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RANDOM PERTURBATIONS OF REACTION-DIFFUSION
EQUATIONS: THE QUASI-DETERMINISTIC APPROXIMATION

MARK I. FREIDLIN

ABSTRACT. Random fields u(¢t,z) = (u§(¢,z),...,u§(t,z)), defined as the
solutions of a system of the PDE
Out

S = Druk + fe(miu, . up) + et 2)

are considered. Here Ly are second-order linear elliptic operators, ¢x are Gaus-
sian white-noise fields, independent for different k, and € is a small parameter.
The most attention is given to the problem of determining the behavior of the
invariant measure u¢ of the Markov process u§ = (u§(t,-),...,u§(¢,-)) in the
space of continuous functions as ¢ — 0, and also of describing transitions of
u§ between stable stationary solutions of nonperturbed systems of PDE. The
behavior of u¢ and the transitions are defined by large deviations for the field
ut(t, z).

1. Introduction. By reaction-diffusion equations (RDE) we mean an equation
or systems of differential equations of the form
Oug(t
(1.1) ¥=DkAuk+fk(x,ul,...,un), k=1,...,n; n> 1.
In place of the operator DA, the equations may involve second-order elliptic op-
erators of general form. To single out a unique solution of system (1.1) one should
assign initial conditions

(1.2) uk(0,z) = gi(z), k=1,...,n,

and also, if it is necessary, boundary conditions. Everywhere but §5 we will restrict
ourselves to the case where z runs over the unit circle S!. In this case no boundary
conditions should be supplemented, and under minor extra conditions on the func-
tions fx and g, problems (1.1)—(1.2) have a unique solution defined for all ¢ > 0.
System (1.1) may be looked upon as a dynamical system in the space of functions
on S?, or to be more exact, as a semiflow since equation (1.1) cannot be, generally
speaking, solved backward for ¢t < 0.

As is usual in dynamical systems theory, the most important problem is to study
final, (as t — o0o) behavior of trajectories. For ¢ — oo solutions of system (1.1) may,
for example, converge to the stationary solution of system (1.1) or to the solution
periodic in t. The latter may be space homogeneous, that is independent of z,
or may be of running wave nature. Of course, more complicated types of limiting
behavior are also possible.

Suppose that the diffusion coefficients and nonlinear terms of system (1.1) are
subject to random perturbations. Then the solution of RDE is a random field. This
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field depends on the random perturbations in a complicated nonlinear way, and the
problem of evaluating statistical characteristics of the solution through statistical
characteristics of the perturbations is quite involved. It is asymptotic methods that
hope is connected with. If perturbations are small in one sense or another, then a
small parameter can be introduced in the problem and one can make an attempt
to compute the leading terms of the asymptotics as the parameter tends to zero.

Random perturbations may be involved in RDE system in various ways. This is
certain to depend on the physical nature of the noise.

The case of additive noise is in a sense the simplest one. The perturbed equations
are as follows:

ouf(t, z)

(1.3) =2

= DrAug + fi(z,uf,. .. us) + e&(t, z),
k=1,...,n, z€ S
Another case includes oscillating perturbations:

ouf(t,z)

t
(1.4) 5 = D Aug + fx (z, ul, ..U, Gk <E,x>> .

It is also of interest to examine noise in boundary conditions:

ouf(t
Uka(t’x) = Drbug + fi(z,uf, . sup),  t>0,z€D,
(1.5) du (t.2)
- = enk(l, z),
on z€dD

where D is a bounded region in R" with a smooth boundary D, n(z) being the
outer normal vector. In (1.3), (1.4) and (1.5) we denoted by &k(t,z), ¢k(¢, ) and
nk(t,z) random fields with given statistical characteristics.

Of course, (1.3), (1.4) and (1.5) do not exhaust all the variety of problems on
random perturbations.

If one considers the behavior of RDE on finite time intervals, then in a number
of cases it is possible to find a first approximation, i.e. a nonrandom system of RDE
whose solution is equal to the limit of the solutions of the perturbed system as the
perturbations tend to zero, and to obtain a description of small random deviations
from the first approximation.

Calculation of the first approximation and description of small deviations are
usually results of type of the Law of Large Numbers and the Central Limit Theorem.
We note by the way that the perturbed system should be considered as primary
and even the problem of calculating the first approximation is not always trivial. In
particular the perturbations may be involved in such a way that the system of the
first approximation will be integrodifferential or have nonlinear diffusion coefficients
(while the prelimit system had constant diffusion coefficients). As to systems (1.3),
(1.4) and (1.5), their first approximation is rather simple. In particular, for problem
(1.3), (1.2) the first approximation is the solution of system (1.1), (1.2).

It is final behavior of solutions that is affected by small random perturbations in
the most essential way. Small perturbations may become of prime importance in
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large time intervals. Under certain natural hypotheses on nonlinear terms and on
the nature of random perturbations, the random process u§ = u®(t,-) with values
in the functional space has a unique stationary distribution u€ which is a limit one
as t — oo.

This stationary distribution is unique even if the first approximation system has
several stable limiting behaviors, for example, several stable stationary solutions.

In the latter case the convergence to the limit distribution is quite slow. This
convergence is defined by how much time it takes the solution of the perturbed sys-
tem to go over from the neighborhood of one stable stationary behavior of the first
approximation system to another. Nonperturbed systems have no such transitions.
These transitions are due to random perturbations and are described by the limit
theorems for probabilities of large deviations.

In the case of general position, for small ¢, long-time behavior of the perturbed
system is controlled by a number of actually nonrandom laws. For example, one
of stable behaviors will be the “most stable”. This means that while the intensity
of the perturbations tends to zero, with probability approaching 1, the time which
the solution spends in the neighborhood of this behavior is much larger than the
time spent outside of his neighborhood. The invariant measure u® is concentrated
near this “most stable” behavior as ¢ | 0.

The order of the transitions between the stable behaviors also turns out to be
nonrandom: for every such behavior A there is another unique (in the case of
general position) behavior B = B(A) such that with probability approaching 1 as
the perturbations tend to zero, after leaving A the system goes over to the behavior
B. The time of expectation of such a transition is a random value. However the
principal term of its logarithmic asymptotics is not random. There are a number
of other nonrandom features. Therefore one can speak of a quasi-deterministic
approximation for describing long-time behavior of RDE affected by small random
perturbations.

This paper deals with a quasi-deterministic approximation for RDE systems
under small random perturbations. The bulk of the attention is given to the case of
additive perturbations. Systems (1.4) and (1.5) are considered briefly. We observe
that in the small deviations from the first approximation system the principal term
as a rule coincides with that in the deviations of the system which is linearized with
respect to perturbations near the first approximation. Hence the problems on small
deviations in essence reduce to considering perturbed systems of type (1.3) with
additive noise. In the domain of large deviations the equation with the right-hand
side dependent on the noise in a nonlinear way does not reduce to a problem of
type (1.3).

The construction employed in this paper and its results are close to those we
deal with when describing random perturbations of finite-dimensional dynamical
systems [6, 15]. Infinite dimensionality involves certain supplementary difficulties,
but on the other hand it supplies a variety of problems and leads to some new effects.
The paper of Faris and Jona-Lasinio [4] considers additive random perturbations of
the one-dimensional nonlinear heat equation and discusses some physical questions
behind such mathematical problems. Some of the results of this paper were given
in the talk in the conference devoted to the 850-year anniversary of Maimonides [7]
and in the First World Bernoulli Congress [8].
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2. Additive Gaussian perturbations: Linear case. In this section we
begin with the perturbed systems of the form

Qug(t,x) _  0%uf e c .
(21) ot = Dy 922 +fk(xvuly""un)+€§k(tvx)a
uk(0,z) = gk(z), t >0, z€ 8, k=1,...,n.
As perturbations, here we have Gaussian fields (¢, z), k = 1,...,n, which have

independent values for different ¢. In this case the solution uf(z) = (u§(t,<z),...,
ué (¢, z)) of problem (2.1) is a Markov process in the space of functions on the circle
S!. The main attention is given to the case in which ¢ (¢,z) is the “white noise”
field; that is, c(t,z) = 8%k (t,z)/0tdz where ¢(t,z) are the Brownian sheets
independent for different k. We recall that the Brownian sheet is a Gaussian field
¢(t,z),t >0, z > 0, for which E¢(t,z) =0, E¢(s,z)¢(t,y) = (s At)(z Ay). With
probability 1 realizations of such a field are Holder continuous, but not differentiable
(see [14]). Therefore, ¢ = 0%¢c/dtdz are generalized fields and equation (2.1)
should be considered as a system of stochastic partial differential equations.

There are results of type of existence and uniqueness theorems at least for the
equations close to (1) [13, 14]. Below we will recall them briefly, since we need not
only the results themselves but also the constructions employed for proving them.

So, let ¢(t,z) = 8%k(t,z)/0t Oz, where ¢(t,z) are independent Brownian
sheets. Suppose that the functions fi(z,u), z € S, u € R", are Lipschitz contin-
uous, Dy > 0 and let gi(z) be continuous functions on S1.

By a generalized solution of problem (2.1) we mean a measurable function
u(t, z) = (u1(t, z),...,un(t, z)) for which with probability 1

[ tae@ iz [ an@e)ds
St St
t
(2.2) - /0 /S [0 (s, 20Dk (@) — fule, (o, 2))p(a) da

+ s/ o' ()¢ (t, z) dz, t>0,
S1

forany p€ CH,k=1,...,n.

To construct the generalized solution of problem (2.1) and examine its properties,
we first consider the linear equation
Ove(t, z) %v¢ 0%¢ 1 e _

6t’ _—.'Daz2 —av€+em, t>0, ZGS,’U(O,Q:)—O.

Here ¢ is a Brownian sheet, €, D, o > 0. The generalized solution of problem (2.3)
is defined by identity (2.2) which in the case under consideration has the form

/s ¥ (t,2)ele) do = /0 t /S (5,2)(¢"(2) ~ axp(a) do e

+e/ ¢ (z)¢(t, z) dz, t>0, peCg.
St

(2.3)

(2.4)

From [14] it follows that problem (2.3) has a unique generalized solution v¢(t, z).
This solution is a Gaussian field whose realizations are Holder continuous of expo-
nent 1/4—4§, 6 > 0. The mean value of this field is zero and the correlation function
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is
Eve(s,z)v°(s + t,y) = €2B(s,z,8 + t,y)

(25) 52 i 1 COS’C )( Akt _ e—Ak(S-H))’

where Ay = Dk? + o, k = 0,...,n, are the eigenvalues of the operator Lh =
Dh(z) — ah(z) on S'. The normed eigenfunctions corresponding to the eigenvalue
Ar are 7-1/2 cos kz and 7~1/?sinkz. The realization of the field v¢(t,z) also can
be represented as the series:

(2.6) ve(t,z) = \/_Ao(t \/_ Z(Ak (t) sin kz + By (t) cos kz).

In (2.6), Ak(t) and Bi(t) are independent Omstein-Uhlenbeck processes, i.e. Gauss-
ian processes with EA(t) = EB(t) =0 and

EAk(s)Ak(s+t) = EBk(3)Bk(s +t) = ﬁ[e')"‘t — e~ x(t+9))

The processes Ax(t) and Bi(t) obey the stochastic differential equations
dAk(t) = dWi(t) — AcAk(t) dt,
dBy(t) = dWi(t) — AeBy(t) dt,
where Wi (t) and Wy(t) are independent Wiener processes.
Equation (2.3) can be considered with an arbitrary initial condition g € Cg:(R?)
4 2,€
@2.7) a”ga(:’ 2 _ DZ;’; — ot e 6‘122, v5(0,2) = g(a).

The generalized solution of problem (2.7) can be represented as vy = v+ hg, where
vé(t, z) is the solution of problem (2.3) and h, is the solution of the problem without
perturbations:

ohy _ 8%hg

-—g s —_— =
(2.8) 3 D 32 ahg, hg(0, z) = g(z).

If v5(t,-) = vf is looked upon as a random process defined for ¢ > 0 with values
in Cg1(R!), then the properties of ¢(t,z) together with the fact that the solution
of problem (2.7) is unique, imply that this process is Markovian. It is termed the
Ornstein-Uhlenbeck generalized process.

We dwell on some properties of the Ornstein-Uhlenbeck generalized process
which will be used in the sequel. First of all these are the results on the sta-
tionary distribution of the process v§ in Cs(R!). It is well known that either of
the one-dimensional Ornstein-Uhlenbeck processes Ak (t) and Bi(t) has a unique
stationary distribution which is the limit one for these processes as ¢t — oco. This
stationary distribution is mean zero Gaussian one with the variance 1/2\;. The
larger the number k, the faster the convergence of the processes Ax(t) and Bi(t)
to their limit distribution. Hence, taking into account representation (2.6) for the
process v, it is not hard to deduce that v{ has a unique stationary distribution
which is a limit one for v§ as t — oo. It is convenient to have the exact result in
the form of the lemma.
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LEMMA 1. The Markov process v§ in the state space Cgi(R!) has a unique
stationary distribution u® = u, which 13 a mean zero Gaussian one with the cor-
relation function

B(z, —coskz— ; z,y € St,
28) (z,y) = Z v) y

Ak = Dk2 + o.

For any bounded continuous functional F(v), v € Cs1(R?!), and any initial func-
tion g € Csl(Rl)

(2.9) tl_lglo EgF(vi) = /C F(v)dp®.
sl

Close results are available (see, e.g. Sgren Kier Christensen [3] which contains
references to previous works), so we will not give a detailed proof.

COROLLARY. Denote Ny = C[O,T]xgl(Rl), T > 0, and consider in N7 a
Markov process VE = {v°(s,z), s € [t — T,t], = € S'} with the convention
v(t = T,z) = vo(0,z) for t < T. Therefore, the segment of the trajectory of the
process v¢ for s € [t — T\,t] serves as the state of the process V¢ at time t. By
Lemma 1 the process VE in Nt has a unique stationary distribution g€ = p5.. If ¥
13 a continuous bounded functional on Nt, then for any Vo € Np

Jim By, 7(VE) = / F(V) dif
—00 Nr

The stationary distribution i€ in Nt s induced by the solution of problem (2.7)
for t € [0,T], z € S*, if we suppose that the initial function v5(0,z) = g(z) has a
distribution u® which is stationary for the process v§ in Cgi.

It is easily seen that for any g € Cg: the solution vg(t, z) of problem (2.7) for
e = 0 tends to zero as t grows:

0 —at
|vg (¢, 2)| < max|g(z)e™*".

For € small but still distinct from zero, v§(t, z) will be close to vg(t, z) in Cjo,1)x 1,
0 < T < oo, with probability close to 1. With small probability, vg(t,z) will stay
in a neighborhood of any function p(t,z) € Cjo,7)x st such that ¢(0,z) = g(z).

If the process vf is watched for a sufficiently long time, then for ¢ > 0 with
probability 1 sooner or later v§ will enter a neighborhood of any preassigned func-
tion from Cg:. Of course, for small € the time of expectation may be very large.
To describe deviations of vg(t,z) from v 9(t, ) we introduce the action functional
for the family of Gaussian ﬁelds vy (t, :z:) z€ 8, te[0,T] ase | 0 (see [6] and
the formulation of Lemma 2). The results of §3.4 in [6] imply that in L[o T)x§!
topology this functional has the form

(2.10) S¥(p) = I1B~?p||2, © € Lfy rixs1

[0,T) x S1

where B is a positive semidefinite integral operator in L[Qo,T]xslv the correlation
function B(s,z,t,y) of the field v!(t,z) serving as the kernel of this operator (see
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(2.5)). By B~'/2p = 1) we mean such ¢ € L}, ryxs: that BY?) = ¢ and 9 is
orthogonal to the null subspace of the operator B. If ¢ € Dg-1/2, then we put
S¥(p) = 400. As the normalizing factor we take e~2. From (2.5) and (2.10) it
follows that

(2.11)

SU(P) - % fSl fOT “pé(t) z) - D‘sz(t, .’E) + a¢(t, $)|2 dt dx’ 0 e W21'2’

+00, <p€L[20,T]xsl \W21’2’
where W,*? is the Sobolev space of the functions of t € [0,T] and z € S! possessing

generalized square integrable first-order derivatives in ¢ and second-order derivatives
in z.

If
= CO_\/g + \/i?r g(ck(t) coskz + hy(t) sinkz)
then
T
(2.12) S¥(p) = %/0 LZ (% - z\ka) + Z (ﬂ - )\khk) ] dt,

where A\y = Dk? + a.

We will need the action functional for the family of fields v*(¢, ) in the space
Clo,T)xs! rather than in leo,T]x g1- We preserve the notation S¥(yp) for the restric-
tion of the functional (2.11) to the space Co 7)xs1. Note that there is a continuous
embedding W% ¢ Clo,)xs: (see [12]). Moreover, the functions of Wa? are Holder
continuous of exponent k < 1/4. The functional S¥() on Cjo )xs! turns out to
be the action functional for v¢(¢,z) as € | 0 in the uniform convergence topology.
We will formulate this assertion together with some properties of the functional
SY(p) in the form of the lemma:

LEMMA 2. (1) The functional S*(p), ¢ € Clo,T|xs: 13 the normed action
functional for the family of fields v¢(t,z), t € [0,T], z € S, as € | 0 in Cjo r)xs:
with the normalizing coefficient €=2. That is:

(i) For any p € Clo,r)xs: and any h, § > 0 there i3 €g > 0 such that for € < &g

(2.13) Py, { sup  [|[v¥(t,z) — p(t,z)| < 6} > exp{—¢~2(S(p) + h)}
0<t<T;z€S!

where g = p(0,z) € Cg1.
(ii) For any h, 6 > 0 and s < oo there is g > 0 such that for € < g

(2.14) Ppo{p(v,®5) > 6} < exp{—e2(s — h)}
where p(-,-) i3 a uniform metric in Co 1)xs1,
bs={pe C[O,T]XS‘ 1 §%(p) < 8,0(0,7) = o},

po € Cg1.
(2) The functional S*(p) is lower semicontinuous in Clo 1)x s1, that is, S¥(p) <

Li_m_@n._.oo SY(pn) #f limp oo p(on, p) = 0.
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(3) For every s € (0,00) and po € Cs1, the set &5 = {p € Clo,r)xs1: S?(p) <
8, (0,z) = po(z)} ts compact in Cjo 1)xs1-

PROOF. The first claim comes from Theorem 4.1.1 in [6] and the Fernique’s
bound for the probability of exceeding a high level by a continuous Gaussian field
[5] (see also Azencott [2]).

Claim (2) follows from Lemma 3.4.1 in [6]. To prove the last assertion we note
that if

Bcp %p
h= ot ~Dom Oz?
then o € W2 (see e.g. [1]) and

tapé€ L[20,T]><S"

Il < constlzz .
By the embedding theorem, W,'? C Clo,r)xs1 for £ < 1/4 (see §9 in Volevich and
Panejah [12]). From this we conclude that all functions in ®g are equicontinuous.
Together with claim (2) of the above lemma this implies compactness of ®g in

Clo,T)xs1-

3. Additive Gaussian perturbations: The case of potential fields. Con-
sider the perturbed system of RDE

oul (t,z) 0%u§ 9%
1) o _p Z % ¢ —
(3 ) at a 2 +fk(z ul’ 7un)+€ ataz,
u§(0,2) = gk(z), t >0, z€ S, k=1,...,n
Here ¢(t,z), k = 1,...,n, are independent Brownian sheets and the functions

fx(z,u), z € S, u € R™, are Lipschitz continuous, gx(z) € Cg:. Together with
system (3.1) consider the collection of n linear equations not connected with each
other:

€ 2,,€ 2
v (t, z) _Dka v; a vk+€§t;k

4 1
En = £ t>0,zeS",
ve(0,z) = gr(z), k=1,...,n

(3.2)

In (3.2) ay,..., ap are some positive constants and ¢k (¢, z) are the same as in (3.1).
We will consider system (3.1) as a perturbation of (3.2). Let

v¥(t, z) = (vi(t, 2),...,vp5(t, 7)), u®(t,z) = (ui(t’ z),... aufz(t’ z)).

As it follows from §2, solution v¢(t,z) of system (3.2) exists for all ¢ > 0 and is
unique. It is a Holder continuous Gaussian field. The functions v§ = v*(t,-) make
up a Markov process in the state space Cs1(R"™) of continuous n-dimensional vector
functions on the circle S1.

We put fi(z,u) = fr(z,u) + axux and consider the system

Qw(t, z) w,
ETa— Dy 522 + f(z,w(t,z) + v(t, z)) — arwi(t, z),

wr(0,2) =0, t>0, z€ S, k=1,...,n

(3.3)
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By a generalized solution of system (3.3) we mean a measurable function w(t, z) =
(w1 (t,z),...,wn(t,z)) for which the identities

/s wk(t, 2)p(z) dz
(3.4)

= /0‘ /Sl[Dkwk(s, 2)o"(z) + (f(z, w + v) — axwi)p(z) dz ds

hold for any ¢ € Csa.

We will denote by wé(t,z) = (wf,...,w) the solution of problem (3.3) provided
the solution (v§,...,v5) of problem (3.2) is taken as v(t,z). The way of choosing
the positive constants ay,...,a, in (3.2) will be clarified later.

If the functions fi(z,u) are Lipschitz continuous (and thus the same is true
of fr(z,u)), then system (3.3) has a unique generalized solution for any function
v(t,z) € Clo,7)xs1 (R")-

We will denote by wé(t, z) = (wi(t, z),...,ws(t,z)) the solution of problem (3.3)
provided the solution v;(¢,z) of problem (2.7) is taken as v(t,z). From (2.4) and
(3.4) it follows that the function u®(t, z) = vj (¢, 7)+w*(t, z) satisfies (2.2), i.e.itisa
generalized solution of problem (3.1). The uniqueness of such a solution comes from
the fact that the difference u*(t, z) —v; (¢, z) of the generalized solutions of problems
(3.1) and (2.7) satisfies identities (3.4). Since either of problems (3.3) and (3.2) has
a unique generalized solution, we conclude that the generalized solution of problem
(3.1) is unique too. Relying on the uniqueness and on the properties of the process
¢(t,z) one can conclude that the process uf = u®(t,-) in the state space Cg1(R") is
Markovian. From (3.1) it follows that if fi(z,u) is Lipschitz continuous, then this
process is the Feller one, i.e. the corresponding semigroup transforms into itself the
space of continuous bounded functional on Cg1. We formulate these assertions as

THEOREM 1. Suppose that Dx > 0 and let the functions fi(z,u), z € S?,
u € R™, be Lipschitz continuous. Then for any gx(z) € Cs1, k=1,...,n, problem
(1.5) has a unique generalized solution u®(t,z), t > 0, z € S*. The random process
uf = u(t,-) in the state space Cg1 is a Markouv-Feller process.

REMARK. If the function fi(z,u) is allowed to grow in the variables u; quicker
than in a linear way, then it may happen that the solution of problem (3.1) exists
only in a bounded time interval. Such a situation also faced us in problems with
no perturbations (see e.g. [11]). For the solution of problem (3.1) to exist and to
be unique for all ¢ > 0, it is sufficient that the functions fi(x,u) satisfy one-sided
restrictions on growth. For example, it suffices that the inequality ukfi(z,u) <
const (1 + u2) hold for z € S, u = (uy,...,u,) ER™, k=1,2,...,n.

A field f(z,u) = (fi(z,u),..., fu(z,u)), where u € R and z € S! is a param-
eter, is called potential provided there is a function F(z,u) which is continuously
differentiable in the variables v € R™ and such that fx(z,u) = —0F(z,u)/0ux,
reSL,ueR" k=1,...,n.

This section considers systems (3.1) with the potential field f(z,u) = —VF(z,u),
z € S! being a parameter. We emphasize that in the case of one equation (n = 1)
the continuous field f = fi(z,u), u € R!, can always be thought of as potential.
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The antiderivative of the function f(z,u) serves as the potential F(z,u):

fEw) = /0 * f(z, i) dii

As is known [9, 6], in the case of finite-dimensional potential dynamical systems
one always can arrange an explicit expression for the density function of the sta-
tionary distribution (provided it exists) of the random process which is obtained as
the result of additive perturbations of such a system by white noise. If the process
X in R" is defined by the equation

X, = —VF(X;) + oW,

where W, is a Wiener process in R", o # 0, then the invariant measure of the
process X; has density with respect to the Lebesgue measure

(3.5) P(z) =c- exp {—U%F(:c)}

provided [, exp{—(2/0?)F(z)}dz = c™! < c0.

Let B(z,u) = (Bi(z,u),...,Bn(z,u)), z € S, u € Cg1, where
d2
L
For € = 0 equation (3.1) defines the semiflow u; in Cg:1: 4; = B(u:). We put

2m r 2
(3.6) U(p) = /0 [%;Dk (%) +F(z,s0(z))] dz,

p(z) = (p1(2), - ., pn(z)) € Cs1(R").
It is readily checked that the variational derivative of the functional U(y) with the
opposite sign is the field B(z):

62];,0) Dy dd:;k + fx(z, () = Bk(z, 9);

that is, the functional U(p) should be looked upon as the potential of the field
B(p).

One could expect that by analogy to (3.5), the density of the stationary distri-
bution for the process u§ is

(3.7) m(p) = const x exp{—(2/?)U(p)}.

The difficulty involved here, first of all is due to the fact that in the corresponding
space of functions there is no counterpart of the Lebesgue measure—the one which
is invariant with respect to translations. One can try to avoid this difficulty in
various ways.

First, for (3.7) to make sense one can do the following. Denote by & () the
6-neighborhood of the function ¢ in the norm L%(R"). If v is a normed invariant
measure for the process uf, then under mild supplementary assumptions

By(z,u) = F + fi(z,u).

T

1
Jim T [, X&) (ug) dt = v(Es(p))
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with probability 1, where x¢(,)(-) is the indicator of the set (). Then it is
natural to call exp{—(2/e2)U(p)} the nonnormed density function of the stationary
distribution of the process u§ (with respect to the nonexisting uniform distribution),
provided

Jo Xeston) (u§) dt _ 2

68 i m BXED o L 00r) - Ulen)}.
810 T—oo fo Xé's(wz)(ut) dt €

In (3.7) and (3.8) € is fixed. It is intuitively clear from the above that the invari-

ant measure is concentrated near the minimal values of U(p) as € | 0. One can

try to give exact meaning not to (3.7), but to its intuitional implications which

characterize the behavior of ui for ¢ < 1.

It is also possible to try to write down a formula for the density of the invari-
ant measure of the process uf with respect to an appropriate Gaussian measure
correctly defined in Cg:. Of course the form of the density with respect to this
standard reference measure will differ from (3.7). We will commence with this last
approach.

As the standard measure in Cg:(R"™) we will choose the Gaussian measure u® =
Bor..oan> @ = (01,...,05), ax > 0, which is equal to the direct product of the
measures p¢ = pf,  in Cgi1(R'), where pf, is the stationary distribution of the
process v§ in Cg:(R!) for a = a) which is involved in Lemma 1. We recall that by
Lemma 1, u, is mean zero Gaussian measure with the correlation function (2.8)
for = ak. The measure uf,, ., is the stationary distribution of the Gaussian
Markov process in Cg: (R”) deﬁned by (3.2). Denote by E* the expectation with
respect to the measure ug,,

E*Glp) = / G0 a0 0.
Cg1(R")

THEOREM 2. Suppose that the field f(z,u) = (fi(z,u),..., fa(z,u)) has a
potential F(z,u), € S!, u € R", and let for some a = (ay,...,ay), ax > 0,

A.=E e -3/2" Fao@) - 1 3 anel(a)| do b <
e= Y~ J P zkzlaksokz T3 < 00.

Denote by v¢ the measure on Cg:(R™) for which
dvé -1 2 [
69 g0 = A ew i [Pt - Z apl(@)| de

Then V¢ i3 a unique normed stationary measure of the process uf in Cg1(R™)
defined by (3.1). For any BorelT C Cg1(R") and any up € Cs:(R™)

(3.10) P, { lim —/ xr(ug)dt = v (F)} =1,

where xr(u) i3 the indicator of the set T' C Cg1(R™).

PROOF. The theorem is a generalization of the result by C. Kozlov [10] who
considered the case of a single equation with selfadjoint negative definite linear
part. For the linear part to be negative definite we supplement the term —axuy,
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o > 0 to the linear part of each equation. The assumption that the field f(z,u) is
potential enables us to write down the explicit formula for the stationary density
in the case of system of equations and obtain the corresponding bounds.

In order to prove that the measure v* defined by (3.9) is invariant one needs to
verify the following relation (for brevity we put ¢ = 1):

(3.11) E®E,G(u;) exp{~®(p)} = E°G(p) exp{~2(0)},

where
27
2(0)= [
)

It is sufficient to check (3.11) for the smooth functlonals G(p), p € Cs1(R™) which
depend only on a finite number of Fourier coefficients of its argument p(z) =

(sol(z),m(z),-~~,son(z)): If

2F(z,p(z Z akpi(z)| dz, t>0.

oo
ok(z) = Z (c§ cos;z+dksm]z) k=1,...,n,

then )
G(p) =G(cf,df;j=0,‘..,N;k=1,...,n),

where G is a smooth function of n(2N + 1) arguments. Let u!(t,z) be the solution
of problem (3.1) with the initial function g(z) = ¢(z) and € = 1. Then u!(t,z) =
vy (t,z) +w'(t,z), where v!(t, z) is the solution of system (3.2) for g = p(z), € = 1,
and w!(t,z) is the solution of (3.3) for v = v} and € = 1. From this we get for
small ¢:

1

uk(t,2) = Z=(45(t) + e 7'ch)
1 [ o]
4+ — (Ak(t)+c e~ i) cos jz
(3.12) VT ;
+ % E(Bk(t) + dk ) sinjz

)
-

J
+t(fx(z,0(2)) + cxpr(z)) + o),

where A"(t) and B"(t) are the corresponding Ornstein-Uhlenbeck processes; cJ and
d’c are the Fourier coefficients for ok (z), and /\" Dyj?% + o

Denote by c"(t) and d"(t) the Fourier coeﬁicients of the functions uk(t,z),
ck(0) =k, d;?(O) =dk. Hom (3.12) it follows that

ck(t)—ck= Ak(t) + cf(e"\;t — 1) + okt
(313) t 2m

+ 7= Ji(z,o(z)) cos jzdz + o(t), t|o,

for d;? (t) there are similar expressions. And also

E,|ck(t) — c§? = EJAS()|* +o(t) =t +o(t),  tlO.
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We put X R
oG _ », G .,
% = Uk k2 - Okj
ack J (Dck)? J

Taking into account (3.13), we have

(3.14)

E°E,[G(u;) — G(p)] exp{—®(p)}

n 1 27
=tE“ G (——- z, p(z)) cos jzdz — ckD '2)
{g ki(e) (7= . Je(@ () cosi % Dyj

+ % E ‘Zj(so) + similar sum of derivatives in df} exp{—®(p)}
k‘j

+o(t), t|o.

Now we will make use of the fact that E* is integration with respect to the measure
K5, ..., Which is the direct product of the one-dimensional Gaussian distribution
(distributions of the Fourier coefficiens c¥ = c¥[p] and d¥ = d¥[¢] of the functions
©k(z)). The distribution of c¥ has mean zero and variance 1/2)%. Moreover

27
| e de =S+ S,
J J

0 R
57 xP{=®(p) — Dis?(e})? — ax(c})?)
J

27
(3.15) - Qa% exp {- /0 (2F(z, o(z))) dz — Dy j?@)?}
= Qexp {— | era ) dz - Dkﬁ(cf)?}

2 2 ) * )
x (22 [ o pl@) cosiade - 265 Dus?),

where the factor @ is independent of c;?. A similar equality holds for derivatives in
d;?. By (3.15), employing integration by parts we derive

(3.16)
® 1 [ : k2 k(o k\21 9.k
[ 6 (2 [ e ptal) cossods - ckDu® ) expl-() — X5 eh)7}

o0
1.
+ [ 36U em{-0e) - As(ch?) ek

)

From (3.14) and (3.16) it comes that
E°E,[G(u;) — G(p)lexp{~®(p)} = o(t), ¢t 10,

which implies (3.11) and the invariance of v!. To prove (3.10) we note that by
the ergodic theorem it is sufficient to verify that the process u§ in Cg:(R") is
metrically transitive. Relying on the result of [10, §3], one can deduce that the
transition probabilities P(¢,,T), t > 0, ¢ € Cs1, T C Cg1, of the process u§
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have everywhere positive density with respect to the measure v*. This implies the
metric transitivity of uf and thus (3.10).
From (3.10) it follows that the stationary distribution of u§ in Cg1(R™) is unique.
REMARK. Suppose that for some o;,...,a, >0

D] =

n
Zakui—F(x,u) <M < 0.
k=1

It is obvious that in this case
Ae < exp{4tM/e?} < 0.

Consider the family of the Gaussian process £¢(z) = (¢§(z),.. ., 5 (z)), z € St:
with independent components &, &, k # [, for which

2 o0
(317) EBei(s) =0, BE@EW) = 5= > 35 cosilz —y),
=077

g, yeS, k=1,...,n, \¥ = D% + o.

The realizations of these processes are Holder continuous with probability 1. The
distribution induced by the process £°(z) in Cg1(R™) is the same as the stationary
distribution of the process v;. Henceforth we will need the action functional for the
family of processes £¢(z) [6, §3.2).

LEMMA 3. The action functional for the family of processes £¢(z), z € S, in
L%, (R™) (in Cs1(R™)) as e | O has the form

1 ¢ 1 2r n d@k 2 9
25 (p) = 25/0 > | Dk -, ) Tokek()| dz
k=1

for absolutely continuous functions p(z), z € S, and S¢(p) = +oo for all other
p € L%, (R™) (p € Cs1(R™)). The functional S¢(p) is lower semicontinuous in
L%(R™) (in Cs1(R™)) and the set &, = {p € L%, (R™): S¢(p) < s} (®s ={p €
Cs:1(R™): S¢(p) < s) is compact in LE(R™) (in Cg1(R™)) for any s € (0,00).

PROOF. Denote by B the integral operator in Lgl(R"), the diagonal matrix
(Bkk(z,y)) serving as its kernel. Using the representation (3.17) for Byk(z,y) one
can easily evaluate that

1 B n (e}
(3.18) SIB™20lTs = 30 3 l(e))” + (d5)°] - A5
k=13=0

where cf, df are the Fourier coefficients of the function ok (z), z € S!. It is readily

checked that the right side in (3.18) is equal to S¢(p). By Theorem 3.4.2 in [6],
$11B=/2p||2, is the action functional for the family of processes £°(z) as € | 0 in
the topology L%, (R").

To prove that the restriction of the functional S¢(p) to Cs:(R™) is the action
functional for £%(z) in the uniform topology, one should employ the Fernique bound
[5]. We will present £¢(z) as a sum of two terms. The first one £V (z) is the sum
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of the first (2N + 1) terms of the Fourier series for £%(z), and the second term is
&¢(z) — €N (z). By the Fernique bound for any 6,A > 0

(3.19) P { max ¢%(z) - € (z)] > 6} < exp{-A/e?}

provided N and €~ ! are chosen large enough. The bounds necessary for the first
term ¢5V(z) in the uniform norm follow from the implication of Theorem 3.4.2 of
[6]. Combining these bounds with (3.19) it is not hard to check that S¢(¢p) is the
action functional for ¢%(z) in Cg:(R").

That functional S¢(y) is semicontinuous and the sets ®, and ®, are compact in
the corresponding spaces comes from Lemmas 3.2.1 and 3.4.1 [6].

THEOREM 3. Suppose that the hypotheses of Theorem 2 hold and let the poten-
tial U(p) be normed by the condition U(0) = 0. Then for any absolutely continuous
function Cg1(R™) for which f02 " |dp/dz|? dz < oo, the relation

T e
{hm lim —-———————————fo Xea (o) (UE) 2t exp{—%U(go)}} =

810T—=00 [y s, (o) (u§) dt
18 valid for any ug € Cs:1(R"™).
PROOF. By Theorem 2
T R .
(3.20) lim fOTX&(P)(ut)dt _ Ve(&s(w))
Tooo [T xe,0)(uf)dt  v(E5(0)

with probability P,, = 1, starting from any up € Cg:. With the help of the
notations introduced when proving Theorem 2, one can arrange the right side of
(3.20) as follows

VE(Es(9)) _ E°xes(o) exp{=0(€°)/€%)
ve(E5(0))  E*xeg4(0) exp{—D(é°)/e?}’

Using the normalization condition U(0) = 02 " F(z,0) dz = 0 and the fact that the
functional ®(p) is continuous, we have

) _ (1 P{llés - ollzs < 8)
B21) B E0) ~ """{ ‘I"”)}aw PIEN: <67

By Theorem 3.4.3 of [B], the limit on the right-hand side of equality (3.21) is equal
to exp{—e~259%(p)}, which together with (3.21) yields

M = exp{—6_2(<1>(90) + Ss(ﬁo))}

¥ (& (0)
= exp {—— / (Z Dy <d¢k> + 2F(z, @(z))) dz}

= exp{—2¢"*U(p)}.
This along with (3.20) leads to the claim of the theorem.
Theorems 2 and 3 characterize the stationary distribution of the process u¢

in Cs:1(R") for a fixed ¢ # 0. Now we proceed to describe the behavior of the
stationary measure as € | 0.
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THEOREM 4. Suppose that the hypotheses of Theorem 2 hold and let the poten-
tial U(p) defined by (3.6) have a unique point ¢ € Cs1(R™) of absolute minimum:
U(@) < Ul(p) for o # @. Then for any § >0

: € ny. _ s -
i {soeCSI(R ): max o(z) - () >6}

PROOF. We put Gs5(p) = {p € Cs:(R™): max|p(z) — §(z)| < 6}, Gs(p) =
Cs1(R™) \ Gs($)- Since the functional
2F(z,p(x)) — E arpl(z) ] dz

<1>(so)=/02" >

is continuous on the space Cg1(R™), one can deduce with the help of the properties
of the action functional (see §3.3 in [B]), that for any h > 0 and for appropriately
smalle > 0

In A, + Invf(G5()) = In / exp{—~2®(p)} di
Gs(p)

(3.22) > —~2[inf{2U(p): p € Gs(p)} + h]
=e2(U() + h);
n nvf(Gs(p)) =In xp{—e~? a
(3.23) e +Inv(Ge(P) = /as(so)e plme ) de

< —e7?[inf{2U(p): p € Gs(#)} — h].

Denote by 2Us the infimum on the right side of (3.23). Since the functional U(¢)
is lower semicontinuous, Us — U(®) = vs > 0. Choosing h < ~s5/4 we conclude
from (3.22) and (3.23) that

Ve(Gs(9)) < V¥ (Gs()) exp{—5/26*} < exp{—5/2¢"}
for € small enough. This completes the proof of Theorem 4.
We note that Euler’s equations for the extremals of the functional U(yp) have
the form
d?px, 1
T2 k + fulz, o(z)) =0, zeSYk=1,...,n
Therefore the extremals of U(p) are the stationary solutions of the nonperturbed
system of RDE. The extremal ¢(z) at which the measure v is concentrated as
€ | 0, can be singled out by the condition that the potential U(p) attains its
absolute minimum at this extremal.
Consider the case of the potential field f(z,u) = f(u) not depending on z. In
this case the potential

Dy

Ui = | " [g k}ijuk (%“’—")2 +F(90(z))] dz

takes its absolute minimum at the function ¢ = (@1, ..., ®n) with the components
independent of z. The vector ¢ is defined as the point at which the absolute
minimum of the function F(z), z € R", is attained. If the absolute minimum
of F(z) is taken at several points $(1),..., (™) € R", then the limit measure is
distributed over these points.
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THEOREM 5. Suppose that the field f(z,u) = f(u), u € R™, does not depend
on z and has the potential F: f(u) = —VF(u). Suppose also that the function
F(u) is thrice continuously differentiable, satisfies the inequality F(u) > alu| + 3
for some a > 0, B € (—00,00) and attains its absolute minimum at m points
S, ..., p6m) e R*. Moreover let all these critical points be nondegenerate, i.e.
Ay = det(0%F(pF)/0u; duj) # 0 for k = 1,...,m. Then the measure v° weakly
converges as € — 0 to the measure 1° concentrated at m points S NICONY -

and
-1

((p(k) Z A7

PROOF. First of all one can make sure that since F(u) is at least linear as
|u| = oo, the hypotheses of Theorem 2 are valid. Then, similar to the way it was
done when proving Theorem 4, one can verify that the limit measure is concentrated
on the set {pM), ..., (M} c R™. Next one can see that

v (Gs(@™)) _ E*exp{-Qk(¥)}

(324 W8 I L2 (Go (D) ~ Erenp(-Qi®)}’
where
_ 2n n a2F (r) . A(7) (r) n "
aw= [ 2 Gy P70 0y = ) - Yt

is an approximation of the functional ®(1) near 9 = @(") up to the squared terms.
We recall that dF(¢("))/0u* = 0 since (") is a minimum point, and F($(")) can
be thought of as zero because F(u) is defined up to an additive constant. The right
side of (3.24) can be evaluated in an explicit way. It is equal to A;A;!, which
implies the last claim of the theorem.

In the case of the potential field f(z,u), using the results of Theorems 2-5 one
can examine asymptotics as € | 0 of various characteristics of the process u§ other
than invariant measure. For example one can obtain the asymptotics of the mean
exit time of the process uf{ from a neighborhood of a stable equilibrium point of
the nonperturbed system and also define the position of the process u§ at the first
exit time from this neighborhood for € <« 1. For this it is possible to employ the
following well-known (see e.g. [6, 15]) representation for the invariant measure.
Suppose that 4 and T, 4 C T, are open sets in Cg1(R"™) with compact closures,
~ and T" being respectively the boundaries of 4 and f‘, p(~,T) > 0. From a point
up(:) € 'y we will let out the trajectory uf and denote by 7 = 7¢ the first hitting
time of uf to ~ after visiting I'. On ~ we will cons1der a Markov chain U, with the
transition probabilities in one step: P(ug,A) = Py {ut € A), up €, A C 7. If the
process u§ has some good recurrence properties (these properties are valid provided
the potential F(p) grows quickly enough as ||¢|| — o0), then P,{r < co} =1, the
chain U, is defined in a unique way and has a unique invariant measure x(dz) on
~. For any Borel set G C Cg1(R™), the invariant measure v¢(G) of the process u
can be arranged as

(3.25) V¥ (G) = / x(d2) E, /0 " () dt,
Y
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where x¢(:) is the indicator of the set G C Cs:1(R"™). Using (3.25) and the knowl-
edge of the asymptotic behavior of v¢(G), one can calculate the asymptotics of the
mean exit time from a neighborhood of a stable stationary point, to indicate the
position of the trajectory at the first exit time from this neighborhood. Here we
will not go into these questions since they will be considered in the next section in
a more general situation.

4. Additive perturbations: Action functional. When a reaction-diffusion
equation is considered, the field f(z,u), u € R, is always potential. In the case of
n > 1 equations, the potential fields f(z,u), u € R™, no longer exhaust all possible
types of fields. In the nonpotential case, generally speaking it is not possible to
arrange explicit representation of (3.9) type for invariant measure. However one
can describe the behavior of the invariant measure and other characteristics of the
process u§ as € | 0. Similar to the case of finite-dimensional dynamical system, for
this one needs to introduce the action functional [6] for the family of processes u§
in Csx (R"’)

We define the mapping B: Cio,7)xs: (R") — Clo,7)xs1 (R") by the formula

u=Bv=v+w, v(-,-) € Clo,r)xs1 (R"),

where w = w(t, z) is the solution of system (3.3). For w = (wy(t,z),...,wn(t,z))
system (3.3) can be written as
owe . 0wy
ot * 8x?

with u = Bv. Therefore w(t,z) can be reconstructed in a unique way not only out
of v, but also out of u = Bv and thus the operator B is reversible in a unique way
on Cjo,)xs1(R").

LEMMA 4. The operators B and B~! which map Clo,T)xs' (R™) onto
Clo,T)xs1 (R™) are Lipschitz continuous.

(4.1) + fr(z,u) — akwk,' wi(0,2) =0

PROOF. We verify the claim of the lemma for the operator B; for B~! the proof
is similar. Suppose that v*),v(? € Cjo 7)xs1 (R"™), u® = Bv(®) and u® = By,
Taking into account the definition of B and denoting by w® the solution of problem
(3.3) for v = v(®), § = 1,2, we obtain
(42)  u®@(t,z) —uV(t,2) = P (t,z) — oD (t,2)] + [wP(t, 2) — wV(2, 2)].
We put

5(8) = @) — oW (s, 2)),
(t) 053?31‘631'” (8,2) —v'(s,7)|

- (2) — M _
H(?) Osggfesllw (s,2) —w*(s,2)|

From (3.3) it is not hard to deduce the bound
t
(43) W0 <480+ B [ ue)ds,  te 0.1
0

where A and B are defined through T, ax and the Lipschitz constant of the functions
fr(z,u), k=1,...,n. From (4.3) it follows that u(t) < A6(T)exp{BT}, t € [0,T],
which together with (4.2) gives the required bound

(2 —u® < (AeBT )
ostglzg,fesl [u'(t, z) — u'M (¢, 2)| < (Ae”" +1)6(T). O
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Denote by W;'? the Sobolev space of functions of two variables ¢t € [0,T] and
r € S! with values in R™ which have square integrable first order generalized
derivatives in ¢ and second order ones in z. It is known that W,'? is embedded in
Clo,r)xs1 (R™) and the embedding operator is continuous. What is more, functions

from W,? are Holder continuous (see, e.g. [12, §9]).

THEOREM 6. (a) The action functional for the family of fields u®(t,z), 0 <t <
T, z € S', in space Clo,r)xs1 (R") as € | 0 has the form €728%(p) with

SR>

+00 if p € Clorixsr (R™) \ Wy,
(b) The functional S*(p) is lower semicontinuous on Cjo rxs: (R™).
(c) For every s < 0o, g € Cs1(R™) the set {p € Cjo,1)xs1(R"): ©(0,z) = g(z),
S*(p) < s} is compact in Cjo 7)xs1 (R™).

PROOF. The field u®(t,z) can be obtained from the field v¢(t,z) which is de-
fined by system (3.2) for certain aj,...,a, > 0, with the help of the continuous
transformation: u®(t,z) = Bv®(t,z), where B is the Lipschitz continuous operator
due to Lemma 4. Therefore, by Theorem 3.3.1 in [6] the action functional for the
family of fields u®(¢,z) as € | 0 in Cg 7)xs1 (R™) has the form

e728%(p) =e72S¥(B71p), € Clpryxs: (R™),

2
‘95’;"— ka Pk _ folz, ot 2)| dtdz, pewl?

where 6287 (1) is the action functional for the family of Gaussian fields v (¢, z) in
the space Cio r)xs: (R"). By Lemma 2 the functional S*(¢) is defined by (2.11).

By the definition of the operator B we have B~lp = ¢ — w, where w =
(wi,...,wy) is the solution of system (4.1) for u = . Hence it appears that
o € W) if and only if B-1p € W,*? and for wy we also have

ow 0%wy, ,
Btk D"az +fk($ ©) — akwg, k=1,...,n, t>0,

z€ 5", fe(z,0) = fx(z, p) + axpr-
These equalities along with (2.11) for S¥(3) imply the claim (a) for ¢ € W21’2:

2 n 390k %ok
u v B- ——
$%(p) = 5% ¢)// n 2%
Owy ?wy 2
—ak‘Pk"W—“ kW—ak’wk dtdz
27
/ / a“’"  dde

= Su(¢)7

for ¢ € Co,r)x s (R") \ W% we have §%(p) = S*(B~1p) = +oo
The claims (b) and (c) are implications of statements 2 and 3 of Lemma 2 and
of the fact that the operators are continuous. [J
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We will say that condition (C) is fulfilled if there are ay,...,a, > 0 such that
the functions fi(z,u) = fr(z,u) + aguk, k = 1,...,n, are uniformly bounded for
z € S, u € R™ and Lipschitz continuous.

We note that if the behavior of the process u§ up to the first exit time from a
bounded region is under investigation, then by modifying the functions fi outside
of this region one can always ensure condition (C) to be valid.

LEMMA 5. Let condition (C) hold. Then the process u§ in Cgi(R™) has a
unique stationary distribution u®. For any bounded continuous functional ¥(p),
pE C‘S1 (Rn),

(4.4) lim Eg 7 (uf) =/ F(p) dut
Cg1(R"™)

t—oo0
for any tnitial condition g € Cg:1(R™).
PROOF. We only sketch the proof. When proving Theorem 1 it was shown
that the function u{ = u®(¢,z) can be written as u®(t,z) = v¢(t,z) + wé(¢, z),
where v¢ is the solution of problem (3.2) and w®(t,z) is the solution of (3.3) for

v = v(t,z). Denote by (X, P;) the Markov process on the circle S! corresponding
to the operator Di(d%/dz?). From (3.3) we derive

t
wi(t,z) = EI/ Fie(XE wE(t — 5, XE) +05(t — 5, XF))e % ds.
0

Together with these equations for the functions w® = (wf§,...,ws), we consider
the equations

tAT
45) wpT(t2)=Ls [ fu(XE, T (¢~ 5,X$) +0°(t — 5, XE))e™*** ds,
0

k=1,...,n,t>0, z€ S,

with respect to the function wf’T, cooywST. Here T is a fixed positive number.

Problem (4.5) has a unique solution we'7 (¢, z) = (w7 (¢, z),. .., wST (¢, z)), which
can be proven for example with the help of the contracted mapping principle,
relying on the fact that f(z,u) is Lipschitz continuous. From (4.5) it follows that
w®T(t,z) and thus u&T(¢,z) = vé(t,z) + w*T(¢,z) are continuous functionals of
vé(s,z), s € [t — T, t], z € S*. This implies

FlugT) = F(vf +wT) = F[VE],
where 7[] is a continuous bounded functional on Co r)x 51 (R"), and V¢ = {uv(s, z),
s€[t—"T,t),z € S}.
By the corollary of Lemma 1, there is a measure 4T on Cjo,r)xs1(R™) such
that

(4.6) lim B, F(uS'T) = / o] die T
t—o00 C(O,T}XS‘ (R™)
From (4.6) it follows that there is a measure u®T on Cg1(R™) such that

4.7) Jim B, 7 (u$'T) = / F(p) dusT.
- CSI(R")
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Remembering (4.5) it is not difficult to deduce that

e,T e, T
omax [|ow®™ /0t| + |ow* " [0z|]

is bounded uniformly in T'. Moreover, for the Gaussian field v*(t, )
E|v*(t,z) — v*(s,9)I* < Cllz —y| + [t - s]]

(see e.g. Proposition 3.7 in [14]) with a constant C depending only on o) and Dj.
This implies that the family of measures 7 in (4.7) is weakly compact as T — oo,
€ being fixed.

We note that

[ o]
won) - TS s i)l [ e
(4.8) z€S1 uER T
=const~e'aT, a=oai1ANagA---ANay.

From (4.8) we conclude that not only the family of measures u¢T is weakly compact,
but it also converges weakly to some measure u¢ on Cg:(R"™) as T — oo. Using
(4.7) and (4.8) relation (4.4) follows. In view of (4.4) we conclude that the measure
u€ is invariant and the stationary distribution of the process uf is unique.

To describe the limiting behavior of the stationary distribution of the process
uf in Cg1(R™) as € | 0, we need an auxiliary construction. The same one is also
employed in the finite-dimensional case 6. We introduce the function

V(g,h) = inf{S*(p): p € Cjo,r)xs1(R"), ¥(0,z) = g(2),
o(T,z) =h(z),T 20},  g,h€Cs1(R").

Two points g, h € Cg1(R") are said to be equivalent (g ~ h), whenever V(g,h) =

V(h,g) =0.
We suppose that the following condition (D) is fulfilled:
There is a finite number of compactums Kj,..., K; C Cs: such that

(1) g ~ h for any two points g and h of one and the same compactum;
(2) if g€ K; and h & K;, then g # h;
(3) every w-limit set of the nonperturbed system

Oug(t, ) %uy

(4.8) ot Oz2?

= Dy

+ fk(z’u)’ uk(o’ z) = gk(x)’
k=1,...,n,t>0, z€ 8!,

belongs to one of K;,7=1,...,1.

We put V;; = V(g,h) for g € K;, h € K;. It is easily seen that V;; does not
depend on the choice of g and h from K; and K respectively.

Denote L = {1,2,...,l}. By i-graph over the set L we mean a graph consisting
of arrows (m — n), m,n € L, in which from every point j € L except the point
1 € L exactly one arrow issues, and which has no closed loops.

The collection of all possible :-graphs over L will be designated by G;.

THEOREM 7. Suppose that condition (D) is fulfilled. We put
o(y) = Z Vinn, v €G;

(m—n)€Exy
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(the summation is taken over all arrows (m — n) involved in the i-graph ). We
assume that there is a unique o € L = {1,...,1} such that

min o(v) < min o or 1 # 19.

~eGy, () e (v) fori#io
Then the invariant measure u€ of the process ui in Cg1 13 concentrated ase | 0 on
the compactum K, that is for every 6 > 0 '

leifg/f(so € Cs1,p(p, Kip) > 6) =0

where p(-,-) i3 a metric in Cs1.

We will sketch the proof of the theorem later on. Now we cite a result on the
exit time of the process u from a neighborhood of the stable equilibrium point of
dynamical system (1.1).

Suppose that g € Cg1(R™) is an asymptotically stable equilibrium point of
system (1.1) and let D be a bounded open region in Cs: (R"™) containing the point
¥o-
We will call a region D C Cg1(R"™) regular whenever for every point ¢ € 9D
one can find a twice continuously differentiable function h = h, € Cg1(R™) such
that the point ¢ + th is an interior point of the complement of DUJD for all ¢t > 0
small enough.

Let ¢ = 75, = inf{t: uf ¢ D} be the first exit time of uf from D; Vo =
inf{V (po, ): p € 0D}

THEOREM 8. Suppose that a region D C Cg1(R™) is regular and let po € D be
an asymptotically stable equilibrium point of (1.1). Suppose that every trajectory of
dynamical system (1.1) starting at time t = 0 at points g € DU AD, does not leave
D fort > 0 and tends to pg ast — 0o. Then for any g € D

lime? In Eg7¢ = V.
€lo

If there is a unique point o* € dD for which V(pq, p*) = Vo, then the process u§
leaves D for the first time near *: for any 6 >0 and p € D

lim P, { sup |uie(z) — p*(z)| > 6} =0.
€lo zeS!

Now that Theorem 6 on the form of the action functional for the process uf has
already been proved, Theorems 7 and 8 can be proven similar to Theorems 6.4.1
and 4.4.1 in [6] where perturbations of finite-dimensional dynamical systems are
considered. So we only dwell on the differences which are mainly caused by the fact
that the space Cg:1(R™) is not locally compact.

As an important element of the construction for proving Theorems 7 and 8
one can use the following Markov chain: as the elements of the state space of this
Markov chain one takes the boundaries of the compactums ~; containing equilibrium
points (or containing the compactums Kj,. .., K; introduced by condition (D)). In
the finite-dimensional case as ~4; one can choose spheres of small radius having
their centers at equilibrium points or §-neighborhoods of the compactums K;. In
the infinite-dimensional case one should be more careful since the spheres are not
compact. To follow the construction of the finite-dimensional case, one should use
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the fact that for a certain nonrandom o > 0 the trajectories u§ in Cg1 obey the
relation

lu (z) — ug ()| < K(B)lz —yl*,

where K (t) is an ergodic random process. Then, for example, the equilibrium point
o € Cg1 can be included in the compactum

Y5, = {9 € Cs1(R™): p(p, po) < 6;|p(z) — p(y)| < Nlz — y|*;z,y € S}

By the condition of Theorem 8, the trajectories u of nonperturbed system (1.1)
for which u§ = o € DU 8D, do not leave D for ¢ > 0 and after a finite time T'(p)
reach 75 . In the finite dimensional case for bounded D one can conclude that
sup,ep T(p) = Ty < 0o. In our case to check that sup,ep T(p) = T1 < oo we
must make use of the fact that for any ¢ > 0 there is a compactum K; C Cs:
such that u? € K; whenever u8 € D. This follows from a priori bounds for
solutions of parabolic equations. The hitting time for ~s x starting from the points
of compactum K is bounded from above since T(yp) is semicontinuous.

Finally we notice that if ugl)’ and ugz)’ are the trajectories of the process uf
starting at time ¢ = 0 from the points (1), (2) € Cg1 respectively for one and the
same perturbation ¢ (w), then for every w

(49) max [u;” (2) — u? (2)| < max [oM) (2) ~ P (z) €™,

where the constant A is expressed through the Lipschitz constants of the nonlin-
ear functions f;(z,u). This inequality is immediate from differential equations for
ug')’s(z). Bound (4.9) implies that the probabilities of leaving the domain during
every finite time T provided the trajectories started from close initial points, are
close.

The above remarks enable one to follow the arguments of Theorems 6.4.1 and
4.4.1 in [6] in the infinite dimensional case and to prove Theorems 7 and 8.

The following assertion is an infinite dimensional counterpart of Theorem 4.3.1
from [B]. Relying on it one can evaluate infimums of the action functional involved
in Theorems 7 and 8.

Denote by W2 (W2) the Sobolev space of functions on S! with values in R™
having first- (second-) order generalized square integrable derivatives. It is plain
that W2 C Cs1(R™). Consider the functional U(p) on Cg: (R™) taking finite values
on W and equal to +o0o on Cg:(R™) \ W.

We say that a functional U(yp) is regular if it is lower semicontinuous on the
space Cg1(R"™) equipped with the uniform convergence topology and moreover if
the sets {¢ € Cs1(R"): ||p|| £ b, U(p) < a} are compact in Cg1(R™) for any
a,b e (0,00).

THEOREM 9. Suppose that oo € Cg1(R"™) is an asymptotically stable equilib-
rium point of system (1.1) and let a regular region D C Cg1(R™) be such that
w0 € D and the hypotheses of Theorem 8 are valid.

Moreover we assume that there exist a regular functional U(p) and operator
L(p) = (Li1(9),---,Ln(p)), ¢ € WE, such that the following conditions are ful-
filled: :
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1. For ¢ € W2 the variational derivatives 6U(p)/6pk, k=1,...,n, are defined
and

vuenLen= [ D o (el de =0, peWd
=1

2. For the field B(p) = (Bl(tp), ..oy Bn(©))
B(p) =-VU(p) + L(p), peW;.
3. For any g € WEN(DUAD) there is a function v(t,z) = (v1(t,z),...,vn(t,z)),
t>0,z€S8, such that
Ouve(t,-) _ _6U(v(t,-)) -
e o Li(v(t,-)), t>0, k=1,...,n,
v(0,2) = g(z),  Jlim sup |v(t,z) - po(z)| = 0.
T zest

Then for g € (D UAD) NW}
inf{S"(), ¥(0,z) = po(z), (T, z) = g(z),T > 0} = 2(U(g) — U(o))-

For anyge D

lime?In E,r€ = 292%111)(U(g) - U(po)).

PROOF. If $¥(p) < oo, then ¢4, 07, € Lf, 7y« g1 This implies that o(¢, -) € W5
and @} (t,-) € L% for almost all t € [0, T). Therefore, by condition 2

(4.10) B(p(t,)) = =VU(p(t,)) + L(p(t, )

for almost all ¢ € [0, 7.
Taking into account the definition of the action functional, condition 1 and (4.10)
we have the equality

T
- / (VU(p(t, ), @hlt, ) dt
(4.11) °

T
+ / 042, ) — VU (2, ) — Lig(t, DI dt,

where (-,-) and || - || are scalar product and norm in L%, respectively.

Similar to the finite-dimensional case, the first integral on the right side of (4.11)
does not depend on the curve it is taken along and is equal to U(p(T, ) —U(¥(0, -)).
Hence from (4.11) we deduce that

(4.12) S*(p) 2 2(U(e(T, ")) = U(p(0-)))-

On the other hand, with the help of condition 3, for any g € W2 N (D U D), it is
not hard to construct the sequence ™ (t,z), t € [0,T},], z € S?, p(0,z) = po(z),
©(Tm,z) = g(z), along which the second integral on the right side of (4.11) tends
to zero. From this we conclude that

inf{S*(p): ¥ € Cjo,1ixs1(R"), ¥(0,") = o, ©(T,:) =g, T >0}
<2(U(9) — U(wo))

for g € W2 N (D UAD). This inequality together with (4.12) implies the first claim
of Theorem 9.



PERTURBATIONS OF REACTION-DIFFUSION EQUATIONS 689

To prove the second claim we note first of all that since the functional U(yp) is
regular, mingesp(U(g) — U(po)) is attained for some go € 0D. By Theorem 8

(4.13) 13]362 In E;7¢ = Vo = inf{S5r(#): (0,") = po, ¢(T,-) €D, T > 0}

for g € D. The second claim follows from the first one and (4.13) provided it is
established that

(4.14) Vo = inf{S*(¢): ©(0,") = po, ¢(T,") €dDNWE, T > 0}.

If S¥r(p) < oo, then as was said above, p(t,-) € W2 for almost all ¢t € [0,T].
Therefore one can choose a sequence t,, T T such that ¢™(z) = p(tm,z) € W2,
im0 SUP,e g1 |0(T, 7) — ™ ()| = 0. If p(t,-) € DUAD for t € [0,T), then
the first claim of the theorem implies that U(p(™)(-)) < S () < S¥r(v). From
remembering that U(p) is lower semicontinuous, we obtain

Up(T,) < lim Up™) < Sir(e).

Since U(p(T,")) is finite, we conclude that ¢(T,-) € W2 which implies (4.14)
and the last claim of the theorem.

REMARK. From condition 2 of Theorem 9 it follows that L(p) = B(p) +
VU(p). This together with condition 1 yields a variational derivative equation

for the functional U(yp):
2/2" 6U(‘P( ( )dx+2/ ( (goz))) dz =0.

This equation is actually the Hamilton-Jacobi equation for the variational problem

lnf{SgT(p) SO(O, il:) = ¥o, (P(T, .’l?) = g(x),T 2 O}
EXAMPLE 1. Suppose that the field f(z,u) = (fi(z,u),..., fn(z,u)) is potential:
fe(z,u) = —0F (z,u)/duk, z € S, k = 1,...,n, Then, as was emphasized in §3,
the field B(y) is potential as well:

Bi(p) = -VU(p), U(<p)=%/0 [ED (dsok) +2F(z,<p(x))] dz

We observe that the functional U(p) specified by the last equality is finite on W32.
Analogously to Lemma 3 one can prove that if U(p) is extended onto Cgi(R™)
with U(p) = +oo for ¢ € Cg:1(R™) \ W, then U(yp) is lower semicontinuous in
Cs1(R™). For any a € (0,00) the set &, = {p € C5:1(R™): U(p) < a} is compact
in Cg1(R"™). Thus U(yp) is a regular functional.

Let po(z) be an asymptotically stable equilibrium point of the RD-system

dup . 07
(4.15) =D a:2k+fk(z,u), €S, k=1,...,n, t>0.

Suppose that D is a regular region in Cg:(R™) which contains pg(z) and is
attracted to oo in such a way that the trajectories of dynamical system (4.15)
issuing from g € D U dD tend to ¢ without leaving D. Then by Theorem 9 for
the average exit time of the Markov process uf from D we obtain

o2 £—9 mi -
lelg)le InE,r¢ = 2<pné¢l9nD(U(‘p) U(eo)), g€D.
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Consider the case of a single equation (n = 1). In this case the system is potential
and F(z,u) = —fo z,v)dv. Suppose that f(z,0) = 0, f(z,v) > 0 for v < 0,
f(z,v) < 0for v >0, and let D = {p € Cs:1(R!): sup|p(z)] < a}. Then for
calculating the logarithmic asymptotics of E,7¢ we obtain the standard variational
problem

inf{U(p): ¢ € 0D}

27
= mip min {5 [ (D) = 2@, 0(a))) dz: (2) = 0,6(0) = pl2m) }.
2€81! 2 0
We notice that in the case of general position the minimum is attained at a function
©*(z), z € S, which takes the maximal value a at a point z* and has the break of
derivative at this point.
EXAMPLE 2. Consider the system of two equations

Juy 92
(4.16) ot =D—— 3u21 + fi(uy1,ug) = Bi(u),
. du %u
B2 = DT+ [y, ua) = Bafu)
and let P . u .
u? + N
p=-ttt) o, e ),
“ 8u2

Suppose that the function F'(z) is continuously differentiable and at first let F(0) =
0, F(z) > 0 for z # 0, F'(z) # 0 for z # 0. System (4.16) is not potential. We will
write down for (4.16) the representation involved in Theorem 9. We put

1 27
Ule) = 5/0 [D dz

Li(p) =p2, La(p)=—-p1, ©=(p1,02)

As was pointed out in Example 1, the functional U(p) is regular. It is easily checked
that condition 2 of Theorem 9 is fulfilled: for the field B(p) = (Bi1(p), B2(p)) we
have

dgo2

+2F(|pl*)| dz,

Bi(p) = —6U(p)/bpk + Lk(p),  k=1,2.

Moreover,

27
(VU(p),L(p)) = /0 (Do} = F'(lel*)e1)p2 — (Doy — F'(l@]*)p2)p1] dz = 0.

Therefore, condition 1 holds. Finally, it is easy to check condition 3 if one takes
into account that z = 0 is a unique minimum of the function F(z). If the region
D C Cs:1(R™) obeys the hypotheses of Theorem 9 (for g = 0), then for the average
exit time of the process uf from D we derive

1 27
: 2 € _ f Dlo' 2 oF 2 d
lime®In Egr® = 5 min, | (DI¢'|* +2F(|¢]%)) dz
Now we suppose that the function F'(z) has several minimum points: 0 < 23 < --- <

Zm, lim,_, o F(z) = oo and let the diffusion coefficient D be appropriately large
so that the system can have only space homogeneous w-limit solutions (see [11]).
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Between every two neighboring minimum points 2 and zx4; there is a maximum
r,. The set of w-limit solutions of system (4.16) (at least for D >> 1) consists of
the stationary solution u; = up = 0, stable limit cycles 'y = {u? + u2 = 2}, and
unstable cycles v = {u? + u% = r¢}. As it follows from Theorem 7, the limiting
behavior of the invariant measure u¢ of the process uf which is obtained from system
(4.16) as a result of small random perturbations can be described by Vi x+1 =
inf{S¥(¥), vo € Tk, o1 € Tk+1}. From the argument used when proving Theorem
9 one can deduce that Vi k41 = F(rk) — F(2k), Vik,k—1 = F(rk-1) — F(zx). By
Theorem 7 this implies that for € | 0 the invariant measure u® is concentrated
on that limiting cycle T'x- for which F(2g.) = ming F(2x), or on the stationary
solution u; = ug = 0, provided F(0) < F(z2) for z # 0.

We emphasize that the values V;; define not only limiting behavior of the invari-
ant measure, but also a number of other features of the behavior of u§ for small
€. In particular, using the matrix V;; one can construct the hierarchy of the cy-
cles describing transitions between stable limiting behaviors and also evaluate the
asymptotics of the time needed for such transitions. Here, the situation is similar
to the finite dimensional case (see [6, Chapter 5]).

5. Remarks and generalizations. 1. Consider the RDE system in the case
of the multidimensional z:

auk(ta il?)
ot

We suppose that z belongs to a compact manifold (e.g. r-dimensional torus 77)
lest boundary conditions could bother us. If the white noise of the corresponding
dimension € 8"*t1¢(t,z)/0t0z' - - - Oz" is taken as the additive perturbation (here
¢k(t,z) is a Brownian sheet), then for 7 > 1 even in the case of the linear functions
fe = 2;';1 Ckjuj, the solution of the perturbed problem is only a generalized
random field [14]. The solution of the nonlinear equation may not exist at all. To
improve the situation one can modify the problem. For example, one can assume
that the nonlinear terms fx depend on the convolution u * K with a smooth kernel
K rather than on the value of u(t, z) at a fixed point z at a fixed time t. For such a
modified problem the existence and uniqueness proof is similar to that in the case
of the one-dimensional z. One should only bear in mind that generally speaking
the solution is a generalized random field.

Another way to generalize the problem to the case of the multidimensional z is
to assume that perturbation is to some extent smooth in z. We will go into the
second statement of the problem.

So, consider the system

dus (t, z)
ot

(5.1) = DiAuk + fr(z,u) = Br(u), t>0, k=1,...,n.

= DrAug + fr(z,u) + s—aék(t’x),

(5.2) -

t>0,z€T", k=1,...,n.

Here £k (t, z) are the Gaussian fields independent for different k for which E¢x(t, )
=0, E&k(s,2)&(t,y) = (s At)B(z — y). The function B(z),z € T", is assumed
reasonably smooth, say having fourth order derivatives which are Holder continu-
ous. In this case the realizations of the field £(t,z) are continuous together with
their first- and second-order derivatives in z € T" with probability 1.
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It is not hard to see that for such & (¢, z) the auxiliary linear system

€
M =DkAvi+s%, t>0, ze€T", v(0,2) =0, k=1,...,n,
ot ot
has a unique continuous solution. The solution u®(t,z) of system (2) can be ob-
tained from v¢(t,z) = (v§,...,v%) with the help of a continuous reversible transfor-
mation. The correlation function R(s,t,z,y) of the field v}(t,z) can be expressed
through the correlation function of the field £, and the fundamental solution of the
heat equation. By Theorem 3.4.2 from [6] the action functional for the field v§(t, z)
in L[20,T]xT' has the form

(5.3)

T
s=3 / / \R=120(t,2)|? dt dz,
0 Tr

where R is the correlation operator of the field vi (t,z); R~'/2p = 1) is defined by
the conditions: R'/2¢ = ¢, and 1 is orthogonal to the null-subspace of the operator
R. Employing the Fernique bounds [5], one can deduce that the action functional
for the family of fields v°(t,z) in the space Cjo 1)x7- is the restriction of S¥(p)
to Cjo,7)x1r- Since the mapping u — v is continuous on Cjg 7)x - and reversible,
it is plain that given SY(y), one can calculate the action functional for the family
of fields u*(t,z) in Cjo 7)x7-(R"™) relying on Theorem 3.3.1 from [6]. We will not
provide this scheme in detail but only give the answer. For this we introduce the
operator B in LZ(R™) whose kernel is a diagonal matrix with elements B(z — y)
and put B~'/2p = ¢ provided B'/?¢) = ¢ and 9 is orthogonal to the null-subspace
of the operator B. Then the action functional for the family of fields u®(¢,z) in
Clo,r)x7(R™) for € | 0 has the form

T
5B (p) = / /
o Jrr

where

DASD = (DIA‘pla‘ . -,DnASOn), f(z,SO) = (fl(zy <P), .. 'af’n(za 30))

We notice that the solution of equation (5.2) with the perturbations of the above
type defines the Markov process u; in the state space Crr(R™). With the help of
the action functional one can describe the behavior as € | 0 of the invariant measure
u€ of this process (provided it exists) and transitions between stable w-limit sets of
the nonperturbed system.

If the function B(z —y) = t 1 E€(t,z)&(t,y) is close to the §-function, then the
operator B~1/2 is close to the unit one. In this case the action functional S*B ()
for the field u®(¢, z) is close to

s"(so)=/0T/Tr

When handling variational problems for the last functional one can follow the
arguments used in the case of the one-dimensional z and the perturbations of the
white noise type. In particular, if B(z) is close to the é-function and the field
f(z,u) is potential (fi(z,u) = —0F(z,u)/0ux), then the invariant measure u® of

2
dtdz,

B~'/2 (%—f - DAy — f(z, sO))

2
%—f — DAp — f(z,p)| dtdz.
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the process u§ in Crr(R"™) is concentrated as € | 0 at the point of the absolute
minimum of the functional

T
Up) = /T [E Di|Vx|* + 2F (2, p(2))
" Llk=1

If the field f = f(u) does not depend on z, then a vector u* € R™ independent of =
is such a minimum point, F(u*) = minyegr F(u). Of course, it is possible to give
more precise account of how B(z) should be close to the é-function in order that
in the problem on calculating the limit of u¢ as € | 0 one could replace S*Z(yp) by
the functional S*(p).

If the correlation radius of the field ¢(¢, z) in the space variables is large enough,
then the behavior of u® as € | 0 can certainly differ very much from that in the
case of perturbations of the white noise type. In a sense, the “extreme case”
of large correlation radius faces us when perturbations do not depend on z, i.e.
&(t,z) = W, is the Wiener process. It is easily seen that under such perturbations,
the transitions between some nonhomogeneous in z stationary solutions of problem
(1) are not possible at all. (The action functional is +00 on every curve which
connects such stationary solutions.) In this case the process uf{ may have a few
stationary distributions.

2. One can also treat non-Gaussian additive perturbations. For example, it is
sometimes natural to consider as perturbation the random field n*(t, z), ¢t € [0, T),
z € S1, which is defined as follows. Let v be a Poisson process with the parameter
! h(a:) z € S!, being a smooth functlon We put

Vi
n(t,z) =€) h(z+6k),
k=1
where 0 is a sequence of independent random variables uniformly distributed on
St
Consider the Cauchy problem
Ous(t,z) A%u¢ onc(t, z)
- = D b € . I € b = .
= o+ )+ T wf(0,0) = g(a)
A solution of (5.4) for g € Cs1 exists and is continuous for ¢t € [0,7T], z € S* with
probability 1. We will think of n® as the element of the Banach space By 2 of the
measurable functions ¢(t,z), t € [0,T], z € S, which are bounded together with
their first- and second-order derlvatwes inz and have the norm

loll=  sup meu aw] ?(t,)

0<t<T,z€S!
Problem (5.4) defines the mapping I': #° — u®, which maps in a continuous way
from By, into the space Cjo,7)xs1 of continuous functions on [0,7] x S 1 equipped
with uniform topology. This comes from the following lemma.

(5.4)

LEMMA 6. Consider the linear Cauchy problem

Oug(t, :1:) 6 Uk Ohg(t, z)
5 +Z%tmﬂ—ﬁ—’

t>0, z€8 k=1,...,n, u(0,z) =0,
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with continuous bounded coefficients cx;(t,z). The bound

max Iuk(t’x)l

0<t<T,z€S!
k=1,2,....n
3hk(t 23) 32hk(t z)
<c- max hi(t, )| + ) )
T 0<t<T,zeS! (I k(2] ’ oz + dz2

k=1,....n
18 valid with ¢ being a constant independent of the function h.

We will not give the proof of this simple lemma.

That the mapping I' is continuous enables one to reduce calculation of the ac-
tion functional for the field u®(t,z) in Cjo,1)xs: to the calculation of the action
functional S” for n°(t, z) in the space By 2. For calculating S" it is helpful to con-
sider the field n°(¢,z), ¢t € [0,T], z € S, as the functional of the random measure
7€ (dt, dy) that is the number of the points 6, with the indices k € [¢~1¢,e 7 (t+dt)),
which lie in the interval dy € S':

(5.5) nf(tz) = ¢ /0 /S h(z+y)n*(ds, dy).

The action functional for the family of processes v§, t € [0, T, for € | 0 has the
form e~1S(p), with S¥(p) = foT (psInps — s + 1) ds, provided ¢; is absolutely
continuous and ¢; > 0, and S¥(p) = +oo for all other p € Co r (see e.g. [6, §5.3]).

Let An(T) = (1/N) EkN=l xr (0x), where xr(-) is the indicator of the set T' C S?,
0y are independent variables uniformly distributed on S!. The action functional
for the family of measures Ay for N — oo is the following:

I(W)=N sup ( [ I@utan) - [ eXP{f(z)}dz)

feCgq

(see, e.g. [6, §9.2]). Given the action functionals for v§ and An(-) we can compute
with the help of (5.5) that

—limlimeln P sup Inf(t,z) —¢(t,z)| <6
§l0¢€lo 0<t<T, z€S!

T
= inf {/0 I(ue)érdt + Ser(): (ue,9),

t
// h(z+y)m(dy)sbtdt=w(t,w),OStST,zGS‘}-
0 JS!

Using the last equality one can evaluate the action functional e~1S7 for the field
n¢. The action functional for the field u®(t,z) in the space Cjo,1)xs: for € | 0 has
the form e~1S¥.(p) where

Ser(w) = $"(Cp),
t 32 ,
T obn) = o(t2) - 000) - [ (F05Z 4 fa.(s,2))) as
0<t<T.
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3. Consider the problem with perturbations in the boundary conditions

€ 2,€
Wtz) _ O | rzuf),  t>0, ol <1,
(5.6) ot 0z?

du® + €
a_(t,il) =€G u (07 :E) = g(:c).
z
Let gti be independent mean zero Gaussian processes with sufficiently smooth

and quickly decreasing correlation functions B*(r) = Egtigf,_,. Due to the per-
turbations in the boundary conditions, transitions of the solution of problem (5.6)
from a neighborhood of a stable solution of the nonperturbed problem into a neigh-
borhood of the other one are also possible. These transitions are caused by the large
deviations of u(t, z) from the solution of the nonperturbed system. The evaluation
of the corresponding action functional can follow that in §4. Consider the auxiliary
linear problem

€ 2,,E
v (t’z)=Dav , t>0, |z| <1,
(57) ot 6:::2

v

5. (b)) = e,  v(0,z)=0.

The solution of problem (5.7) is a Gaussian random field. The action functional for
the field v*(t, z), t € [0, T}, z € [—1, 1], is expressed through the correlation operator
of this field. The difference w®(¢,z) = u® — v° is the solution of the problem

€ 2,,€
(5.8) %gt‘:D%H(z,v%w‘), t>0, |z <1,
. €
aau; (t,£1) =0, wE(O, z) = g(2).

From (5.8) it follows that the transformations v¢ — w®, and thus v — u® = w®+v°¢
are continuous and reversible in a unique way. This permits the action functional
of the field u® to be expressed via the action functional of v¢.

4. Now we briefly touch on the case of the quick oscillating random perturbations
of RDE. Consider the RDE system

oui(t,z 92w
%(t )~ p, o+ oW 5yea), >0,

z €8, uk(0,z) = gk(z), k=1,...,n.

(5.9)

We will not seek generality and suppose that the process ¢ = ¢.., is a Markov
process which is homogeneous in time and has a finite number of states m; (z),.. .,
wn(z) € Cg:. The matrix of intensities of transitions will be denoted by Q =

(gi5)7:

¢j = Elll(l) %P{S‘HA =mile=m}, i#5 Gi=-— ), ik
k: k#i
Let g;; > 0 for 7 # j. Then the process ¢; has a unique stationary distribution
(g1,---,9n) = g. The functions m(z) will be looked upon as appropriately smooth,
say, twice continuously differentiable, the same being assumed about fi(u,z2) in
addition to their boundedness.
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Under these hypotheses it is not difficult to prove that for g € Cs:1(R") system
(5.9) has a unique solution, provided it is supposed that equations (5.9) are valid at
the points of continuity of ¢;, and at the points of discontinuity of ¢, the functions
ug(t, z) obey the condition of continuity.

We put

N
Fe@) =" qfu(u, me(z)).

k=1

One can show that limgjou§(t,z) = uk(t,z) uniformly on [0,T] x S!, k =

1,...,n, where the limit functions ug(t,z) are the solution of the system
0 0? -
(5.10) Futli =Dkﬁuzk+fk(u), t>0, z€ S, ug(0,2) = gi(z).

The proof of this statement can be patterned after that of the averaging principle
in the case of the finite dimensional dynamical systems, provided one takes into
account that under the above hypotheses the functions uf (¢, z) and their derivatives
in ¢t and z are uniformly bounded in €. That u(t, z) and their first- and second order
derivatives in z are uniformly bounded in ¢ is straightforward from the fact that
the functions f and g and their derivatives are bounded. That 0u§ /0t are bounded
follows from equation (5.9) using that |9u§/dz| and |9%u§/0z?| are bounded.

Therefore system (5.9) can be looked upon as the result of small random per-
turbations of system (5.10). One can show that (u(¢,z) — uk(t,z))/vE = ki(t, )
converges weakly as € | 0 to a Gaussian random field. This is a result of the Central
Limit Theorem type and it is similar to the corresponding assertion on the normal
deviations from the averaged system in the finite dimensional case (see, e.g. [6,
§7.2]). Just as in the finite dimensional dynamical systems with quick-oscillating
random perturbations, the averaging principle is not sufficient for accounting for
the limiting behavior of the system in large time intervals. This is due to the fact
that the averaged equations do not describe the transitions between stable w-limit
sets of the averaged system (in our case it is system (5.10)). If one handles nonran-
dom periodic quick-oscillating perturbations, then such transitions are impossible.
Under random quick-oscillating perturbations the transitions between stable be-
haviors are possible (provided the perturbations are not degenerate in a sense) and
it is these transitions that control the main state of the system. Similar to the case
of additive perturbations, the transitions are described by the limit theorems for
probabilities of large deviations. The action functional for the field u® (¢, z), defined
by system (5.9), can be calculated in principle, by following the scheme employed
in the finite dimensional case.

Given a collection a = (o, ..., a,) of measures on S! and p € Cg1(R™), denote

by A(p,a), the largest in modulus eigenvalue of the matrix Q#* = (Q¥*):

n
:_o]_,a = qij — bij /51 E fe(o, mi)ak(dz),
k=1

where §;; is the Kronecker symbol. It is not hard to verify that the matrix @¥** is
the generator of a positive semigroup. Hence it appears that the largest in modulus
eigenvalue of the matrix Q¥* is real-valued and single. As a function of its second
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variable, A(p,a) is a convex function. We define the functional L(p, ) as the
Legendre transform of A(p,a) in a:

Le.d) =swp |- [ Bul)on(da) - M)
=1 /st

a |z
B=(B1(z),--.,Pn(z)) € Cs:(R").

For the field u¢(t, z) defined by equation (5.9), the action functional for reasonably
smooth functions p(t,z), t € [0,T], z € S, with values in R™, has the form

€7 18%(p), where
" T a¢ a2¢
s'e)= [ £ (b 52-05%)

Here D is a diagonal matrix with elements Dy.

We emphasize that generally speaking the process u§ = u®(t, -) is not Markovian.
But the couple (uf,¢;/c) is a Markov process in Cg1 (R") x {m1(z),...,7n(z)}.

Similar constructions can also be arranged in the case where ¢; is not a Markov
process but possesses sufficiently good mixing properties.

In conclusion I wish to thank Valeria Freidlin for translating this paper into
English.
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