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ON THE INITIAL-BOUNDARY VALUE PROBLEM
FOR A BINGHAM FLUID IN A THREE DIMENSIONAL DOMAIN

JONG UHN KIM

ABSTRACT. The initial-boundary value problem associated with the motion
of a Bingham fluid is considered. The existence and uniqueness of strong
solution is proved under a certain assumption on the data. It is also shown
that the solution exists globally in time when the data are small and that the
solution converges to a periodic solution if the external force is time-periodic.

0. Introduction. The purpose of this paper is to establish the existence of
strong solutions to a variational inequality which describes the motion of a Bingham
fluid in a bounded three dimensional domain. A Bingham fluid is a rigid visco-
plastic fluid which is governed by a special constitutive law such that it moves like
a rigid body if a certain function of the stresses does not reach the yield limit and
it behaves like a viscous fluid when the yield limit is reached. Since the motion
is governed by two entirely different stress-strain relations depending on the state
of stresses, the conservation of momentum is expressed in terms of a variational
inequality so that one can avoid the difficulty of separating the fluid zone and the
rigid zone.

The initial-boundary value problem we shall study is formulated as

<8u —u>+a(u,w—u)+b(u,u,w)+J(w)—J(u)

(0-1) T

> (fw—u) in(0,T),

for each test function w such that V-w =0 in Q and w = 0 on 91,

(0-2) V.ou=0 inQx(0,7),
(0-3) u=0 ondx|[0,T],
(0-4) u(z,0) = up(z) in .

Here, () is a bounded domain in R® with smooth boundary 812, u(z,t) denotes
the velocity of the fluid and f(z,t) stands for external force. We assume that the
density, the yield limit and the viscosity are positive constants. In particular, the
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density is taken to be one. We employ the notation

3
a(u,w) = Z 2u/QD,-]-(u)D,-J-(w) dz, 1 = viscosity,

1,7=1
1 /0u; Ouy
Dii(u) = - d J
(¥) (u) 9 (81‘]' + 81‘1) )

J(u) =2g / D (u)'/? dz, g = yield limit,
0

1
DH(U) = 5 Z Dzy(u)27
2,7=1
3 v,
b(u,v,w) = / u; —w; dz,
iJZZI Q ]Bz]-

3
(f.h) = ; /ﬂ fihs da.

Duvaut and Lions [3] gave a detailed derivation of (0-1) and proved the existence of
weak solutions of (0-1) to (0-4). They [2, 3] also obtained more regular solutions in
a two dimensional domain. For a variant of Bingham fluid, Naumann and Wulst [9]
established the existence of the same kind of regular solutions in a three dimensional
domain through a different method. They [9] assumed that the initial data belong to
a special class of stationary states and essentially used the assumption of “averaged
nonlinear viscosity.” Our model described by (0-1) does not satisfy this assumption
and the result of [9] cannot be applied.

In this paper we prove the existence of local solutions of (0-1) to (0-4) which
are similarly regular under the same assumptions on the data as in [9]. Since (0-1)
reduces to the Navier-Stokes equations when g = 0, we are tempted to utilize the
known techniques of analysis for the Navier-Stokes equations. The main task is to
deal with the functional J(-) properly. When the space domain has a boundary,
the Laplacian does not commute with the projection operator (onto the divergence
free vector fields) and this is a major obstacle to taking advantage of the convexity
of J(-) in obtaining the regularity in the space variable. For a domain without
boundary, some known results for the Navier-Stokes equations have been shown to
be valid for (0-1) (see Kim [7] and Renardy [10]). The method in [7] obviously
fails in the present problem for the reason mentioned above. A different idea is
to express the regularity in the space variable in terms of the time derivative with
the crucial help of the LP-theory of the Stokes operator due to Cattabriga [1] and
Giga [5, 6]. Then the basic energy inequality used by Duvaut and Lions (3] for
a two dimensional domain can be still used for a three dimensional domain to
derive useful estimates. For this procedure, we have to analyze a certain class of
stationary states in detail and also have to regularize the orginal problem so that
the manipulation to get estimates can be justified. Finally, we also obtain global
solutions and time-periodic solutions under the assumption of small data. This can
be done fairly easily once we establish the basic estimates for the local solution.
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1. Notations and preliminaries. Throughout this paper, ¢ is the time vari-
able, £ = (z;,z9, z3) is the space variable and we employ the notation

d d .
3 al—azi, 1=1,2,3.

For a = (a1, a2,03), 0% = 07! 052052, |a| = a1 +as+as, A = Z?=1 92, V=
(01,02,03).

For v € [LX(Q)%, [lv]| = (v, 0)'/2.

When E is a Banach space other than [L2?(f2)]3, its norm is denoted by || - |-
We shall use a regularized version of J(-):

Je(v) :2g/n(E+Dn(v))1/2da:, e>0.

8t=

We introduce the function spaces
$={¢€(C&OP:V ¢ =0},
Wmr(Q)={ve Ll (): 0% € L"(1),1 < |a| < m},
Wy " (Q) = the completion of C§°(Q) in W™ (Q2),

/ 1 1
W~™"(Q) = the dual of Wj™", where Sto= 1, 1<r<oo,

X, = completion of § in [L"(Q)]3.

We let P, denote the projection from [L" (£2)]® onto X, and write the Stokes operator
as A, = —P,A with the domain

D(4;) =W ()P nWe " ()P N X,

When r = 2, we also write P = P, A = A,. Giga [5] proved that —A, generates a
bounded analytic semigroup in X,, 1 <r < oco. For0<® < land1< r < oo, A®
is well defined and its domain D(A®) is equipped with the graph norm. Giga [6]
also showed that for 0 < © <1, 1 < r < 00,

(1-1) D(A?) = D((-A/)®) N X,

where A, = A with the domain

(1-2) D(=ar) =W (@F n Wy ().
Fujiwara [4] showed that for 1/2r < © < 1,

(1-3) D((-A,)®) = {v e [¥2®7(0)]%: v =0 on AN}

where ¥2€:7(0) is the space of restrictions to Q of the Bessel potential ¥2€:7(R3).
Since ¥17(Q) =W (Q), 1 <r < oo,

(1-4) D(A;%) = Wy " ()P N X,.

As a simple consequence of Theorem 1 of Giga [5], we can derive

LEMMA 1.1. Let1<r < oo and 0 < © < 1. Then, for every v € D(A?) and
A>0,

_ C
(1-5) (AT + Ar)~ Mol paey < X””“D(A,e),
where C is a positive constant independent of \.

In fact, this will be used in the following special version.
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LEMMA 1.2. Suppose that v and h belong to [Wy'" (Q)]°N X, and that for some
scalar function p and positive constant ¢,
(1-6) v—eAv+Vp=h
holds in the sense of distribution in Q). Then we have
(1-7) ol r ys < Cllallwa @y
for some positive constant C independent of € and h.

We shall also need a theorem of Cattabriga [1] in the following form (see Temam
(12]).

LEMMA 1.3. Let he€ [W=17(Q)]3, 1 < r < co. Then, there are unique func-
tions v and p (unique up to a constant) which are solutions of

(1-8) —-Av+Vp=h inQ,

(1-9) V-v=0 1inQ,

(1-10) v=0 on0f),

such that v € Wy ()3, p€ L(Q) and

(1-11) [0l or (s < CllAllw -1.r s
We shall employ the eigenfunctions of A;

(1-12) Apn = Apen  in Xo,

where 0 < Ay <A <--+, A\ — 00 as n — 00, and

(1-13) (Pn, Pm) = bnm.

Using these eigenfunctions, we define for s € R,

oo oo
(1-14) Vs = {v:Zangon: aneR,Zafﬂ\; <oo}

n=1 n=1

equipped with the norm

. 1/2
(1-15) lvllv, = (Z a?ﬁ\i) :
n=1

It is known that Vo = X3, Vi = W 2 ()P N Xy, Vo = W22(Q)PR N W (Q)P N
Xa, V4 = {v € Va: Av € V,}, and, for each s > 0, Vy, C Vy C V_s and
Vs, V_sli/2 = Vo

Finally we list some properties of J.(-). The Gateaux differential of J,(-) is given
by

3
(116)  Gwhw) =g [ 3 e+ Dnlu) "Dy (u)Dy (w) de

13=1

for each u,w € [W&’2(Q)]3, where (, ) is the duality pairing between [W01'2(Q)}3
and [W~12(Q2)]3. This can also be interpreted as the duality pairing between V;
and V_; when u and w belong to V. It is easily seen that J/(-) is hemicontinuous
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and bounded as a mapping from [W,(2)]? into [W ~12(2)]3 and also as a mapping
from V; into V_;. Since J.(-) is convex, J{(-) is monotone and consequently, for
every u € L2(0,T; [Wy'?()]3) such that 8,u € L%(0,T; Wy 2 (Q)]3),

(1-17) (0eJ¢(u), Bru) > 0
holds for almost all t € [0, 7).

2. Stationary states. We shall consider a special class of stationary states of
(0-1), (0-2) and (0-3): § is the set of all v € V; such that for some h € [L%(Q)]3,

(2-1) a(v,w —v) + b(v,v,w) + J(w) — J(v) > (h,w — v)
holds for every w € V;.
PROPOSITION 2.1. § C [W,®(Q)]® and for each v € §,
(22 Iollwg s(aps < CIRIE +C
where h is a function corresponding to v in (2-1) and C denotes positive constants
independent of h.

PROOF. Choose any v € § and let h correspond to v in (2-1). Setting w =0 in
(2-1), we obtain

3
(2-3) Y llawv]* < C|A|?

1=1

where C is a positive constant independent of h. Next we define g = h-ij:l v;0;v.
Then, ¢ € [W~13(Q))® since L2(Q2) ¢ W~13(Q) and W12(Q) c L8(). Further-
more, by (2-3),

(2-4) lgllw -1aaye < CUIRI + [IA]1%)

for some positive constant C. We also define the operator A, from V; into V_,
such that for each u, w € V7,

(2-5) (/\e u,w) =a(u,w) + (JL(u),w),

where ( , ) is the duality pairing between V; and V_;. It is easy to see that for
u,w €V,

3
a(u,w) =p Z(Bju, ojw).
71=1

Since J¢(-) is monotone, bounded and hemicontinuous, so is A,.. Moreover,

(Aeww)

(2-6) £~ 500 as|uly, — oo.
o, il

Hence, according to Theorem 2.1 of Lions [8], there is a functions v, € V;, such
that

(2-7) (/\e Ve, w) = (i*q,w) for all w e Vy,
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where i* is the adjoint of the continuous embedding ¢ from V; into [W, 3/ Q).
Now (2-7) implies that for some scalar function pe,

3

(2-8) —plve — gy 8;{(e + Dn(ve)) /2 Dij(ve)} + Vpe = ¢
7j=1

holds in the sense of distribution in (2. The second term represents a R3-valued
function in terms of its ¢th component. By virtue of
(2-9)

(€ + Dn(w)) 2Dy (w) ||y < V2, 4,5 = 1,2,3, for all w € [Wy*(Q)]°,

we can use Lemma 1.3 to derive
(2-10) el s qys < Cllgllw-13@ys +C

where C denotes positive constants independent of €. In the meantime, (2-7) also
implies that for every w € V1,

(2-11) a(ve, w — Ve) + Je(w) — Je(ve) = (17g, w — ve).

We can extract a subsequence still denoted by {ve} such that v, — u weakly in V;
and [Wg3(Q)]3 for some u € V; N W, 2(2)]3, which also satisfies

(2-12) a(lu,w —u) + J(w) — J(u) 2 ("¢, w — u)

for every w € V). By the uniqueness of solution of (2-12), u = v and, by (2-4) and
(2'10)7

(2-13) loll s aye < CLUIRI+ IR} +C
where C denotes positive constants. Now we find that ¢ € [W~16(Q)]3 since

L2(Q) c W=16(Q2) and Wy*(Q) € L7(Q), for any 1 < r < oo.
Furthermore, (2-13) yields

(2-14) 1Qllw-16(0)2 < ClIR|I* +C

where C denotes positive constants. With the aid of (2-9), we can repeat the above
argument to arrive at v € [Wy°(Q)]® and (2-2).

REMARK 2.2. Even if v € S, v may not belong to §G. An example in a two
dimensional domain was given in [7].

PROPOSITION 2.3. § is dense in V;.

PROOF. Since J(-) is a continuous convex functional in [Wy'*(Q2)]3, its sub-
differential 8J (u) is not empty for each u € [W,?(Q2)]3. Choose any u € V; and
8 > 0. Then, there is ¢ € 8J(u) in [W~12(Q)] such that

(2-15) J(w) — J(u) 2 (Y,w —u)
for every w € [W, 2(02)]3 where ( , ) is the duality pairing between [WOI’Q(Q)]3 and
[W—12(Q)]3. Thus

3
(2-16) 7 Z(Oiu, 0w — du) + J(w) — J(u) > (¢, w — u)
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holds for every w € [W;'%(Q2)]® where ¢ = 9 — pAu € W-12(Q)]® ¢ V_;. In
particular, (2-16) holds for every w € V; and (, ) can be interpreted as the duality
pairing between V; and V_;. Now we can find ¢* € [L?(2)]® such that

(2-17) llg = q* llw-12q)e < 6.

By the same argument as in the proof of Proposition 2.1, it can be shown that there
is v € Vy N Wy %(Q)]3 satistying

3
(2-18) 1Y (050, 0w — 8v) + J(w) — J(v) > (g%, w — v)

1=1
for all w € V;. Now it follows from (2-16), (2-17) and (2-18) that
(2-19) lu —vllv, < Cllg — g*llw-1.2(q)s < C6

for some positive constant C independent of §. Since E?:l v;0v € [LE(Q))3, v
satisfies (2-1) with h = ¢* + Z?:l v,;0;v € [L2(Q)]3.

PROPOSITION 2.4. Let v € G be given with the corresponding h € [L2(Q)]3.
Then, for each € > 0, there are v; € V4 and he € [L2(Q)]2 such that

3
pAve + peA?v, — sz 2i{(e + Dn(ve))_l/zDij(ve)}
(2-20) , 7=t
+ P> ve;0,ve = Phe
i=1
holds in Vy and such that ve — v weakly in Vy, he — h weakly in [L%(Q)]® ase — 0
and
(2-21) llBell < ClIRI+ [IRI?) IRI* + C)
where C' denotes positive constants independent of € and h.

(In the third term of (2-20), the projection operator is applied to a R3-valued
function which is expressed in terms of its ith component.)

PROOF. Define g = h — ij:l v;0jv. Then, g € [L%(Q)]® by Proposition 2.1.
We then consider a mapping A, from V; into V_5 such that for each u,w € V;

3
(/\E u, w) =u Z(aju, 0;w) + pe(Au, Aw)
(2-22) =
+0 3 [(e+ Duw) 2Dy (w)Dyy(w)da
1,7=1
where (, ) is the duality pairing between V, and V_5. As in the proof of Proposition
2.1, A, is hemicontinuous, monotone and bounded such that

(2_23) (/\e U, U)

— 00 as |ully, — oo.
l[ellv, ’
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Thus, there is ve € V, such that

(2-24) (A, verw) = (a.w)
for every w € V,. It follows from (2-22) that
(2-25) pe(Ave, Ady) = (9, ¢,) for each n,
where
3
e = pAve + gzaj{(s + DH(UE))—I/QDU('UE)} tge€ [L2(Q)]3'
j=1

If an = (ve, dn) and b, = (D¢, dn), (2-25) yields

(e o)
(2-26) Z aZ )i < oo,

n=1

since Y7 | b2 < co. Hence v, € V4, which implies Av, € V,. In the meantime, we
derive from (2.24)
lvellv, < Cllglw-1.20) < Cllgllw =130

SC(IRI+1IRI?), by (2-4),

where C stands for positive constants independent of ¢. It also follows from (2-24)
that there is a scalar function p, such that

(2-27)

3
(2-28) —BA(ve +€Ave) — g Z 9;{(e + Dn (ve))_l/zDij(ve)} +Vpe =¢q
J1=1
holds in the sense of distribution in ). Let us write G, = v, +€eAv.. Then G, € V,
and, by Lemma 1.3,

IGellw ey < Cllallw-1.eays +C
<Cnl* + ¢,

where (2-9) and (2-14) have been used and C denotes positive constants independent
of €. Now, for some scalar function 7,

(2-29)

(2-30) Ve — €AV + Vp: = G,
holds in the sense of distribution in 2. With the aid of (1-7) and (2-29), we derive
(2-31) Ivellweayps < CliGellpya oy < ClIRI +C,

where C denotes positive constants independent of e. It follows from (2-27) and
(2-31) that

3

(2-32) ||} ve;850e|| < C(III + [|RIA)(CIIRI* + C) < C(IIRI + [RIP) (IR + C),
=1
where C denotes positive constants independent of €. Meanwhile, we can extract
a subsequence such that ve, — u weakly in V; and strongly in [L2(Q)]® as ex — 0
for some function u € V;, which satisfies
3

(2-33) Y (05u,0;w — dju) + J(w) — J(uw) > (g, w — u)

J=1
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for every w € V;. By the uniqueness of solution of (2-33), u = v. Consequently,
ve — v weakly in V; and strongly in [L2(Q2)]® as € — 0. We next write

3
(2-34) he =q+ ) ve;0;v.
=1

Then it is evident that k. — h weakly in [LZ(Q2)]® and (2-21) holds.

3. Local existence. Our definition of solution is

DEFINITION 3.1. A function u(z,t) is called a solution of (0-1) to (0-4) if for
some T > 0, u € L?(0,T;Vy), 0u € L2(0,T;V_1), u(z,0) = uo(z) and for almost
all t € [0, T, (0-1) is satisfied for all w € V;.

The main result is

THEOREM 3.2. If
uw(z)€ g, [eC(0,T);[L*Q)®) and 8.f € L2(0,T;[W-12(Q)]%),

then there is a unique solution u(z,t) of (0-1) to (0-4) on an interval [0,T*], 0 <
T* <T. Furthermore,

(3-1) uwe L®(0,T; Vi N [Wyt(Q)]?),
(3-2) deu € L2(0,T*; V1) N L™®(0,T*; Vo).

We shall outline the strategy of proof. We first set up a regularized problem
with parameter ¢ > 0 associated with (0-1) to (0-4), and obtain solutions which are
so regular that the manipulation to obtain energy estimates can be justified. We
then obtain sufficient energy estimates independent of € > 0, for which the results
of Cattabriga [1] and Giga [5] are crucially used. Finally we pass € — 0 so that the
limit provides a solution of (0-1) to (0-4).

3.1. Regularized problem. As above, we suppose that

u(z) € g, f€C(0,THL*(Q)®) and 8:f € L*(0,T; W~ 1*(Q)P).

Using ug(z) and its corresponding function h(z), we can construct ug.(z) and
he(z) for each € > 0 according to Proposition 2.4. The assertion for the regularized
problem is

PROPOSITION 3.3. For each € > 0, there i3 a scalar function p.(z,t) and a
unique function uc(z,t) such that

3

Orue = plAuc + peAAuc + g 9;{(¢ + Dni(uc)) /2 Dij(uc)}
(3-3) \ 7=t
= > ue;0jue + Vpe + f, in Q% (0,T),
j=1
(3-4) ue(z,0) = uge(z) in Q,
(3-5) ue € L*(0,T;V4) N C([0,T); Va),

(3-6) dsue € L2(0,T;V2) N C([0, T); Vo).
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PROOF. Fix any € > 0. Let us write by using the eigenfunctions in (1-12),
m
(3-7) Um(2.t) = ) amk(t)ox(2),
k=1

and consider
(BO¢tim, o) + H{Atm, 0k) + He(A%Um, k)

(5 |
+ 0(Um, Um, k) + (Je(um), pk) = (f, o), k=1,...,m,
(3'9) um(z70) = Z(UOE(z)aSOk)SOk'
k=1

We can find am(t) € C1([0,Ty)) such that 0%ami € L2(0,T,), k= 1,...,m, for
some 0 < T,,, < T as solutions of (3-8) and (3-9). By virtue of the inequality
3

|t ||® + Z 105uml|® + pel| Aum |
J=1
Sl llumll - for all ¢ € [0, T,
which follows from (3-8), we can set T, = T and derive, by (3-9) and (2-27),

1d,
(3-10) 2dt

(3-11) lum|| < M for all t € [0,T],
3 T
(312 S [ 0umlde < b,
j=170
T
(3-13) | Mun?de < .
0

Here and below, M and M. denote positive constants independent of m, and M is
also independent of €. Next we substitute Au,, for @k in (3-8):

1d < :

s 3 o IOl el A o e 310 A
(3-14) j=1 Jj=1

< 16t e, At )| + [(JE (), At )| + [(f, Am)|

for all ¢t € [0,T]. The right-hand side can be estimated as
3
(3-15) [b(tum, Um, Aum)| < M||tum]| || Atm]| Z |0; Aum|| for all t € [0,T],

J=1

3

(3-16)  |(JL(um), Aum)| < M > ||8;Aup]| for all t € [0,T], by (2-9).
=1

Combining (3-11), (3-13) through (3-16), we obtain

3
(3-17) > 185umll < M for all t € [0,T],

7=1

3 T
(3-18) 5= [ 10 Aun? de < M.
5=170
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We then substitute A%u,, for o in (3-8):

(3-19)
1d & 2 2
5 2 A2 4+ 4> 110, At 2 + pel| A2
J=1
< 1b(tmy tms A um )| + (T () s A%um)| + [(f, A2um)|
3
< M| At | A2um || Y 1185tml| + Mel| A2um || || Al + || 1| A% um |
Jj=1

for all ¢ € [0, T], which, combined with (3-17), yields

3
d
(3-20) Eliz‘lumll2 + 20 ) 105 Aup|f® + pel| AP [* < Me | Auml|* + Me| /]2,
=1

for all ¢t € [0, T). By virtue of (3-9) and the fact that ugc(z) € V4,
(3-21) At (z,0)|| < M.
Consequently, we infer from (3-13) and (3-20) that

(3-22) |Aum|| < M for all ¢t € [0,T],
T
(3-23) / | A%up, ||2 dt < M.
0

We next differentiate (3-8) with respect to t and substitute d;u,, for oy to derive

3

1d
5 g 10etml® + 1 Y 10;0etum||? + pel| O A
Jj=1

(3-24) < [b(0tum, Um, Ortim )| + (B¢ f, Orum)|

3 3
< Me||8sum|l Y 118;0vumll + M8 fllw -2y D 10;0¢um||

J=1 Jj=1
for almost all ¢ € [0, T'], where (1-17) and (3-22) have been used. Now let us consider
(3-8) at t = 0 after oy is replaced by dium(z,0) to estimate ||O¢urm, (z,0)||:
(3-25)
10¢um (, 0)”2 < pl{Aum(z,0), Orum(z,0))] + /‘5|<A2um (2,0), Orum(z,0))|

+ Ib(u’m(xv 0)7 Um (IL', O)a al.‘um (Z, 0))|

+ [(J (um(z,0)), O1um(z,0))|

+ I(f(xao)a atum(:v’()))"
Again by (3-9) and the fact that ugc(z) € V4, we have
(3'26) ”A2um(za O)” < M€7

and consequently,

(3-27) 1b(m (2,0), (2, 0), Dot (2, 0))] < Me|9sn(3, 0),
(3-28) (T2t (2. 0)), Betn (2, 0))] < Me |0t (2, 0)].
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Now it follows from (3-25) that
(3-29) |0tum (z,0)|| < M,
which together with (3-24), gives

(3-30) |0tum|l < M, for all ¢t € [0,T],
T
(3-31) / 10 A2 di < M.
0

By virtue of (3-23), (3-30) and (3-31), we can extract a subsequence still denoted
by {um } such that for some function u, as m — oo.

(3-32) um — u  weakly in L2(0,T;Vy),
(3-33) Ot — Oyu  weakly in L2(0,T;Vz),
(3-34) Osum — Opu weak* in L*°(0,T;Vy),

form which it follows that

(3-35) Um — u  strongly in L?(0,T;V3)

and hence, by further extracting subsequence if necessary,

(3-36) Um — u strongly in V3, for almost all ¢ € [0, T.
Now it is easily seen that for almost all ¢t € [0, T,

(3-37) (Je(um), ) = (Ji(u), @)

for all ¢ € V,. For the convergence of other terms in (3-8), we can proceed as in
the case of the Navier-Stokes equations (see Temam [12]) to deduce that for almost
all t € [0, T,

(3'38) (Oru, 90) + /‘(Auv @) + ”5(A2u7 ) + b(u,u, ) + (Jé(u), o) ={f, )
holds for all ¢ € Vi, and
(3-39) u(z,0) = uge(z).

Now (3-3) follows from (3-38). In the meantime, (3-32) and (3-33) imply u €
C([0,T);V3) possiby after a modification on a set of measure zero on [0,7]. We
next choose any ¢ € C$°((0,T); V2). It follows from (3-38) that

T T
/ (8{1!,8{(!)) dt = — H/ <AU,6¢1[)> dt
0 0
T T
(3-40) —us/ (Au, atAw)dt—/ b(u, u, 0 dt
7 T
- [ owat [ 0w
0 0

Since d,u € L2(0,T; V) N L*®(0,T; Vo) and 9, f € L%(0, T; [W ~1:2(Q2)]®), we have

T 1/2
< M. ([0 ||w||%2dt) ,

(3-41) /0 " (00w, 0,0) dt
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where M is a positive constant independent of ¢. Hence, we conclude
(3-42) 0u € L*(0,T;V-2),

from which it follows that d;u € C([0,T]; Vo) possibly after a modification on a set
of measure zero on [0,7]. Under the regularity condition (3-5) and (3-6), one can
easily show the uniqueness of u by using the monotonicity of J/(-).

3.2. New estimates and the proof of Theorem 3.2. Let u. be the solution in
Proposition 3.3. We write

(3-43) 7. = ue + cAu,.
Then, (3-3) can be written as
3
ulA ¥ + Vpe = 0yue — QZ 6]'{(5 + DH(ue))_l/QDij(ue)}
(3-44) .,
+ ZUgjaj’U,E —f inQx(0,7T).
j=1

Since u. satisfies (3-5) and (3-6), we find that each term of the right-hand side
belongs to C([0,T); [L%(Q)]®) and % € C([0,T); V1), which implies

(3-45) pe € C([0, T);WH2(1)),
(3-46) 7. € C(0,T): Va).
From (3-44), we can derive
3
(3-47) Y l185ucl® < C(l18suel® + [1£1I?)  for all ¢ € [0,T].
j=1

Here and below, C denotes positive constants independent of €. By (3-47), we have

3

(3-48) D ue;Ojue < Clluellfzeajs < CUIOeuell + 11£11%)
7=t W-13(@)

for all ¢t € [0, T]. With the aid of Lemma 1.3, we obtain from (3-44)

(3-49) 1Zlweegaye < CUBwuell + I1f1l + 10euel® + I1£11%) + C

for all t € [0, T). Here, we again used (2-9) and the fact L2(02) ¢ W~13(QQ). Now
(3-43) implies that

(3-50) Ue — €Aue + Vo = 7

holds for some scalar function p. Since ue and % belong to [Wy'3()]3 N X3 for
each t € [0, T, we can apply (1-7) to obtain
luellwa2@e < CllZlliwe sy

(3-51)
< C(||Bsuel® + |IfI?) + € for all t € [0,T), by (3-49).
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Consequently, we also obtain

3
E uejajue

=1

2
(3-52) S Cllueliwg»aye

< C([|0euell* + /1% +C
for all t € [0, T]. By using (2-9) and the fact L2(Q2) ¢ W~=16((Q2), we can repeat the
above argument to arrive at

(3-53) luellwy ooy < CNIOeuell* +1£11%) +C
for all ¢t € [0,T]. Recalling that 92ue € L%(0,T;V_2) and dsue € L%(0,T;V,), we
can borrow Lemma 1.2 of Temam [12, p. 260] to assert

(3—54) ||3tu5||2 8 Ug,at’U.E)

2dt

in the sense of distribution in (0,7), where ( , ) is the duality pairing between
V, and V_,. Since the right-hand side belongs to L(0,T), |0;uc||? is absolutely
continuous on [0, T]. We now combine (3-44) and (3-54) to deduce

L + 3 10,90

(3-55) =t ,
< Cldef w12 Y 1958suc | + [b(Beue, ue, Bpue)|
7=1
for almost all ¢t € [0, 7.
By virtue of (3-53), we have
3
|b(Brue, ue, Opue)| < CllOvuel| llucllizo=(oe Y 19;0ruel|
j=1
3
(3-56) < CllBeuell el s ¢ ays D 1950sue
=1

3
%Z 19, cue 1 + Clldsuel P (10cuc |1* + 1 £11° + ©)

for all t € [0, T]. Therefore, (3-55) can be written as

3
d
zﬁllatuell2 +u) [10;0.uc|’
7=1
< Cllou S Ifw-1.2¢ays + Clideuel*(19suell® + I/11® + C)

for almost all t € [0,T]. Next we proceed to estimate ||0;uc(z,0)|| by making use of
(3-44). Since each term of (3-44) belongs to C([0,T]; [L?(2)]®) and, in particular,
diue € C([0,T); V), we have

(3-58) 10¢ue(z, 0)| < [[Pf(z,0)l| + | Hell,

(3-57)
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where

3
H. = pAuoe + peA%uoe — Pg y_ 0;{(¢ + Dn(uoe)) ™"/? Dyj(uoc)}
j=1

3
+ PZ uo€j0ju0€.
j=1
Since uge was chosen according to Proposition 2.4, we find
(3-59) |Hel]] £ C  for all € > 0.
Let us write 2. (t) = ||8suc||? so that (3-57) reduces to

(3-60) %ze < B(t) + C122 + Cz2,  for almost all ¢ € [0, T,

where (3(t) € L'(0,T) and C;, C, are positive constants independent of €. It is
obvious that z.(t) is nonnegative and that the right-hand side of (3-60) satisfies
the Carathéodory condition. Thus, we can apply Theorem 16.2 of Szarski [11] to
conclude that there is 0 < T* < T independent of € such that

(3-61) |2e(t)| < C for all t € [0,T™],
which, combined with (3-57), yields

T 3
(3-62) | S ioomdrasc.
0 7=1

It also follows from (3-53) and (3-61)
(3-63) ”“€”[W0"6(Q)]3 <C forallte0,T"].

Now we can extract a subsequence still denoted by {u.} such that for some function
u, as € — 0,

(3-64) ue — u  weak* in L®(0,T*;Vy N W 8(Q))?),
(3-65) Otue — Oyu  weak* in L=°(0,T*;Vp),
(3-66) d¢ue — Oyu  weakly in L2(0,T*;Vy),

which implies
(3-67) ue — u  strongly in L2(0,T*;Vp).

To proceed further, we observe that each u, satisfies

T 3 T
| @t —w e+ 3 [ (00,00~ 0ju0)a
j=1"0
T 3 T
(3-68) +eu / (ue, A% — Auc)dt +Y / (ue;Ojue, ¥) dt
0 j=1 0

T* T
+/0 (Je(z/))-JE(uE))dtZ/O (f,¥ —ue)dt
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for every v € L?(0,T*;Vy4). In the meantime, we note that

T* T" T*
(3-69) lim Je(ue)dt > lim J(ue) dt > / J(u)dt.
0

=0 £—0

Now we find upon passing € —0in (3-68),

T-t 3 T‘
/ (Oru, ¥ —u) dt + uZ/ (0ju, 059 — O;u) dt
0 =10

3 T T -
+,-2:‘1/0 (ujaju,d))dt+/0 (J(w)—J(u))dtZ/o () — ) dt

for every ¢ € L2(0,T‘;V4). Using the fact that Vy is separable and dense in Vi,
we borrow an argument from Duvaut and Lions [3] to conclude that for almost all
te (0,77,

(3-70)

3
(Oru,w —u) + p Z(aju, d;w — d;u)
(3-71) \ =t
+ D (u;0;u,w) + J(w) = J(u) > (f,w —u)
1=1

holds for all w € V;. By making use of (3-64), (3-65) and the fact that u.(z,0) =
uge(z) and uge — ug weakly in Vi, we can easily derive that u(z,0) = ug(z).
Hence u(z,t) is a solution of (0-1) to (0-4). To prove the uniqueness, let v(z,t) be
a solution according to Definition 3.1. Then, we have the inequality

(O¢(u —v),u —v) (u —v),0;(u —v))

M'Mu

(3-72)
<|b(u—v,u,u— v)| for almost all ¢t € [0,T7],

where we have assumed that [0,7*] is the common interval. But, by virtue of the
fact u € L(0,T*; Vy N [Wy%(Q)]3), we have

3
(3-73) lb(u = v,u,u = v)| < Cllu— vl Y [18;(u = )|
71=1
for almost all ¢t € [0, T‘] We now use the Gronwall inequality to derive from (3-72)
that u = v.
4. Existence of global solutions and time-periodic solutions. Our asser-
tion is
THEOREM 4.1. Suppose that ug(z) € G, f € C([0,00);[L%(Q))%) and 3,f €
L>®(0, 00; [W~12(Q)]3). Then there is § > 0 such that if
(4-1) Ifll <6 forallt >0,
(4-2) ||atf”[W“1v2(ﬂ)]3 <é  for almost allt > 0,
(4-3) l[Al] < 6,

>
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where h 18 a function corresponding to ug in (2-1). Then there is a unique global
solution u(z,t) of (0-1) to (0-4) such that

(4-4) u € L®(0,00; Vi N [Wy 8 (Q))°),

(4-5) 8yu € L®(0,00; V) N Liyc ([0, 00); V).

THEOREM 4.2. In addition to the above assumptions possibly with smaller 6 >
0, we also assume that f is n-periodic in time. Then, there is an n-periodic solution
up(z,t) of (0-1), (0-2) and (0-3) such that

(4-6) up(z,t +n) = uy(z,t) for allt € (—o0,00),
(4-7) up € L=(0,m; Vi N W% (Q)°),
(4-8) Bruy € L(0,m; Vo) N L2(0,7m; V7).
Furthermore, the solution u(z,t) of Theorem 4.1 converges to u,(z,t) in the manner
(4-9) sglrt) llu(z, s) — uy(z,)|| < Me=**  for all t >0,
82

where M and )\ are positive constants.
As a preparatory step, we present

LEMMA 4.3. Suppose E(t) is nonnegative, locally absolutely continuous on
[0,T) and
(4-10) %E +VE < C1E°+Cy  for almost all t € [0,T),
where v, Cy and Cy are positive constants. Let 0 < £ < (v/32C))Y4. If Cy < v€/2
and E(0) < &, then E(t) < 2€ for allt € [0,T).

PROOF. Suppose that the assertion is false. Then, there is t* € (0,7T) such that
E(t) < 2€ for all t € [0,t*) and E(t*) = 2¢. Consequently, we find that

(4-11) E*) < g™ /P re(1—e /%) <26

which is a contradiction.

PROOF OF THEOREM 4.1. We first note that the solutions in Propostion
3.3 are defined on [0,00) under the assumption that f € C([0,00);[L?(f2)]®) and
8:f € L ([0,00); [W~12(Q)]3). To see this, we rewrite (3-23), (3-30) and (3-31)

loc

as
T

(4-12) / |A%un, |2 dt < M(e, T),
0

(4-13) |0sum|| < M(e,T) for all t € [0,T),
T

(4-14) / 10: Aum ||? dt < M(e,T),
0

where M(e,T) denotes positive constants independent of m which are defined for
all 0 < T < 00 and € > 0. On each finite time interval, we obtain a solution by
letting m — oo. By the uniquenss of solution, we can define a solution on [0, 00).
We next recall a special case of the Nirenberg-Galiardo inequality: for 0 < o < 1/4,

(4-15) lwllze(@) < Cllwlly e llwliZeq) for all w e WHE(Q).
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Let us fix 0 < @ < 1/4 and rewrite (3-56) as
(4-16)

3
|b(Bete, ue, Beue)| < Cllovuel| luell*lluell Wi (s > 118;00ue]
j=1

3
< B a
<3 Z 10;0¢uell® + Clluel**10euc|* (|19sue|I® + IF1® + C),

where C still stands for positive constants independent of €. Then, (3-55) can be
written as

”6tus“2 + I‘Z ”‘9 atus“

1=1
< Cldef fw-12ayp + Clluel®10euel*(I10euel® + 1 £11° + C)

for almost all t € [0,00). In the meantime, it follows from (3-44) that

(4-17)

(4-18) Iluell2 + NZ 10;uell* < CIIfII* for all t > 0.
1=1
Consequently, for all ¢ > 0,

(4-19) luell® < lluoel® + Csup L7112

Now let 0 < § < 1. If ||h]| < 6, then (2-21) yields

(4-20) hell < C8,

which implies, by (3-58),

(4-21) 8:ue(z,0)|| < C8 + |1 £(z,0)ll,
and, by (2-27),

(4-22) lluoell < C6,

where C denotes positive constants independent of ¢ and §. Hence, by assuming
(4-1) and (4-2) with § which is sufficiently small, but independent of ¢, (4-17) can
be put in the framework of Lemma 4.3 so that we arrive at the estimates:

(4-23) |Otue]l < C forallt >0 andall e >0,

3 T
(4-24) Zf 10;0:uc||®*dt < C(T) for all T >0 and all € > 0,
—J0

where C and C(T) denote positive constants. It then follows from (3-53) and (4-23)
that

(4-25) “uSH[W[}'G(Q)P <C forallt>0andalle>0.

Next we choose any finite time interval and find a solution of (0-1) to (0-4) through
the same procedure as in the previous section. Finally, we can extend the time
interval to [0,00) by using the uniqueness of solution.
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PROOF OF THEOREM 4.2. We shall obtain a periodic solution through a

well-known procedure. Let u(z,t) be the global solution in Theorem 4.1 and define
(4-26) v (z,t) = u(z, t + kn), k=1,2,....

Then, vy is a solution of (0-1), (0-2) and (0-3) on the interval (—kn, co) since f is
n-periodic in t. Similarly to (3-72), we have for each &

3

1d
3 glve = voll® + 1 ) 1185 (vk — vo)|I?
Jj=1
3
(4-27) < |b(vk — vo,v0, v — v0)| < Cllvollzeo(yz Y 185 (vk — vo)|®
=1

3
< Cllull* ullpy e qys D 105 (v = o)
j=1

for almost all ¢ > 0, where 0 < @ < 1/4 and C denotes positive constants inde-
pendent of k. By choosing é sufficiently small in (4-1), (4-2) and (4-3), (4-27) can
reduce to, for each k,

3
d

(4-28) Tl1ve = vol® + ) 185 (vk — wo)* < 0

=1
for almost all ¢ > 0. Therefore, for each k
(4-29) lvk — vo|| < Me=Rt forall t > 0,
where M = 2sup,> |lu(z,t)|| and /i is a positive constant. Now (4-29) yields
(4-30) lvksk, — v, || < Me %11 for all t > 0 and all k.

Hence {vi} is a Cauchy sequence in C([0, 00); Vo) and let u, (z,t) stand for its limit.
It is apparent that

(4-31) sup ||lup (2, s) — u(z, s)|| < MeMe™#  for all t > 0,
s>t

which proves (4-9). Next we observe that

(4-32) up(z,t+n) = lim vg(z,t+n) = lim veyqi(z,t) = uy(z,¢),
k—oo k—o0

which shows that u, is n-periodic. Meanwhile, we note that

(4-33) ||v,c||[WOn,¢s(Q)]3 <M for almost all ¢t > 0,

(4-34) |0sve]] < M for almost all ¢ > 0,

3 T
(4-35) Z/ |0;0:vk||®> dt < M(T) for each 0 < T < oo,
j=179
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where M and M(T) stand for positive constants independent of k. In fact, (4-33)
and (4-34) follow immediately from (4-4) and (4-5). To see (4-35), we need to
improve (4-24) by means of (4-17) and (4-23):

3 s+T
(4-36) > / 10;0¢uel|?dt < C(T) for all s >0,
j=1"°

where C(T) is a positive constant indpendent of . It is evident that (4-36) is
equally true for u, and (4-35) follows. By virtue of (4-33), (4-34) and (4-35), we
find that

(4-37) vk — Uy weak* in L®(0,00;V; N Wy °(Q)]%),
(4-38) dtvk — Oru, weak* in L*(0,00; Vp),
(4-39) Otvx — Oru, weakly in L2(O, T;Vy) for each 0 < T < o0,

from which (4-6), (4-7) and (4-8) follow. Since each v is a solution of (0-1), (0-2)
and (0-3) in 2 x (0, 00), we can show by an argument similar to that in the previous
section that u, is also a solution in 2 (0, c0), in fact in {2 x (—o0, 00) by extending
uy to the interval (—oo,0) by the n-periodic condition.
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