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ON MAXIMAL FUNCTIONS ASSOCIATED
TO HYPERSURFACES AND THE CAUCHY PROBLEM
FOR STRICTLY HYPERBOLIC OPERATORS

CHRISTOPHER D. SOGGE

ABSTRACT. In this paper we prove a maximal Fourier integral theorem for
the types of operators which arise in the study of maximal functions associated
to averaging over hypersurfaces and also the Cauchy problem for hyperbolic
operators. We apply the Fourier integral theorem to generalize Stein’s spheri-
cal maximal theorem (see [8]) and also to prove a sharp theorem for the almost
everywhere convergence to LP initial data of solutions to the Cauchy problem
for second order strictly hyperbolic operators. Our results improve those of
Greenleaf [3] and Ruiz [8]. We also can prove almost everywhere convergence
to L2 initial data for operators of order m > 3.

Introduction. In 1976, E. M. Stein (8] proved that if

M) = [ fa+u)doty
then (Mf)(z) = sup,s¢ |(M:f)(z)| is bounded on LP(R"™) when p > n/(n — 1) and
n > 3. Also by considering a slight variant of this maximal theorem he was able to
establish that if L = (9/9t)? — 3°7_,(8/0z;)? then (weak) solutions to the Cauchy
problem for R'_;“,

Lu(t,z) =0,

u(0,z) =0,

(0u/8t)(0,z) = f(=),
have the property that lim,_,o u(t,z)/t = f(z) almost everywhere, whenever f €
LY (R"), n>1, 2n/(n+1) <p.

All of these results were obtained from interpolation with a certain key L? es-
timate. The latter was subsequently generalized by Sogge and Stein [7]. They
showed that if a multiplier m(¢) is C! and satisfies the estimates |m(€)|,|Vm(€)| <
C(1 + |€|)~° for some 6§ > 1/2, and if one defines T; by (Tyf)~(€) = m(t€)f(€)
(“™ denotes the Fourier transform) then one has

< Cllfllzz(rr)-

sup | T |
t>0 L2(R")

The goal of this paper is to generalize all of these results to variable coefficient
cases. Instead of dealing with multiplier operators we shall be considering Fourier
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734 C. D. SOGGE

integral operators of the type

(T = [ Fealtiz.e)elimerestin ge

Under certain regularity conditions on a and ¢ we will show that if the amplitude
satisfies certain decay conditions (roughly that a(t;z,§) € S g uniformly in ¢ for
6 > 1/2), then the following inequality holds for these operators:

sup |(Tef)(<)|

< ClfllL2rny-
o<t<1

L?(R"™)

As above this will be the key estimate which we shall apply along with analytic
interpolation to obtain other results.

The first result will be to generalize Stein’s maximal theorem. Roughly speaking,
we shall be assuming that {S; .}, t € R,, z € R", are smooth perturbations of a
smooth hypersurface S C R™. We shall also require that the Gaussian curvature
is nowhere vanishing on each S; ;. Then if ¢¥/(z,y) € C§°(R™ x R™) has the prop-
erty that ¥(z,y)do: . (y) is a compactly supported measure on S; ; (do; . denotes
Lebesgue measure on S; ;), we show that there is a to > 0 so that if for ¢t > 0 we
now put

(M f)(z) = s [z +ty)v(z,y) dotz(y)

and (Mf)(z) = SUPp<t<to [(M¢f)(z)], then
IMfllLerny < ClifllLrrny

for the same range of p and n as Stein’s spherical maximal function. Our maximal
theorem is proved by noticing that, for small enough ¢, M;f is (up to a trivial
error) a finite sum of Fourier integral operators T; f as above.

Variable coeflicient maximal theorems were previously proved by A. Greenleaf
[3] for hypersurfaces S; ; which in addition to the above conditions are also assumed
to be compact, convex, and starlike with respect to the origin. Also, E. M. Stein
and the author have proved more general results where one only assumes that the
curvature does not vanish of infinite order (cf. Sogge and Stein [7]). The proof of
the results in the present paper is simpler though and is of independent interest.

Our final set of applications to the maximal Fourier integral theorem concerns
the pointwise convergence properties of solutions to Cauchy problems for strictly
hyperbolic linear differential operators of order m > 2. More specifically, we shall
deal with operators of the form

am m—1 a]
L= c'?t—m - ]Z% Am—j(tvxﬁDl)W,

Ay, —; being a differential operator of order m — j with smooth coefficients. After
placing a mild condition on L to ensure that it has a finite domain of dependence
(see Definition 3.2) we shall study the Cauchy problem

Lu(t,z) =0, t>0,

(8/0t)7u(0,z) =0, 0<j<m-1,

(8/0t)™ " 1u(0,z) = f(z).
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Given a smooth family of nontangential curves (s, z) in R%*! with 4(0,z) = (0, z)
our result will be that the (weak) solution to this Cauchy problem with initial data
f(z) € LY (R™) has the property that

loc
u(y(s,z))/s™ ! — cy(z) f(2),

whenever p > 2n/(n + 2) for m = 2 and p = 2 for m > 3. Here ¢,(z) is a smooth
function which depends only on ~(s, z). We remark that our methods can show that
the result for m > 3 also holds for f € L27¢m(R") (in fact &,, = 1 for m > n+1),
but since we cannot find the sharp ¢, in general, we do not carry this out.

Results of this type were established by Greenleaf [3] and Ruiz [6] when one
makes the additional assumption that the approach curves y(z, s) are time-like for
each fixed z. Our result for m > 3 is new.

Our paper is organized as follows. In §1 we prove the maximal Fourier integral
theorem while §2 concerns variable coefficient maximal theorems. §§3 and 4 will
be devoted to the Cauchy problem for operators of orders m = 2 and m > 3
respectively. Also by C' we mean a constant which is not necessarily the same at
each occurrence.

1. An L?-maximal theorem. In this section we prove a maximal theorem for
certain families of Fourier integral operators whose amplitudes satisfy certain decay
conditions. More precisely, let a(t;z, €) and ¢(t; z, £) be smooth on R, x R™\ 0
and set

(1.1) (T f)(z) = /R" f(é‘)a(t;x,tg)ei[(2,5)+t¢(t;z,5)] de.

We are assuming that a(t;z,£) = 0 when |£] < 2 and also for some § > 1/2 one
has
(1.2) 1(8/8)(Dg)(DF)(D)altiz, &)l < Clel™>~W, j<1, o], 18] Sn+3.
Further, the phase functions ¢ are real, homogeneous of degree 1 in ¢ and satisfy
(13) |(8/8ty (D)(DF)é(t; 2, €)| < 1/2
if |€] =1, 7 <1, and |al,]8| < n+ 3. Then our result is the following.

THEOREM 1.1. Letn > 1. Then under the above hypotheses one has

(1.4) (Tef) ()| < Clifllzzrr)-

L2(Rn)

sup |
o<t<1
REMARK. Inequality (1.4) does not in general hold for operators whose ampli-
tudes only satisfy (1.2) for 6 = 1/2 (see [9]).
The proof of this inequality will require the following proposition, which at times
will serve as a substitute for Plancherel’s theorem for the Fourier transform. Re-

sults of this type are well known (see e.g. Treves [12]); however, for the sake of
completeness we shall sketch the proof at the end of this section.

PROPOSITION 1.1. Suppose b(z,€), ¥(z,€) are C"T(R™ x R™ \ 0) with
b(z, &) =0 when || < 1. Also suppose that IDg‘ng(a:, €)] < Col€|~18 if |al, |8] <



736 C. D. SOGGE

n+3, and that v is real, homogeneous of degree 1 in £ and satisfies ]D;"D?d;(x, 8| <
1/2 if |€] =1 and |a|,|B] < n+ 3. Set

Fa)a) = [ IOy, )g(e)de.

Then
17(9)llz < Cligllz,

where C depends only on Cy.

PROOF OF THEOREM 1.1. The proof of (1.4) involves taking fractional deriva-
tives of the operators T; and then using square functions (cf. Sogge and Stein [7]).

Furthermore, since the argument for the most general case is not harder than
the one for the case where the amplitudes and the phase functions are independent
of ¢, we assume that this is the case to simplify the notation. Thus we shall deal
with operators of the form

(T: f)(z /f a(z, t&)els+t(=.0] ge.

and we wish to show that (1.4) holds.
Now we recall the deﬁmtlon of a fractional derivative. Let 0 < o < 1; then for,
say, bounded F' we define the fractional derivative of order o by

Ia(F)(t) = (T(e))™! /0 (t - 5)*~ ' F(s) ds.

Then one easily checks that
o(l1—af / F(s

and so I, (I,_o(F')) = F if F(0) =0.
With this in mind set

(1.5) T2 f = (1’(1—01))_’/0 (t —s)7%(d/ ds)(s°Ts f) ds

Then one has t*T; f = I,(Tf). Consequently, by Schwarz’s inequality if 1/2 <
a < 1 then

. 1/2
(16) I(’-F:’f)(z)ISCa<t“ / I(T?f)(x)|2d8> |

In what follows we fix a < 1 satisfying 1/2 < a < 6. Then by (1.6), to prove
(1.4) it is enough to show that

([ Tz ds/s )

t

(1.8) Tof = (1 - )" / (=97 )T ) ds

1/2
< Clfll-
2

(1.7)

To verify this put
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and set
Tof =12 + T2 .

To handle this trivial term i“t’ we notice from integration by parts that

~ 1/2
(/Rn/o |Tf’f|2ds/sda:)
L 1/2
2
<Ca ( /R ,. /0 IT.f) ds/sdz)

9 1/2
( ds/s dm) .

The first of these last two expressions is easy to handle. In fact since a(z, &) =0
for |€] < 1, Proposition 1.1 and Plancherel’s theorem imply that it is

1/2
<0( [, el 6|2dsds/s) = C'lfla
€|>1/s

Similarly, if one first applies a change of scale and Minkowski’s integral inequality,
then one sees that the second term is

1/2 1 1/2
5/ (1—r)-a-1pe (/ / |T,3f|2ds/sd:c) dr < C|lflla.
0 R" JO

Consequently, we are left with estimating the nontrivial term:

([ i asys) "
~([.f

To do so we use the following lemma.

—a=lpa fdr

n

2
(1.9)

) 1/2
/ (s —r)=%(d/dr)(r*T, f) dr ds/sdz) .

LEMMA 1.1. Fiz e satisfying 0 < e < 6 — a. Then for any 0 < s < 1 one has

the inequality
1/2
<c ( G de) .
2 l&1>1/s

If we use this estimate and (1.9) then once again Plancherel’s theorem gives

1/2
<C (/ / €)|s€|” €|2d£ds/s) <C'fll2-
£|>1/s

Therefore, to finish our proof of Theorem 1.1 we need only prove Lemma 1.1.
However, by a change of scale argument one easily sees that one can assume that

(1.10)

/8 (s —r)=%(d/dr)(r*T, f) dr
8/2

1 1/2
“ ( / lf:fﬁds/s)
0
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s = 1. Thus we wish to show that

1
(1.10") /1 (1—r)"%(d/dr)(r°T, f)dr

/2

1/2
sC(/ |f(€)|€|‘€|2d€) .
) €121

But by integration by parts, the function inside the first L?-norm equals

1-|gI~! .
o | / (1= )=~ 172 f(€)a(z, rE)eil=O+ro=0] gr dg
n 1

+/ 1] (1 = [¢]~1)etl @O+ (1-lel o)
€1>2
x a(z, (1= 1€]71)€)/(€) d€ = e(T1/2f)(2)
1 . ~
e[ [ amne@ aneete e Ola, ) () dr de
nJiojg
=T+ 11+1IL

We first estimate I. By changing the order of the integration and applying

Minkowski’s integral inequality one gets
. 2 1/2
/ re(1 - r)_""l/ f(&)a(z,re)ell= 041920 ge dgr|  dz
1€1>(1-r)~

1Tl = /
Rn" 1/2
2 1/2
dz) dr.

1
< / ro(1 —r)"o"1 /
1/2
But by Proposition 1.1 this last expression is
! 1/2
<C ro‘(l—?‘)_a—l (/ If(§)|f|_6|2df) dr
1/2 |€]>(1—7)—1
/2
=€ (/ Fe)lerer® de) | a=neieea
[€1>1 1/2
1/2
¢ ( / |f(§)|€|'5|2d§> |
[€]>1

as desired. The last equality comes from the fact that e < 6 — a.
One also sees from Proposition 1.1 that ||II||; also satisfies these bounds.
We now turn to III. To deal with this we first notice that

/ F(©)a(a, ré)eilizO+ro=.0) g
[€1>(1=r)—1

(d/ dr)e re(z, €)a (z,7€) = Z{ (@8 g i(z, 7€),

7=1

where the a; also satisfy (1.2). Therefore if, as before, we change the order of
integration and then apply Minkowski’s integral inequality and Proposition 1.1
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we get

1
) < / (1—r)=ore ( /
1/2 n

/ F(€)(d/ dr)
1<[é]<(1—r)?

x roeil@8+ro@Olg(z re)) de

1 1/2
a1 _ e\ £ 1-82 4 d
<c /1/2”1 " (/KMK(I_T)_Jf(E)leI | s) .

/2
£ €124 _ —a—l+5-—ed
<c ( /W 7€)1l e) / L= r

1/2
=c ( / |f‘(f)|s|-€|2de) . QED.
1€1>1

To finish this section we now sketch a proof of Proposition 1.1. We recall that
we need to show || #(g)|l2 < C||gl|2, where

F(o)(z) = / AEOHEOly(5 6)5(¢) d,

and b and 9 are as before.
Let B denote the unit ball in R™. Then clearly the desired inequality will follow
from the following:

(1.11) [17@rdz<c [la@Pa+la) do

However, after multiplying by a cutoff function, we see that we can now assume
that the amplitude b has z support in the double of B, B*.
Now let g;(z) = g(z) if |z| < 3 and g¢;(z) = O otherwise, and put g = g; + g2.
Then if |z| < 1 one easily sees from integration by parts that

7(g2)(@)| < C / lo(@)I(1 + [g)~"" dy.

By Schwarz’s inequality this establishes (1.11) for go.
To finish the proof we notice that

[1#@P iz < [[1a©a i m)aean,

2 1/2
dz) dr

where
K(&n) = /ei[(z,e—n)+w(m,€)—w(zm)lb(x, €)b(z, n) dz.

Since b has z-support in B* one sees from integrating by parts that

|K(&,m)| <CA+]€—n)~"

Therefore by the Schwarz inequality one gets the desired inequality for g;.
This finishes the proof.
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2. Variable coefficient maximal theorems. In this section we prove a vari-
able coefficient maximal theorem for hypersurfaces with nonvanishing Gaussian
curvature. These results will follow from well-known stationary phase estimates
along with our maximal Fourier integral theorem.

In our theorem we assume for each t € [0,1], z € R™ that S;; C R" is a
hypersurface given by S; , = {y € R": y € 0,®(t,z;y) = 0}, where O is an open
set and the defining functions ® are smooth on [0,1] x R® x R™ with V,® # 0.
Our main result of this section then is the following

THEOREM 2.1. Letn > 3 and let S;; be as above. Suppose further that the
Gaussian curvature 1S nowhere vanishing on each of the hypersurfaces and that
Y € C(R™ x 0). Put

(M. f)(z) = /S f(z + ty)o(z,y) dov o (y).

Then there is a tg > 0 so that if
(Mf)(z) = sup [(M:f)(z);

0<t<to

then for each p, n/(n —1) < p < 00, one has
(2.1) IMfliLrrm) < Coll fllLe(mn).-

REMARKS. We must exercise some care in the precise definition of M f. First one
proves (2.1) for, say, f € C°, so that for such f, f can be defined unambiguously.
Next by the argument in [9, pp. 1285-1287] one can redefine (M, f)(z) for each
f € LP(R™) and every 0 < t < to (on a set of z-measure zero) so that (M, f)(z) is
continuous in ¢ for almost every z. Then (2.1) holds for the resulting (Mf)(z) =
SUPg<t<t, |Mif)(z)|. Similar care has to be taken with the other variants of (2.1)
arising below.

It turns out to be more convenient to prove a local version of Theorem 2.1 which
is in fact equivalent to it since ¥(z,y) is compactly supported. In doing so we use
the notation that if z € R™ then z = (2, z,,) where in what follows the “prime”
always denotes a vector in R®~!. Also, by B(y,8) we mean the ball of radius ¢
centered at y.

To formulate the local version we will now with an abuse of notation let ¥(y’) €
C(R™1). Also h(t, z;y") will be a smooth function on [0, 1]xR™ xR"~! satisfying

| det(82h(t, z:y')/0y;0yk)| > 0 if ¥(y') # 0.

We now set

0D MN@= [ I thie sy )W)

Then (2.1) will be equivalent to the statement that for such functions one can
always find 6,to > 0 so that if (M°f)(z) = maxo<i<is, |(MPf)(2)| then

1/p
(2.1) [ een@rdz)  <Glfly o> -1,
B(0,6)
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To prove (2.1') we use analytic interpolation. For complex v and a fixed n €
C§°(R) satisfying n(0) = 1, we consider
(2.3) .
¥
(M7 f)(z) = e——/ f(@ +ty)lyn — h(t, z9)| 7 9y )0 (yn — h(E 2,9)) dy
I'(v/2) Jr~
for f € C§°(R™), where the integral is defined by analytic continuation in ~ for
Re(4) < 0. In particular, when v = 0 the definition of (M f)(z) in (2.2) agrees
with that of (2.3). With this in mind we now state a result which contains (2.1').

THEOREM 2.2. Letn > 3 and let M{’ be as above. Then there are numbers
8,to > 0 so that if (M7 f)(z) = supgs<s, |(Mg f)(2)| then the inequality
MY fliLr(B(0,6)) < CornllfllLe(rr)

holds in the following circumstances:
(a) If 1< p <2 when Re(ny) >1—-n+n/p.
(b) If 2 < p < 00 when Re(n) > (2 —n)/p.

To apply analytic interpolation we first notice that one plainly has the inequality
|IM7f”L°°(B(O,1)) S C€||f||L°° when Re('y) 2 e>0.
Also, the Hardy-Littlewood maximal theorem implies that for p > 1,

IMY fliLe(B(0,1)) < CpllfllLr  if Re(n) = 1.

From these two inequalites and an analytic interpolation argument one easily sees
that Theorem 2.2 is a consequence of the following.

PROPOSITION 2.1. Letn > 3. Then there are numbers 6,tg < 0 so that if M7 f
18 as in Theorem 2.2 then if Re(y) >1—n/2

IM7FliL2(B0,6)) < ClfllL2(mr)-
Here C is a constant which depends only on Re(n).

As we shall shortly see, Proposition 2.1 follows from our maximal Fourier integral
theorem. To make this clear we shall need the following two well-known results.
The first is Morse’s lemma with parameters (see [4, Vol. III, pp. 502-503]) while
the second lemma is a standard result from stationary phase (see [4, Vol. I, pp.
216-219]).

LEMMA 2.1. Let g(z,y) (z € R™,y € R™?) be a real-valued smooth function
in a neighborhood of (0,0). Assume that (V,f)(0,0) =0 and that the matriz A =
(02 £(0,0)/3z;0z) is nonsingular. Then the equation (V,f)(z,y) = 0 determines
in a neighborhood of 0 a C* function z(y) with £(0) = 0. Furthermore, we have in
a neighborhood of (0,0)

f(z,y) = f(z(y),y) + (Az,2),
where z is a C*® function of (z,y) and the Jacobian matriz (9z/9z)~! has bounded
CWN) norms for each N and every (z,y) in this neighborhood of (0,0).

LEMMA 2.2. (a) Let u € ¢®(R") and f € C®(R"). Then for A > 0 one has

/u(z)ei’\f(z) dz| <C Z sup(|D%u||V f]l*I=2k),

loa|<k

/\k
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(b) Let A be a real symmetric nondegenerate matriz. Then we have for every
integer k > 0 and integer s > n/2

‘ / u(z)eMAT2)/2 g — (det(AA/Qri))”l/sz()\)'

< Cri|det(A™H/AM2HE N~ ||D%| e,

|a|<2k+s
where
k—1 . A
Te(A) = Y _(200) 77 (A™1D, D) u(0)/4!.
7=0

We are now ready to prove Proposition 2.1. We recall that (82h(t, z;y')/ 9y, 0ys)
is nonsingular when (') # 0. Therefore we can apply Lemma 2.1 to the function

(w, (¥, bt 23))),  we ST,
in a neighborhood of w =wg, t =0, =0, y' =y if
Y(yo) #0 and Vi ((wo, (¥, h(t,2,;9")))) = 0.
Furthermore, since ¢ has compact support, one easily sees from Lemmas 2.1 and
2.2 that one can rewrite v as a finite sum ¢ = Z;-V:l ¥;, where ¢, € C°(R™1)

and where the 1; have small enough support that for (¢, z) near (0,0) we can obtain
a favorable expression for

(2.4) Q;(t;x, ) =/ 2™ HEW R ETY D)y (1) dy'.
Rn-1
More precisely, there must be a 6 > 0 so that if 0 < ¢, |z| < 6 and if each ; is
supported in a ball of radius § then for || > 1
(2.5) Q,(t;z, &) = 920 q (8 2, €),

where ¢; and a; are smooth on {(¢,z,€): 0 < t, |z| < 6, || > 1}, ¢; is real and
homogeneous of degree one in £ and a; satisfies the estimate

(8/06)5(D2)(D2)a, (6 7, )] < Cle|~(=/2-1,
whenever €| > 1, 0< ¢, || <8, k<1, and |af,|8] < n+3.
To apply this we notice from (2.3) that
@7 (M f)(z Z [ F€10, 2.6 tem)e 7= e,

where )
My(¥n) = (€7 /T(7/2)lyn| =+ "n(yn).
It is well known that ., is C* and
(d/ d€a)* 11 (€x)] < Coie(1 + |€n )~ RED 7K,

Consequently, if Re(y) > 1 — n/2 and if x € C°°(R"™) has the property that
x(§) =0if [¢| <1 and x(§) =1if [¢] > 2 then

(28) 10/ (D)DHx(€)a; (62, )iy (€n)] < Cle|~H/27e7 W
for some € > 0 whenever 0 < ¢, |z| <6, k<1, and |af,|B] <n+3.
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From (2.8) and Theorem 1.1 one sees that if
29)  (@N@ = [ HEx(tea, bz i 1)t 6O~ de,
then there must be a tg < § so that

sup |(T}f)(z)|
0<t<to

(2.10) < Clfllzrey-

L2(B(0,6/2))

Furthermore, since for 0 <t < 4, 0 < |z| <6,

/ (€)1 = X(t€))9(t: 7, 1) (t€)e™ 2™ de| < CF*(2)

(where as before f* denotes the Hardy-Littlewood maximal function), one concludes
from (2.7)-(2.10) that

sup |(M{ f)(z)]
0<t<tg

< ClfllL2mny,
L%2(B(0,6/2))

whenever Re(y) > 1 —n/2.
This finishes the proof of Proposition 2.1 which in turn finishes the proofs of
Theorems 2.1 and 2.2.

3. The Cauchy problem for strictly hyperbolic operators of order
m = 2. Before stating our results for operators of order two it will be convenient
to review the properties of strictly hyperbolic operators which will be needed in the
next two sections. We shall study the Cauchy problem for R’j_‘“:

Lu=

(3.1) at_—, (O ) = 0<j<m-1,
om- 1
ot (0,2) = J(z),

for certain operators L of the form

am m—1

= o ZA,,, 5(t, 8’)atz'

Here A,,_; is a differential operator of order m — 7 with smooth coefficients which,
for simplicity, we assume to be constant off of a compact set. If A,,_; has the top
order symbol A,,_; then the principal part of L, L,, has the symbol

Ln,(t,z,7,€&=1" EA_]ta:E

DEFINITION 3.1. L is said to be strlctly hyperbolic if for each zo € R™, tg € R,
and ¢ € R™\0 the roots of the polynomial in 7, L, (to, Zo, 7, £) are real and distinct.
EXAMPLES. The wave operator 82/9t? — 57, 8?/dx? is a second order strictly
hyperbolic operator Also, the operators of crystal optlcs m R2 whose symbol is
given by L(r, €) = 4 — r2¥(€) + [¢[?®(¢), where ¥(€) = T5_, (1€|* - €7)/0; and
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(&) = €2 /0203 + €3 /0103 + €2 /0104 for the appropriate constants o relating to
the medium of the crystal in the axial directions, are examples of strictly hyperbolic
operators of order four (see e.g. [2]).

Since we want to obtain a result for operators with variable coefficients it is
convenient to recall the notion of the domain of dependence for solutions of (3.1).
This allows us to place a natural condition on the coefficients which guarantee the
existence of a favorable representation (for small enough t > 0) of the solutions
u(t, z) of (3.1).

DEFINITION 3.2. Given (tg, o) € R'}r“ we say that 1 C R" is a domain of
dependence of (tg, o) for the Cauchy problem (3.1) if whenever f € C§°(R") has
the property that f = 0 on 2 then u(tg,zo) = 0.

Since the domain of dependence of (to, zo) is related to the “timelike directions”
at (to,zo) we also recall the following definition.

DEFINITION 3.3. V € R™*! is said to be a timelike direction for the strictly
hyperbolic operator L at (to,zo) if the equation

Lm(tO’anX + TV) =0

has m distinct roots 74,...,7,, whenever X is not proportional to V.
Next we note the following well-known result (see e.g. [11, p. 81]).

LEMMA 3.1. Suppose that L is strictly hyperbolic. Then if for every (to,zo) €
R the vector (vp,v) € R™! (v € R™) is timelike whenever
vl

3.2 L <ot
32 vo] = 0

it then follows that (to, zo) has the bounded domain of dependence B(zq, Coto).

The operators which we shall consider will all satisfy (3.2). This is a mild
condition for the coefficients which is satisfied for instance if the coefficients of the
operator L are constant outside a compact set.

Since we want to study the convergence properties of solutions to (3.1) along
curves we make the following definition.

DEFINITION 3.4. We say that s — ~(s,z) is a smooth family of nontangential
curves if the following conditions are met:

(i) v is in C*°(R™*!) and has bounded derivatives.

(i) 7(0,2) = (0,z) and 7(s,z) € R}t if s > 0.

(iii) If we write 0v/9s = (7g,71,---+7,) then there is an absolute constant C
for which

(3.3) (V110 < C

REMARK. It is necessary to place some sort of nontangency condition on the
approach curves if one hopes to have u(~(s, z))/(v0(s,z))™ ! tend to a multiple of
f(z) a.e. s = 0 for f € LP. (Here we have written v = (y0,71,---,vs).) In fact, if
L = 0?/0t? —9?/0z? is the wave operator for R? then solutions for (3.1) are given
by

ult,z) = / e+ ) dy
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and so a classical theorem of Littlewood implies that if 4 is a curve in R? with
~(0) = 0 and ~4(0) = O then there are g € LP(R) (1 < p < oo) for which
u((0,z) + ¥(s))/70(s) does not tend to a limit for almost every z.

Having dealt with these preliminaries we finally are ready to state the following
well-known result for small time solutions of (3.1) (see e.g. [12, pp. 308-313] and
(2, pp. 215-221]). This lemma will allow us to use our maximal Fourier integral
Theorem 1.1.

LEMMA 3.2. Let the strictly hyperbolic operator of order m > 1 acting on
R™t1 n > 1, be as above and assume that L satisfies (3.2). Then there is aty >0
30 that for 0 < t < tg the solution u(t,z) of the Cauchy problem satisfies

m—1
(34) u(t,x)/tm =) / f(©)ak(t;z, te)e 2l Ortoltndl g + (Rf) (¢, 7).
k=0

Here ¢i(t;z,€) and ak(t; z, ) are smooth on (0,t0] X R™ x R™\0 and ax(t;z,£) =0
if |€] £ 1 and ay, satisfies (1.2) with§ = m—1. Also ¢(t; z, €) is real, homogeneous
of degree one in £ and satisfies

(3:5) |(8/08Y (DZ)(DF)w(t;2,€)| < C

if 1€l =1, 7 £ 1, and |a|,|8] £ n+ 3. Finally the remainder term satisfies the
estimate

(3-6) I(R)(t,2)| < C/t‘"(l +l(z=y)/th™" S () dy.

We remark that one can only in general get the formula (3.4) for a small range
of t since “the phase function” (z, ) + té(t; z, €) satisfies a nonlinear differential
equation—the so-called eikonal equation.

We now focus our attention on the case where m = 2. We have finally developed
the necessary background to state and prove the main result of this section.

THEOREM 3.1. Let~(s,z) = (Y0(8,2),...,(s,x)) be a smooth family of non-
tangential curves in R™t1, n > 1. Also let L be a second order strictly hyperbolic
operator as above which satisfies (3.2). Then if f € LY (R™), 2n/(n+1) < p, the

loc

(weak) solution u(t,z) of the Cauchy problem (3.1) satisfies
3.7) u(7(s,2))/0(s,2) = cy(2)f(z) ass— 04

almost everywhere; the smooth function c(z) is given by

c(2) = [(070/05)(0,2)] "
PROOF OF THEOREM 3.1. In order to prove (3.7) it is enough to show that
there is an sp > 0 so that if 2n/(n +1) < p < 2 then

(3.8) < CollfllLe(mn)-

LP(R"™)

o Sup. lu((s,2))/70(s, z)|

In fact since L has bounded domain of dependence, (3.7) will follow from (3.8)
by a standard limiting argument which uses the fact that (3.7) holds for (say)
f€C(R™).
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To prove (3.8) we let 1 < k < 2 and put
6’(3; T, 6) = ak(70(3)x); :7(3v 1)7 (70(31 z)/s){),

3.9 -
B9 (si2.) = (006, 2)/5) - Ber0(8, 2505, 2), €)  (3(5,2) — 2/ ).

where ¥(s,z) = (71(8,2),...,7(s,z)). Also, set
(Muf)(a) = [ e mlne1s3tonla(s; 2z, 6) e

Then since j(s,z) = z + E(s, ), where E is smooth and |E(s, )| < Cs one sees
from (3.4) and (3.6) that it is enough to show that there is an sq > 0 for which

sup |(M,f)(z)]

0<s<sg

(3.10)

< GCpllfllerny, P >2n/(n+1).
Lr(R"™)

To prove this inequality we shall use interpolation. For this purpose define for
complex ~

(M7 f)(z) =€ / f(&)lse"a(s; 7, se)e2mlmOFsb(si ] g,

Then it is clear that (3.9) follows via an analytic interpolation argument from the
following two lemmas.

LEMMA 3.3. IfRe(v) < 1/2 there is a constant C which depends only on Re(~)
such that for some sqg > 0 one has

sup |(M] f)(z)|
0<s<sgp

< CllfllLzmn)-
L2(Rn)
LEMMA 3.4. Let ~y satisfy Re(y) < —(n— 1)/2. Then there is an sg > 0 and a
constant Cp, depending only on p and Re(v) for which

sup |(MJ f) (<)l

< CpllfllLe(rny> 1<p<oo.
0<s<sp

LP(R"™)

To verify Lemma 3.3 we recall that v(z, s) is a smooth family of nontangential
curves. One easily sees that this implies that ¢ satisfies (3.5) and also implied that
e’ |€[Ya(s; z, €) satisfies (1.2) for some 6 > 1/2, and so Lemma 3.3 follows from
Theorem 1.1.

By the Hardy-Littlewood maximal theorem in order to prove Lemma 3.4, it
suffices to show that for some sg > 0 there are constants C as in Lemma 3.4 so
that if Re(qy) < —=(n —1)/2 and 0 < s < s then
(3.11)

U e mil(e=0). s (sim 017" |53 (5 2, 56) dE| < C5~(1 + |(z — y)/s]) ™"
When n = 1 this inequality follows easily by integration by parts since in this

case |€|7a(s; z, €) is in L!(R, d€) uniformly. Therefore, we assume that n < 2 from

now on.
But by (3.9)

(Z -Y E) + 3&(3; z, E) = <(5’(3a 1) - y)a 6) + ’70(33 z)d’k('YO(s, III); ’7(8, .'E), §)a
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and therefore since ~ is nontangential it is enough to prove the inequality where in
(3.11) we replace sd(s; z, €) by Yo(s, z)dk(70(s, 2); 4(s, z), £). The latter function is
homogeneous of degree one in . Moreover, since ¢y satisfies the eikonal equation
(see e.g. [1, pp. 49-50]) it is well known that there is a o < 0 so that the following
two properties hold when n > 2.
(i) If 0 < t < to then @i (t; z, €) is either positive or negative for all £ € R™ \ 0.
(if) If 0 < t < to then for every (t,z) the hypersurface

{€: d(t;z, ) = £1}

is convex and has the property that its Gaussian curvature is always bounded below
by some positive number.

Finally, the above remarks and a change of scale argument will show that (3.11)
is a consequence of the following lemma.

LEMMA 3.5. Suppose that ®() € C®°(R" \ 0), n > 2, is homogeneous of
degree one, positive on R™ \ 0 and that the surface S = {€: ®(€) = 1} is convex
with Gaussian curvature bounded below by co > 0. Also assume that b(§) € C*°(R"™)
has the properties that b(€) =0 for |€] < 1 and

|D*b(€)| < Colg|~(nH1)/2=elel la| < n+3.

Then one has the inequality

/ b(£)eil(= O +2(O)] e
Furthermore the constant C' depends only on ,Co,Co and the upper bounds of the
derivatives of order <n+3 of ® on S™L.

PROOF OF LEMMA 3.5. Let I(z) be the left-hand side of (3.12). Then if do is
the induced Lebesgue measure on S, a change of variables implies that

/oo p(nt1)/2-¢ {/ Y(r,n)e?™rEm da(n)} " dr
1 s

where 9(r, ) is in a bounded set of C*°(S). Therefore since S is convex, stationary
phase implies that (see e.g. [4, Vol. I, p. 228])

z)l <C/ —(n+1)/2— €|937'| (n=1)/2,n— ldT—C'|x| (n-1)/2

(3.12) < C(1+ |z~ !

()] =

bl

Also, if |z| is small enough then |V {®(&) + (z,£)}| < ¢ and so an integration
by parts argument would give |I(z)| < C for such z. Consequently, we have now
shown that |I(z)| < C for some C < oo.

To obtain the estimate for large z, we notice that if z is large enough one has
|Ve{®(€) + (z,€)}| < c|z| and so another integration by parts argument will show
that |I(z)| < C|z|~"~! for these z.

This completes the proof of Lemma 3.5, and consequently finishes the proof of
Theorem 3.1.

4. The Cauchy problem for strictly hyperbolic operators of order
m 2> 3. In this section we stick to the notation of the previous one and our main
result is the following.
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THEOREM 4.1. Let(s,z) = (70(s,z),- .., (s,)) be a smooth family of non-
tangential curves in R"*!, n > 1. Also let L be a strictly hyperbolic operator of
order m > 3 as above which satisfies (3.2). Then if f € L} (R"), the (weak)
solution u(t, ) of the Cauchy problem (3.1) satisfies

(4.1) u((s,2))/(0(8,2)™ ™ = ¢4(2)f(2) ass— 04

almost everywhere; the smooth function c, 1s given by

cy(2) = {(m = 1)![(870/95)(0,2)]™ 1} .

In view of Lemma 3.2, Theorem 4.1 follows from Theorem 1.1 by obvious modi-
fications of the L% arguments of the previous section which we leave to the reader.

REMARKS. (i) The analogue of Theorem 4.1 for operators L of order m = 1 is
false. In fact, consider the case where n = 1 and the strictly hyperbolic operator L
is given by L = 9/dt — 3/0z. Then the Cauchy problem Lu =0, u(0,z) = f(z) is
solved by putting u(t,z) = f(z +t) and so clearly (4.1) cannot hold for L2 .

(i) If one uses an interpolation argument similar to that of the previous section
one can prove that for m > 3 there is an € = €,, , > 0 so that whenever L is as in
Theorem 4.1, it follows that (4.1) holds for f € LY (R™), p > 2 —¢e. This method,
however, does not obtain sharp results and it seems that finding an analogue of
Theorem 1.1 for 1 < p < 2 would be a better approach.

(iii) If instead of (3.1) one considers the modified initial value problems

Lu =0,
(3.1.0) (07u/ot7)u(0,z) = 0, 0<j<l<m-—1,
(9'/0t)u(0,2) = f(z)

(note that the derivatives of order | < 5 < m — 1 have not been specified) then if
f € L (R™) there is a (weak) solution u(t, z) of (3.1.0) for which

loc
(4.2) u(t, z)/t' — f(z)/1!

almost everywhere (and also the analogue of (4.1) holds for nontangential curves).
In fact, there is a solution u(t, z) for which the analogue of Lemma 3.2 holds except
that for this solution the amplitudes ay(t; z, ) will only satisfy (1.2) with § =1—1
(see e.g., [12, pp. 308-313]).
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