblique
at x, for all x, € S. M is oblique if the vector field B is oblique. When 39 € C!,
obliqueness of B8 just means 8 - » > 0 for the inner unit normal ».

Under additional hypotheses on Q, M, and © (which will be spelled out later), we
shall prove a weak Harnack inequality (Lemmas 2.1 and 2.2) and a local maximum
principle (Theorems 3.3 and 3.4). As is well known the weak Harnack inequality
provides a Holder estimate (Corollary 2.3) and a strong minimum principal (Corollary
2.4) while the combination of the weak Harnack inequality with the local maximum
principle gives a Harnack estimate (Corollary 3.5).

Similarly to [10], this work makes strong use of a Bakel’'man-Aleksandrov-type
maximum principle. We prove such a maximum principle in §1 by making some
minor modifications of [6, Theorem 2.1]. Next the weak Harnack inequality is
proved in §2 by refining the choice of comparison function in [S, Lemma 2.1];
Holder estimates also appear there. In §3, we prove the local maximum principle and
a Harnack-type inequality.

Before proceeding, we point out that the definition of M can be extended to
functions which are not differentiable on 9€2. We shall write Mu(x,) < g(x,) if

i sup { - [u(+ 18(x)) = ulxo)] +7 (o + 1B (x0))u(x0 + 1B(x0))) < g(x0):

=0+

similarly Mu(x,) > g(x,) if M(-u(x,)) < —-g(x,) and Mu(x,) = g(x,) if Mu(x,)
< g(xo) and Mu(x,) > g(x).

1. The global maximum principle. We begin with a variant of the Bakel’'man-
Aleksandrov maximum principle [1]. The variant is just a careful reworking of [6,
Theorem 2.1], but it is important to spell out the technicalities for future reference.

We say that a vector 8, points into a set 2 at x, € 02 if there is a constant ¢,
such that x, + 18, € £ for all ¢ € (0,¢,]. Inward-pointing vector fields and dif-
ferential operators are defined in the obvious way. Obviously obliqueness is a special
case of this concept.

For a continuous function u on £, the upper contact set ' *= T" is the set of all
y € Q for which there exists p € R” such that

(1.1) u(x)<u(y)+p-(x—y) forall x € Q.
The normal mapping x is defined on subsets of § by

x(Z) = {p € R":(1.1) holds for some y € =}.
Also @ = det[a"].

LEMMA 1.1 Suppose B points into @ and suppose there are constants By > 0, v, > 0
such that

(1.2) Y < Y. |Bl< By on 0.
Define the operator L by
(1.3) Lu = a"D,u + b'Du + cu
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and suppose there is a nonnegative constant b, such that

(1.42) b/ |l1:0 < bo»

(1.4b) c<0 inQ.

If u € C%Q) N CXQ) satisfies

(1.5) Lu>finQ, Mu> —gondQ

for some measurable f and nonnegative constant g, and if d = diam 2, then
(1.6) supu < £+ C(on bo)(d+ By ) P =

PrROOF. From the proof of the Bakel’'man-Aleksandrov estimate in [2, Theorem
9.1], it suffices to show that

(1.6) 51;21 u < Y_ + C(n)(d+ 'Bo)|x(l“+)|l/".

To prove this estimate, we choose R, so that the ball of radius R in R” has volume
equal to [x(T'*)|. If R > R, then there is a vector p, € R*\ x(I'*) with | p,| < R.
Consequently there is an affine function W with Dw = p,, w> u in @, and
w(xy) = u(xy) = u(x,) for some x, € Q. Because Po & x(I'"), it follows that

x, € 982. Moreover
1 1 1
u(x,) < '%(:B - Du(x,) +g) < ‘%(,B - Dw(xy) +g) < ;(BOR +g).

Because u < w, it follows that

Bo

supu < u(xy) + Rd < R.
Q

By sending R to R, in this inequality and then substltutlng for R, we obtain (1.6")
and hence (1.6). O

Note that there are no geometric restrictions on £ (except for being bounded) in
Lemma 1.1. Our proof of (1.6) is essentially that of [6, Theorem 2.1] and Lemma 1.1
is a generalization of [6, Theorem 4.6]. The assumption u € W2"(2) N CY(Q) in [6]
is recovered by a simple approximation argument. When B and y are continuous,
the regularity of u can be further relaxed to u € W2(Q) N C°%(Q), B - Du € C%Q)
for some continuous extension of 8. With this observation, we can infer the usual
Bakel’'man-Aleksandrov estimate [2, Theorem 9.1] as a special case of our lemma.

A related maximum estimate has been proved by Nadirashvili [9, Lemma 1.4]. The
fundamental difference between his estimate and ours is that he assumes ¢ < 0,

< 0, and ¢ # 0. In proving his estimate, he also assumes that a'/ is continuous and
that 3Q € C2. Since his estimates depend quantitatively on these assumptions, it is
not clear how close they are to our (1.6).

2. Weak Harnack inequalities and Holder estimates. Unlike the maximum estimate
of Lemma 1.1, the weak Harnack inequality is affected strongly by the geometry of
the domain. To avoid getting bogged down in technicalities, we consider some
simple cases in detail.
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For the weak Harnack inequality we introduce some structure conditions. Let p
and b, be nonnegative constants and let b, c, f be nonnegative measurable functions
with b € L?", ¢ and f in L". We assume that

(2.1a) a> -Nbo| p|* + b| p| + clz|+ f).
(2.1b) A < pA,
(2.1¢) |Bl<p,y<0 ondQ.

We also fix a point on 9%, which we take to be the origin, and we define
Q(R)=Q N {|x| <R}, Z(R)=02 N {|x| < R}. Our other assumption is that
there is a positive R such that

(2.2) B*>1 inZ(R,).
LEMMA 2.1. Set p = 1/16np and suppose that
(2.3) x" < 3p|x’| on Z(R,).

Let u € C%Q) N C¥Q) and suppose also that there are nonnegative constants mg, g
such that

(2.4) O<u<smy,, Qu<0inQ, Mu<gondQ,

the conditions (2.1a,b) hold for x € Q, 0 < z < my, p € R", and that (2.1c), (2.2)
hold. If

(2.5a) G(R)={x€Q:|x'|<R,-pR/4 < x" < pR},
(2.5b) G'(R)={x€Q:|x'|<R,pR < x"<3pR/2},

then there are positive constants C, C,, k depending only on n, p, bym, such that

C R
(2.6) O<Rgmin{2_l___’70’ 1 }
16> +cll.” 47 2lv]e
implies
1 1/x
2 16'R)| “| <c| inf u+R|fll.+ Rg|.
27 ( |G'(2R) | '/;7'(21() “ ) [G<R/4)“ A1 g]

ProOF. The hypotheses on Q imply that dist(G’(2R),982) > C(n, u)R. Therefore
[10, Theorem 9] and a chaining argument give :

1/x
1
28 1 AR —
29 ( |G'(2R) | '/;7'(2R) “ ) [G}(I;R)u 71 ]

for some positive k and C depending on n, u, byM,, and C,. Hence we need only
estimate 4 = inf., , # in terms of the right-hand side of (2.7).

For this estimate, we replace u by (1 — exp(-byu)/b, to see that we may assume
b, = 0. If we set b = bDu/|Du| (with the convention that b = 0 where Du = 0) and

Lv = %a‘fD,jv + bD,v — cv,
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then Lu<f in Q. We now set a =16/35, G = G(2R), G° =932 N 99, and
introduce functions

2 2
_ B R _ 3 xn B xn lel
w, =2pR—x", w,=12 (2PR) 2pR+ IO

w=u+tgw +adw, — A.

An easy calculation gives w, > 35/16 = 1/a if x" = —pR /2 and therefore
Lw bg+aAb(3+4)—+cA+f inG,

w>0 ondQ\G°.
Moreover on G°, Mw < aAMw, + ||y||,4 and

Mw, < ,B"(:—; + l)-j-;—R + 475 —%.

Therefore, because R||y|l,, < 4a — 1 = 29/35,
Mw—w/R<0 onG°.

From Lemma 1.1 (with 8 = 0 on G \ G°) we infer that

-w < C(n,w)R(Ibllng +1171,) + C(n, ) A(1]ln + Rllc]ln) inG,
with the L" norms taken over G. Assuming without loss of generality that C; < 1, it
follows that a||b||,..c + Rllc|l,.¢ < C(n)C}/% In G(R/4) we conclude that
u+ C(n,p,COR(g+fll.) = 4[1 = C(n,n)CY?* = 17a/8].
Because 17a/8 = 34/35, we can take C, = (1 + 70C(n, p))~? to infer that
A
29 inf u+ C(n,p)R tg)= .
(2.9) ot u+ Cln R/l + 8) > 75
In conjugation with (2.8), this inequality gives (2.7). O
If 02 € C! and B is oblique in the usual sense that 8 - » > 1 for the inner normal
v, Lemma 4.1 is applicable by taking R, small enough. Thus Lemma 4.1 includes [5,
Lemma 2.1] as a special case. In this case, the restrictions on R in terms of b, ¢,y
can be eliminated by a chaining argument but then C in (2.6) will depend also on
R|I6* + cll,y RIIYI -
Next we prove a weak Harnack inequality for a convex wedge.

LEMMA 2.2. Let 7 be a positive constant and suppose
(2.3) Q(R,) = {x">1|x"!],|x| < Ry }.

Let u € C%Q) N C¥(Q) and suppose there are nonnegative constants m, g such that
(2.4) holds. Suppose also that (2.1a,b) hold for x € Q,0 < z < m,,, p € R" and that
(2.1¢), (2.2) hold. Suppose finally that

(2.2 B-v>1 onthesmooth part of (R,).
Ifp=1/@np), 7* = p*(1 + 2)"12 x”" = (x},...,x"7 %),
(2.5a) G(R)={x€Q:0 <x"<pR,|x"|<R},
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and
(2.5b) G'(R) = {x € Q:pR < x" <3rR,x"> 1|x""'|— 1*R sgn(X"Al)},

then there are positive constants C, C,, k depending only on n, w, bym such that (2.7)
is valid for

C R
(2.6) 0<R< min{ : o 1 }

152+ ¢l 4 8lv ]l
PROOF. Set G"(R) = {x € Q:|x"| < R,x" =pR} and A = inf;. g p. With
a = 5 and x’ replaced by x” in the definition of w,, the proof of Lemma 2.1 (see

also [S, Lemma 2.1]) gives

, . A
(2.9) inf u+C(n,p)R(g+Ifll)>%
G(R/4)

provided C, is sufficiently small. Thus we need only estimate inf,, z, « in terms of
inf . g 5, u. For this estimate, we invoke Lemma 2.1 at points in 982 N dG"(R/2)
and we use a simple chaining argument to obtain
inf u < C(n,u)[ inf u+ Rg+ R||f||,,]. 0
G'(2R) G"(R/2)

Lemma 2.2 takes full advantage of the geometry of the convex wedge. By more
careful application of the argument, we can prove a weak Harnack inequality if 9
is locally the intersection of two C' hypersurfaces or if 0§ is locally a cone. In the
latter case, we can show that

inf u < C(n,u)[ inf  u+ Rg+ R||f||,,}
Q(R) QBRNQQ2R)
(this inequality corresponds to (2.9)) very simply by taking
w=u—A+g(2R - x") + ;4(2 — x"/2R).

More complex geometric configurations can be obtained by an expanded version of
the argument in Lemma 2.2; for example, a weak Harnack inequality can be proved
near a convex polyhedral boundary and for certain nonconvex domains as well. We
shall not pursue this matter further.

Instead we state Holder estimates for solutions of

(2.10) Qu=0inQ, Mu=gondQ
under the structure conditions (2.1b, ¢) and
2
(2.11) |a(x,z,p)|<}\(b0|p| + bl p|+ c|zl+f).

COROLLARY 2.3. Suppose there is a positive constant R, such that, for any x, € 3%,
there is an orthonormal coordinate system center at X in which (2.2) holds. Suppose
also that (2.3) or (2.3) holds and that if (2.3) holds, so does (2.2). If u € C°(Q) N
C*(Q) is a solution of (2.10) with m, = suplu| and (2.11) being satisfied in & X
[-mg, my] X R", then there is a positive constant « depending only on n, ., bym such
that u € C*(Q). Moreover
(2.12)

lula:a < C(n. . bymg, diam@, R, 6> + clln, 71l ) (mo + gl +11/1,). O
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Note that this form of the Holder estimate follows because we can write
2
lal < A[(by + 1/mo)| p I + (B2 + c)mq + 1]

[-vu + gl <|lvllwmo +1gl.
We can also write the Holder estimate in the form

< Co® + +
Q?Sg)u x Co (mO ”g“oo ”f”n)

for (oR) the intersection of £ with a ball of radius oR; see [10, Corollary 11].

Corollary 2.3 improves [5, Theorem 2.3] in relaxing the smoothness of 9} and in
allowing the coefficient ® there to be an L” function rather than a constant. OQur
Holder estimate also improves [9, Theorem 1.2] in relaxing the smoothness of 9Q
and in removing the dependence of the constants on the modulus of continuity of
the coefficients a'/; the assumption u € W2"(2) N C(Q) in [9] is recovered in our
case by approximation.

Another useful corollary of the weak Harnack inequality is a strong minimum
principle (with the strong maximum principle obtained by modifying the hypotheses
appropriately).

COROLLARY 2.4. Suppose Q, M, satisfy the hypotheses of Corollary 2.3 with f = 0
and (2.11) replaced by (2.1a). If u € C%(Q) N C*(Q) satisfies

(2.14a) Qu<0inQ, Mu<0ondQ,
(2.14b) igfu <0,

then u is a constant. 0O

The corollary follows from Lemma 2.1 (or (2.2) and [10, Theorem 9] by the proof
of [2, Theorem 8.19]. If ¢ =0 and y = 0, then condition (2.14b) is not needed.
Moreover if ¢ # 0 or y # 0, then clearly u = 0. As a final consequence of the weak
Harnack inequality, we have the following uniqueness result, which follows im-
mediately from Corollary 2.4.

COROLLARY 2.5. Let R, p. be positive constants. Suppose a'/, b', ¢ are measurable
in @ with A < pX, b'/A € L*", c/\ € L", and ¢ < 0. Suppose B’ and y are bounded
on 0Q with |B| < p and v < 0 on 9. Suppose also that B points into Q. If, at each
Xo € 3, there is an orthonormal coordinate system centered at x in which " > 1 in
S(R,) and in which (2.3) or (2.3) holds, then any C°(Q) N C*(Q) (or CY(Q) N
W2 (Q)) solution of
(2.15) a’Du+ b'Du+ cu=0inQ, Mu=0ondQ
is constant. Moreover if ||c/A||, #0ory#0, thenu=0. O

Nadirashvili [7, 8] has proved the same result if b'/A and c¢/A are bounded, B is
continuous and oblique, and  is Lipschitz. It would be of interest to see if the weak
Harnack approach can be used in proving Nadirashvili’s result, especially with the
weaker hypotheses on the coefficients.

An application of Corollary 2.5 with discontinuous B is given in [4].
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3. The local maximum principle. In our proof of the local maximum principle, we
shall use a function { with certain properties to be spelled out. This function { will
play exactly the same role as 1 — |x|? does in [10].

Throughout this section, we set M, = B8 - D and suppose that 0 € 9Q2. We then
wish to construct a function { with the following properties:

(3.1a) (e C*R"), ¢>0inR", {=0in{|x|>1},
(3.1b) My >¢ ondQN{|x|<1},
(3.1¢) £(0) > 0.
LEMMA 3.1. Let € and p. be positive constants and suppose
(3.2a) {x"<1_8|x|,|x1<1}CQ,
2p
(3.2b) B =>1,|Bl<p ond2n{|x|<1}.

Then there is a function §, determined only by € and p, satisfying (3.1).

PRrROOF. For k and R positive constants to be further specified, set

n 2 —
w(x)=1+—)£-—x!x—, Q* = {w >0}, }\=12H8

R R?
On 39, w <1+ Alx|/R — k|x|’>/R? so { will be positive only for 2k|x| <
R(X + [A? + 4k]'/?). Assuming k has been chosen, we therefore choose R so that
2k > R(A + [A® + 4k]'/?). Hence

Mo = B" — 2B - x > %(1 —u[A+ (R +40)?]) onarnag
and therefore Myw > €/2R on Q* N 3% if « is small enough. Since w < 1 + A*/4k
on 92, there is a positive constant pu, such that
Myw > pow on Q* N 3Q.

The proof is completed by setting { = max{w, 0} for g sufficiently large. O
If we wish to eliminate the hypothesis that © contains a large cone, a more subtle
approach is needed. We shall only examine the case of a convex wedge.

LEMMA 3.2 Let 1, 1,, p be positive constants and set

(3.3a) Q= {x € R":x" > max{-nx"" !, mx" "1}, x| < 1},
(3.3b) S ={x€32:x""1>0}, =,={x€3:x""" <0},
(3.3¢) S={xe€dQ:|x|<1}.

If

(3.4) B'>1and|Bl<ponZ, B-v>1lonZ UZ,,

then there is a function { determined only by 1, T,, u, n satisfying (3.1).
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PROOF. Suppose first that » = 2 and set
w, =1+ x2—4(x"), ¢ = max{w,,0}".

If g is large enough, there are positive constants ¢, r,, r, with r, < r, <1 such
that, on X,

My§, > ¢, if [x| < ry,
M =8 — ¢ ifrg<|x|<r,
Si=Mg =0 if|x|>r.

By adding together suitable functions from Lemma 3.2, we conclude that there is a
C? function ¢, with support in {|x| < 1} such that

My, > 285,0n S, & >coonENn{r <|x|<n}.
It follows that { = {, + ¢, is the desired function.
If n>2 weset{,=¢ +¢§,and

0
w(x//’xn~l’xn) — §3(x"“1,x") _ %{3(0) _ §3( ) ' ,,l

One easily checks that Myw > w on X; the desired { is just max{ w,0}% O
The local maximum principle follows easily with 7/ = ¢ if (3.2) holds and
7’/ = max{ T, 7, } if (3.3a) holds.

THEOREM 3.3. Suppose Q and B satisfy the hypotheses of Lemma 3.1 or Lemma 3.2.
Suppose in addition that Q satisfies the structure conditions

(3.5a) A< (a0|p|N + al)@l/",
(3.5b) a<(bolo|"" + bl pl+ cz+f) D

for all (x,z, p) € Q X [0,my] X R", where m, and N are nonnegative constants, and
a,, a,, by, b, c, f are nonnegative functions with

(3.5¢) ag, a,in L'(R), by, by in LY(Q), ¢, fin L"(Q)
for somer > q > n. Letu € C%Q) N C%(Q) satisfy

(3.6a) Qu>0,u<sm, inQ(),

(3.6b) Mu> -g onZ2(1)

for some nonnegative constant g, and let R < 1. If
(3.7) hg=(my/R)"(ay + Rb,) + a, + bR,

then for any p > 0 and o € (0,1), there is a constant C depending only on n, p,q, .,
7/R|Ylloos R™"/||hgll,, Rllell,, such that

1 , 1/p
c (m(mlfmm(“*) ) +R||f||n}.

(3.8) sup u <
Q(oR)
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PROOF. Let & > 0. Assume without loss of generality that R = 1, that ||c||,.qq, < &,
that p < n, and that o is so small that { > 0 in £(20). Set

s=ng(N+2)/(n-q)p, v={u
On the contact set I'," of v in £(1), we have (see [10, (26)])
a'D,v > ~9V"(Chyt N2+ cv + f).
Moreover, on 082 N {u > 0} we have
My = $Mou + sul* "M¢ > —yv+so —g>v — g.
If we redefine 8 = 0 wherever u < 0, it follows that
Mp —v>-g ondQ(l).
Hence, from Lemma 1.1 we infer
supo < €[, |, + esupo + g +171.
Q1) Q1)
and then, for & small enough,
supv < C([[mg=N "2, |, + g +1 /1)
Q1)
The desired result in our special case follows from this inequality via Holder’s
inequality and Young’s inequality as in [10, p. 74]. The full result follows by a simple
scaling and chaining argument. O
A simple variant of the proof of Theorem 3.3 (see [10, Theorem 7]) gives an
estimate independent of m,,.

THEOREM 3.4. Under the hypotheses of Theorem 3.3, if
(3.92) h% =R N(ay,+ by), hix=a, + bR,
(3.9b) g*=nq/(q—n), p=(N+1)g*
then for any o € (0,1), there is a constant C = C(n, 0, N, u, ") for which

1
(3.10) sup u < bﬂmmwﬂfwwxmmﬁ+m+mmn
(

Maximum estimates for solutions of
(3.11) Qu=0inQ, Mu=gonodQ
with g bounded can be obtained easily; see [10, Corollary 8&].

Harnack-type inequalities follow by combining Theorem 3.3 with Lemma 2.1 or
Lemma 2.2.

COROLLARY 3.5. Let Q, M, Q satisfy the hypotheses of Lemma 2.1 or 2.2 with (2.1a)
replaced by (2.11) and let u € C°(R) N C*(Q) be a nonnegative solution of (3.11). If
y € G’'(2R) and if o is so small that the ball B(y,40R) centered at y with radius 46R
is contained in G'(2R), then there is a constant C depending only on bym,, n,p,o,

Ry|Ib> + cll,» RollYll,, such that
(3.12) sup u< C( it u+ gl + RIS
B(y.oR) G(R/4)
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