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COMPARISON BETWEEN ANALYTIC CAPACITY
AND THE BUFFON NEEDLE PROBABILITY

TAKAFUMI MURAI

ABSTRACT. We show that analytic capacity and the Buffon needle probability are not
comparable.

1. Introduction. For a compact set E in the complex plane C, we denote by
H*(E*) the Banach space of bounded analytic functions outside £ with supremum
norm || - || ;= g<,- The analytic capacity of E is defined by

Y(E) = supf{|u(e0) | u € H=(E), Jullw=cer < 1),
where u’(00) = lim, _, _ z(u(z) — u(00)) [3, p. 6]. We are concerned with estimating
Y(E). Let D(z,r) denote the open disk of center z and of radius r. For ¢ > 0, we
put |E|,, = 2infXy_,r,, where the infimum is taken over all coverings
{D(z,, ry)}¥-, of E with radii less than e. The generalized length of E is defined by
|E| = lim,_ 4| E|,; the limit exists since |E|,, is decreasing with respect to e. It is
well known that
(1) Y(E) < Const|E | [3.p.48].
Let B? (-m/2 <8 < 7/2) denote the straight line defined by the equation
xsin@ — ycosf = 0 and let ¢(r,0) (r > 0,-7 < 8 < 7) denote the straight line
defined by the equation x cosd + y sinf = r. The Buffon length of E is defined by

Bu(E) = f / drd@.
{(r.0): Q(r.O)NE+ @}
We easily see that Bu(E) = f_”,{}2|E 91 df, where E? is the projection of E to RO, If
E is contained in D(0,1), Bu(E)/27 is called the Buffon needle probability; this
gives probability (measured by dr| o,,d8/2m) of straight lines L(r, #) intersecting
with E.
Suppose that the boundary 9E of E consists of a finite number of rectifiable

Jordan curves. We put
c(E)= [[  n(r.0)aras,
r>0,|0| <7

where n(r,8) is the cardinal number of 2(r,0) N JE. Then we have evidently
Bu(E) < Cr(E). Crofton’s formula [8, p. 13] shows that Cr(E) = 2|dE|. Since
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Y(E) = y(9E), (1) implies that y(E) < Const Cr(E). Thus both y(E) and Bu(E)
are dominated by Const Cr( £). From this point of view, Ivanov [4] and Marshall [6]
asked whether y(-) and Bu(-) are comparable or not. As an answer to this question,
we show in this note

THEOREM. There exists a sequence (E,)¥_, of compact sets in D(0,2) such that
lim,_ Bu(E,)/y(E,)* =0 forany e > 0.
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The set E, which will be constructed later has a form like a crank with many

pedals (see Figure 1). Our theorem shows that the inequality “y(-) < Const Bu(-)” is
not valid. To prove our theorem, we remark

PROPOSITION. Let E be a compact set on a rectifiable graph T = {x + iA(x);
a < x < B). Then y(E) > Const|E®3/2/|T|*/2.

We do not know whether these exponents 3 /2 and 1/2 are sharp or not. To prove
our proposition, we shall use an estimate of the norm of the Calderon-Cauchy
operator [7].

2. Proof of Proposition. Let L? (1 < p < o) denote the L” space on the real line
R. Its norm is denoted by || - For a real-valued function b € L™, we define a
kernel by

Il

Clb](x,y) = 1/{(x — y) +i(B(x) — B(y))},
where B(x) = [ b(t)dt. The singular integral operator C[b] defined by the above
kernel is called the Calderon-Cauchy operator. We denote by ||C[b]||,, the norm of
C[b] as an operator from L? to itself. We use an auxiliary operator C*[b] defined
by
C*[b]f(x) = sup |C.L6]f(x) 1,

where
Clolfxy= [ cledxn)f(») .
x—y|>¢€
The following fact is already known.

LEMMA 1 [7]. ||C[b]||,, < Const(1 + ||b|l,, )
In the same manner as Lemma 2 in [1, p. 139], the separation theorem yields

LEMMA 2. Let T be an operator defined by a kernel T(x, y) satisfying T(x, y) =
-T(y,x) (x,y € R) and sup, ,r|T(x, y)I(1 + |x — y|) < c0. Then, for any com-
pact set F C R, there exists a nonnegative function f, € L* such that

ITfolle < 1. Wfollw < 1/UTNwe I folly =1 F1/10IT |l supp(fy) € F,
where supp( f,) is the support of f, and ||T||,, is the weak-(1,1) norm of T, that is,
IT 1w = sup{|x € R; |Tf(x)[> 1]/l fl; f€ L'},
LemMA 3. ||C*[b]]|,, < Const(1 + |||, ).

PROOF. Let w(C[b]) denote the minimum of all M satisfying the following three
inequalities:

[C[b)(x,y)| < M/|x - y|.

|C[61(x, ») = C[b)(x", y)| < Mlx — x| /1x = y|"? (Ix = ¥'| <|x = y|/2).
|C[B)(x. y) = CIB)(x, y') | < Mly = ' /lx = y[* (|y = | <|x = »1/2).
We put ||IC[blllcz = IC[]ll,, + «(C[b]). It is known that ||C*[b]||, <

Const||C[b]|| -z [S, Chapter 4]. Since w(C[b]) < Const(1 + |||, ), Lemma 1 gives
the required inequality.
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LEMMA 4. For a compact set F C R, there exists a nonnegative function fp € L™
such that

IC*[B) frllow < 1o 1 felleo < 1/(1 + Bl ).

If¢lly > Const|F|/(1 + |ill., ). supp(fy) C F.

PrOOF. Lemma 3 shows that ||C[b]||, < Const(l + |||b||,,) (e > 0). Hence
Lemma 2 shows that, to each ¢ > 0, there corresponds a nonnegative function
f. € L™ satisfying

ICLE1 flloo < 1o £l < 1/(1 + /Bl ).

£l > Const |F|/(1 + |fibll,,) and supp(f,) C F

Cotlar’s inequality [5, p. 56] gives that

|G, [b]/£.(x)| < Const{ m(C,[6]£,)(x) +[C[b]llczmf.(x)}
(xeR,0<e<n),

where m is the noncentered maximal operator [S, p. 9]. Hence

“Cn[b]fe"w < ConSt{“Ce[b]felloo + "C[b] ”CZ"fe"oo} < COnSt.

Let f2 be a weak* cluster point of (f,),. , in the space of measures. Then we have
IC,[61/2ll,, < Const, which gives [|C*[b]f?]l,, < Const. Multiplying f7 by a suita-
ble absolute constant, we obtain the required function f.. Q.E.D.

LEMMA 5. Let F, f be the same as in Lemma 4 and let

fF()’)
(y +iB(y)))

Then || fell j=#+, < Const and | f(a0)| > Const|F|/(1 + i[bll., ).

PrROOF. By Lemma 4, we have

¢ ()| =l fell, > Const| F|/(1 + V[[b] ).

We show ||fF||,,,x“r , < Const. For any z & F, we have

n o fr(y)
fF(Z)=f_w (Rez —») + {{B(Rez) - B(y) + (Imz — B(Rez))]

fF()—f dy (zeEI:"={x+iB(x);xeF}).

as long as Im z # B(Rez). Hence it is sufficient to show that

/"C fr(y)

—oo (x_)’)+i(B(X)—B(y)+s) ly| < Const.

sup
NSER,5#0
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Let s = 2(1 + ||b||,)- We have, for any x, s € R, s # 0,

/°° fe(y) ’
o (x —y)+i(B(x)—B(y)+s)

S jl‘x—,v|<|3|/30 ¥ '/|‘|/50<IX—VI<|S| ¥ '[lx—.V|>|$|
fr(y) fr(y)
"Il yl<ls |/sols|—‘B(x) —B(y)| a +jl;|/.w<|x—}'|$|:| |x —yl 4
+f sfe(y)
le=st>1sl {(x =») +i(B(x) = B(y) +5)}{(x — y) +i(B(x) - B(y))}

+]Cp, (6] fr(x) |

< Constl el +fel.logso +Ufebubsl [ (fF(yy))
|x— sl (x —

< Const(1 + logso)|| fello +1|C*[6]f#|., < Const.  Q.E.D.

dy + C*[b] fr(x)

LEMMA 6. Let E and T be the same as in the theorem. Then there exists a graph
'*={x+iB(x); a<x<pB}, B(x)= [Ib(t)dt + A(a); such that |b|, <
4|T|/|E° and |a < x < B; A(x) # B(x)| < |E°|/2.

PROOF. Let ¢, = 2|T|/|E°|. Then

’0>E|E_|a>ﬁff a()|dt (a=4).

The Calderon-Zygmund decomposition [5, p. 12] shows that there exists a sequence
(1,)%-, of mutually nonoverlapping intervals in [a, 8] such that

0
la(x)| <ty ae.in[a,B]- U I,
k=1

|11—|/ la(t)|dt <2ty (k>=1).
We put
a(x) <= tes1- U )
k=1

bx)={ |
— | a(t)dt (xel,k>1).
|| f, '
Then ||b|,, < 2ty = 4|T|/|E®|. We have, with B(x) = [Xb(t) dt + A(a),
e o] 1 0
la<x<p Ax)#B(x)|< X Ll< = X [ la(0)]d
k=1 0 k=1 "Ik
<IT|/1o =|E°|/2.
Thus I'* = {x + iB(x); a < x < B} satisfies the required two inequalities. Q.E.D.
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We now prove our proposition.Let I'* be the graph given in Lemma 6. We can
choose a compact set F in E°N {a < x < B; A(x) = B(x)} so that |F| > |E°|/4.
Let fr be the function in Lemma 5 Since FC E, we have f, € H®(E®),
1 /71l 4=+, < Const. Thus

Y(E) >|ff(o0)|> Const|F|/(1 + V[|b] )
> Const| F|/{1+ J4[T|/|E°| } > Const| E°[”/|T|"”.

This completes the proof of our proposition.

3. Construction of (E,). In this section we construct a sequence (E,)*_, of
compact sets in D(0, 2) so that

(2) v(E,) > Const/Vn ,
(3) Bu(E,) < Const(logn)’/n.

If such a sequence has been constructed, the assertion of our theorem is evidently
deduced. Let I, = [0,1] and U = I, X [-1,1]. For two sets G, G’ in U and a positive
integer », we define

(G, G)—( G+ 2)u(%c'+ 1;’), T(u,G)=:L;J;(%G+%),

where (G + {’ ={{z+{" z€ G} (§,{ € C). Given n > 2, we shall define two
finite increasing sequences (»;)}_,, (¥;)7_, of positive integers later. To these two
sequences, we associate n + 1 sets G, G4,. .., G, as follows:

Gy=0(ly. 1)), G,= °(T(VZ’Gk—l)sT(V/’(”Gk—l)) (1<k<n).

We put E, = G, (see Figure 1).
Here is a lemma necessary for the proof of (2).

LEMMA 7. There exists a graph T, = {x + id,(x); 0 < x < 1} such that |T,| <
Constnand (T, N E,)° > }

PROOF. For two sets G, G’ in U, we put
§(G.G') = a(G,G") u(élo) (,10 41 — ’) U(—%IO + 1).
Then
16(G.G")|<|6(G.G") |+ 2 < X(|G| +]|G"]) + 2.

For a positive integer v and a set G in U, we have |7(v,G)| < |G|. We now define
n + 1 arcwise connected sets Ay, A,..., A, by

0o=06(I 1), Ay=6(r(vi, Ay y)r(v A_))) (I <k<n).
Then we have A, D E, and
|A11|<%(IT(Vn’ n-1 |+| n’An—l)I)+2
<A, )+ 2< o0 <A+ 2n=2n+3.
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We see that A, N 2(r,0) is a singleton except for r > 0 such that 2(r,0) passes
through one of the endpoints of E,. Hence we can define a graph T, satisfying the
required two inequalities. Q.E.D.

We now show (2). Let T, be the graph given in Lemma 7. We put £, = E, N T,.
Then our proposition shows that

1,2

-~ ~ 3/2
v(E,) > v(£,) > Const| E?|” /|T,|

> Const/ll",,ll/2 > Const/Vn .
Thus we have (2).

4. Proof of (3). In this section we define (v;){_;, (?{)%-; such that (3) holds.
Geometric observation immediately yields

LeMMA 8. For 0 <k <n, G, is a union of T1}_o(v] + v]') segments in U
(vg=vy =1).

LEMMA 9. Let X be a union of at most v intervals in an interval I = [s,s + r] on R
and let Y be a set in I of the form Y = U” oMY+ (jr/p)) for some v’ >1 and
Y'Cls,s + (r/p")). Then

XU Y|<|X|+|Y|=|X||Y|/r+ 3rv/p”.

PROOF. We can write X = U%_, J; with mutually disjoint intervals {J;},, ' < ».
Then, for each J;, the number of k’s satisfying (s + (kr/p”), s + {(k + Dr/p"})
C J;is larger than (p”|J|/r) — 3. Hence

W w M”|J,‘|
xovl= Llgnv)s £ v -s)
j=1

Jj=1

"|Y’ | X||Y]| 3rv

s EIJI WV > ===

which gives the required inequality. Q.E.D.

For z € C and £ € R, we write x(z,§{) = Rez + £Im z. The straight line passing
through z and x(z, §) is perpendicular to B2<2"¢ For a set G C C, we write
G(§) ={x(2,8); z€ G}. Then (sG + ¢} (€)= sG (&) + x(£, ) (s € R, { € O).

LEMMA 10. Let G be a set in U with at most v components. For three nonnegative
integers v', v"', mwith v"’ > v’ > m + 1, we put

H=H®W v ,mG)=(47(+',G) +i/2) U(3r(»",G) +(1 = i) /2 + m).
Letm < £ <m+ 1. Then
IH(£) < {1 - £,G(&) [}IG(&) |+ Const{(m + 1) /¥ + vv'/v")
as long as |G(&)| < 1, where £,, = min{& — m,m + 1 — £}.



508 TAKAFUMI MURAI

1 J i
X=—G+ + = 0<j<v —-1),
% 20 2 (0<j )
v--—Ltog+ Ll 1o, (j=0,+1,%2,...)
J v 2" 2 Y= =

Then |X;(§)| =|G(&)I/2v, [Y;(§)]=|G(£)|/2v". Let p'=u2v'¢,) and p” =
t(2v"¢,,), where «(x) is the integral part of x. If p” < 2m + 2, then, by W' X;(§)| =
2v"|Y, ()] = |G(§)| < 1, we have

()= 576.6) + 5 ](€) U 370.6) + 15+ m)co)|
U seofef Y ol
<ol L nl-ot)
<lo(@)]+{ S -, <la@1+{ S5 - e o))
< (1-6l6@I6(@) |+ 2222,

which gives the required inequality. Suppose that p’ > 2m + 3. We apply Lemma 9
to

vi—m-2

x= 07w v-{ 0 wo)ar,

j=v —p+m+1 Jj=-o0

1= [x((l —i)/2+m &), x(0 /2" +(1 —i)/2 + m,&)];
geometric observation shows that X € I and Y = U';';Bl( Y’ + (J|I|/p)) with
Y =Y [x((1=i)/2+m &), x(1—i)/2+m,&)+|I/p"]

(see Figure 2). Since p’ < #’, |I|=p"/2v” and X is a union of at most wy’
intervals, Lemma 9 gives that

[ XU YI<|X[+[Y|=|X||Y[/[T]+ 3w’ 1] /0"
<|YI+|XI{1 =Y/} + 200" /0",

Since |[G(§)| < 1, [ X| < (¢ — 2m — 2)|G(§)|/2v/,

#r —2m =2 IG(g)l < gm_ 1/21}' - ,-LN+ 1/21’”_ 1/21” - HN _
» 1| 2071
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and
w+m
Y| = { U 1 Yj(g)} nI|< L%IG(i)l
j=-m-
we have
XU y|<|y;+(£——|c(s)|){ ), 2o
14
_podm=2 |G(s)|+|y|{ Tmnl 'G(g)'} L
20’ 2y’ |7 v”
w-2m-2
< 1G(¢)]
(M +2m+2|G(§)|){ ’—2m—2|G(§)|}+
2" 2y’ |1 v

f—2m-—2
B o 16(9)]
14

+_F‘_’;|G(§)|1_ﬂ— "/1—2|G(§)| +{m-|'-,l+2v/1:}
2v 2v |1] v v
= 2m -2 f =2 m+1 2w
- {Emmt s oo (o) - L e+ 2R+ 22
2v 2 2 v” v
\{p,—2m—2 w }lG(§)|_ ]G(£)|2+{2m+3+m+1+2w }
2,}’ // 21,/ VI/ VI/

u'-2m-2 pieces ‘\\\\\\‘

) O~

arctan §

~0 0

U""

FIGURE 2
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e

s
g { g X0 - }U[ m V-1
i
-
<{

Thus

|H(¢)]

J=0  j=p"—m-1

+ U }Y,@)}u(xu )

N

sy }lX,(s)|+{'Z"+ Y }lY,-(s)|+lXUY|

j=0 j=v'—-m-1 Jj=p"-m-1

V—,u.+2m+2 v’ —
2//

}1G(s)|+|xu v+ 2221600

1-¢,6(8)[}16(£)| + Const{ : 1, ””'}.

V//

In the case where m +

=

Ly s Lo e me b))
2u 2 2 2 2
Then, in the same manner as above, we obtain the required inequality. Q.E.D.
LEMMA 11. |G, (§)| < |G,_1(§)| <1 (¢€eR 1<k <n)
PROOF. We easily see that |G,(£)| < 1. We have

|GA(§)|—1 ( Vi, Gy 1) (Vi"Gk—l))(g)l
| 2t6, 0@ + oot e+ 15E)

< MG )®)] + 17026, )(®) )

=%{

<|Gkv1($)|. Q.E.D.

We now define (v;);_,, (»/)i_; such that (3) holds. We see that |Ef| =
|E,(tan8)|cos§ (-7 /2 < 8 < 7/2). Hence we have

7/2 '] o ‘En(g)l
E)|dd = ————d
‘/;11/2 '/-:oo (1 + £2)3/2

Z f”’“ '[:+LT1 (= i 8,+8 , ,+8,,,, say]|.

m=-n "M m=-n

< £ < m+ 1, wediscuss H(§) on an interval

+

v, —1 1
U (_,‘Gk—l(‘f) + L

j=0 \ Pk Vi

vy —1 1 j
U (TGk—l(g) + =
v v,

Jj=0 k

Bu(E,)
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We first estimate §,. Recall that G,_, is a union of [Tf2J(»/ + »/’) segments in U.
Applying Lemma 10 to G = G,_;, »' =, v" =v»;, m =0, we have, for any
0<é<1,

‘Gk(§)| = |°(“'("’/laGk—1)~T(V//(,’Gk—l))(g)| =|H(v,’(, Vl,<,’09Gk—1)(£)|

’

{1 — &G, (O }G 1 (O] + Constl— +{ ]j (le + vj”)}zf‘—,].

Vi Vi
Since this estimate is valid for any 1 < k < n, we obtain

(4) |E,(8)] =1G,(8)]

n

< kl_:-[l {1 - gole—l('ﬁ)‘HGo(é)l +C L

k=117

< {1 _£0|En(£)|} + COpn’
by Lemma 11, where C,, is an absolute constant and

n k-1 , ., V/,(
— + Jl:[o(uj+vj )};—; .

k

(5) o= ¥
k=1

We define ¢ by 1/¢5 = 1/&, + Conp,. If |E,(§)| > (1/néy)log(10 + nép), then (4)
shows that

n

IE,(8)] < {1 - to=log(10 + ngg)} + G,

0

< (1~ Jlog(n&s)) + Con,

+ Cop, < i —10g(10 + n£0)

1
< —
né; né,  né&;

which is a contradiction. Thus (4) yields that |E,(£)| < (1/n§{)log(10 + néy) (0 < §
< 1). We have

1 2 1-1/n 1 ,
(6) 80</0 |E(§)]de< T + fl/n n—%log(10+n£0)d£
<212 X 4 cp, llog(10 + nt) at
n 1/n ng

2
< Const{( in) + p,,logn}.
<m

We next estimate §,, (1

G, (£)] < {

< n).Wehave, forany2 sk snm<ésm+1,

(7 G )(©) | +]7 (. G () [}
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To estimate |7(v;, G, _,)(£)|, we put

X/*zl,(’lz—x**'é)-"%* Yj*=l(lY*+ 1—1)+L
v, v vi\2 2 vy

(0<j<w -1),

where X* = r(v;_,,G,_,) and Y* = 7(v/_|,G,_,). Lemmas 8, 10 and 11 show
that

|T(V/I\'~Gl<—l)(§)| =

Q) {x*(¢)u Y,*(s)}‘

m—1 V—l v —m—1

Yy + Lo xxe|+ X |(xrurn, )@

/=0 j=vi—m J=0

(£)]

(e g) ol o)

,_
Vi

N

N

m
’
k

P H(v v m Gy (6) ]

Gy ()| +

Vi

4 —_—
Vi

N

% + V’m[{l —§”,|Gk72(§)|}|Gk-2(£)|

i

{n( + )}—]

[

+ Const{

Ij (V + v")

Vi

< {1 = £, E(6)}|Gi_(£)] + Const| &

k‘l

These inequalities are valid with »/ replaced by »;’, and hence
q x Tep Y Vi

1G, (&) < {1 - &]E(&)}G, »(8)]

m+1 A2 v
+ Const +{ I (vj’ + V;’)} f, Ll
Vi1 Jj=0 V-1

Using this inequality for k =n, n—2,...,n — 2(«(n/2) + 1), we have, with an
absolute constant C,

[E,(6)] =1G,(8)] < {1 - £,/E.(8)] Ey (8]
w(n/2) n—21-2 ,
+Const Y [ rtz 1 +{ I (,,j/ + an)} vr::2lvll

1=0 | YPu-21-1 Jj=0 Vo—21-1

} L(n/2)

}1(11/2)

< {1 - £n1|E11(£)| + C(;pn'
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In the same manner as in the estimate of §,, this yields that |E,(£)|<
(3/né))log(10 + né,) (m < § < m + 1), where §,, is defined by 1/¢, =1/, +
Cynp,. Thus

1 m+1
(7) by< — [ |E,(8) g
< o L 2 0g(10 4 mty) d
m3n m3 m+1/n n :n

(logn)’ 1
< Const{ ~——— + p,logn ) — (1<m<n).
n m

By (6) and (7), we have

n+1 n 0 dé
Yo, < X+ =
m=0 m=0 '/’.H'l $3
(logn)’ 501 1
< 527 + —
< Const{ ——— +p,logn 11 mz=1 - 1)

(logn)’
< Const o + p,logn ).

In the same manner, we have Y"1 8_, < Const{(logn)?/n + p,logn}. Conse-
quently we have

n+1 (logn)2
(8) Bu(E,)= ) §,< Const{———n—— +p, logn}.
m=-n—1
Now we put
v, =n’ (1 <k<n),

k-1
= TL (o)t <k
Jj=0

where »{ = »i’ = 1. Then, by (5), we have p, < 2/n. By (8), we have Bu(E,) <
Const(log n)%/n. This completes the proof of (3). As easily seen, (2) and (3) yield the
required equality in our theorem. This completes the proof of our theorem.
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