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WEIGHTED NORM ESTIMATES FOR SOBOLEV SPACES
MARTIN SCHECHTER
ABSTRACT. We give sufficient conditions for estimates of the form
Sl du(x) < Cllull,,,  we Hee,
to hold, where p(x) is a measure and |Jul|; p is the norm of the Sobolev space H*?.
If dp = dx, this reduces to the usual Sobolev inequality. The general form has much

wider applications in both linear and nonlinear partial differential equations. An
application is given in the last section.

Introduction. If V(x) is a function in L’ = L'(R") then it follows easily from
Holder’s inequality and the Sobolev imbedding theorem that

(1) ull, < Cllull, ,,  ueH,
provided
(2) 1/1<1/g<1/p+1/t<s/n+1/q

(the last inequality in (2) must be strict if either p = 1 or n = sp). Here ||w|| q
denotes the norm in L% and |lu||, , denotes the norm in the Sobolev space
H*? = H*P(R") (for precise definitions see §1).

Several authors have shown that inequality (1) can hold even when V(x) is not in
some L' space. Stummel [8] proved (1) for p = ¢ = s = 2 and V(x) satisfying

7 a—n 1/q
[ =] <o

|x =yl

(3) sup

v
for some a < 4. Balslev [9] proved it for 1 < p = ¢ < o0, s a positive integer and
V(x) satisfying (3) for some a < sq. This was extended to s any positive real
number by Schechter [10]. For p = g = 2 it was shown in [11] that one can take
a = sq in (3). Berger and Schechter [12] proved (1) under the conditions

(4) 1<p<qg<oo, 1/p <s/n+1/q.
They showed that (1) holds provided there exists an « such that
(35) O<a/ng<s/n+1/9-1/p
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670 MARTIN SCHECHTER

and (3) holds. Subsequently, Schechter [7, 13] was able to extend (4) to
(6) 1<p,g<ow, 1/p<s/n+1l/q

and in particular to allow ¢ < p. The hypotheses on V(x) were given in terms of a
new family of norms depending on three parameters. For0 < a <n,1 gr, 1 <
we define

jx—y|<

r a—n l/r
(7) Ma.r.t(V)z' . IV(X)| lx_yi dx)

4

(for other values of the parameters cf. {7, 13]). It was shown that

(8) IVul, < M, (V)|lull,,
under the basic assumptions

(9) 0<1/r<l/q<1/p+ 1/t
and

(10) O<a/nr<s/m+1/qg—1/p—1/t

with certain exceptions as noted there.
The purpose of the present paper is to prove inequalities of the form

q q
(1) [ lu()'du(x) < Clulls,,  we H,
where p(x) is a measure. A special case of (11) is
(12) [ 1) W)y de < Clull, we H

This in turn will imply (1) if we take W(x) = |V(x)|% In proving (11) we introduce
new expressions for measures. We let

J

[x=y|<

(13) M, (dp) = x —y| dp(x)

t
This is the counterpart for measures of the norm (7). We found that by adding a
simple hypothesis to the measure p we can avoid the exceptions noted earlier. The
hypothesis (called condition A) is that for every ¢ > 0 there is a § > 0 such that
whenever E is a subset of a cube Q satisfying |E| < 8|Q| (|E| denotes Lebesgue
measure) one has

Ldu(x) < efQ du(x).

(This is the condition A, of [1].) Under this assumption we show that (9), (10) (with
r = q) imply

(14) [ 1) du(x) < M, (dw)lull,. e H.
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We also use an expression related to (13) and the fractional maximal operator. Let

(s/n)—1
(15) M, dp(x) = sup [0 [ du(y)
x€Q Q
1Ql<1

where Q represents a cube in R" with sides parallel to the coordinate axes. (In the
maximal operator the size of Q is not restricted. In our case it is.) We define

(16) N, (dp) =[| M, dp],.

We show that the iwo expressions (13) and (16) are equivalent when ¢ # co. When
t = oo, we have only

(17) 4 s,r(dnu‘) < CMS‘,(dIL).

However, we show that

(18) [ 1u(x) " din(x) < CN, o (dm) s,

provided p,q # 1.

Our method of attack is to replace the Bessel potential which we previously used
with our variation of the fractional maximal operator (15). In order to do this we
had to generalize a theorem due to Muckenhoupt and Wheeden [1]. For inequality
(18) we adopt a theorem due to Sawyer [3]. Our theorems are stated and proved in
§§1 and 2. In §3 we discuss the Lorentz spaces L”"(p) (for definition cf., e.g., [14]).
Among other things we show when

(19) " Vu ”Lqm < C”V

Le! u”s,p

holds for each p > 1. We include the case ¢t = co. We prove (19) by showing that our
norms are smaller than the corresponding L% norms. Inequality (19) overlaps with
some results of O’Neil [15]. Our discussion of (19) is mainly to show that our
methods can be used to yield his results as well. '

In §4 we give an application of our results to the spectral theory for the
Schrodinger operator. We improve some results of Fefferman and Phong [16] (cf.,
also, Kerman and Sawyer [6], Chang, Wilson and Wolff [27], and Chanillo and
Wheeden [20]).

In 1972 the author gave a condition which is both necessary and sufficient for (11)
to hold when p = g =2 (cf. [29]). The authors of [6, 16, 18, 20, 25, 27] were
obviously unaware of this result.

1. The spaces. We define several new classes of spaces that will be used throughout
the paper. For0 < s < n,§ > 0let

Gs,s(x)=|x|ﬁ ) |X|<8,

=0, |x|> 8,
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where x = (x,,...,x,) €ER", |x|* = xZ + -+ +x2 If p(x) is a locally finite Borel
measure on R”, we define

G, adn(x) = [ G, (x = y)dp(»),

(s/n)—1
M, sdu(x) = sup |Q| deﬂ

xeQ
1Q1<8”

where Q represents a cube in R” with sides parallel to the coordinate axes having
volume |Q|. The supremum is taken over all such cubes containing x and having
volume < 8". Using these expressions we define

(l]) M_\..,’s(d[i) =||G:.8dp‘”l’
(1.2) N.s(ap) =M, saul,,
where

. 1/t
b= [ s a) L o <i<o,
= supl/(x)

If 7 > 1, this is the norm of f(x)in L’ = L‘(R"). For brevity we also put

Msl(duu‘) = Ms't.l(d“)7 Nsl(dl"") = Ns,t.l(d“')-
Our first result is

s = 0.

THEOREM 1.1. If 1 < t < oo, the norms (1.1) and (1.2) are equivalent.

Our interest in the norms (1.1) and (1.2) stems from their usefulness in finding
conditions on p(x) under which estimates of the form

(1.3) lull,, < Cllul.,
hold, where

1/q
(14 by = [ f 100 [ ()]
and

— 2\ s/2
lull,, = | F(x +17) " Ful
Here F is the Fourier transform
Fu(¢) = (277)_"/2/ e **u(x)dx

and F denotes its inverse.

We shall say that the measure p(x) satisfies condition A if for every € > 0 there is
a 8 > Osuch that E C Q, |E| < §|Q|imply p(E) < eu(Q), where u(E) = [pdp(x).
Such a measure is necessarily absolutely continuous.

Our next theorem gives a sufficient condition for (1.3) to hold.
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THEOREM 1.2. Assume that

(1.5) p.g;t>1, pg#o, 0<s<n, g<t,
(1.6) 1/g<1/p +1/t,
(1.7) O<a/ng<s/n+1/q—1/p—1/t

and that p satisfies condition A. Then there is a constant C depending only on the
parameters such that

(1.8) lull, ,, < CMy /0 5(dp)“lull, . ue€ HP.
Ift # oo, then

1
(1.9) lull,, < CN,. /g 5(dm)Null, -

The same is true if t = o0 andp,q # 1.

Define for f(x) locally integrable

Gaf(x) = [ lx=yTI D,

(s/n)—1
M, of(x) = sup |07 [ £(»)|y.
XE% ]
1Q1<8"

As a simple corollary to Theorem 1.2 we have

THEOREM 1.3. Under the hypotheses of Theorem 1.2 we have

(1.10) 1G, f g < CMy g 5(am) I f I
(1.11) 1M, 5/l < CM, 0 5(dp) N £ I,
Ift + oo orp,q # 1, we also have

(1.12) 1G, 5/ g < CNyr g s(d)?1 £ 11,
(1.13) 1M, 5/ g < CNy o rg s (d) N £ -

Next let us define
r 1/r
Ma.r.I.S(V) = Ma,l/r,s(lVl dX) 5

r 1/r
Na.r.l,B(V) = Na,t/r,S(lVl dx) .
Other consequences of Theorem 1.2 include

THEOREM 1.4. Under the hypotheses of Theorem 1.2 if du = W(x) dx,
q
(1.14) J G [W(x) dx < M,y 0 a(W)ulls,
andift # coorp,q + 1

(1.15) J 1) W(x) dx < N, oWl
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THEOREM 1.5. Assume that p,q,t > 1, p # 00, 0 < s < n, and that (9), (10) hold.
If du = |V(x)|9 dx satisfies condition A, then
(1.16) v, < CM,, . s(V)ull -
Ift # c0corp,q # 1, then
(1.17) IVaull, < CNp r s (V)llulls -

As we shall see, 8 < a implies
M,,. s(V)< Mﬂ,r,:,s(V) and Na,r,t‘S(V) < NB,r,t‘S(V)
for 6 < 1. Moreover,
Nyrows(V)<Ng, s(V) whena/nr=B/nr+1/1.

Hence, when p < ¢, the best result in Theorem 1.2 is obtained when ¢ = co.
When p > ¢, we must take ¢ finite.

For p < g, necessary and sufficient conditions for (11) to hold are given in [18, 23,
25, 28]. Sufficient conditions are given in [7-13, 16, 20, 24, 27].

2. Comparison of the norms. In this section we shall prove several theorems which
will imply those of §1. We begin with

THEOREM 2.1. Let 0 < g < oo and let u be a locally finite Borel measure on R"
satisfying condition A. Then for every ¢ > 0 there is a constant K depending only on ¢,
n, q and p such that

(21) “Gx.8/3 dv”q,p, < 8”GS.B dV”q,p. + K” Ms,s dv ”q.y.
holds for all Borel measures v.

Theorem 2.1 is a generalization of a result due to Muckenhoupt and Wheeden [1].
PROOF. Let

Sy={x €R"|G, sdv(x) > \}.
S, is open. Thus

(2.2) ss=Ug,

where the cubes Q; have disjoint interiors and

(2.3) d(Q,.85) < 3vni(Q))

where E¢ is the complement of E and /(Q) = |Q|'/" is the side length of Q (cf. [2,
p- 167; 17, p. 10]). By subdividing Q ; if necessary, we may assume

(2.4) 1(Q;) < 8/3.

When (2.4) is achieved through subdivision, we lose (2.3). However, for such Q, we
can require

(2.5) 8/(1+8/n)<1(Q,).
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Thus we know that each Q; satisfies (2.4), while those that do not satisfy (2.5) will
satisfy (2.3).
Let b, d be positive numbers to be determined. Define

E = {x€Q,|G,;,dv(x)>\b, M, sdv(x) <\d}.

J

If Q is any cube,

(2.6) G, sdv(x)dx = lx = y| "dv(y)dx
fQ ° fQ [x—.VI<8
< _ s—nd d
‘/|‘x—_v|<8 |x y| fo+28 V(y)
x€Q
1-@/n)

< CssMs’](Q).;.zs dV(xO)lQ + 28'

where Q + 8 is the cube having the same center as Q and side length /(Q) + 8, and
X, is some point in Q. Assume that (2.5) holds and that E; # &. Then there is a
point x; € E;. By (2.5)

AblEj|<f 52 dv(x) dx < CO*M, 5dv(x;)8"*
Q)

< C'8"\d < C”"\d|Q,|
where the constants depend only on n and s. Hence
(2.7) |E;| < Cd|Q,|/b.

On the other hand if Q; does not satisfy (2.5), it will satisfy (2.3). Thus there will be
a point x, not in S, w1th1n a distance 3\/_I(Q ) of Q. Thus G 5dv(x,) <A. If
xeQ It then

|x = xol <p= 4‘/'71(Qj)'
If |y — x| > p, then

ly = xol <ly = x| +1x = xo| < 2|y = x|.

Thus
G, .52dv(x) = + lx =y "dv(y)
o2 jl‘x-yI<p j;<IX*yI<8/2
<G, dv(x) + 2 %= yi "dv(y)
p<|x—y|<8/2
SGs'pdV(X)+2”/I - |xo — ¥ - dv(y)
Xo—V

G, ,dv(x) +2"G, ;dv(x,)
G, ,dv(x) + 2"X.
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If we now take b = 2" we will have
G,5,,dv(x) < G, ,dv(x) + 3b\.
This will imply
E C {x € Q,|G, ,dv(x) > 5bN, M, sdv(x) < }\d}.
Hence by (2.6)

INB|E,| < / G, ,dv(x) dx
0,

< CPSM/<Q,)+2pdV(xj)(l(Qj) +20)" "

M, 5dv(x)1(0,)" < CAd|Q, .

Thus (2.7) holds as well in this case. Recall that the constant C in (2.7) depends only
on n and s. Let € > 0 be given. Under condition 4 we may take d so small that
L(E)) < (g/b)u(Q),) for every j. This implies

.U({Gx.s/a dv(x) > Ab, M, ;dv(x) < Ad}) < (e/b)p(S))-
Hence
#({Gx.s/zd”(x) > }\b}) < (e/b)n(Sy) + n({M, sdv(x) > >\d})-

Consequently

[ 8({Gspdv(x) > \b)) d)\"<(%) p(S,) dne
+

/0 ({ M, ydv(x) > Ad}) d\9

bt [ u({Goapndr(x) > v)) dy? < (%)qfoN n({G,sdv(x) > v})dv?

0
Nd
+d“’f0 p({ M, 5dv(x)>v})dy’.
Letting N — oo, we obtain
q q q
“Gs,8/3 dV“q,p, < Eq”Gs.S dV”q.u +(b/d)q” Ms,SdV ”q.p
which implies (2.1). O

LEMMA 2.2. For all Borel measures v(x)

(2.8) M, ydv(x) < n"?G, gsdv(x)
and consequently
(2.9) 1M, sdvll,, < n" |G, ssdr],,

holds for all q, p
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PROOF. If /(Q) < 8 and x € Q, then
(Va1(@)"™" [ dv(y) <

This gives (2.8) which immediately implies (2.9). O

/ lx =y " d(y) < G, gsdv(x).
Jx—y|< W i(Q)

THEOREM 2.3. There is a constant K depending only on p/8 and n such that
(210) Ms,t.p(d.“') < KMs,r,S(dI"‘)’ 1= 1’

holds for all Borel measures p.

PrOOF. We have

L
G,pdp(x) = [ G, (x = y)du(y) < ¥ hy(x)
k=0
where
h(x)= [ x = y[ " du(y)
kd<|x—y|<(k+1)8

and L is the integer determined by L < p/8 < L + 1. Let z{*,..., z{f), be points
in the set § = {x € R"|k < |x| < k + 1} such that S can be covered by N(k) balls
of radius 1 and centers at z(*). It follows that the set

Sy = {x|kd <|x| < (k+ 1)8})
can be covered by N(k) balls of radius § with centers at the points 82}"). Thus
h(x) < (k8)' ™" [ du(y)
ké<|y—x|<(k+1)8
N(k)

<s)y ¥ [ dp(y)

i=1 Yly—x—8z{%|<8

N(k)
<k Y G pdp(x +829).

Jj=1
Thus
N(k)
Mhell, < k=" X NG, sdpl,,  1<k<L.
Jj=1
Since ||h|l, = M, , s(dp), we have

Moy < L Il< (1 + k;lzv(w)Mx.,‘a(du).

This gives (2.10). O

THEOREM 2.4. There is a constant K, depending only on n such that
(2.11) N, s(dp) < KoM, 5(dp)
and there is a constant K, depending only on n and t such that
(2-12) Ms.r.s(d#) < Kst.t,s(dﬂ)’ 1 < .
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ProoF. By Lemma 2.2 and Theorem 2.3
N, s(dp) < ""/zMs,:,Jﬁs(dﬂ) < Cn"’M, , 5(dp)

where C, depends only on n. By the same token there is a constant C, depending
only on n such that

Ms,:.s(d#) < CZMs.1,8/2(d.“')'

Moreover, by Theorem 2.1 there is a constant C; depending only on » and ¢ such
that

M, s(dp) < 3M,, s(dp) + CC3N, , 5(dp)

and we can take K, = 2C,C;. O
Theorem 1.1 is an immediate consequence of Theorem 2.4.

THEOREM 2.5. If 0 < A < land

(2.13) 1/g<1/p+1/t<1,
then

(2.14) 1G * f1l,., <IG MMkl 7 1,
where

(2.15) 1/a=1/p + 1/t

and

(2.16) h(y) = [16(x =) du(x).

PrOOF. The left-hand side of (2.15) is bounded by
Aa a 9/ and 1
[ (J o= s a) 16 N

<l [ ([ 6tx =100 ) )

1/q

<1 | [ ste=naf “rors ]

_ 1/ 1/
<IG Ml llas'sgll £415°

where p = p/a and t = ap’ (note that we may assume G(x) > 0 and f(x) > 0).
This gives (2.14). O

COROLLARY 2.6. If G(x) satisfies

(2.17) 0<G(x)<C(1+]x])™"

for someb > n(1 +1/9q—1/p — 1/t) and (2.13) holds, then
1/

(2.18) 1G % fllgu < CUG, s dullzgl £ s

where C is independent of u and f.
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PROOF. Pick A so that

n/bg<\A<1-[n(1-1/p—-1/t)/b] <1

This can be done because of the choice of b. If a is given by (2.15), then G' ~* is in
L% by the choice of A. If h(y) is given by (2.16), then

0
h(y)<CY (1+k8) ™™ dp(x)
k=0 k&<|x—y|<(k+1)8
N(k)
<C Z (1+k8)™"™ Z / dp(x)
|x—y— 82“‘)|<8
N(k)
<C 2 (1+k8)™™ Y G, au(y - 820)
k=0 Jj=1
(see the proof of Theorem 2.3). Hence
0
(2.19) Ikll,sq < ClGysdpllyg X (1 + k8) " 'N(k).
k=0

Since N(k) < Ck"~1, the series converges, and the result now follows from Theorem
25. 0

COROLLARY 2.7. If G(x) satisfies (2.17) for some b > n and

(2.20) h(y) = [ G(x = y)dp(x),
then
(2.21) IAll, < ClG, sdul,, 1<7<00.

PRrOOF. Follow the proof of (2.19). O
For f(x) locally integrable define

Gaf()= [ lx =y 1),

M of (x) = sup lo”"™ fQ 17()dy.

(Q)<8
We have
LEMMA 2.8. Ifq > 1and
(2.22) a/ng<s/n+1/q—-1

then

(2.23) 1G, 5 g < Moy jqs(am) Il fll,,  feLP.
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PROOF. We may assume f > 0. The left hand side of (2.23) is bounded by
. 1/q 1/q
S ([ Guotx =) au)] " 101 @y <16 sl 511

This is precisely the right-hand side. O

LEMMA 2.9. Fora > 1
M, 5f(x) < [M, o) wheref*(y) =17 ().

PROOF.
1/a

|Q|s/n—l'/‘Qfdx <Ile/n—l+l/a'(‘/’Qfadx)

1/a
<(}Q|“/"*‘fQ/adx) .o

THEOREM 2.10. Assume that (2.13) holds and that

(2.24) a/ng<s/n+1/q—1/p—1/t.
Then there is a constant C depending only on n such that
(2.25) 1M, of o < CMy g (dp) I fllp.  fE L.

PROOF. Let a be defined by (2.15) and put p = p/a. Then ¢ = ap’. By Lemmas
2.9, 2.2, 2.8 and Theorem 2.3, the left-hand side of (2.25) is bounded by

1/
”[Mas,sfall/u g = ” Mas‘sfa“q/‘:lv#
1/a

) nn/za”Gas.ﬁSfa"q/a.p.
1/
< nn/zaMa,ap'/q,,/rTS(d,"')l/q” fa ”P ¢

1
<CM,,,, 5(dp) /q”f”p

since (2.22) is satisfied if we replace s by as, g by g/a and p byp. O
The following is a slight adaptation of a theorem of Sawyer [3].

THEOREM 2.11. If 1 < p < g < o0 and

(2.26) a/ng<s/n+1/q—1/p
then
(2.27) IM, 5flyn < CN, o 5(d) I fllp,  fE L,

We can now give the
PROOF OF THEOREM 1.2. Assume first that ¢ > p’, ie., that (2.13) holds. For
u € Cg let

(2.28) f=F(1+1¢f)” Fu.
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Then u = G, * f, where the function G,(x) is infinitely differentiable in R”\ {0} and
satisfies

eillxl < G(x) <alxl T Ixl<,

(2.29)
G,(x) < c,e” M, |x|>1/2,

for some positive constants c¢;, ¢,, a (cf. [4]). Let

G,(x) = G,(x), |x|< 8/3,

= O) ‘x| > 8/3’

G,(x) = G,(x) = G,(x).

By Corollary 2.6
~ 1/

(2.30) 1G, * fllg < CUG, 5dill gl £ -

Moreover, by (2.29) and Theorems 2.1 and 2.10
-1
G, * fllgn < (2¢1) " l1G, 5 g + CIM, 5 g 0
< %”Gx * f ”q,u + CMa,I/q,s(d’J')l/q"f ”P'
Thus

1G, % fllg UG * fllg +1G % fllg < 3NG,# fllg + CM, 0 56(an) I 1,
by (2.30), since ||G, sdpl|, < M, . s(dn). Hence

(2.31) 1G, % fllgn < CMe g 6(dm) N £ lp-
This implies (1.8) since
(2.32) lull, , =11 /1,

by (1.5) and (2.28). If r < p’,wecanfinda p > 1 suchthat1/q -1/t <1/p < 1/t
and1/p — s/n <1/p <1/p by (1.6),(1.7). Put

(2.33) o/n=s/n+1/p—1/p>0.
Then

1/g<1/p+1/t<1 and a/n<o/n+1/qg—-1/p—-1/1.
If we now apply that part of the theorem already proved, we obtain

1
”u”q.p. < CMa,l/q,«?(d”') /q”u”o,p'

It is well known that (2.33) implies ||u||, , < C||u||, , when p < p (cf,, e.g., [5]). This
gives (1.8). In order to prove (1.9), we note that when ¢ # co we can apply (2.12) to
reach the desired conclusion. If 7 = c0 and p,q # 1, we see that (2.27) holds by
Sawyer’s theorem (Theorem 2.11). Thus by (2.30)

1G, * fllguIGox fllgu +11G, * £l

1/
<SHG*fllgp+ CIM, 5f g +CIG, 5 arll 7 1.
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Hence

” G: * f nq.u < CNa.oo‘S( d”)l/q” f “1"
This gives (1.9). O
Theorem 1.3 follows from (2.31), (1.29) and Theorem 2.4. Theorem 1.4 is merely a
special case of Theorem 1.2. Theorem 1.5 follows from Theorem 1.4 and

THEOREM 2.12. Ift < 7 < o0, p < rand

(2.34) a/nr+ 1/t < B/np +1/7,
then

(2.35) MB.p.7.s(V) < CN,, . s(V).
The inequality

(2.36) Npors(V) < CN,, . 5(V)

holds even if T = oo.

PROOF. Assume first that 7 < oo. It was shown in [13] that
MB,p,T‘S(V) < CM%P.!,S(V)

provided

(2.37) y/np + 1/t < B/np + 1/1.
Moreover, by Lemma 2.9

(2.38) N, pis(V) <Ny wois(V), azl.

Put vy = a/a, p = r/a. Then (2.34) implies (2.37). Hence
MB.p.‘r.S(V) < CMy'p,z,S(V) < CNy.p,l.S(V) < CMa.r‘l‘S(V)

by Theorem 2.4. This gives (2.35) and (2.36) for the case 7 < oc. It remains to prove
(2.26) when 7 = 0. First we note that

(2.39) Ny p.0.8(V) <[V llonsa-

In fact we have

1/0
tQ|‘*/"“jQ|V(y>|"dz<|Q|’”"‘”°(/Q|V<y>|" dy) .

If we take 6 = n/f, we obtain (2.39). If 1 = 7 = oo, then (2.36) follows immediately
from (2.38). Suppose ¢ < co = 7. We may assume that equality holds in (2.34). Let
a=r/p,06=a/a,y=B— oandlet

v(x) = (G, *(x))"".
Thusif x € Q

fQIV(y)Ipdy<C|QI°/"_1fQ G, s(x = IV dy

- c|Q|°/"“/Qv(y)°dy.
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Hence
Nﬁ.p.oo.s(V) < CNy,p,oo,S(V) < C”V”pn/y = CNa,p,pn/'y,S(V)
< CNoa.pa,pn/y,S(V)
by (2.39) and (2.38). This gives (2.36) since t = p/y. O

3. Lorentz spaces. In this section we shall prove some inequalities involving the
Lorentz spaces L?"(p) (for the definitions cf., e.g., [14]). First we improve a bit
inequalities (1.8) and (1.9).

THEOREM 3.1. Under the hypotheses of Theorem 1.2, assume that
(3.1) eithera #sq or 1/q+ 1/p+1/1t.

Then for each r > 1 we have

(32) il oy < CM a1 q.(d) Nl -
When (1.9) holds we have

(33) "“"L""(p.) < CNa,l/q.S(dH‘)l/q” u ”s,p‘
PROOF. Put A = t/q and fix a, A, s, p, 8. Inequality (1.8) states that

(3.4) 1G, * £y < CMgx 5(dn) Il f 1,

holds for each q satisfying

1/p~s/n+a/ng<(1-A"1)/q<1/p.
If one of these inequalities is strict, we can change g slightly and still preserve them.
They will both be equalities only if a = sg, 1/q9 = 1/p + 1/t which is excluded by
(3.1). Thus there is an interval of values of ¢ for which (3.4) holds. If we now apply
the real method of interpolation (cf., e.g., [14]), we obtain (3.2). The same reasoning
implies (3.3). O

In [13] we proved that
(35) Ma.r.l(V) < C”V L'
provided
(3.6) 0<1/0—-1/t=a/nr, r<oe<t< .

We have therefore
COROLLARY 3.2. Assume that t # oo and that

(3.7) 1/9-1/p<1/t<1/0<1/qg,

(3.8) 16+ 1/p<s/n+1/q.

If dp = V9dx satisfies condition A, then

(3.9) IVul, < CIV

rellulls -
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Moreover for each p > 1

(3.10) IWVullpeo < CIHV llolull;. -

PROOF. We appeal to Theorem 1.5. In this case we need an interval for the values
of g for which

a/nr+1/p+AN/r—s/n<1/qg<1/p+1/Ar
where A = r/q and r is some value such that g < r < 0. We can obtain such an

interval by choosing r suitably. We apply real interpolation to (3.9) to obtain (3.10).
O

So far we have established (3.9) and (3.10) only for ¢ # co. To complete the
picture we have

THEOREM 3.3. If o > 1, then
(311) Nn/o.r‘oo,S(V) < C||V||L""°°'

PROOF. We have

fQ|V<x)|dx<uV

19> | XQ Lo

where x , is the characteristic function of Q. It is easily checked that

1
(3.12) Ixollzes = cllQll””.

This gives (3.11) for r = 1. The case r > 1 is proved by substituting |[V(x)|" for
V(x). O
By Theorems 1.5 and 3.3 we have

THEOREM 3.4. Assume that dp = |V|? dx satisfies condition A and that

(3.13) l<p<g<p<oo,
(3.14) 1/p<s/n+1/q—-1/p.
Then

(3.15) IWVull, < CIV Il ol ulls -

PrROOF. We take 0 = p/q, @ = n/o and apply (1.17) of Theorem 1.5. This gives
” Vu”q < Cqu/p.q,oo.8( V)” u "x‘p‘
Then we apply (3.11) to obtain (3.15). O

4. An application. We now show how we can obtain results in the spectral theory
of Schrodinger operators. To see this let

(4.1) GM(x) = F{(X +|g|2)‘3/2}.

It is readily checked that
(4.2) GV(x) = X"7°G,(Ax)
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where G,(x) is the function satisfying (2.29). If we replace G,(x) by G (x) in the
proof of Theorem 1.2 we obtain

THEOREM 4.1. Under the hypotheses of Theorem 1.2 there is a constant C depending
onlyonp, q, t, s, nsuch that

(4.3) IG® % flly < CNut a1 n(d) N 1,

The important point in Theorem 4.1 is that C does not depend on A.
As a corollary we have

THEOREM 4.2. There is a constant C, depending only on n, r, t such that

2 2
(4.4) (Va,u) < CoNyr o n)| 9l + 22]u]]
where
(4.5) a/nr<2/n—1/t, r,t>1.

PROOF. Put du=|V|dx, g=p=2, u=G{M*f in Theorem 4.1. Then f=

(A* — A)?y and (4.3) implies
(Vu,u) < CNB,1/2,1/A(|V|dx)"f"2 where 8/2n < 1/n — 1/71.
Thus
(Vu,u) < CNB,1,1/2,1/>\(V)([>‘2 - A]“»“)‘
If a/nr+ 1/t < B/n+ 2/7=2/n,then
Ng1oyoan(V) < CNy i n(V)

in view of Theorem 2.12. This gives (4.4).

This leads to

COROLLARY 4.3. Let V(x) > 0 be a function on R" such that H = —A — V(x) has
a selfadjoint realization in L(R™). If V(x) dx satisfies condition A and
(46) Na.r.t,l/)\(V) < CO_I’

then the interval (— oo, —M?) is in the resolvent set of H. Moreover, there is a constant
C; depending only on n such that

(4.7) NZ.I.oo.l/)\(V) > G
implies that (— 00, —A?) contains a point in the spectrum of H.

ProoF. To prove the first statement we note that by (4.4) and (4.6)

(4.8) (Vu,u) <||vul’ + Nfu]”
and consequently
(4.9) — Nl < (Hu, u).

To prove the second, suppose (— oo, —A?) were in the resolvent set. Then (4.9)
would hold. This would imply ||G{ = f |2, < IIfll, where dp = V(x)dx. By Theo-
rem 2.4 there is a constant K depending only on n such that

(4.10) I Ml.l/xfnz.u < K”Gl.l/)\f”L# < clK"G{M *f"z.n < oK fl
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holds for all f € L2 This implies
(4.11) Nu'w'l/x(V) < ciK?

as noted by Sawyer [3]. In fact, let Q be any cube with side length < 1/A and let
f(x) be the characteristic function of Q. Then

1/n

Ml,l/Af(x)=|Q| ) x € Q.
Thus (4.10) gives

[ 10" V(x) dx < iKQl.
o]
This implies (4.11). If we now take Cj = cZK 2, we see that (4.7) contradicts (4.9).
Thus there must be a point in the spectrum of H below —A\2. O
COROLLARY 4.4. Assume that the sets
S1={8>0: Ny 5(V) < G},

S,={8>0: Ny, . 5(V) <G5}

are not empty. Let 8, = sups 5 8, i = 1,2. Then the lowest point X, of the spectrum of
H satisfies

(4.12) —82< A< -8

PROOF. Let & > 0 be given. Then thereis a A > 0 such that —A*> > —§72 — ¢ and
1/\ € S,. By Corollary 4.3 this implies that the interval (— oo, —A%) is in the
resolvent set of H and consequently —A?> < A,. Hence —8;? — e > A, for every
¢ > 0. This gives the first inequality in (4.12). Next we note that if 1/A > §,, then
(4.7) holds. Consequently, the interval (— oo, —A?) contains A,. Since —A* can be
made as close to — & 2 as we like, the second inequality follows as well. O

Corollary 4.4 improves results of C. Fefferman [16] (see Kerman and Sawyer [6]
for related results).
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