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NONLINEAR STABILITY OF VORTEX PATCHES

YUN TANG

Abstract. To establish the nonlinear (Liapunov) stability of both circular and

elliptical vortex patches in the plane for the nonlinear dynamical system generated

by the two-dimensional Euler equations of incompressible, inviscid hydrodynamics.

This is accomplished by using a relative variational principle in terms of energy

function. A counterexample shows that our result in the case of an elliptical vortex

patch is the best one that can be attained by applying the energy estimate.

1. Introduction. The chief purpose of this paper is to establish the nonlinear

stability of circular and elliptical vortex patches in the plane for the nonlinear

dynamical system generated by the two-dimensional Euler equations of incompressi-

ble, inviscid hydrodynamics on R2.

The linear stability of a circular vortex patch was established by Kelvin [9], and

the linear stability of a rotating Kirchhoff elliptical vortex patch was proved by Love

[11] (see also [10, pp. 230, 232]). Recently, it was noted by Deem and Zabusky [6]

that the Kirchhoff vortex patch is just the m = 2 case of an infinite number of

families of noncircular shapes with m-fold symmetry, which can be regarded as

bifurcation from the circular one.

Over the past few years, an interest has grown in finite regions of uniform

vorticity. See, for example, [5, 7, 14, 15 and 18].

Arnold [1, 2] has presented a method for proving a nonlinear version of the

classical Rayleigh inflection point criterion for linear stability of shear flows.

Recently, Arnold geometric setting has been exploited by a number of authors such

as [8, 4, 12, 13, 16 and 17]. Arnold [3, p. 335] asserted that a stationary flow of an

ideal fluid is in fact a conditional critical point of the kinetic energy; if this point is a

nondegenerate extremum, then the stationary flow is stable. Unfortunately, Arnold's

method does not apply directly to determine the stability of a vortex patch due to

the discontinuity in the vorticity for which the differential calculus ideas in Arnold

are not suitable. On the other hand, Deem and Zabusky [6] numerically show that a

steady vortex patch may develop a thin arm. To overcome the difficulty concerning

the discontinuity in the vorticity, Wan and Pulvirenti [18] provide a reduction

procedure by which they established the nonlinear stability of circular vortex patches

in a disk. The idea originally developed by Arnold [1, 2] and recently extended by

Wan and Pulvirenti [18] is important to the formulation and execution of our results.
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In this paper, we use the energy as Liapunov functional to establish the LLstabil-

ity of both circular and elliptical vortex patches in the plane. Our result on the

stability of circular vortex patches is established in the whole plane while that of [18]

is in a bounded disk. Moreover, for an elliptical vortex patch, which is a nonsta-

tionary rotating patch, the L1-stability of Liapunov type is relative to a disk centered

at the origin (see §2) due to restrictions on the energy estimates in this case. A

counterexample shows that our result is the best one that can be attained by

applying the energy estimate. This answers one of the questions proposed in [18].

In order to obtain the energy estimates in L^space, we make use of the fact that

LLperturbations in vorticity imply CLperturbations in stream function, by which

perturbation in vorticity may be reduced from L'-space to the C^radial case. Then

the spectral analysis of the second order variation of the energy allows us to

establish the energy estimate.

In §2 of this paper we give some basic concepts and state our main results, the

stability theorems for both circular and elliptical vortex patches. The proofs depend

on some energy estimates stated also in this section. In §3, we describe the reduction

of the energy inequality from a small L^perturbation to the C'-radial case. In §4, a

second order Taylor expansion of the energy function is given in the radial Crease.

Then, using the spectral analysis, we establish the energy estimates in this case.

Finally, in §5, we complete the proof of the energy estimates and the stability

theorems stated in §2. A counterexample shows that some restrictions must be

introduced to establish the energy inequality for elliptical vortex patches.

Following [18], a somewhat stronger stability result for both circular and elliptical

vortex patch distributions in the plane may be established.

Acknowledgments. This paper is a part of my dissertation at the Department of

Mathematics, State University of New York at Buffalo. The author is grateful to

Professor Yieh-Hei Wan for his patient supervision and invaluable help.

2. Basic concepts and the main results. Consider the motion of an incompressible,

inviscid flow with unit density in the plane R2. The velocity field u = (u, v) can be

described by a stream function \p, u = (t|/ , -\px). Define the vorticity <o = vx — uv.

Then, at any time, the vorticity satisfies the vorticity equation

(2.1) wr + uusx + Vü¡v = 0,

and the Poisson equation

(2.2) A^=-<o,    ^L = ̂ L-0.

Write x = (x, y) e R2 and |x|2 = x2 + y2. The stream function \p then may be

written as the logarithmic potential

(2.3) «// = Gco = (277-)"1/ w(x')log|x - x'\~ldx'dy',

where G is the Green's function for -A, and the integral is taken over the whole

plane.
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Let A c R2 be a region. A vortex patch w is defined in the form X\Ai where

X e R1 and the area of A are called the strength and the size of the patch A,

respectively, and where Xa 1S tne characteristic function of A.

Denote by <¡p,(«), t > 0, the vorticity at time t, with initial vorticity to. By the

conservation laws, the circulation /<o, the center of vorticity /xw = f(x, y)to and the

angular momentum Q(u>) = /|x|2w are independent of t. Moreover, one has <p,(Xxa)

= X\a > where A, has the same area as A. Sometimes we also need to use the

product of inertia of w, fxyu. For a vortex patch uQ = Xa0> write

■A>(wo) = |w = Xa\¡ w = / W0> / x" = / xwo

and

Jtx(u0) = < co e Jt0{oi0) | / |x| <o = / |x| c

Then the sets Jt0(o30) and Jtx(u0) may be imagined as "invariant manifolds",

<p,(wo) G ̂ o(wo) or "^i("oX Vi > 0-

Now we introduce the energy function of w,

(2.4) £(«) = £<«,G«> = (Att)~l ( w(x)w(x')log|x - x'T'^iyA'a/.

Then energy is also conserved, i.e. the energy function E of <p,(w) is independent of

(2.5) £(<P,(")) = E(u)   for every r > 0.

A vortex patch x^ is called stationary if <p,(x¿) = X/i Vf > 0. x^ is called

rotating with angular velocity Ü if <pr(x,i) = Xrb,^ Vi > 0, where Afl is a rotation

through angle 6. Sometimes both of them are called steady. The basic patches

considered in this paper are the circular vortex patch w0 = Xb(R) an(^ tne elliptical

vortex patch we = Xs, where

(2.6) B(R)= {(x,y)\x2+y2 ^R2},        R > 0,

(2.7) 5= {(*,>>) |x2/a2 + v2/¿>2 < l},        a > ft > 0.

It is well known that <o0 is a stationary vortex patch while u>e is a nonstationary

rotating patch with the angular velocity £2 = ab/(a + b)2.

In this section we state the main results of this paper, that is, the stability

theorems for both circular and elliptical vortex patches in the plane, for which the

corresponding energy estimates are also stated here.

Denote by || - || the L^norm of function space on R2. The stability theorem for

circular vortex patches in the plane is

Theorem 1. For any r¡ > 0, there exists a 8 > 0 such that if a vortex patch w

satisfies ||w — w0|| < 8 and has uniformly bounded angular momentum /|x|2w, then

(2.8) lk(«)-«oll<1,   Vi>0.
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Remarks 1. In [18] the stability theorem for circular vortex patches is established

in a disk, while ours is in the whole plane.

2. As in [18], one may use an angular momentum estimate to prove the stability

theorem for circular vortex patches. However, we prefer using the following energy

estimate (L,) to prove it.

For a vortex patch to0 = Xa  an^ e > 0, write

^(«o) = {w = Xa\ \W - woll< e}-

Proposition 1. Let w0 = Xb(ry Then there exist a Cx > 0 and an e > 0 such that

for every vortex patch w, = x^ G Are(œ0) nJt0(u0) the energy inequality (Ex) holds:

(2.9) £(a)0)-L(Wl)>C1||co0-Wl||4. {Ex)

In the geometric setting of Arnold, the energy estimate (£,) means that the energy

E(u) as a Liapunov function has a "nondegenerate" local maximum at to0 on the

"invariant manifold" Jt0(cú0).

The stability problem of elliptical vortex patches is more complicated. Let the

ellipse S be contained in a disk D centered at the origin. The elliptical vortex patch

uc = Xs 's said t0 De Ll-stable relative to the disk D if for any 17 > 0, there exists a

8 > 0 such that, to each vortex patch cc = XxA and each f > 0,

(2.10) ||<pr(to) - (p,^) || < tj    for some f

provided ||co - ue\\ < 8 and the support of ip^u) c /J for all t' e [0, f ]. The

stability theorem for elliptical vortex patches is

Theorem 2. For the elliptical vortex patch ue = Xs g'ven by (2.7), let the ratio y of

the major to the minor axes be less than 3, y = a/b < 3. Then there exists a disk D

containing S such that toe is Ü-stable relative to D.

Remark 3. In the definition of the L'-stability of the elliptical vortex patch tce, the

reason for the choice of f = i(t) is that a small perturbation of ue may result in a

big difference in their vortex patches, since the angular velocity of ue, Yl =

ab/(a + b)2, depends on the major and minor axes.

4. The stability of elliptical vortex patches is relative to a disk due to the

restrictions on the following energy estimate (E2) by which its LLstability is

established. And it could not be established by using only angular momentum

estimates.

5. Love [11] proved that for y = a/b < 3 required in Theorem 2, the motion is

linear stable. For y > 3, it can be proved that the motion is unstable. So y = 3 is a

bifurcation point.

Write

Jt2{u>e) = l w e Jtx(ue) I 1 xyco = 0).

The following estimate (E2) means that restricting to the cross section of the

"invariant manifolds" Jtx(ue), Jt2(u>e), defined by product of inertia, E(ux) has a

nondegenerate "local" maximum at u>e on Jt2(ue) if the support of to, is confined
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to the range D. Then E(ux) as a Liapunov function can be applied to prove

Theorem 2.

Proposition 2. For the elliptical vortex patch u>e = Xs given by (2.7), let y = a/b

< 3. Then there exist C2 > 0, e > 0 and a disk D containing S, such that

(2.11) E{Ue)-E{<o1)>C2\\(oe-o)l\\2 (E2)

for ux e Jfe(u>e) nJt2(côe).

Remark 6. Let the disk D required in Proposition 2 have the largest radius

i1 = ^(y) where y = a/b, then d[i/dy < 0 and the value of u is

ju(3) = 1.189 < ju < fi{l) = 1.874;

see §5. A counterexample in §5 shows that without the restriction of the "range

value" ju the energy estimate (E2) may fail. So our result is the best one that can be

attained by applying the energy estimate.

3. The reduction procedure. In this section we show that under some assumptions,

the energy inequality in Lx-space can be reduced to a radial Crease. The key point

is to use the fact that LLperturbations of vortex patches imply CLperturbations of

the corresponding stream functions. Thus, for an L1 -perturbation of the steady

vortex patch co0 = x^, we may make use of the C^stream function to produce a

C1-perturbation of the vortex patch to0 instead of the orginal L1 -perturbation.

Let the region A have the smooth boundary dA such that the vortex patch

wo = Xa 's stationary relative to a frame with angular velocity Í2. Then for the

stream function Gu0 of to0 there is a relative stream function

(3.1) </* = G<o0+ lSl{x2+y2) + C,

such that \p | -dA =0, where C is a constant.

Take a system of the local coordinates in some neighborhood of the closed

contour "àA, which is a diffeomorphism x(£, tj) = (*(£, r¡), y(^,r¡)) from an annular

neighborhood in the polar coordinates with radius £ and angular r\ to R2 such that

x(£0,t/), 0 < tj ^ 277, represents the closed contour dA with x(|,0) = x(£, 27r) and

the Jacobian J(£¡, tj) = d(x, y)/d(£, ij) > 0.

Let 0 < ß < 1. From the maximum principle, it readily follows that \b(x) > 0 for

any x e Int^l and (3t///3|) | SA < 0. The set {x | \p(x) > 0} may have two compo-

nents of which A is the inside one.

Let D be a disk containing A. For an L'-perturbation cox = Xa e ^o(wo) OI <°o

with Ax c D, it is well known that the relative stream function \px = Gux +

|ñ(x2 + y2) + C of w, is C'-close to ^ on D.

In general, for any CLfunction ^ which is C'-close to \p on D, the set {x | ̂ (x) >

0} may also have two components of which the inside one is denoted by Ä. The

vortex patch ¿3 = xà determined by t£ is then radially Ciclóse to to0.

For both circular and elliptical vortex patches, we will prove later in this section

that for every L^perturbation tox of co0, there exists a C:-function \p which is

C1-dose to ^| on D (hence C1 -close to t// on D) such that the vortex patch ù = xa
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determined by \p satisfies the following equalities

(3.2) /"=/"i

and

(3.3) (ux — to,G«,) = (ux — w,^).

Before verifying the existence of such a to, let us analyze the relation between ux

and tô required by (3.2) and (3.3). We have

(3.4) L(tô) - E(icx) = (w - cùx,Gux) + \(ü - to,,G(tô - ux))

^ (to — to^GtOj) = (to — to1(^).

Remark 1. Here we make use of the inequality

(3.5) (¿5-«ltG(ö-öl)>>0,

which readily follows from the Green's identity and the mean value theorem.

Thus, the energy estimates in L^space is reduced, to determine the estimates of the

right-hand side of (3.3).

Lemma 3.1. Let D be a disk containing A such that the relative stream function t/> of

wo = Xa 's negative on D\A. Suppose that for every L1-perturbation cox = Xa °f wo

with Ax c D, there is a C1-function \p near the relative stream function \px of u>x such

that the vortex patch ¿b = xa determined by \p (i.e. A is the inside component of

{x | ¿(x) > 0}) satisfies (3.2) and (3.3). Then

2
(3.6) L(to) - E(ux) > Cjtô - to, || ,

where C, > 0 is a priori constant independent of ux and tö.

Proof. From (3.4), it suffices to prove

(3.7) (tô — ux,ip) t> Cjto — to, || .

Take a system of the local coordinates (£, ri) near dA as above. For (£, tj) near dA,

let I' = -t//(|, 7)) + £0, tj' = tj. Then (£', tj') can be regarded as a system of the local

coordinates near dÄ such that (¿0,v¡), 0 < r\ < 277, represents the closed contour

dÄ.
Choose a constant hx > 0 so that the area of the set

c/={(i',ir) it«,-*!<•*'■< M
is equal to the area of the set Â \ Ax, ¡u = f¿\A. Then Ja\a, Î1 ̂  íu 41- Since

(to - toj,^) = (xa~ Xa^Ü) = /.     ^-/     .h

and ^ < 0 on Ax \ Ä, one has

(3.8) <»-ulf*>>   f       *>/"*.
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Let J be the Jacobian of the transformation (x, y) -* (£', r/') and J0 = J | £^io.

Then

/¿ = ff im'di=-\[j2* %    j-0dAh2 + o(\hx\2)
JU J0       ha-h, l \J0 Oé   {'_ío / V

^axh2 + o(\hx\2),

as i// -» i//, where

1    /-27T     3¿
ai^2Í0      8É

On the other hand,

l|ñ-«ill = /.      + f    -=2/

J0dr¡ > 0.
í-ío

2"       f^O 7,7-/,      , T   , l"2"2 f f°     Ä/ft/V = 2AX f    J0dif + o{\hx\)
y0       •'io-A, A)

-^ a2hx + o(\hx\),
fin

\p -* \p, where a2 = 2 f     J0dr\ > 0. So
•'o

j $ -» «lö^Htö - toJI   + o(||û - «Jl ).

function of to0 is

'u

Combining with (3.8), we get (3.7).   □

Consider the circular vortex patch to0 = Xb(R)- Using the definition of the stream

function Gto0 in §2, we have, in polar coordinates,

„     . .      ¡l{R2-R2logR2-r2),    ifr<Ä,
GuAx) = {

\-^2logr, if r>R,

where we use (r, 6) for (£, tj). So J = r. Let C = -Gto01 r=R; then the relative stream

j(R2 - r2),    itr^R,

(3.9) ^ = Gto0+C={

-tf2log-,     ifr<Ä.

Here fl = 0. We find B(R) = {x | ̂ (x) > 0}.

For an L1-perturbation cox = Xa oi wo> there is a real number u near 0 e R such

that the region Ä = {x|Gto,(x)+C+ii^0} has the same area as Ax. Write

tö = xa and Î1 = Gux + C + pt. Then (3.2) holds, /tö = /tOj. And (3.3) follows from

(ux — Û,ip — GtOj) = (C + pt) i(tcx — tô) = 0.

We have

Lemma 3.2. Let to0 = Xb(R)- Then there exists a C0> 0 such that for every

L1 -perturbation 01 x = Xa °f w0' there is a vortex patch tö = xa which is radially

Cx-close to ítj0 and which satisfies

(3.10) £(«)-£(«!)> C0||à-Wlf.
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Proof. Define tô as above. Since the relative stream function \p of to0 given by

(3.9) is negative outside of B(R), the domain required in Lemma 3.1 can be consider

as the whole plane. The conclusion then follows from Lemma 3.1.   D

Now we consider the elliptical vortex patch u>e = Xs given by (2.7). Introduce the

elliptical coordinates

Í1  11 \ \X = CCOSh^COST),
(3.11) { • , 77- . or   z = coshf,

\y = csinh£sinTj,

where c = (a2 - b2)l/2, z = x + iy, f = £ + it], £ > 0 and 0 < tj < 2tt. Then /

= JfC2(cosh2£ - cos2tj). Let £0 > 0 satisfy cosh£0 = a/c or sinh£0 = b/c, then

the ellipse S can be expressed as £ < £0. By the definition, the stream function of u>e

is (see also [10, p. 232])

Gco„
-{bx2 + ay2)/2(a + b) + dx,     if £ < £0,

A_abí, - \abe-2icos2T) + d2,      if £ > £0,

where

,         1   ,,    a + b       1   ,       ,       l,,c
«i = -yaolog—i-h  4     '       2 =  2 82'

Let   S2 = aè/(a + b)2   and   C = - ¿a6(21og2(a + by1 + (a2 + b2)(a + by2).

Then the relative stream function of <o0 is

(3.12) ¡p= Gue + \Al{x2 +y2) + C

_ Í -^2/>2(a + ¿.)-2(fl-2x2 + è-y - 1),   if £ < £0,

\ -hab{i - £0) - iaè(e-2f - <r2í°)cos27j

+ \abe -2Í" (cosh 2£ - cosh 2£0),   if £ > £0.

The set {x | \p(x) > 0} has two connected components of which 5 is the inside one

and the outside is unbounded.

Since Í2 > 0, we cannot obtain a tö satisfying (3.3) by using the similar method as

before. Furthermore, as we have seen in Proposition 2 that in order to obtain the

energy estimate of the elliptical vortex patch to^ = Xs, a perturbation ux of coe must

be in Jt2{ue)- Thus we need the following special lemma to verify the conditions

(3.2) and (3.3).

Lemma 3.3. Let D be a disk containing the ellipse S. For an Lx-perturbation

03x = Xa e -^i(ue) of ue with Ax c D, there exists a C1-function ip near the relative

stream function xp of ue given by (3.12) on D such that for the inside component A of

the set (x | t//(x) > 0}, the vortex patch £3 = xa G ^' i(ue) satisfies

(3.13) (to - «!,)/) - Gux) = 0.

Proof. We use the Implicit Function Theorem (IFT) to find such a ip.

Consider the CLfiinction space $= {/: D -> R|/ are C1} with C^norm. For

îp e S near \p on D, let

(3.14) »fv = «i- + 2Mi(jc2 + y2) + v-jxy + ¡j-3x + ij-aY + m5>
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where ¡i = (¡ix,..., u5) e R5. Then for ju close to 0 g R5, \p is C1-close to ^ on D.

Denote by A the inside component of the set {x e D | ̂ M(x) ,> 0} and u^ = Xa ■

Define

F= (FX,...,F5): SX R5 -> R5

near (^,0) e S X R5 as follows:

^(ísfO = / |x| («A- "<>)>    ^(»rSM) = / ^.

^(í.f*) = f x%,    E4{$,p.) = j yu^,    E5($,n)= J («M-ioe).

Then F(^,0) = 0.

Since 9^ is radially Ciclóse to 9S, A^ can be described by Aß = {(£, tj) | £ < £0

+ A}, where h = h(-; $,p): S1 -» R is a CLfimction on the unit circle S1 and A

satisfies

(3.15) *,(€o + M)-0.

Then h(r¡; \p,0) = 0. The continuities of dF,/dpj, i,j = l,...,5, near (ip,p) =

(»//, 0), readily follow from \p  e C1.

Let us calculate dF,/dpj at (^,0). It is not hard to check,

-rr = S = ab(a + b)~2{a2 sin2 ij + ¿>2cos2r/)
9«        9£ f_io

at(^,M) = (^0).By(3.15),

_9/i_      9^/9^,
dp,       d^^dh '

Note L^i/z.O) = tf" J^+h\x\2JdÇd-ri, where J is the Jacobian from (x, y) to (£,tj).

One has, at (i^,0),

dFx       [I*.    2 dh
a^ ^ -/0 |x|/|i-^^

(a + ¿>)V /-2»
8tZ£>

2    4

— /     (cos2£0 + cos2tj) dr\

,2

= ^îïP  (a2 + b2)(3a2 + b2)it.
¡sab

Similar computations of dF¡/dpj, i, j = 1,..., 5, yield

*$)-à«,<' + »>V + *')'>o.

Then by the /FT, for every C'-perturbation ^ of ip, there exists a unique ¡ti g R5

near 0 such that F(\p, p) = 0.

Now for an L'-perturbation <¿x e Jt2(ue) of ue, let

4>= Gux + \Ü{x2 +y2) + C
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and \p = \p   given by (3.14). Using the definition of F, we find that tô = «  G

Jt2(a>e). Since

\p - Gtoj = ¿(fi + Mi)(^2 + Y2) + M2*>' + M 3* + ^4^ + Ms + G,

and u>x e Jt2(ue), (3.13) then holds.   D

Thus, for an L'-perturbation ux eJt2(ue) of ue, we can find a vortex patch ¿3

which is radially C'-close to ux. That means the energy inequality in L'-space can be

reduced to a radial C'-case.

Lemma 3.4. Let D be a disk containing the ellipse S such that the relative stream

function \p of ue = Xs <s negative on D\S. Then there exists a constant Cx > 0 such

that for any L1 -perturbation ux = Xa g -^ iiue) °f ue w'm -^î c T>, one has a vortex

patch to G Jt2(ue) which is radially Cl-close to ux and satisfies

(3.16) E(<¿) - E(ux) t> Cjllw - toJI2.

Proof. Choose û> as in Lemma 3.3. Then ¿> satisfies (3.2) and (3.3). The

conclusion follows from Lemma 3.1.    D

4. The energy estimates for the C'-radial case. In this section we first give the

second order Taylor expansion of the energy E(u0). Then through the spectral

analysis of both circular and elliptical vortex patches for the second order operator

of the energy, we establish their energy estimates for the C'-radial case.

For a rotating vortex patch u0 = Xa and its relative stream function \p given in

(3.1), take a system of the local coordinates near dA as in complex form

*(£,*,) = x(£,t,) + ¿y(£,î)),    z(£,0) = z(£,2tt),

so that z(£0,tj), 0 < 7) < 277, represents the closed contour dA and the Jacobian

y(£,7))=9(x,^)/9(£,7))>0.

Let us consider a C'-perturbation z = x + iy of z(£0, ij) in the radial case, that is

(4.1) z = z(tj) = z(£0 + h(r,),r¡),        0 < r¡ < 2t7,

where h e C1(Sl,R) with \h\x small. Denote by Ah the region of R2 enclosed by

z(tj). Write uh = xA„- Then wo = Xa0 = Xa- Let

J0{r¡) = /(£„,tj),    q = J0h    and    \h\2 =  j  ™ h2(r¡) di\.
Jo

For a C'-function f(z) defined near dA, one has

(4.2) <«„-*„,/> = f2' [èo+hf{zU,v))J(è,r,)dèdn
Jo    Ji0

=  C" ftfdn + o{\h\2),
Jo

where

/0(t))=/(z(£0,„)).
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Write

jro(Wo) = (a g Cl{S\R)\f{o>h - a0) = 0, / z{uh - a0) = 0

and /j(i) + £0 t> e > 0, Vi g S1},

and

*i(«o) = (^ G^o("o)l/ M'K - «„) = oj.

J^o  and yi   may be imagined as "tangent spaces" to the "invariant manifolds" Jt0

and Jtx at to0, respectively.

The following lemma gives the second order Taylor expansion of the energy £(«).

Lemma 4.1. Let to0 = Xa be a nonstationary rotating vertex patch with the smooth

boundary dA. Then for a Cx-perturbation h e 7Tx(u0) of dA, the energy E(toh)

satisfies

(4.3) E(œh) - E(u0) = \(q, 7?q) + o{\h\l),

where

q = JQh,    J?(q) = I0q+   [*" K(r,,v')q{r,') dr,',

'.-m ,    K{rt,rl') = T~ log/o"1    and

r0 = \zteo>y) -^(^o.ij')l-

Furthermore, if <¿0 = Xa 's a stationary vortex patch, then for a C1-perturbation

h e 7T0{u0) of dA, (4.3) also holds.

Proof. It is easy to see

E(o3h) - E(u0) = (uk - u0,Gw0) + Huh - wo>g(wa - wo)>-

For the relative stream function \p = G<o0+ \Q,(x2 + y2) + C. Since h e ^,(to0)

for B = 0 and h e $~x{w0) for B ¥= 0, we have

(wh - uQ,Gu0) = (uh - u0,xP) = \(I0q,q) + o(|A|2).

Thus, it suffices to show

(4.4)    (<*h - tc0,G{uh -«„)> =  f" fA-íij.TiOíÍTíOíÍTlírfTK/Ti' + odAlí).
•'n       •'n
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(4.5)

Let r = |z(£,Tj)-z(£',Tj')|, J' = J(è',v'), q' = q(r\') and h' = A(tj'). One has

2 77     elm

0       A)

JCZtT      fZ7T
1     Kqq'dr\dr\

o    Jo

= y-\i \íÍ0 + h' f°+h WkgrMdt' - qq'logrr1

If /*.+* ¡^ + h'JJ'logr^dV

+ — 1 l^'logr-o"11,    for ô > 0 small.
2tt J\r,~r,'\<S

It is not hard to check that for any e > 0, there is a Ô > 0 such that

/ | log r0"x | < £   and
J\v-v'\<8 ■

f /*•+*   fi° + h'\logr-i\dtdt>dl¡dj,'<e.
J\ri-v'\<S  4, 4,

r^o + A    f-îo + A'

|T,-lf|<ö  'ío ■'{„

Applying the Mean Value Theorem and the inequality |AA'| < 2(|A|2 + |A'|2), we

find that the right-hand side of (4.5) is

2 ,2 ,2 2
< e|A|2 + Mxe\h\2 + M2e|A|2 < eAf|A|2.

So (4.4) holds.    D

From Lemma 4.1 we can see that the energy inequalities for the C ̂ radial case are

valid so long as the operator 77 of the quadratic term of E(u) remains negative

definite. That is

Lemma 4.2. Let the operator 77 given in Lemma 4.1 be negative definite, i.e. there is

a C0> 0 such that

(4.6) (i,^)<-C0|A|2

for q = J0h. Then there is Cx > 0 independent of h such that

(4.7) E{u0) - E(a„) > Cx\\tch - «0|| .

Proof. By Lemma 4.1,

E(a>0) - E{a„) = -\(q,&q) + o(\h§ > C¿\h\i

On the other hand,

II wa ~~ "oil =   /        / J di- dr¡ <   /     J0\h\dr¡ + C'|A|2.
•'o     •'fo Jo

By the Schwarz inequality, \\uh - w0|| < Ci|A|2. So (4.7) holds.    D
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For the circular vortex patch w0 = Xb(R) and its relative stream function given by

(3.9), we have J = r, q = Rh and I0 = - \. So

(4.8) J?q = -\q+  (*' K(0,6')q(0') 0',

where

K(0,0') = --Uog(/i|l -e'^-e)\).

The following lemma verifies the energy estimate of circular vortex patches for the

CLradical case.

Lemma 4.3. Let to0 = Xb(R)- Then there exists a CQ > 0 such that for every

Cl-perturbation uh of w0 with h e ¿F0(u0), one has

(4.9) L(Wo)-L(wJ:>C0||<o0-toJ2.

Proof. By Lemma 4.2, it is suffices to prove the negative definite property of the

operator 77 given by (4.8).

Set S = 6' - 0. One has 7£(e'n,>) = anein\ where

a»=-\ -¿jr2'iog(Äii-«"i)«'"^.

So e'"e, n = 0,1,..., are eigenfunctions of 77? with the eigenvalues an. By computa-

tion, a„ = 2(1/« ~~ 1) f°r « > 0. Thus an < a2 = - \ < 0 for n > 2.

On the other hand, for the Fourier expansion of q = Rh,

1=L<!i,ei"e,    qn={-(2"qe"'°d0.
277 J0

Since A e 7T0, using (4.2), one has

[2ir    fR + h /i , i  \
0=/       /        rdr = 2irqQ + o(|A|2)    and

•'o       J R

0 =  j2" [(R + A)2 - R2]e'Bd0 = 4trqx + o(|A|2).
•'o

So q0 = o(|A|2) and qx = o(|A|2). Therefore

00 -,        00

(q,77q) =   £   k|2<.„<-7I   \q„\2 + o(\h\l) < -Cx\h\l    D
n = 0 n = 2

For the elliptical vortex patch u>e = xs, as we have seen in Proposition 2, the ratio

y of the major to the minor axes is required to be less than 3, and its perturbation

must remain in the "cross section" Jt2(ue). Write

r2(ut) = {he7Tx(ue)\j xyœ, = J xywe = oj.

Then 7T2(ue) may be regarded as the "tangent set" of ^#2(toe). Following the above

approach, we have the energy estimate of ue = Xs f°r the CWadial case.
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Lemma 4.4. For the elliptical vortex patch ue = xs, let y = a/b < 3. Then there

exists a constant C2> 0 such that for every C1-perturbation coh of ue with A G 3T2((¿e),

one has

(4.10) L(toe)-£(W/l)>C2||toe-toJ2.

Proof. Using the elliptical coordinates z = c coshf given by (3.11) and the

relative stream function \p of toe given by (3.12), we find that

'.-m ab

and

£=fo        (a + b)2

(4.11) &q = -ab{a + b)~2q +  (*' K(r,,i,')q(T,')dr,',
Jo

where

K{r\,i) = -2^1og(c|cosh(£0 + /tj) -cosh(£0 + itj')|).

By Lemma 4.2, it suffices to verify the negative definite property of the operator 77.

Since

|cosh(£0 + ii¡) - cosh(£0 + ;tj')| = \e(o\(l - e-"+'*)(l - e-at»-"-'^)|,

one has

JÊfe-'""» = -aA(û + A)-2«?'""1 + ¿(ío - log^)/2" e""v</i|'

where

/m(a + ij8) = - i2" (log|l - ea + iii+ir>\)e'm,'drt.
IT J0

Yet a0 = JT'e0. Computations yield that for m > 0,

jSpe'»"i = -ab{a + ArV'"" + — e-míacos\\{m^ + imi¡)
m

= amcosmr\ + ißmsinmi),

where

am = -ab (a + b)~2 + — ¿""^"cosh w£0,

ßm = -ab(a + b)~2 + — iTmi°sinhm£(

So  am and  ßm are eigenvalues of the linear operator if  with the associated

eigenfunctions cos mr\ and sin mr¡, respectively.
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Note y = a/b < 3. It readily follows that for m > 3, the eigenvalues

ßm < «m < «3 = ~ab(a + b)~2 + ye~3focosh3£0

_ ,,2
y2(y-3)/3(l + y)J = -C'<0.

Consider the Fourier expansion of q = J0h,

1 °°
1 = iao +   E {amcosmr¡ + Amsinwrj),

Z m=l

am= — I     qcosmrid-q,    bm= — I     qsinm-qd-q.
77  Jr, 77  /n

where

1   f2„ 1    rttr
/     qcosmr¡dr],    bm = — /
/0 77 y0

One has

1 °°
(i.-Sf?) = 4flo«o +   E («„"» + /5mA2)

m = l

oo -, 2

< -C E   {< + bl) + ja2«0 +   £ (a,*? + 0,6?),
m = 3 /=1

and |^|2 = al + E^=1(a2 + A¿). Thus, it suffices to show that the first m < 3 terms

of the expansion are of higher order than |A|2, i.e.

(4.12) a0,ax,a2,bx,b2 = o{\h\2).

Let us make use of a general equality. For any ^-function / defined near dA with

f(uh - we)f = 0, (4.2) implies

(4.13) f"f0qdr1 = o{\h\2),    /0=/|{=io.
•'o

Since A g ^(to^), we can identify the function / with 1, z, |z|2 or xy to get (4.12)

as follows.

For / = /o = 1, (4.13) becomes
fllT

(4.14) /     4ufr, = 7ra0 = o(|A|2),    or   a0 = o{\h\2);
•'o

for / = z and f0 = c cosh(£0 + j'tj), (4.13) becomes

tO IT

c I     gcosh(£0 + ir¡) dr\ = 077^ + ibtrbx = o(|A|2),
■'0

or ax,  a2 = o(|A|2);  for /= |z|2 and f0 = \z0\2 = ¿c2(cosh2£0 + cos2r/), (4.13)

becomes

^77c2(a0cosh2£0 + a2) = o(|A|2),

or, by (4.14), a2 = o(|A|2); for f = xy and f0 = x0yQ = jabsin2-q, (4.13) becomes

\abb2 = o(\h\2) or A2 = o(|A|2). Thus, (4.12) holds.   □

5. Proofs of the main results and a discussion. Now we use the reduction procedure

in §3 and the energy estimates for the C ̂ radial case in §4 to prove the propositions

and the theorems stated in §2.



632 YUN TANG

Moreover, for elliptical vortex patches, we discuss in this section the restriction of

the energy estimate to a bounded disk which, as we have seen in §2, influences the

result on the LLstability.

In order to complete the proof of the stability theorems, we should employ

another energy inequality and a vortex inequality.

Lemma 5.1. There is a constant C0 > 0 such that for vortex patches w0 = Xa and

wi = Xa 'f wi '* Ll-close to to0 and A0 and Ax are uniformly bounded (i.e. there is

M > 0 such that A0, Ax c B(M)), then

(5.1) £,(<o0)-£(to1)< C0||w0- «ill.

Proof. From

E(u0) - E{ux) = \(u0 - ux,Gwx) - ¿(u0,G(wx - w0)),

Using the boundedness of G on B{M), one has

E{u0) — E(ux) < \~ sup \Gux | ||co0 — to ! || + ^|G |s(/W)|| toL — to()||
ß(M)

< C0||<Oi - íoJ.    D

Lemma 5.2. Let to, = Xa have zero center of vorticity, i.e. /xto, = 0. Then there is

Cx > 0 such that for every vortex patch to = xfl with uniformly bounded angular

momentum. <2(to) < M, one has

(5.2) ||«pr(û)-«pr(W)||<C1||<o-WlH1/2,

where tö is given by

xto.(5.3) ¿>(x) = to(x + x)    and    x =    / to      1

Proof. It is not hard to check that there is C[ > 0 such that

lk(û) -<*>,(«) II < cílxl-
On the other hand, from x = (fu)'lfx(u - wx) and the Schwarz inequality, one has

|x|   <     /  to /   | x | I co — CO/•)(/w

^ i/to] (g(w) + q(ux))\\cc-Wli

So (5.2) holds.    D

Let us now consider the circular vortex patch ic0 = Xb(R)-

Proof of Proposition 1. By Lemma 3.2, there is C{ > 0 such that for any

L2-perturbation to, g Jt0(u0), there is tö radially Cocióse to to0 satisfying /to = ftcx

and

£(ü) - E{ux) > Cilltö-coJ2.

By Lemma 4.3, there is C{ > 0 such that for a CLperturbation tö eJt0(u0), one

has

£(to0)-£(tö)^C2'||tö-to0||2.
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Let tö be given by tö(x) = to(x + x), where x = (/to) 1fxu. One has E(u) = E(œ).

So

2 2
(5.4) E(o0) - E(ux) > Cj'lltö —WjH   + C2'||tö - w0|| .

Using (5.2) (at f = 0), one has ||tö - cox\\ > C3'||tö -tö||2. So (5.4) becomes

£(to0) - E{icx) > {C{\\ü -toj2 + C4'||tö -tö||4 + Call« to,ol

/ ii4 4 |4\ 4
> C5'l || tOj — cö ||   + || to — to ||   + || tö — to01| j > Cjllto, — to01| .    D

Proof of Theorem 1. For the circular vortex patch to0 = Xb(r>> it suffices to

show that there exist C > 0 and ß > 0 such that

0 1(5.5) ||<P,(w) -"oil < c'llw - wi

For a vortex patch a = XxA L'-close to to0, define tö and to* by tö(x) = u(x + x),

x = (/to)_1/xio, and u* = XxB(R'), fco* = ¡a. Then

(5.6) ||<p,(w) - to0|| <||<p,(«) -<p,(«)|| + ||<p,(«) - to* || +!"* - «o||-

We now estimate the terms of the right-hand side of (5.6). For the first term, by

Lemma 5.2, we have

(5.7) ||<p,(û) -<p,{o>) || ^Q'llto-to01|1/2.

For the second term, it is easy to see that the inequality (Ex)is valid also for a*

and <p,(tö). Therefore

||<p,(w) - to* || < Cx\E(q>,{<¿)) - E{u*) |

¡      ,     -, /        , ,1/4
= C1|L(tö)-L(to*)| '

Using Lemma 5.2, one readily has

1/4
< C2||tö - to* ||        (by Lemma 5.1).

1/2
|| tö — to* || < || tö — to || + || to — to* || < C3|| to — to01|

Thus

1 /8
(5.8) ||<p,(tö) - to*|| < C3||to - to0||

For the third term, it is easy to check

(5.9) ||to* — «0|| < C4||to - to01|.

From (5.6)-(5.9), we have ||<p,(to) - to0|| < C'||w - to0||1/8, which is (5.5).    D

For the elliptical patch ue = Xs> let D be a disk containing S such that the

relative stream function \p given by (3.12) is positive inside of S and negative on

D\S. The proof of the corresponding energy estimate (E2) is

Proof of Proposition 2. For coe = xs, by Lemma 3.4 and Lemma 4.4, there are

constants C[ and C2 such that for an L^perturbation ux = Xa eJt2(ue) of to^

with A c D, corresponding to a vortex patch tô g ^2(coe) radially Ciclóse to ue,

one has

E(ü>) — L(tOj) > Cj'||tö — toJI
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and

£(toJ-L(tö)^C2'||to(,-tö|r.

Then

2 2
E(oie) - E(ux) > Ci||tö - toj   + C2'||tot/ - tö||

> C3'(||tô-toJ| + \\a,- tô||)2> C2||toe-toJ|2.    G

To establish the stability of elliptical vortex patches, we need the following lemma,

which can be regarded as a corollary of Proposition 2.

Lemma 5.3. For ue = Xs and e > 0, there is 8 > 0 such that for an Ü-perturbation

to g ./tt2(t¿e) n Jfñ(uie) of tce, to each í ^ 0, one has

(5.10) |M«)-<»>,,(«,) I <£
for some tx provided q>,-(cô) c D Vf' G [0, f].

Proof. Since the motion of u>e, <p,(ue) is uniformly rotating, by evaluation, there

are r =7 0 and a + 0 such that

/277
xytpX^e) = asm—J>    Vj t> 0.

Let   I(s, to) = jxycpT+s(cô).  I(s,u) is clearly continuous at (0, to,,) in an ap-

propriate space. From (5.11), one has

1(0, u) = 0   and    9/(0, ue)/ds = 2-na/t # 0.

By the IFT, there is a unique number s = s(u) near 0 g R such that

/(s(to),to) = j xy<pr+s(u){u) = 0.

So £(to) = <pT+j(u)(w) is a Poincaré map of the closed orbit {^(to,,) |0 < t < t}.

Consider a neighborhood U of u>e in Jt2(oe) such that for every to e U, the

energy estimate (£2)

(5.12) £(toJ-£(to)>C1||to-toJ|2

holds and the Poincaré map P(u) is well defined. The following claim shows the

stability of £(to).

Claim. For any r\ > 0 there is a neighborhood of tce which is contained in the

T)-ball

B„ c B{ue,-q) = {to G U\\\ae- w|| < 77}

and which is invariant under P(lo), P(Bv) c Br In fact, let

fi,= {we L|£(to)>£(toJ-C1T,2}.

It easily follows from (5.12) that B^ c B(ue,r\). One can take tj > 0 sufficiently

small so that P(BV) c U. Then for to g Bn, by the conservation law of energy, one

has

E(P(o:)) = E(<pT+s(u){<c)) = £(to) > E(Ue) - Qr,2.

SoP(io) g B



STABILITY OF VORTEX PATCHES 635

For each t' e [0, f ], there are a nonegative integer N and î g [0, t + 1] such that

(fy(iö) = cp,(PN(ù)). Using the stability of the Poincaré map P at ue, and the

compactness of [0, r + 1], there are tx close to f and 5 > 0 such that

||<JV(«) -<Pr,(wJ I  < e

for tö L'-close to toe, ||cö - coe|| < 8.   D

Proof of Theorem 2. For ue = Xs and anv tj > 0 we want to find 8 > 0 so that

for a vortex patch u = XxA and f > 0 with ||to — ue\\ < 8 and <p,-(to) c D, Vf' g

[0, t], one has

(5.13) ||<pf(co) - <p,-(toe) || < i)    for some f.

We divide the left-hand side of (5.13) into several terms.

Let tö(x) = co(x + x) with x = (/co)_1/xto. By Lemma 5.2, there is 8X > 0 such

that

|M«)-<p,(û)|| <ij/3    for||to-coJ<ÓY

Let toe = Axs> where

S= l(x,y)\^ + |j <ij    with /xs= /x/< and/ |x|2to„= | |x|2¿j.

By Lemma 5.3, there is ô2 > 0 such that for ||to — coJ| < 82, one has tx and

IM«) -^(«Jll <^/3-
We can choose t > 0 so that <¡d, (co¿) and <p,-(toe) have overlapping major and minor

axes. It is not hard to check that there is ô3 > 0 such that

IK(«ê) -<Pf(wJ| <T)/3    for ||to - coJI < ¿V

Then for 8 = minl^, 82, 83) and ||to — coe|| < 8, one has

lk(«) -<p(-(«J|| <lk,(«) -<P/(«)II +||<pi(«) -?,,("?)II

+ ||<Pr1(«?) -«P,(«J| < 1?.    D

For the elliptical vortex patch toc = Xs> we find that both the L^stability and the

energy estimate (£2) are relative to a bounded disk D which contains the ellipse S

so that the relative stream function \p of ue is negative on D\S. Yet R0be the

largest radius R such that the disk D = B(R) with the above property. Let the ratio

y = a/b e (1,3) and R0 = pa, where p = p(y). By calculation, we find dp/dy < 0

and

p(l) = 1.874>/i>/i(3) = 1.189.

The following counterexample explains that the restriction of the "range value"

for the energy estimate (£2) cannot be dispensed with.
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Example. We construct a vortex patch co = Xa G^#2(toe) so that

(5.14) £(co)-£(coj>0,

i.e. the energy estimate (£2) does not hold.

By (3.5),

(5.15) £(co) - £(coJ = (to- coe,Gcof> + §(« - coe,G(co - coe)>

t> (to - coe,Gcoe).

Claim. There is an R > 0 such that

(5.16) ^p{x)>\Qr2    for r = \x\>R,

where B = ab/(a + A)2. In fact, for £ > £0, using (3.12), one has

il i
= — ab + —abe2hos2r¡ + —c2sinh2£ > 0,

2 ¿ 6

for £ large enough. So (5.16) holds for R large enough.

For e > 0 and 0 < a < 1, take symmetry regions Ax, A2 and B0 such that

(i) Ax (or B0) is a pair of small disks connecting the ends of the minor (major)

axes in the exterior (interior) of the ellipse S, and A 2 is an annular of radius R, as in

Figure 1.

(ii) Their areas are fB  = e, fA  = (1 - a)e and fA  = ae.

(iii) Their angular momentum satisfy fA r2 + jA r2 = fB r2.

Yet A = (S\B0) U Ax U A2 and to = x^- Then co g Jt2(t¿e). Since fB r2 = a2e

+ o(e), JA r2 = b2(l — a)e + o(e) and fA r2 = R2ae + o(e). By (iii), one has R2ae

= a2e - b2(l - a)e + o(e), or R2 = [a2 - b2(l - a)]/a + o(l). So R2 -> + oo as

a -» 0.

Figure 1
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>  3

Take a > 0 small so that \p > jBr2 on A2. Note \p | 3S = 0. One has fA \p = o(e)

and JB 4> = o(e). Thus

(o - coe,Gcoe> = (u - ue,\p)

=  [*+[*-[   4>=  f   ̂  + o(e)
^2 ^1 ''ßo •'-42

12 f   r2 + o(e)= \üR2e + o(e) > 0
A2

for e > 0 sufficient small. Then from (5.15), one has (5.14).
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