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THE DENSITY MANIFOLD
AND CONFIGURATION SPACE QUANTIZATION

JOHN D. LAFFERTY

ABSTRACT. The differential geometric structure of a Fréchet manifold of den-
sities is developed, providing a geometrical framework for quantization related
to Nelson’s stochastic mechanics. The Riemannian and symplectic structures
of the density manifold are studied, and the Schrodinger equation is derived
from a variational principle. By a theorem of Moser, the density manifold is
an infinite dimensional homogeneous space, being the quotient of the group of
diffeomorphisms of the underlying base manifold modulo the group of diffeo-
morphisms which preserve the Riemannian volume. From this structure and
symplectic reduction, the quantization procedure is equivalent to Lie-Poisson
equations on the dual of a semidirect product Lie algebra. A Poisson map is
obtained between the dual of this Lie algebra and the underlying projective
Hilbert space.

1. Introduction. The configuration space for a physical problem is a differen-
tiable manifold M, and the appropriate phase space is the cotangent bundle 7* M,
which is furnished with a canonical symplectic structure. The quantum state space
is the complex Hilbert space ¥ = L?(u) divided by the multiplicative action of C*,
where u is an appropriate measure on M. The classical Hamiltonian generates a
group of symplectic automorphisms of 7* M, but does not act naturally on ¥. The
term quantization refers to the problem of establishing a correspondence between
the two mathematical frameworks.

Let us briefly adopt the language of categories to discuss this problem in more
detail (see [22]). The classical category C consists of symplectic vector bundles
and symplectic isomorphisms. The quantum category Q is made up of complex
Hilbert spaces, and unitary operators. The most general quantization problem,
therefore, is to determine a functor f:C — @ which is required to obey some auxil-
iary conditions. It is well known however, that no such functor exists, if the bracket
operations are to be preserved. An alternative problem, therefore, is to obtain an
intermediate category I and a pair of functors C «— I — Q. Since the collection
of cotangent bundles lies naturally in (the objects of) C, a natural choice for I is
to consider the collection of smooth manifolds and smooth diffeomorphisms. To
determine a functor from I to Q assume that the manifold M has a distinguished
volume element u and form the Hilbert space ¥ = L%(u). (u is replaced by equiva-
lence classes of measures in the general case.) A quantization procedure may then
involve establishing a correspondence between unitary operators on the Hilbert
space X associated with the manifold M, and Poisson algebras of functions on the
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cotangent bundle T*M. We refer to [1, 22] and the references quoted therein for
further discussion of the general topic of quantization.
In this paper, we study an additional structure, formally represented by

C 1 = 0
(1.1) N L/
I

The objects of I consist of density manifolds: if N is an object of I, N maps
to M(N), an infinite dimensional manifold of probability densities on N. The
cotangent bundle map J — C is then naturally defined, and the map I — Q is
defined as before by choosing a distinguished density. By studying the symplectic
structure of 7* M(N), we provide a classical mathematical framework for quantum
theory by passing from finite to infinite dimensional symplectic geometry. Following
Nelson [21], we call this procedure configuration space quantization.

Suppose that M and N are C*° manifolds with distinguished volume elements
dyz and dyz. If we let ¥(M) = L?(dpmz), ¥(N) = L?(dnz), and ¥(M x N) =
L?(dpz x dyz), we see that there are natural isomorphisms

T*MxN)~T*MxT*N and X(M x N)~ ¥(M)® X(N).

However, the density manifold M(M x N) is much larger than the space of prod-
uct measures M(M) x M(N). We therefore think of M(M) as a mathematical
configuration space and do not assign it interpretational value.

The mathematical structure of configuration space quantization is wholly moti-
vated and guided by stochastic mechanics. In this probabilistic theory, a diffusion is
constructed on the physical configuration space M, and there is a correspondence
between Hamiltonians on the phase space T*M and functionals on the diffusion
process. Although the quantization procedure of Markovian stochastic mechanics
is derived from a variational principle, the collection of regular Borel measures on
path space in this theory does not inherently admit a natural symplectic structure.
The present work may therefore be seen as a geometrization of the deterministic
relations of stochastic mechanics.

2. Conservative diffusion and stochastic mechanics. In this section we
review the basic concepts and constructions of stochastic mechanics in order to
motivate and provide technical as well as conceptual background for the following
sections.

Let M be an n-dimensional C* manifold which is a locally compact Hausdorff
space, and for an interval I C R let the path space ) be defined by

a=][™
I

(where M denotes the one-point compactification of M) with the product topology.
An element of (2 is an arbitrary function w: I — M. If B denotes the Borel o-algebra
of Q) then a regular Borel probability measure Pr on (£2, B) defines an M-valued
stochastic process &(t):er over (€2, B, Pr) by the evaluation map

£(t)(w) = w(?)-

Similarly, an M-valued stochastic process over a probability space (S, S, i) induces
a measure on path space by a procedure developed by Nelson; see [20]. We let
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P, #, and N; denote the o-algebras P, = 0{(s),s < t}, % = o{&(s),s > t}, and
Ny = a{&(8), s = t} generated by &.
DEFINITION 2.1. We say that {£(t) }ser is a smooth diffusion if

(2.1) Eidg'(t) = Eo(€'(t +dt) — €'(t) = B°(E(t), t) dt + o(dt),

(2.2) de*(t)de? (t) = 6™ (£(t)) dt + o(dt)

in local coordinates ¢*, where 4 and 0% are smooth functions and 0% is of strictly
positive type, and if (2.1) and (2.2) hold for the time-reversed process &(t) =
E(-t), tel.

Here E; denotes the conditional expectation with respect to the o-algebra N,
and o(dt) is interpreted in the probabilistic sense. To be precise, let B; be the
algebra of all uniformly bounded stochastic processes {7;}:c[o,c] defined over the
same probability space as £ such that

|Ein(dt)loo = O(dt) and |Ein(dt)?|eo = O(dt).
Let O; be the ideal of all ¢ € B; such that
|Et¢(dt)|oo = 0(dt) and |Eyg(dt)?|oo = o(dt).

Then we write a(t) = B(t) + o(dt) in case a(t) — B(t) € O;. We assume as part of
the definition that . '
Ed.€'(t) = BL(£(2),t) dt + o(dt)
and
d. &"(t)d,., €(t) = o (&(t)) dt + o(dt)

for smooth functions B and 0¥’ defined in the local chart, where d, £(t) = £(t) —
€'(t —dt), dt > 0. The following theorem is an easy consequence of Definition 2.1.

THEOREM 2.2. If £ i3 a smooth diffusion and f € C§°(M x I), the collection
of smooth functions with compact support in M x I, then

detderder = o(dt),

df(§().t) _ (1 ;; 0? i
lim B == _(Eajaqiaqf ﬂa—¢+ )f(f(t))

d*f(f( ),t) — 1 iy 6 % 9
lim B, === = (—50.’8‘#3(1] B 6_q‘+ )f(ﬁ(t),t)

and under a change of coordinates g* — g

. 1 a2qi’ .
1 z ij
det = Bq‘ { 26 3q i dt+o(dt),
" 1 82
7 T
= Bq‘ ﬂ 27 Bq‘BqJ
vy - 9408
dqt dqI

The point of this theorem is that while o' is a contravariant 2-tensor which
defines a Riemannian metric on TM, 8* does not transform like a vector and we



702 J. D. LAFFERTY

must therefore allow for a correction term in defining the drift vector field of the
process €. This is done by setting

(2.3) b =B+ i7"

where I‘;k are the Christoffel symbols associated with the Riemannian connection
for the metric 0. (Here and throughout we employ the summation convention
A'B; = ¥, A¥By.) The vector field b = b*(0/dq*) is called the forward drift of
the process €. Notice that the choice of metric is intrinsically associated with the
diffusion, and determines its quadratic variation.

Now, from the time-symmetric definition of smooth diffusion one can deduce

the equality q'j =0 , and we may therefore define the backward drift vector field
b. = b%(0/0q") by

(24) b = B + 4T 07"
using the same connection.
A smooth diffusion £ has a smooth time-dependent and strictly positive density

p which satisfies
| 1do= [ Birtew, o) ae
MxI I

for all f € C§°(M x I). The density p therefore satisfies the parabolic forward
Fokker-Planck equation
(2.5) 0p/0t = 38p =V - (bp)

(where V- and A are the usual operations on vector fields and scalars associated
with the Riemannian metric ¢). By introducing the forward and backward stochas-
tic derivatives

(2.6) DX(t) = lim E [%t(t) Pt] ,
2.7) D.X(t) = lim £ [%t(t) 35]

for a real-valued stochastic process { X (t)}:cr over (€2, B, Pr) and utilizing the asso-
ciated stochastic integration by parts formulae, one can then show that the forward
and backward drift vector fields are related by

(2.8) bt =b' —V'logp

and, in addition, that p satisfies the antiparabolic backward Fokker-Planck equation
(2.9 dp/dt = —1Ap—V - (bup).

We therefore have that the continuity equation (or current equation)

(2.10) 0p/ot = =V - (vp)

and the osmotic equation

(2.11) u* = 3(V'0/p)

hold, when we define the current velocity by v = %(b+ b.) and the osmotic velocity
by u=1(b-b.).
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By differentiating (2.11) in time and using (2.10) we find that
(2.12) Ou/ot=-V(iV.-v+u-v).

The time evolution of the current velocity, however, is not as easily obtained from
the basic relations governing the infinitesimal characteristics of £. In the context
of stochastic mechanics, dv/dt is obtained from a stochastic variational principle.

Notice that if f € C§°(M x I), then the stochastic derivative D f(£(t),t) is given

by
Df(E(t),t) = LAF(E(t),t) +b- VF(ER),t) + of (fa(tt)'t)'

We call %A + b -V the forward diffusion operator, and the analogous backward
diffusion operator is given by —%A + b, - V. To extend the stochastic derivatives
to the full tensor algebra requires a stochastic parallel translation map, which we
denote by 7. The correct definition of this map in the context of stochastic me-
chanics was given by Dohrn and Guerra (see [20]). It is obtained by applying a
deterministic translation map to the geodesic approximation of the diffusion, as
follows. Let {n(s)|s € [0, 31]} be a geodesic on M with v(s) = dn/ds the vector
field tangent to n and let ug € T)y(s,) M. Then u(s) = 7(n(s),n(s0))uo is defined to
be the Jacobi field along n with initial condition V,u(sg) = 0; that is, u(s) satisfies

(2.13) D?*u/ds + R(u,v)u =0
with initial conditions
(2.14) Du/ds =0, u(s9)=1up

where D/ds denotes the covariant derivative along 7, and R is the Riemannian
curvature tensor. It is an elementary fact that every Jacobi field may be obtained by
a variation through geodesics. To construct this variation through geodesics for 7,
let {¥(s0,t)|t € [0,1]} be a curve satisfying ¥(s0,0) = 1(s0), 9(30,t)/0t|t=0 = uo,
and let {y(s,t)|s € [s0,81]} be the geodesic beginnning at ~(so,t), with initial
velocity 7(n(s0), ¥(30,t))v(s0), where 7 denotes the Levi-Civita parallel translation.
It is then easy to check that

u(s) = 97(s,t)/dt|i=0

is the Jacobi field described by (2.13) and (2.14). If one now takes the geodesic ap-
proximation to the diffusion £ and applies 7 to each geodesic segment, the stochastic
differential equation
dY' = I, Ykde! — Loklym g e rir? i Fj 2 i
= -TyY"d¢ - 30 E\ Dial'ms = Ll = Ty ml+%ﬁrkl
is obtained, which may be represented intrinsically by the Stratanovich stochastic
differential equation

dY* = T}, Y*odX' + 1R}, Yo7 dt.

For a tensor field a, the stochastic derivatives Da and D.a are then defined by
setting

Da = lim = By[r(8(e),&(¢ + de))a(€(e + do), ¢ + d) ~ a(€(2), 1)
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and 1
D.a = lim — Eula(€(t), ) — (€(0), (¢ — dt)a(¢(t - dt) ¢ - do)
which leads to the relations
Da(&(t),t) = (3Apc +b-V +8/8t)a(£(t), t),
D.a(&(t),t) = (—3Apc + bs - V +8/0t)a(£(t),1).

The second order operator Apg is the Dohrn-Guerra Laplacian Apg = V'V, —R.,
with R. denoting the induced action of the Ricci tensor R on the mixed tensor
algebra T(M). The Laplacian Apg agrees with the de Rham-Kodaira Laplacian
on scalars and 1-forms.

2.1 Stochastic action. From Theorem 2.2 we see that the stochastic increment
dei(t) = €t + dt) — €'(t) does not transform like a vector. To obtain a vector
quantity naturally associated with d¢t we make use of the exponential map of the
Riemannian manifold M. To this end, define d§ € T;(;)M by

exp(ie(l) = exPziE/dt(dt) = f(t + dt).

Since exp is a local isomorphism, d¢ is (almost surely) well-defined when dt is
sufficiently small, and 3

E, d¢ = b(£(t),t) dt + o(dt).
Let {n(s)|t < s <t+dt} be the minimal geodesic joining £(t) and &(t + dt). Then

dn/ds|s=¢ = Jf/dt,
t+dt
!

and
dn

2
t+dt d d
an 77
) (/ ds ds ds)

is the square of the Riemannian distance between £(t) and £(t+dt). However, since

t+dt d d d d
(/ \ dZ dZ ) n n>dt2+0(dt2)_(dﬁ,d€)+o(dt2)

we would like to estimate E, (d&, d§) to o(dt?) in order to provide an approxima-
tion for E[(d¢/dt,d¢/dt)]. The point of this calculation would be that although
the paths of ¢ are almost surely nowhere differentiable, if the divergent quantity
limge)o0 Y, E[(d€(tn)/dt, d€(tn)/dt)] dt may be given a well-defined meaning and
expressed in terms of the infinitesimal characteristics of the diffusion &, then it will
serve as the classical action of £ and should determine the appropriate Lagrangian
for the quantization procedure of stochastic mechanics. This idea is realized in the
following theorem of Guerra and Nelson.

THEOREM 2.3. Let {£(t)}ter be a smooth Markovian diffusion on M with for-
ward drift vector field b, and fix t € I. Let dt > 0 be sufficiently small so that

dé =exp™! (£t +dt)) € TeyM
18 almost surely well-defined. Then
d¢ d¢

(2.15) %E,<E,E> S0+ 3 Vbt SR+ o +o(l)

d

where R is the scalar curvature of the metric induced by &.
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The important aspect of this result is that the expression (2.15) is renormalizable
in the following sense. The divergent term n/2 dt — oo is deterministic; it does not
depend on the particular path, and therefore drops out upon taking variations of
the diffusion £ by processes of identical quadratic variation.

The expression (2.15) for the classical action of a Markovian diffusion leads to
the following notion of criticality. Let ¢ € C§°(M) and let L: TM x I — R be the
Lagrangian on TM given by

(2.16) L(v,t) = %(v, V)r(v) — O(7(v),1)

where, as before, z — (-,-),; denotes the Riemannian metric on TM and m:TM —
M is the canonical projection. If {£(¢)}ser is a smooth Markovian diffusion with
forward drift vector field b and diffusion tensor giving the metric (-, -), we may form
the associated Lagrangian Ly: M x I — R by setting

(2.17) Ly(z,t) = (3(b,0) + 1V - b+ S5R — ¢) (, ).

The associated action is
Ilb,to, ] = E [ [ e dt] = [ [ L@ t)ota,t)a
I MJr

where I = [tg,t1]. We may also re-express Ly in the following form, which will be
especially convenient for our later developments.

PROPOSITION 2.4. Let £ be a smooth diffusion with forward drift vector field
b, backward drift b., and density p. Then

E[Ly(£(t),0)] = E [(3(v,0) — 3{u,u) — ¢+ {3 R) (£(2),1)]

(2.18) - /M (3(v,v) — Lu,u) — ¢ + 5 R) (2,8)p(z,t) du,

where v = 1(b+b.) and u = L(b—b.) = $(Vp/p) are respectively the current
velocity and osmotic velocity vector fields of the diffusion €.

PROOF. By partial integration we see that since p > 0,

e (33 oo

But 3(b,b) — (b,u) = 3(v,v) — 3(u,u), and since the contributions from ¢ and R
are identical in equations (2.17) and (2.18), the result follows.

REMARK. Notice that we may simply hide the scalar curvature term in the
Lagrangian by setting ¢ = ¢ — {53 R and considering the Lagrangian Lg(v,t) =
3{v,v) — ¢g(n(v),t). We will therefore not include this term in the following
expressions; the interested reader may refer to [20] and the references quoted therein
for a discussion of this Pauli-DeWitt term.

DEFINITION 2.5. The smooth Markovian diffusion £ is said to be critical for
the Lagrangian L if for each interval [¢,t;] C I = [to,?;] and every smooth vector
field 6b with compact support in M x [t,¢;] we have that

(2.19) I[b,t,t1] — I'[b', £, t1] = o(6b),
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where ¢
1

', t,t)) = E' [/ Lo+56(€'(3),8) ds| .
t

Here E’ denotes the expectation with respect to the measure of the smooth Marko-
vian diffusion ¢’ having forward drift vector field ¥’ = b+ 6b, and the same diffusion
tensor and probability density at time ¢t as £(t).

The following theorem is due to Guerra and Morato, and serves to specify the
dynamics of a critical diffusion. The crucial step in the Guerra-Morato variational
principle is the introduction of the stochastic analogue of Hamilton’s principle func-
tion, which is the scalar given by

(2.20) aamw=—EUfm@wmwﬂwo,

and the expansion of the stochastic derivatives of this random variable with re-
spect to both the critical and “variational” processes. The approach given below
is more probabilistic, and assumes less regularity of the principal function than
the method which treats the stochastic differentiation operations as second order
partial differential operators.

THEOREM 2.6. Suppose that S is defined as in (2.19), that the gradient VS
exists in L?(p), and that

where the O(dt) term is £(t)-measurable, and w 1is the underlying Wiener process.

Then the smooth Markovian diffusion € is critical for L given by (2.16) if and only
if the current velocity v of £ satisfies the stochastic Hamilton-Jacob: condition

(2.21) v(z,t) = VS(z,t).

PROOF. As described above, let ¢’ be the Markovian diffusion with forward drift
vector field b’ = b+ 6b. Let

(222)  M(r) = exp ( / (6b(€(s), 5), duw(s / 165(&(s), )||2ds)

be the Girsanov density associated with &’ (see [12]). Since

ty
I=EU'm@w»w4=Emaam=Ew (1), )M (1)
t
and S(&(t1),t1) = 0 almost surely, we may use the algebraic identity
d(S(&(s), s)M(s)) = dS(&(s), s)M(s) + S(&(s),s) dM(s) + dS(£(s), s) dM (s)
to obtain an expression for I by stochastic integration by parts. Because M is
a P,-martingale there will be no contribution from the S(£(s),s)dM(s) term un-

der expectation. Furthermore, by expanding the exponential and again using the
martingale property it is easy to see that

E[dS(€(s),s)dM(s)]=E lvis dét(s)M(s) ( / e b dw;(s) + o(ab))]

s+ds .
=E [V,S(b‘ds + dw')M(s) / ob* dw;] + 0(6b) + o(ds)

= E[V;S6b' M (s) ds] + o(6b) + o(ds).
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We therefore have that
_I=E [ / " DS(€(s,5))M(s) ds] +E [ " V.S65 (£(5), )M (5) ds] +o(8b).
t t

Now, from the Markov property it is clear that
(2.23) DS =1L,

and, similarly, that D'S’ = Lj. (Note that this remains true for non-Markovian
processes when the stochastic derivatives are taken with respect to the past filtra-
tions.) Expanding the Lagrangians in b yields

Ly — Ly = (b, 6b) + %V - 6b+ o(6b).

Finally, using the relations
-;-E'[V .68 = % / V - 6bp + o(8b) = —E[(6b, u)] + o(6b)

and b — u = v, by combining the above expressions, we arrive at
ty
I'-I=E [ / (v — VS, 86)(€(s), s) M (s) ds] + o(6b)
t

.y [ /t " (0= VS, 60)(€'(5), 5) ds] +0(8b).

The result now follows since 6b is only restricted to have compact support in M x
[¢,t1).

COROLLARY 2.7. Let € be critical for L and let S be defined by (2.1). Then
the stochastic Hamilton-Jacobi equation

oS 1

(2.24) 3 + (VS VS)+¢-—(u u)—-—V u=0

holds.

PROOF. By combining the relation (2.23) with (2. 21) we obtain

%‘?+b VS + AS- +(b W) +3V v= b0+ b=

(Recall the above remark regardlng the scalar curvature.) Using the relation v+u =
b then yields equation (2.24).

COROLLARY 2.8. The diffusion & is critical for L iff the Schridinger equation

09 _
(2.25) i = ——A + oy

holds for v given by ¢ = eF+*S where u = VR and v = VS are the osmotic and
current velocity vector fields of €, and S is given as in (2.20).

PROOF. Combining the stochastic Hamilton-Jacobi equation (2.24) with the
current equation (2.10) expressed in terms of the scalars R and S results in the
nonlinear system

0S8

(2.26) O+ 3(V8,98) + 6~ 2 (VR,VR) - AR =0,



708 J. D. LAFFERTY

(2.27) %? +(VR,VS) + %AS 0.
A simple computation then shows that the above system is equivalent to the
Schrédinger equation (2.25).

REMARK. We note that a covector term may be included in the above La-
grangians as well. See [20] and §5.

2.2 Paths of density. There are several ways of constructing a smooth Markovian
diffusion on M. Given a collection of vector fields one can construct a stochastic flow
of diffeomorphisms of the frame bundle and project onto M. The familiar method of
taking discrete approximations to It stochastic integral equations yields a diffusion
locally, and the resulting local processes in different charts may be glued together.
A partial differential equations approach begins with an initial density pp and the
drift vector field b(-,t), t € I, and solves the forward diffusion equation to obtain
the probability transition function p, and therefore the measure Pr on path space.

From the point of view of the present paper, it is most natural to suppose that
for each t € I, p(-,t) is a smooth strictly positive probability density on the compact
manifold M. The osmotic velocity, determined by

u=3Vlogp,
is smooth and we may define the current velocity by the relation
v= —1VA‘1 9
p ot

which exists since [dp/8t = 0 implies dp/0t € Ran(A). Then p satisfies the
forward and backward diffusion equations (associated with b = v+u and b, = v—u)
which have fundamental solutions p and p.. The measure on path space may then
be generated using the transition kernel
p(dzy,ty;. .. ;dTn,tn) = pe(dzr,t1; 22, 82) - - Pa(dTio1, ti1; T4, i) p(di, i)
° P(l'iy ti; dxi+la ti+1) e p(xn—la tn—l 5 dxn, tn)

Thus, a smooth path of densities may be used to generate a Markovian diffusion.
The following theorem, due to Carlen [5], provides the proper mathematical
setting for stochastic mechanics.

THEOREM 2.9. For eacht € [to,t1]) = I let p(-,t) be a probability density, and
let u and v be time-dependent vector fields on M which satisfy

(2.28) /M /I((v, v) + (u,u))p(z,t) dpzdt < 0o

and

(2.20) /M £(2)p(z,) drez - /M f(2)p(z,5) drz = / /M<v,Vf>p(z, r) dasa dr

for all s,t € I and f € C(M). Then there is a regular probability measure Pr on
path space Q such that under Pr, t — £(t) is a square integrable Markov process with
density p(-,t), and the following limits exist strongly in L2(Pr) for any f € C§°(M):

lim = BI(€(t + do)) = (€)Ml = (34 +- V) F(€(),

lim B/(€(t)) — £(6(¢ - )| M) = (=3 +b. - 9) £(£(2)

where b= v+ u and b, = v — u are the forward and backward drift vector fields.
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The relevance of the finite action condition (2.28) and the weak continuity equa-
tion (2.29) for stochastic quantization is contained in the following result.

THEOREM 2.10. Let ¢ be a Rellich class potential on M X I and let o
satisfy [¥|3 = [, IVY||?dpmz < oco. Then if ¢y = 9(:,t) is a solution of the
Schrodinger equation (2.25) with potential ¢ and initial condition 1 (that is, if Yy =
exp(—itH)yg for the Hamiltonian H = —%A + @), then u,v, and p defined by

Vi(z,t)
(2.30) w(z,t) = R Y@O#O
0, ¥(z,t) =0,
Vi(z,1)
(2.31) v(z,t) = jmm! P(z,t) #0,
0, W(z,t) =0,
and
(2:32) plz,1) = [z, t)?

satisfy the finite action condition (2.28) and the weak continuity equation (2.29).

We refer to [5] for the proofs of these results. We end this section by briefly
discussing the interpretational aspect of Markovian stochastic mechanics. Through
the study of some particular quantum systems, it has been determined that Marko-
vian stochastic mechanics violates a certain separability property which one may
justifiably demand of a physically tenable theory. This is essentially due to the
fundamental property that a component of a multidimensional Markov process is
not again, in general, a Markov process—the generation of o-algebras does not re-
spect vector space structure. (Consider the sheet component of a Wiener process
on the Riemann surface of \/z.) However, it is not at all clear how the Guerra-
Morato variational principle may be extended to non-Markovian diffusions, or that
such an extension would remove the separability problem.* Thus, from the point
of view of Nelson, one should turn toward the construction of random fields on
physical space-time rather than diffusions on configuration space. See [20, 21] for
a treatment of the locality problem in stochastic mechanics. The point to be made
here is that there is no mention of Markovicity or other restrictions in specifying a
path of densities p. Hence, if a quantization theory can be formulated using paths
of density as the fundamental mathematical objects of consideration, then there
may be no questions of locality or separability directly involved. We carry out this
program in the following sections.

3. The density manifold. Throughout this section, M will denote a C°,
compact, connected, Riemannian n-manifold without boundary. A volume element
is a positive n-form of odd kind, in the sense of de Rham. We let M = M(M)
denote the collection of smooth (= C*) densities on M. To be precise, let N be

*One approach to this problem uses the homogeneous chaos decomposition of Wiener space as
a basis for a variational principle for non-Markovian semimartingales.
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the vector space of sections of the bundle of smooth n-forms over M, and let K C N

be the closed subspace
K={17€N|/ n=0}.
M

Consider the Riemannian volume element dysz = u, form the closed affine subspace

K =K + u, and set
(3.1) M = {p € K|p = fu locally, with f > 0}.

We may assume, of course, that Vol(M) = [, u = 1, so that if p € M, then
/, m P = 1. Thus, M is an open convex subset of a closed affine subspace of the
vector space N.

In this section we study the manifold structure of M and briefly discuss its
relationship with the group D(M) of diffeomorphisms of M. This relationship is
further developed in §6. Consider the following simple example, which gives an
indication of the interplay between M and D. Let M = S!, and let D(S') denote
the group of orientation preserving diffeomorphisms of S. If n € D(S?), then 7
lifts naturally to a real-valued periodic function (also denoted ) on R. Clearly
n' is a density, and an exercise in calculus shows that D(S!) ~ M(S!) x R/2~.
Therefore D(S!) has the same homotopy type as S!, since M is contractible. (This
is the trivial case of the Smale conjecture: D(S™) is homotopically equivalent to
SO(n+1), n=1,2,3,4. The case n = 4 appears to be open.)

This discussion of the relation between the diffeomorphism group and the density
manifold in 3.3 and 3.4 will lead to a treatment of the Fréchet manifold structure of
M and its tangent bundle TM in 3.5 through 3.7. In particular, in 3.5 we develop
the fundamental properties of the osmotic Laplacian A,, which is essential to many
further results. This operator is used to study the geometric structure of M in 3.6
and 3.7.

3.1 Calculus on Fréchet manifolds. We will be working in the C* category, and
therefore briefly recall here some basic facts concerning the Fréchet calculus.

By a grading on the Fréchet space X we mean a family of seminorms {| - |}nen
which generate the topology of X, and which satisfies |-|o < |1 < < || < -+
For example, let V' be a finite-dimensional vector bundle over M, and consider
the space C®°(M,V) of smooth sections. Let U, be an open cover of M and let
¢: Uy — V,, be local trivializations. For each a, let K, C V, be compact, and set
Ko = ¢5(K,). Also, assume that

V:0®(M,V) —» C®(M,T*M ®V)

is a bundle connection. Define the family of seminorms {| - |%_ .} by

n
fl%n=D_ 3 sup|VyVi,---Vy f(a)]

I=1141,...,35 Ko

where the indices 41, ...,1, refer to a basis for TM|y,, and V; is the covariant
derivative for V. By restricting to a countable subcover (or finite in the compact
case) and letting a countable collection of compact sets fill out each coordinate
chart, it is then evident that the above family of seminorms generates a grading for
a Fréchet topology on C*°(M,V) which is independent of the local trivializations
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chosen. In the same fashion one constructs a grading which is compatible with the
topology generated by the Sobolev seminorms.

Although there is no canonical extension of Banach space differential calculus to
Fréchet spaces, the following provides a good working definition.

DEFINITION 3.1. Let X and Y be Fréchet spaces. Suppose that U C X is
open, and that f:U — Y is a continuous map. If z € U and v € X, the directional
derivative of f at z in the direction v is defined to be the element df;(v) of Y given
by

f(z+tv) - f(2)

(3.2) dfz(v) = lim ;

if this limit exists.

Since the vector space £(X,Y) = Hom(X,Y) is not, in general, a Fréchet space
when X and Y are Fréchet the usual notion of C! Fréchet derivative in Banach
spaces, namely, that the mapping z — df; is continuous in the norm topology of
L(X,Y), does not apply. The following weaker criterion is therefore adopted in
Fréchet spaces.

DEFINITION 3.2. The map f:U C X — Y is said to be of class C! in case the
limit df;(v) always exists, and the mapping given by df:U x X — Y, df(z,v) =
dfz(v) is jointly continuous as a function of two variables. Higher derivatives and
the class C*, k > 2, are defined in the obvious inductive fashion.

Within this framework the basic operations of the calculus are sufficiently well
behaved for our purposes. In particular, the notion of Fréchet manifold, defined in
the obvious way, is well adapted to our study of M. We refer to [11, 17| for further
discussion of the general theory.

REMARK. Apart from certain topological and analytical issues, a large part
of the finite-dimensional geometric theory carries over unchanged to the infinite-
dimensional case when it is formulated in an appropriate algebraic fashion. In [19)
the theory is cast in the abstract setting of Lie modules, which provides a suitable
framework for much of what we shall carry out in later sections.

3.2 The group of diffeomorphisms. We now quickly review the basic facts con-
cerning the group of diffeomorphisms of the compact manifold M. For details and
many further developments we refer to [11] and [17], where the C* point of view
is developed, and to [2] and (6], where the Hilbert manifold case is developed.

Let D(M) denote the group of C* diffeomorphisms of M, with the C* topology.
The tangent space T.D(M) at the identity e is identified with equivalence classes
of smooth curves of diffeomorphisms through e. Thus the Lie algebra £(D(M))
consists of the collection X (M) of smooth vector fields z — V(z) € T, M with the
C* topology.

A one-parameter subgroup of D(M) is simply the flow of a vector field V €
X (M), and this flow is defined for all time since M is compact. We therefore
have a map EXP: X (M) — D(M) which takes V € X (M) to the one-parameter
group of diffeomorphisms EXP(tV') satisfying dv/dt = V (v), 4(0) = zo, when we
set y(t) = EXP(tV)(zo). Unlike the situation with finite-dimensional Lie groups,
however, this exponential map does not provide a local chart structure on D(M)
since it is not a local isomorphism—it does not map onto any neighborhood of the
identity. Some more work must therefore be done to provide an atlas for D(M).
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The idea behind providing a chart structure for D(M) may be thought of as
follows. Let V; C X (M) be a neighborhood of zero which satisfies |v| < € for all
v € V, where |-| denotes the Riemannian norm on TM. Choose ¢ sufficiently small
so that any two points of M with Riemannian distance less than € may be joined
by a unique geodesic of length less than €, and such that this geodesic is minimal
and depends smoothly on its endpoints. (For example, if M = S™ e < 7 will do.)
Let exp denote the exponential map of M. Then for v € V, the map ¢(v): M — M
given by ¢(v)(z) = exp,(;)(1) may be thought of as mapping z € M to a geodesic
of length |v| < €, and ¢:V; — C*°(M, M) is a homeomorphism onto an open set
U: C C®(M,M). Define U, by

Ue = {n € Ue|n is a diffeomorphism}.

Then V. = ¢~ (Ue) is open in V.. This provides a local chart ¢:V. — U, at
the identity. A local chart structure for all of D(M) is then obtained by using
the group action. This provides D(M) with the structure of a smooth Fréchet
manifold modelled on the Fréchet space X (M). The Lie product of the Lie algebra
TeD(M) =~ X (M) is minus the usual bracket of vector fields

9 . 9 .
—Y'-YI—X".
oq oq
The minus sign comes from the fact that one works with right- rather than left-
invariant vector fields.

Now the group TD(M) may be expresed as a semidirect product
TD(M) ~ D(M) x TeD(M),
where T, D(M) is a normal subgroup. In particular, we have that the fiber T, D (M),
for n € D(M), is given by
T,D(M)={V:M — TM|7V(z) = n(z)}.

Thus, T, D (M) is the collection of smooth vector fields over 7, represented by the
commutative diagram

X, Y] = X7

T™
v,/ =
M 3 M

We denote the group actions associated with n by R, and L,:
Ly:D(M) — D(M), § Ly =mnog,
Rp:D(M) - D(M), & Rp§=¢&on.
The induced actions on TD(M) are
TL,:TD(M) - TD(M), V¢€TeD(M)— TLyVe =TnoVe € TyoeD(M),
TR, TD(M) —» TD(M), V¢€TD(M)— TRV, =V¢on€ T¢onD(M),
and these maps are smooth. The adjoint action Ad is therefore given by pushfor-
ward of vector fields:
Ad,:T.D(M) - T,D(M), V + Ad,V =Te(Lyo R,-1)V =n.V.
REMARK. From these relations it is clear that when D(M) is modelled on H?,
it is not a Lie group since the group operations are not smooth.
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Two important subgroups of D(M) are the group of volume preserving diffeo-

morphisms

Du(M) ={ne€D(M)In*n= u},
and the group of symplectic diffeomorphisms

Du(M) ={n€DM)n*w = w},

in the case that M admits a symplectic structure w. To show that D, (M) is a
closed smooth submanifold of D(M) one considers the cohomology class

(W] = u +d(C™ (A"~ (M)))

(where C*®(A*(M)) denotes the smooth exterior k-forms), and shows that the
mappmg F:D(M) — [u] described by F(n) = n*p, is a submersion. Then D, (M) =
F~l(u)isa smooth submanifold, but this only determines the local chart structure
of D, (M) implicitly.
The proof of this fact is similar to that of the following theorem, which is central
to the developments of §6.

THEOREM 3.3. The Lie group D(M) acts transitively on M by pullback of
forms. Furthermore, m: D(M) — M is a principal fiber bundle with structure group
Du(M) and projection mn = n*p.

For a proof of this theorem, which is indicative of the methodology of diffeomor-
phism groups, we refer to [8]. The proof is based on a beautiful (and now standard)
technique due to Moser [18], which generalizes not only to the Darboux theorem,
but to Weinstein’s theorem on normal forms for Lagrangian submanifolds. The
proof given in [11] uses heat equation and inverse function theorem methods.

A density is thus a coset of diffeomorphisms. The Lie algebra L(D,(M)) of
the Lie group D, (M) is the Fréchet space X, (M) = {X € X(M)|V - X = 0},
the space of vector fields which are divergence-free with respect to the measure
p. This follows from the observation that if ¢t — 7, is a curve in D,(M) with
X =dn/dt € T, D,(M), then

d
0=—nip=n;(Lx,on;14),

and thus V- (X; o) = 0. The tangent space T, M should therefore be identified
with GX (M), the gradient vector fields on M, since by the Hodge decomposition

LOM))~ X (M) =X, (M) GX(M).
In other words, 7: D(M) — M is a submersion, and we have
PROPOSITION 3.4. There i3 a short exact sequence of Fréchet spaces given by
0—TeDy(M) - T D(M) > TuM — 0
which splits canonically.

In the next two sections we will establish a more concrete description of this
relationship, and, in particular, we shall see how the splitting of this sequence
provides an important feature of the density manifold for our later developments.

3.3 The osmotic Laplacian. There is nothing special about the volume form u
in the above discussion. Indeed, we may let po € M be an initial density, and for
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t — 7n a path in D(M) with ng = e, let p; = (1:).po be the push-forward density
path. Then

d * * dPt
0= a(’?t pt) = m (Lx,of, 1t + —= a )

holds, where X; € Ty,D(M) is the vector field over 7, tangent to t — 7n;. Thus,
under the mapping p; — p:/u from n-forms to smooth, strictly positive functions,
the continuity equation
0p/ot+V - (z4p) =0
holds when we set z, o 5y = X;. Of course, the same equation holds if we replace
z¢ by z; + 2;, where z; is a vector field on M having divergence zero with respect
to the measure p; (=~ pidpmz).
With p = pg, suppose that we seek to minimize the energy

(33 3 [ llalifo = 50,00,

among all vector fields v which satisfy the continuity equation for p(¢) at ¢ = 0.
If v is the unique vector field which minimizes (3.3) then v is orthogonal to all
p-divergence-free vector fields with respect to the inner product ((-, -)),. Thus, since
p >0, v’ is a closed 1-form. Without assumption on the H 1(M,R), we would like
to show that v’ is exact [21].

THEOREM 3.5. Lett — p(t) be a smooth curve in M with p(0) = p. Then there
18 a function S € C®° (M), dejined uniquely up to a constant, such that

(3.4) 0p/dt|t=0 = =V - (VSp).
PROOF. For the purposes of this proof, let ¥ be the complex Hilbert space
L?(pdpsz) with inner product (-, -)o,

(fr9)o = /M fapdmz,

and let ¥! be the completion of C*°(M) with respect to the bilinear form (-,)1:

1 X, .
(fah =7 [ (V. Fapdua+ [ fapdu

Clearly ¥! is a dense linear subspace of ¥, and is a Hilbert space with larger norm
[fl1 = |flo, f € ¥!. Thus, it follows that there is a unique positive selfadjoint
operator associated with the quadratic form (-,-); with form domain X¥!. If we
denote this operator by —%A,, then

(£r901=(f,—=389)0 + (£, 9)o
for feX'and g € Dom(—-A,,) Furthermore, for g € Dom(—— ) we have that

1 1V

-Z-A,,g— A + p Vg——Ag+u Vg.
Let ¥o C ¥ be the closed subspace }(o = {f € ¥| [, fp = 0}. Then 34, is an
elliptic operator with discrete spectrum, and kernel conswtmg of the constants,
which maps ¥p into itself. It also has a bounded inverse (3A,)~!.
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Now, clearly p~1(8p/8t) € Xo since

19p\ _ d _
/M (;E>p_dt Mp-—O.

1. \7'/ 16p
=(%) (%)
exists in Xp, and by elliptic regularity is C*°. S is the desired solution (up to a
constant) of (3.4).
COROLLARY 3.6. Let p € M. We may write
(3.5) X(M)=GX(M)e X,(M),

where GX (M) is the collection of gradient vector fields on M, and X,(M) is or-
thogonal to GX (M) with respect to the bilinear form

(X,Y) s (X,Y), = /M<x, Y)p

Thus,

on X (M) x X(M).
PROOF. If z € X (M) we may consider a smooth curve t — p(t) in M with
0p/0t|t=0 = =V - (2p).

The operator %Ap then provides a smooth gradient vector field

(3.6) Q(p)z=-V (%AZI) (2%,%)

and since P(p)z = z — Q(p)z satisfies V - (P(p)zp) = 0, it follows that P(p)z and
Q(p)z are orthogonal with respect to (-, -)),.

We call the operator A, constructed in Theorem 3.5 the osmotic Laplacian. It
will play an important role in what follows. The advantage of the above construction
is that it goes through in the more general case where M is not compact and the
density p may have nodes.

PROPOSITION 3.7. The collection {A,},em 13 a smooth one-parameter family
of elliptic operators with corresponding smooth family of inverses {A;l}pe M-

PROOF. Consider the grading on C*°(M) generated by the Sobolev norms
Ifln=Y_ IV2fl,

|a|<n
with | - | the L?(dasz) norm, as in the construction of §2.2. By Sobolev embedding,
this is equivalent to the C™ grading. From general elliptic theory we have that if
the mapping
frLf)=)Y fa-D*, fe€U,
la|<r
defines a family of elliptic operators of degree r (where generally the coefficients
f = (fa) are sections of a jet bundle) then for g € U, if |f — g|o < € one obtains

estimates of the form
|hlntr < C(lkln + | flnlklo)
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where L(f)h = k. For A,, we require that the osmotic velocities be close,

IV log(p/po)llo < €,

to obtain estimates of the form
(3.7) 1A, klny2 < C(lkln + [V 1og pln ko).

REMARK. In considering osmotic diffusion where dp/dt = 0, the operator %Ap
may be used to construct a measure on path space yielding a symmetric Markov pro-
cess. Recent work has been carried out by D. Bakry and M. Emery [4] on Sobolev
and logarithmic Sobolev inequalities related to A, on noncompact manifolds.

3.4 The Fréchet manifold structure of M. Notice that the appearance of the Lie
derivative in the expression

Mt (Lx,on-1Pt +dpe/dt) =0,

which is equivalent to the continuity equation, transforms the tangent X; to the
path of diffeomorphisms into an implicit tangent vector z; = X; on; * for the path
of densities by the relation dp/dt + V - (zp) = 0. We now provide M with a chart
structure which makes this correspondence explicit.

THEOREM 3.8. Let p € M and let V, be a neighborhood of zero in K = {f €
C®(M)| fys fdmz = 0} such that A,S < 1 for all S € V,. Let ¢,:V, = M be
the mapping given by ¢,(S) = p— V - (VSp). Then the collection of such pairs
{Vo,®p}pem forms a C® atlas on M.

PROOF. Let S € V,. Since A,S < 1 we see that ¢,(S) = p—V - (VSp) =
p(1—A,S) > 0. In addition, since [,,(A,S)p =0, it follows that ¢, maps V,, into
M, as claimed.

Recall that a closed subspace of a Fréchet space is again Fréchet. The mapping
S — ¢,(S) —p = —(A,S)p is a linear, invertible map of K into itself. Since
(p,S) — A,S is smooth, it follows from the open mapping theorem that the set
#o(V,) — p is open in K. Thus, ¢,(V,) is open in M.

Let p1, p2 € M with corresponding charts ¢;: V; — U; C M, 7 = 1,2, and consider
the composition o

o= ¢1_1 °¢23¢2_1(U1 n U2) — d)l_l(Ul ﬂUz)._

If p=p1 — V- (VS1p1) = p2 — V- (VSap2) € Uy NUy, then (A,,81)p1 = p1 — p2 +
(Ap;S2)p2, so that

=t =g (1- 2+ 0002

- p2 - P2
=A;) (1 - ;)—> + A5} ((A,,zsz)p—l) ,

1

noticing that (1—p2/p1), (A,,S2)p2/p1 € Kp, = {f| [ fp1 = 0}. From our previous
remarks regarding the osmotic Laplacian it now follows that ¢ is smooth.

Notice that if t — p(t) is a curve through p(0) = p in M, then 0p/0t makes sense
as a Gateux derivative. We therefore think of the gradient vector field

_ 1, 1 0dp
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as an snirinsic tangent vector (or an intrinsic representation) at p since there is no
mention of local charts. A vector field on M is thus a smooth (as a map between
Fréchet spaces) assignment p — X (p) of a gradient vector field X(p) € GX (M) to
each pe M.

A simple consequence of the chart structure provided by Theorem 3.8 is the
following, which provides the most natural framework for working with tensors on

M.

PROPOSITION 3.9. Let X1,...,X, be vector fields on M and let p € M. Then
there i3 a chart ¢:V C GX (M) —» U C M with p € M, such that

0 .

a(bopl(t) t=0= ‘i(p)’ 1=1,...,n,
where for each i, t — p;(t) i3 a curve representing X; at p. In other words, the
intrinsic and local representations of X; agree at p.

PROOF. Let € > 0 be such that the set V = {tXi(p)It € (-e,€),i=1,...,n}
satisfies p — V - (vp) > 0 for all v € V. Extend V to an open nelghborhood
V C GX (M) such that again p — V - (vp) > 0 for v € V. Now define ¢:V — M by
d(v) =p—V-(vp). Fori=1,...,nlet t — p,(t) represent X; at p. Then

67 o pilt) = 6~ o (p -tV - (Xi(p)p)) + 0{dt) = tXi(p) + o(dt)
so that 5
3 ~Lopi(t) o Xi(p)
for each .

Finally, it will be useful to think of tangent vectors on M as equivalence classes
of vector fields on M, as in the fiber bundle description of Theorem 3.3. To this
end we make the following definition.

DEFINITION 3.10. For each p € M, let =, denote the relation on X (M) x X (M)
defined by X =, Y in case V- ((X —Y)p) = 0. Then =, is an equivalence relation
on X (M) and by Theorem 3.5 there is a unique gradient vector field within each
equivalence class. We denote by Q(p): X (M) — X (M) the projection operator
which takes X € X (M) to the unique gradient vector field Q(p)X in the equivalence
class [X], containing X. For p € M let V, be the collection of equivalence classes
of vector fields on M under the equivalence relation =,. It is then easy to prove

that V = U,V, forms a vector bundle over M with projection 7,, such that the
following diagram commutes:

TM v
|
M

Ta 3 lm

v e
™

Thus, the p-equivalence class

IR

is associated with the path t — p(t) € M.



718 J. D. LAFFERTY

Together with the results of §2.4 then, we may summarize the relationship be-
tween D(M), D,(M), and M in the following commutative diagram:
o, M) & TOo(M) & TM 35 v
o, Imp ml lQ
Du(M) = DM) 5 M & TM

3.5 The tangent bundle TM. Let X and Y be vector fields on M. For each
PEM, X(p) e T, M ~ GX(M) is a gradient vector field. Let ((-,-)), be the inner
product

(3.8) (X,Y), = /M<X(p>,Y(p>>p(z) duz.

The mapping p — ((,")), determines a weak Riemannian structure on TM. The
term weak is used since the topology generated on T, M by the bilinear form (-, -)),
is strictly weaker than the topology inherited from M. Thus, each fiber T,M is a
pre-Hilbert space in the (-, -)), inner product.

DEFINITION 3.11. Let t — p(t) € M be a curve representing X at p € M.
Interpreting Y: M — GX (M) as a map between Fréchet spaces we define XoY (p) €
T, M by
(39) Xo¥()= oY (p(t)| = d¥,(~V-(X()p).

t=0
To determine the Lie product on TM we need the following lemma.

LEMMA 3.12. Let X =VSx and Y = VSy be vector fields on M. Then
(3.10) (X(p), Y (p)] =, (8,Sy)X - (A,5x)Y.
PROOF. Clearly this result only depends on X and Y at p. We need to show
that
(2, (8pSY)X — (8pSx)Y N = (Z,[X(p), Y (0))p

for any Z € GX(M). Since the Riemannian connection on T'M is torsion-free,
integrating ((Z, [X,Y])), by parts yields

[ (295 =y X)p= [ ZX19,¥i-YIV,X00
M M
- / (YIV,2'X; - X'V, 2°Y)p
M
+ [ (@X9,(Y79) - 2V, (X))
M

But the second integral above reduces to [,,(Z'X;A,Sy — Z'Y;A,Sx)p, and thus
(Z,[X,Y)p = (Vv Z, X)p~ (VXZ,Y ), + (Z,(8,57)X = (8,5x)Y ]},

Now, since Z is a gradient vector field on M, YV, Z'X; = YIV'Z;X; = (Y,VxZ).
Therefore we obtain

(2, [X,YI)p = (Z,(8,5v)X = (8,5x)Y ),

as desired.
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It is instructive to verify this directly. This is accomplished by checking the
identity

V,’((XkaYi - YkaXi)p) + Vi ((Vka + %’Xk) Yip>

-V, ((vkyk + Yf’:—”W) X‘p) =0
with the aid of the Ricci identity.

THEOREM 3.13. Let X andY be vector fields on M, and let [X,Y] be the Lie
product of X and Y. Then for each p e M,

(3.11) [X,9)(p) =, X oY (p) —Y o X(p) + [X(p), Y ()]

PROOF. By the Hahn-Banach theorem it suffices to determine the action of
[X,Y] as a derivation. Thus, let f € C®°(M) be a smooth scalar. Then

[X,Y]f(p) = (X(Y(f)) = Y(X(£)))(p)
canonically defines the Lie product. If df, denotes the directional derivative of f
at p as a mapping between Fréchet spaces, then this may be expressed as
[X, Y17 (p) = X(dfo(=V - (Y (0)0))(p) — Y (dfu(=V - (X (p)))(p))-
Next, taking a second derivative along integral curves of X and Y we obtain

[X,Y15(p) = d*fo(=V - (Y (p)p), =V - (X(0)0))
+dfp(=V - (X oY (p)p — A,SxY (p)p))
= d*f,(=V - (X(p)p), =V - (Y (0)p))
= dfp(=V - (Y 0 X(p)p — A,Sy X(p)p)).
Now d?f, is a symmetric bilinear operator, so the d?f terms cancel. The above
expression thus reduces to

[X.Y1f(p) =dfp(=V - (X oY (p) =Y 0 X(p) + (A,Sy)X — (A,5x)Y)p))
and then from Lemma 3.12 to

[X,Y)f(p) = dfp(=V - (X 0 Y (p) =Y 0 X(p) + [X(p), Y (0)])0)).

Therefore, [X,Y]=XoY —Y o X + [X, Y], as claimed.

Of course, the Jacobi identity follows immediately from the definition of the Lie
product as a bilinear, antisymmetric mapping on derivations of the associative ring
of scalars. However, since §X (M) is not closed as an algebra under the bracket
[,-] on TM, the Jacobi identity for the bracket [-,-] is not immediately clear from
the expression (3.11). This result is thus most naturally interpreted in the bundle
my:V — M. To verify the Jacobi identity directly, consider the equivalence class
XL IIX, Y], Z]], where 3-_, denotes cyclic summation. A calculation shows that

SIX, Y1, 2)(0) =, Y_(Q)IX, Y], 2] - Z 0 Q(p)[X, Y))

where we may assume that X,Y, and Z are gradient vector fields which are inde-
pendent of p. Now, in general, we have

dp(8s0(0))(v) = Apdgy(v) + Vg - d, (Ypi’) (v),
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so that letting g = A;! f we obtain
4851 )0) = 85" (a0 - v8527 -4, (L) ).
Setting f = p~1V - ([X,Y]p), a calculation then shows that
QX YE) = d, (-va5 (37-(x¥10) ) (2)

Q(0)(A,52(Q(P) (X, Y] - [X,Y]))
» 8pSz(Q(P)(X,Y] - [X,Y]).

Therefore

Y IIX, Y], 2] = > _(QIX,Y], Z] + A,Sz(IX, Y] - QIX, Y])).

Taking the p-divergence of both sides, and using L(x,y] = [Lx, Ly], with Lxu =
V. Xp yields

Y V(X Y], 2lp) = Y_(Q[X,Y] - VV-(2p) - Z-VV - ((X,Y]p))

+) (X,Y]-Q[X,Y])- VV - (2p)

=0,

proving that the Jacobi identity holds with respect to the equivalence relation =.

In considering the Jacobi identity for T'M, recall the following definition. A
homogeneous space G/H is said to be reductive if there exists a linear subspace m
of g, the Lie algebra of G, such that

g=hom,

and Adgm C m, where b is the Lie algebra of H. If p defines the projection onto
b and g defines the projection onto m then since [h,m] C m for such a space it is

obvious that
> plalénl, ¢l =0,

for £,n,¢ € m. However, the density manifold M, as a homogeneous space, is not
reductive, and the Jacobi identity must be verified directly.

In conclusion, we make a remark on the cotangent bundle T* M for later reference.
It is a theorem that the topological dual of a nonnormable Fréchet space is not itself
a Fréchet space. Thus, rather than working with the topological dual of T M, which
is a space of distributions, we use the Riemannian structure p — ((,-)), to identify
the cotangent bundle geometrically.

To be precise, let b: TM — T*M be the bundle isomorphism which is the index
lowering action. This induces a bundle isomorphism b:TM — T*M (onto the
geometric cotangent bundle) by X”(p) = (X(p))®, and the pairing ((-,-)), given by

¥ = [ X Y(oodua= [ (XY @odue

describes the action of T*M on TM.
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4. Geometry of the density manifold. In this section we investigate the
fundamental properties of the density manifold by studying the Riemannian and
symplectic structures on T M.

4.1 The Riemannian structure. Generally speaking, if £ is a vector bundle over
the manifold N with projection m, the nullspace ker 7.|,, z € T, is the subspace of
vertical tangent vectors and is naturally isomorphic to the fiber &x(;). A connection
is a choice of a complementary subspace of horizontal vectors. The horizontal lift of
a path in the base space is then defined, which for Fréchet manifolds, however, may
not exist in general. The following result determines the Riemannian connection
on TM, which may be interpreted as a connection for the bundle 7y:V — M
constructed in the previous section.

THEOREM 4.1. Let X,Y, and Z be vector fields on M. The Riemannian con-
nection, denoted V, 1s given by

(4.1) VxY(p) =, VxY(p) + Vx(»)Y (0),
where V s the canonical flat connection on TM.

PROOF. There is a trivial parallel translation map 7 = id on T'M, identifying
fibers as Fréchet spaces. Since we assume that p € M satisfies p > 0 locally,
the completions of the fibers under the weak Riemannian structure are unitarily
equivalent as Hilbert spaces. If X € TM and Z € TxTM is represented by the
curve t — W(t), W(0) = X then

(4.2) KZ=1m W) =X
t—0 t

defines the flat connection V on TM by

(4.3) KoTXoY =VyY.

To see that V is, in fact, a flat connection notice that by considering Z: M — TM
as a map between Fréchet spaces we have that

(VxVvZ -VyVxZ - Vx,y1Z)(p)
= Vx(dZ,(=V - (Yp))) - Vy (dZ,(-V - (Xp))) — dZ,(-V - ([X,Y]p))
= d22,(-V - (Yp), =V - (Xp)) + dZ,(~V - (X o Y = (A,5%)Y)p))
—d’Z,(—V - (Xp), =V - (Yp)) = dZ,(-V - (Y o X — (A,Sy)X)p))
—dZy(-V - (XY -YoX+[X,Y])p))
=0

as in Theorem 3.13.
Now, in general, a connection V on a manifold N, induces a bundle map

Ky:T*N - TN

such that the diagram
N X% 7N
ml lx

TN W N
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commutes, where 7; and 7 are the usual projections, and such that 7;: T?N — TN
is isomorphic to ker Ky & ker(w.). Furthermore, Ky determines V through the
relation

(4.4) va =KoTWoV.

In this way one constructs the Riemannian connection for the group D(M). Let
K be the map associated with the Riemannian connection V on TM as above. If
K:T?D(M) — TD(M) is defined by KY = K oY then the commutativity of the
diagram

20 X 71D
1711 l1r
D % D

follows from that of the diagram associated with K, and the Riemannian connection
V on TD(M) is then given by
VxY =KoTYoX

(see [6]). The connection V on T'M is then obtained from the fiber bundle structure
of m: D(M) — M by considering the group action of D(M).

To be concrete, think of V =V + V as a sum of the flat connection V, and the
Riemannian connection V on TM acting pointwise on TM. If f € C*°(M), notice
that

Vx(fY)(p) = Vx(fY)(p) + Vx (o) (f(P)Y ()
=X(N)(P)Y (p) + f(P)X oY (p) + f(P)Vx(n)Y (p)
= (X()Y + fVxY)(p),
since X (p) - f(p) = 0 when f(p) is interpreted as a scalar on M through a sequence
1 - C®(M,R)* = C®°(M,C®(M,R))* - C®(M,R)* — 1.

Since linearity is trivial, the Kozul axioms are thus verified. If the curve t — p(t)
represents Z at t = 0, then

20X YD) = 7 [ (XG0).Y (o)ho(0) duz

t=0
=/ ((ZoX,Y)+(X,ZoY))dez—/ (X,Y)V - (Zp) duz.
M M

But the last integral may be written as
/ Z-(X,Y)pduz = / (VzX,Y) + (X,VzY))p
M M

and thus,
Z((X,Y)) =(Z20X+VzX,Y),+(X,Z0Y +VzY)),
=(VzX+VzX,Y), + (X, VzY + VzY)),
= (VzX,Y), + (X,VzY),.



THE DENSITY MANIFOLD 723

Finally, since
VxY -VyX - [X,Y]=VxY -VyX 4+ VxY - Vy X +[X,Y]
=XoY-YoX+[X,Y]-[X,Y]
=0,
the connection V is clearly torsion-free.
We comment that VxY is not a gradient vector field, in general, when X and
Y are. Thus, the connection V is most naturally viewed as a bundle connection for
the bundle my:V — M. In so considering V:T'(V) - T'(T*M ® V), the covariant
derivative Vx maps vector fields on M to equivalence classes of vector fields on
M. Finally, note that the ring of scalars C*°(M) = C*°(M,R) is canonically
embedded in the ring C*°(M, C*°(M, R)). However, with respect to this larger ring

the connection V does not satisfy the Kozul axioms since Vx(,):I'(TM) — I'(TM)
is not linear over C*°(M,R).

COROLLARY 4.2. Lettw p(t) be a path in M with t — v(t) = v(p(t)) € Ty M
the vector field tangent to p. Then the path p is a geodesic if and only if

(4.5) v/t + Vv =0.

PROOF. The expression V,v = 0 may clearly be rewritten as (4.5). Notice that
there is equality rather than equivalence in (4.5) since from the general identity

Ly’ = (Vyu)® + 3d(u, u)
we have that (V,v)* = 1d(v, v) is exact.
COROLLARY 4.3. M 13 geodesically incomplete.

Let us now adopt the viewpoint that the curvature of a connection V measures
the extent to which the map X + Vx fails to be a Lie algebra homomorphism.
Again let X, Y, and Z be vector fields on M and interpret Z: M — TM as a map
between Fréchet spaces. The Riemannian connection V on T'M is the sum of a
flat connection and the Riemannian connection on T'M, acting pointwise on M.
Thus, we expect the curvature on TM to involve only the pointwise curvature on
TM, but the projection Q(p) onto the gradient part must be accounted for. We
are interested in the curvature tensor R(w,X,Y, Z) = (w, R(X,Y)Z)), w € T*M,
and therefore seek to determine the equivalence class of the algebraic expression

(4.6) R(X,Y)Z=VxVyZ-VyVxZ - Vxy)2Z.
To this end note that
VyZ(p) =, VyZ(p) + Vy(,)Z(p)
=, Yo Z(p) + Vy(5)Z(p) = P(p)Vy (5)Z(p),
where the right side is a gradient vector field. Thus,
(47) VxVyZ =, Xo(YoZ+VyZ - PVyZ)+Vx(Y0Z+VyZ—PVyZ).
Writing out the expression for w x,y]< gives

e[x‘ylz = (X oY -YoX+ [X, Y} - P[X, Y]) oZ+ VXOY—Y0X+[X,Y]—P[X,Y]Z~
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Interchanging the roles of X and Y in (4.7) and forming Ié, we get that
R(X,Y)Z=Xo(VyZ—-PVyZ)+Vx(YoZ+VyZ - PVyZ)
—Yo(VxZ—-PVxZ)-Vy(X0Z+VxZ-PVxZ)
= Vxoy-vox+(X,Y]-P|X,Y|Z

since R(X,Y)Z = VxVyZ-VyVxZ—-V|xy}Z = 0. Consider the term XoVy Z.
If we express Vy Z in local coordinates on TM then

48 (XoVyz = 5 (V) ge? + Ty ()24 e0) )
where dp/0t = —V - (Xp), and therefore since these operations are smooth,
- d d_ . &
(X0 Vy2y = (Y0() 2 + T (5Y060)) 2
¥ L (2(6(0) + THY 524 6(0)
= (VxoyZ + Vy(X o Z)).

R then simplifies to

R(X,Y)Z= =X o(PVyZ)+VxVyZ - VxPVyZ+Y o (PVxZ)
~VyVxZ +VyPVYxZ - Vixy|Z + Vpixv)Z
=R(X,Y)Z—Xo(PVyZ)+Y o(PVxZ)
—VxPVyZ +VyPVxZ +Vpixy)Z.
Finally, by noticing that

X o (PVyZ)(p) =

V- (XP) py v Z(p)
p

since PVy Z = 0 we obtain

PROPOSITION 4.4. Let X,Y, and Z be vector fields on M and let R be given
by (4.6). Then

(49) R(X,Y)Z=,R(X,Y)Z — (VxPVyZ - VyPVxZ - Vpxy|Z
+A,SxPVyZ — A,Sy PV xZ).

In particular, M has nonzero curvature when the base manifold M is, for exam-
ple, the n-torus T" provided with the flat metric. In [3], the sectional curvature
of the group of volume preserving diffeomorphisms of the torus T? is described.
The expressions even in the low dimensional case are, in fact, quite complicated.
We expect that in some sense the curvature of M must be dual to that of D, (M);
however, see §5 for further comment.

4.2 The symplectic structure. When we interpret the cotangent bundle T*M
geometrically using the Riemannian structure (-, -)),, as described at the end of §3,
it is clear that the symplectic structure on T*M (=~ T M) should be

Qo) (v1,21), (v2, 22)) = (21, v2))p — ((22,1))
with respect to a local chart.
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In this section we do not interpret 7*M geometrically, but go through the for-
malism of pulling back the canonical 2-form to TM using the smooth bundle map
©:TM — T*M, p(p,v) = ((v,-)),. The computations are straightforward. We will
work with vectors on TM and T* M as ordered pairs without explicitly mentioning
local representations as this should cause no confusion.

Let m:T*M — M be the canonical projection, and let ((-,-)) denote the pairing
of T*M and T M, thinking of T* M as the functional analytic dual. If w € T*M and
z € T,(T*M), then the map
(4.10) 9,: To(T* M) — R, 9u(2) = ((w, e2))

defines the canonical 1-form on T* M, where 7,: T(T*M) — TM is the induced map
of tangent spaces. If z = ((p,w), (v,n)) then m.z = (p,v) and VI, (2) = (w, v).

The canonical 2-form Q is defined as @ = dd. Let 23 = ((p,w), (v1,w1)) and
29 = ((p,w), (v2,ws)) € T,,(T*M). Then from the definition of exterior derivative
(21, 22) = ddu (21, 22) = 21 - Fu(22) — 22 - Vu(21) — Fuo([21, 22])

This may be more explicitly expressed as
Qu(21,22) = (v1,w1) - (W, v2)) — (v2,w2) - {w,v1)) = {w, [v1,v2])
= (w,v1 002)) + (w1, v2)) — {w,v2 0 1))
- ((wz,vl)) - «(4), V1 0V — VU2 0V; + [’Ul, 1)2]»
= (w1, v2)) — (wa, 1)) — (w, [v1, v2]))-

The familiar (local) formula for the canonical symplectic form is Q,(21,22) =
(w1,v2) — {(w2,v1). Thus, we obtain a correction term involving the pointwise Lie
product of vector fields on M.

Now, let 2 = p*(1 be the pullback form. Since the bundle map p:TM — T*M
is not an isomorphism, {1 is a weak symplectic form. That is, it is a closed and
weakly nondegenerate 2-form on the double tangent bundle T2M = T(TM). If
X1,Xs €T?M,

(X1, X2) = UTp - X1, Te - Xa),
where T'p(,,.) (¥, w) = (¥, Dp{(v, ) -y + {w, )),), with D, denoting the derivative
with respect to the metric (-, -)),. To obtain Q) explicitly, let

X1 = ((P, 'U)a ('1)1,1)2)) € T(p,‘v) (TM)a
X2 = ((p,v), (v3,v4)) € T(p0) (T M).
Then
Qo) (X1, X2) = Qpo0) (v1,v2), (v3,v4)) = oy, (T - X1, Tip - Xa)
= Qop, (1, Dplv, Np - v1 + (2, Do), (v3, Do, Ny - v3 + (4, N p))
and using the above expression for {2 this becomes
Q(p,0)(X1,X2) = Dy((v,v3), - v1 + (v2,v3)),
= Dp{(v,v1))p - v3 — (va,v1) — (v, [v1,v3]),.
Now,

Dp (‘U, U3»P % /M(v, U3)V : (’Ulp) = «vava vS»P + «'U, Vvlv3»P
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so it is a simple matter to check that f), in fact, takes the form

Qo) (X1, X2) = Q(p,0) (v1,v2), (v3,v4)) = (2, v3))p — (4, 01)) s
by using the fact that the connection V is torsion-free and that the v;’s are gradient

vector fields. If g1,...,9n,41,-..,dn are local coordinates on TM and & is the 2-
form & = g;;d¢’ A dq*, then we may write
(4.11) Q= / @p.

M

By a second order differential equation on M we mean a section £ of the dou-
ble tangent bundle T'(T'M) such that if m:TM — M is the canonical projection,
m«€(v) = v. Locally, this means that the second and third components are equal:

f(p, 'l)) = ((P, 'U), (’U, Z)), Wté(pa ’U) = (P, U)~
A second order differential equation £ is called a spray in case for s € R, &(sv) =
3.8€(v), where s is identified with the map s: TM — TM which is scalar multipli-
cation.

Now let K:TM — R be the kinetic energy map K(p,v) = 3|v||Z = 3 (v, v),.
Let us seek the Hamiltonian vector field associated with K; that is, the vector
field S(p,v) = ((p,v), (f1(p,v), f2(p,v))) such that i} = —dK. Computing for
y,w € T?M yields

4K (p)ww) = =3 [ @07 @a)+ [ .u)o = (Ty0,0d, + (o),
We obtain then the relation

(/2,900 = (w, f1dp = =(Vyv, 0))p = (v, 0],

It follows that fi(p,v) = v and fa2(p,v) = —V,v since (Vyv,v) = (V,v,¥), and it
is also clear that S is, in fact, a spray. We thereby recover the geodesic equations
(4.5). A simple computation now gives the expression

(4.12) 0%p/0t? = V - ((Vov + (8,5,)v)p)

along an integral curve of the geodesic spray.

4.3 A variational principle.

DEFINITION 4.5. Let pg, p1 € M be two (not necessarily distinct) densities. The
path space Q,, 5, M, or briefly M, consists of all smooth paths p: I = [0,1] — M
from pg to p; in M.

We will not give {IM a topological structure here. (Note that QM is twice
removed from the finite dimensional case.) The tangent space T,{) at a path p
will be the vector space of all smooth vector fields W (on M) along p for which
W(0)=W(1)=0.

Suppose that 7: QM — R is a functional on QM. In order to define the induced
map of tangent spaces 7.:T,() — T7[,) R we make the following standard definition.

DEFINITION 4.6. If p € Q, a vartation of p (keeping endpoints fixed) is a smooth
function p defined on (—¢,e) x M x I, for some € > 0, such that 5(0,-,t) = p(t)
and p(a, -, ) € Qp,,p, M for each a € (—¢,€). The variation vector field associated
with the variation p is defined to be the vector field W € T,(1 given by

W(t) = ;—aﬁ(a, 20l =Das0, 1),

a=0
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Clearly the map p — W € T, is surjective. Thus, if ¥ is a functional on QM we
may define 7.:T,Q0 — T7[, R by

7.(W) = d7[p()]/dea=0

where 7 is a variation of p with variation vector field W.
DEFINITION 4.7. The path p € QM is critical for the functional 7:2 — R in
case

d
%.(Dap) = =7 [p(e)] o 0

for each variation 7 of p.

So, for example, if 7 takes its minimum at p € QM, and if d7[p]/da is always
defined, then p is a critical path.

The variational principle discussed above provides a convenient and flexible no-
tion of criticality for the density manifold. It is a simple exercise, for example, to
verify the geodesic equations by this method.

5. Configuration space quantization. Recall now from Theorem 2.3 that
the renormalized classical action associated with a Markovian diffusion ¢ having
current velocity vector field v = (b + b.) and osmotic velocity vector field u =

(b= b.) = 3(Vo/p) is
E %(b,b)+-;—V-b-go+ 11—2R] =E[%(v,v)—%(u,u)‘¢+ll—2§]
=/M (%(v,v)—%(u,u)—¢+ -lféﬁ)p
= 3wob, — 5w, - [ (0= 35F) s

However, (u,u)), € C°°(M) is defined pointwise on M since u is not a tangent
vector. We therefore consider V(p) € C®°(M) defined by

(5.1) V(p) = % /M(u, u)p+ /M (so - 11—27?:) p

as a scalar potential on M. Now consider a smooth time-dependent 1-form A €
T*M, and form the potential

Vp,a(p,v) = V(p) + /M (%(A,A”) — (A, v)) p.

While V is lifted to TM from M, V, 4 lives on TM. Using the Riemannian and
symplectic structures of TM we now prove the following.

THEOREM 5.1. The path p € QM 1is critical for the action

Ip.aldl = /, ({0,905 = Voo (1))

if and only if the Schrodinger equation
Oy _1(1_. AN (lo .
Z—aT—'z-(-.V —A)(;V]—A]>1/)+<P’l/1

2
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holds for . = exp(R + 1S, + 1S4), where v = VS, is the vector field tangent to
p, u=VR="Vlogp, and Q(p)A* = VS,.

PROOF. It follows from general principles that we need to determine the second
order vector field Z € T%2M associated with the pullback form

Qr, » = (FLyp4)*Q
through the relation
1zQr, 4 =dE, 4.

Here FL:TN — T*N denotes the fiber derivative of the Lagrangian L and E, 4
is the associated energy.

Let us first suppose that A = 0. Then since the Lagrangian splits we need only
determine the gradient of V under the weak Riemannian structure ((-,-)), on TM.
In this case, along an integral curve t — (p(t),v(t)) of Z we have that

dv/dt = S(z(t), v(t)) — [grad V (z(t))]3 ),

where [w]!, denotes the vertical lift of w to T,,(T'M), and S is the geodesic spray
constructed in the previous section. Some elementary computations show that

dV(p) - v= (v, ~5VV ), + (v, Vil — (u, Vo).
But this reduces to
dV(p)-v={v,Vo - 3VV - u—Vyu),,
since u is a gradient, and therefore
grad V(p) =, —Vuu(p) = VV - u(p) + Vo(p)
where Vo is the constant vector field p — Vp(p) = Vo on M.
Next notice that Apg commutes with V- and V. For if f € C°(M) then by
Ricci’s identity
ViViVif = ViViVif = R ;Vif = ViViVif — Ry Vif
so that
ViAf =ViApgf=V*ViVif + REVif = ApcVif.
We thus have the relation
(5.2) v/t + Vyv — Vyu+ 3Apgu + Ve =0

along an integral curve of Z.

Let us now consider the 1-form A. There are two approaches to obtaining the
symplectic gradient associated with the pullback form. The first istolet L4:TM —
R be given by L4(v) = (A,v)),,v € T,M. Then we may form the fiber derivative
FLA:TM - T*M,

FLA(U) W= «A3 w»ﬂ»

and the pullback form QLA = (FLA)*Q. If X;, X2 € T>*TM are given by
Xl = ((pv 'U), (1)1,1}2)), X2 = ((pa ’U), (’03, ’U4))
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with respect to a local chart, then clearly
Qp,(X1,X2) =QUTFLy - X;,TFLy - X3)
= Q¢a,9,((v1, Dp{A; Dy - v1), (v3, Dp (A, )y - v3))-

The second approach, which we adopt here for simplicity, is to work with the
variational principle of §4, and use the basic properties of the family of Laplacians
p+— A,. We will then need to note that equation (5.2) takes the equivalent form

s, 1 1 1o
T +§(v,v)+go—- §(u,u)— EV-u—O

upon appropriate normalization of the generating function S,. To this end let 7 be
a variation of p. We need only examine the potential term

IA=// (A,v)pdpzdt
1M

under variations of p, since it is clear that

Da/ (A,A“)ﬁ:/ (A, A" D,p

For p € M let A(p) =, A(p) = A be the 1-form A(p) = (Q(p)A")’. Then we have

that
IA=// (A, v)pdpzdt
1M

since we assume v to be a gradient. Now, writing A(p(a)) = A(w),

dIA[' // (D Aa),v)dezdt+// (A, Do (7)) dps dt.

But now 4 is exact, so a simple manipulation gives
/ / (A, Dy (TP)) dpzdt = — / %Dar)dM:c dt.
1Im rJm Ot

Isolating D,p in the integral [, [,, (Do A(a), v)p requires the identity

DoX(p) =, (X — Q(p)X)(Dap/p)

for the projection X = QX of an arbitrary C* vector field X. To verify this
identity let f € C°°(M,C°°(M)) be such that [, f(p)p = 0; that is, f(p) € K, for
each p € M. Then by smoothness of A;l,

_ _ _ _ _ Vol
(6.3) DaAp(L)f(P(a)) = Aﬁ(z) (Daf(P(Ot)) - VAE(L)f - D, ( pl()‘(xo)l) )) ;

in particular,

Dof -VA;'f D, (:”) € K, = Dom(A;1).

To see this, set g(a) = A’_:(L) f(p(a)). Then Ap,yg(a) = f(p(a)) and
D.f = Apl)ozg + Da(vﬁ/ﬁ) Vg



730 J. D. LAFFERTY

Therefore (5.3) follows by applying A;l to both sides of the equation
A,Dog = Dof — Da(VD/p) - VA f.
Now apply this to the case where V f(p) = Q(p)X. Then

= vyt (59X - Q) x0a0))

=, (X-Qx)=eL.

Apply this identity now to the integral [, [,,(DaA(),v)pdrz dt to obtain

/I/M<Dafi(a),v)dezdt = /I/M(Au — Q(p) A", v) DaBdnrz dt.

Together with the expression (5.2) it now follows that p € QM is critical for the
Lagrangian L, 4 if and only if

s, 1, 1 B, 954 ~ 1 1

Bt + 2(v,v)+go+ E(A’A )+ a3 +(A-A,v) — E(u,u) - §V-u
is a function of ¢ alone. By normalization of the generating function S, + S4 we
may assume that this expression vanishes. Then under the gauge transformation

A A- A, go»—»g0+%
ot
we obtain
a8, 1 1 ~ - 28
v o4 (A — b _ At goA
(5.9) at +2(v,v)+so+2(A A AV — A% + e

+(fi—A,v)—%(u,u)—%V-u=0,

which, together with the continuity equation, is equivalent to the Schrodinger equa-
tion with ¥ = exp(R + (S, + Sa)), as claimed.

We end this section by commenting briefly on the cases where the densities may
have nodes and where the base manifold M is not assumed to be compact.

Let M be a general smooth Riemannian manifold, and let M be the collection of
smooth densities on M. If p € M, we may form the osmotic Laplacian A, as in §3.3:
Let X! be the completion of C> (M), the subspace of ¥ = L?(dp ) consisting of all
smooth functions which are constant outside a compact set, in the norm associated
with the quadratic form

55) (hoh =3 [ V1 Tapdue+ [ fapdu

Then (-, -); is closeable, and we may let -;—A,, be the operator corresponding to this
quadratic form.
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Now let ¢t — p(t) be a smooth curve in M with p(0) = p. If the gradient

_1(10p
- 1(Lop
vETVA, (p 0t>

exists in L2(p) then by elliptic regularity for A, we may conclude that v is smooth.
The definition of variation of compact support is then made in the obvious way, and
the above results go through under the appropriate modifications. We recall that
for noncompact M the group D(M) becomes less manageable; however, Moser’s
theorem goes through under suitable restrictions on the densities at infinity [7].

The case where p may have nodes is less easily generalized. From the point of
view of stochastic mechanics, the nodes of the density are barriers for the diffusion
on configuration space. More precisely, the following theorem is proved in [20].

THEOREM 5.2. Suppose that M is compact, and that £ i3 a smooth Markovian
diffusion satisfying
3(DD.¢+ D.DE) = -Vp
for some o € C°(M x I). Let p be the density of ¢ and set
Ze = {(z,t)|p(z,t) <e} C M x I
Let 7. be the stopping time
7e = inf{¢|(£(2), t) € Ze},

with 7 = 0o in the event that {¢|(£(t),t) € Z:} = O and let & be the Markov
process defined on M = M U {00} by £.(s) = €(s A 1e) and & (7)) = co. If Pre is
the measure on path space corresponding to &, then

eli_r'rtl) Pre(1e < 00) = 0.

However, for technical reasons, this phenomenon is difficult to investigate in the
context of configuration space quantization. Suppose we let Mg be the collection of
smooth densities, possibly with nodes, on M. As before, we let N be the Fréchet
vector bundle over M consisting of the smooth n-forms on M, let K C N be the

closed subbundle
K={n€NI/ n=0},
M

K the affine subspace K + u, and take
Mo={peRl [ sp20vsecs 00}
M

where C§% (M) is the collection of smooth nonnegative functions of compact sup-
port on M. Then Mg is a closed convex subset of a closed affine subspace of N. If
p € Mo, we will denote by Z, the closed subset of M consisting of the zeros of p;
that is, Z, = {z € M|p(z) = 0}. Note that the quadratic form construction of the
operator A, given above applies equally well to the present case where p has nodes
and M is noncompact. However, suppose that p € Mo — M, and let t — p(t) be a
smooth curve in Mg with p(0) = p. Suppose that px € (M is a sequence of paths
which converge to p in the C* topology. Then we may try to obtain the tangent to
p at t = 0 by considering the operators A,, (o). However, the family {px(0)A,, (o)}
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is not uniformly elliptic, and thus, it is not clear, in general, how to obtain esti-
mates guaranteeing the existence of S € ¥!(p) which is smooth on Z 5 and satisfies
0p/ot = =V -(VSp) = —pA,S. It therefore does not seem possible to give Mg the
structure of a Fréchet manifold in a manner analogous to the construction of §3.

6. The group of diffeomorphisms over the densities. From the functorial
relation (1.1) we see that the cotangent map M — T™M yields a mechanical system
in C by the procedure of configuration space quantization. In this section we study
the fiber bundle m: D(M) — M as a means of obtaining a structure theorem relating
C and Q.

The essential idea is that the cotangent foliation 7*M — M involves an implicit
semidirect product structure since a path of densities is the adjoint flow of the
tangent vector fields. To make this structure explicit, we may canonically lift to
T*D(M). The group D,(M) is then an isotropy subgroup under which the lifted
Hamiltonian system is right-invariant. Dividing out by D, (M) then leads to a
symplectic diffeomorphism with the coadjoint orbits in a semidirect product. The
resulting structure is a special case of a general framework studied in [15] and [10].
We shall refer to [15] for many details and further discussion of the general theory.

6.1 The fiber bundle m: D(M) — M. We begin by collecting some simple facts

relating to the principal bundle 7: D(M) De(M) M. Recall that projection 7 acts
by pushforward of the Riemannian volume element u, and there is a global trivi-
alization D(M) ~ D,(M) x M. Let V C TD(M) denote the vertical bundle. The
vertical subspace V,,n € D(M), is given by
Vy =kerTym = {X € T,D(M)|T,,x(X) = 0}.
Suppose that X € V,, C T;,D(M) and let t — n(t) € D(M) be a curve representing
X at 5. Then
_dt
T
so V consists of those vector fields X over 7 such that X on~! has divergence zero
with respect to the pushforward measure 7. 4.
Let H,, be the horizontal subspace

H, ={X € T,D(M)|X on~! = VSx,Sx € C®°(M)},

and let H = Un H,, be the corresponding horizontal subbundie. Then clearly
TnD(M) =V, ®H,, HRe'I =TR:H

so that H is a connection with respect to the right action of the structure group
Du(M) on D(M). (Note that ¥ is not a connection with respect to the left action.)
Moreover, TD(M) = H® V is an orthogonal splitting with respect to the weak
metric

(Meon™1)unupu =0,
t=0

Tym(X)

d
(ne)sp = dt

(VW) = /M<V(X),W<X)>,,(X) dnX.

Next, let A € T.D,(M) be a divergence-free vector field on M. Then EXPtA
represents the flow of A, and the fundamental vector field A* is given by

A*(n) = %n oEXPtA =TnoA.

t=0
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To verify that A*(n) is an element of the vertical subspace V, we simply note that

4 (moEXPtA)u= 2| (noEXPtAonT)im.p
dt|,_o dt|,—o
= Lrpodon-1M«lt = Ly, ansp = nuLap =0

since the Lie derivative is natural with respect to pushforward. Now define the
connection 1-form w to be the Lie algebra valued 1-form given by w(X) = A in case
A* = vert X where vert X is the vertical projection of X. The form w is well defined
since the group action of D, (M) is free and transitive on fibers. We therefore have
the identities

w(Tn o A) = w(A*(n)) = 4,

w(X on) =w(TRy 0 X) = Ad,-1w(X) = n*w(X),
and the curvature form Dw is defined in the usual way:
Dw(X,Y) = dw(horiz X, horizY).

Suppose we now ask to what extent the geometries of D, (M) and D(M) may be used
to give information on the geometry of the density manifold M. For the moment
let gp,(m) and gm denote the metrics on the manifolds D,(M) and M. We may
realize the bundle metric gp(ar) by setting

aom)(X,Y) = gu(me X, 1Y) + gp, (a) (w(X), w(Y)).
Then we have that

9o(M)(TRy o X, TR, oY) = gu(mTRy 0o X, 7. TRy oY)
+ 9p, (M) (Ady-1w(X), Ady-1w(Y))
= gm(m X, 1Y) + gp, (ary (" w(X), n*w(Y)).
However, the metric on D,(M) is not invariant under the adjoint action. Thus,
this construction does not yield useful geometrical information. Clearly this is an
infinite-dimensional phenomenon. (In fact, a group admits a bi-invariant metric
if and only if its image under the adjoint action is relatively compact.) A related
observation is simply that M is not a reductive homogeneous space, in the classical
sense, as a result of the relation [T,M,T.D,(M)] € T, M. Therefore, the relation-

ship between the geometries of M, D(M), and D, (M) is, indeed, very restricted.
Algebraically, we may set

A¥(g/b) = {w € A¥(g)|w(Xy,. .., Xk) = 0 if some X; € h}
with g = T.D and h =T, D,, and then
AL (g/h) = {w € A*(g/h)|Ad j,w = w}.

We thereby obtain a mapping d: A% (g/h) — Ak+(g/b) given by the exterior deriva-
tive, and we infer that the cohomology H*(M) is given by a natural isomorphism

ker d: Ak (g/h) — Ak+1(g/b)
imd: Ag™" (g/h) — Ak (a/b)

with the cup product in H*(M) corresponding to the wedge product A. However,
this isomorphism may not be further reduced using the Riemannian structure.

H¥(M) ~
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6.2 Lifting the Hamiltonian. The choice of a connection on a principal bundle

P % B allows one to lift a Hamiltonian on T*B to the cotangent bundle T*P of
the total space. Let us now examine explicitly the cotangent lift of the Hamiltonian
system of the previous sections. For simplicity, we shall disregard the covector and
scalar curvature terms.

To quickly review the standard notations and conventions, let T — 7; be a curve
of diffeomorphisms. We let Xi,...,X, denote a generic coordinate chart on M,
and zi,...,Z, the configuration under the motion of the diffeomorphism group;
that is, z; = z(X,t) = n:(X). The Lagrangian velocity V is given by V;(X) =
V(X,t) = 0n¢(X)/0t, and the Eulerian velocity v is determined by v; o 9, = V4.
We therefore have a commutative diagram

v T™
Tvt
M 2N M.

The cotangent bundle T*D(M) consists of 1-form densities over the diffeomor-
phisms, so that

T;D(M) = {an: M = T* M@ A"(M)le (X) € Ty M ® A% (M)}
and the pairing between T, D(M) and 7,; D(M) is given by

(o, V) = /M a(X) -V (X).

We therefore take the convention that the bundle metric ((,-)) on TD(M) induces
the weak metric

(B = [ (el (3110 p(X)

on T*D(M), where pg € M is a given initial density. In short, the bundle isomor-
phism TD(M) — T*D(M) is described by the index lowering action.

DEFINITION 6.1. Let pg € M, n € D(M), and let Q: X (M) — X (M) be the
projection operator constructed in §3. For n € D(M), we define Q,: T D (M) —
T,D(M) by

QnVy = (Q(nspo)V on™1) on = TRy 0 Q(nupo) © TRy-1V.
From the results of §3 concerning the osmotic Laplacian we have (see also [6])

PROPOSITION 6.2. Q, i3 a smooth operator on T;,D(M).

To lift the Hamiltonian

H(p,v) = %/M(v,v>p+%/M(u,u)p+/M ©p
= K(p,v) + V(p)

to the cotangent bundle T* D (M), we first treat the potential term. Identifying the
density pp with the function po/u, the pushforward density p = n.po is identified
with the function p(z) = po(X)J,;!(X), where J, is the Jacobian determinant.
Therefore,

/ op= [ n(X))p0(X) dar X.



THE DENSITY MANIFOLD 735

Similarly, if Txn denotes the Jacobian matrix dz/dX then

1V,p(z) _ l(Txﬂ)_le(PO(X)J,TI(X))
2 p(z) 2 po(X)Jn * (X)

u(z) = = Up(X)

and thus
V() = V(o) = V(napo)
=1 [ (Un(X), Uy (X)) p0(X) dre X + / o(1(X))p0(X) dre X,
2 M M

which lives on D(M).
Finally, letting o € T* D(M) correspond to V € TD(M) under the isomorphism
TD(M) — T*D(M) we form

(6.1) Hy, (n,oq) = %«anm Qﬂvﬂ» +V(n).
It is instructive to check directly that this lift is vertical.
PROPOSITION 6.3. The Hamiltonian H,, given above depends smoothly o po,

and is right invariant under the action of the subgroup D, (M) = {n € D(M)|n.po =
po} of diffeomorphisms which preserve the density po.

PROOF. Since the projection Q(p) depends smoothly on p, the Hamiltonian
clearly depends smoothly on py. Invariance of the potential V() under the action
of D, (M) is also clear by change of variables.

It remains to check equivariance of the projections Q. To this end, let ¢ €
Dy (M), n € D(M), and V; € T, D(M) and observe that

Qno¢pTRyoVy = QnopVnod = (Q((no@)spo)Vyodo(no ¢)_1) onod
=(Q(Ms 0 dupo)Vyon~t)onog
= (Q(nupo)Vyon~t)onod=TRyoQyVy.

Thus the diagram
TRy

TD — TD
Q! lQ
0 ™¢ 71D

is commutative. In addition, it is a simple matter to check that

«TR¢Vm TR¢Vn»n°¢ = «Vm Vn»n-

Therefore, since the bundle map TD(M) — T*D(M) is equivalent to the index
lowering action, we now have that H,, is D,,(M)-invariant.

6.3 Reduction and semidirect product structure. The invariance under D,, (M) of
H,, on T*D(M) leads to Lie-Poisson equations on the dual of a semidirect product
Lie algebra. The equations are precisely those obtained by the configuration space
quantization of the previous section. Our approach here is based on the work of
Marsden, Ratiu, and Weinstein [15], and we therefore first summarize the essential
points of the theory in the following two theorems.

Let 4:G — Aut(V) be a representation of the Lie group G on the topological
vector space V. The induced Lie algebra homomorphism is denoted v': g — End(V).
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Let § = G x V be the semidirect product which is the manifold G x V' together
with the group law

(91,v1)(92,v2) = (9192, v1 + ¥(g1)v2).

If f:g* — R then for u € g*, 6f/6u € g denotes the functional derivative defined
dually by

df (k) -v = (v,6f/6u),
where df is the Fréchet derivative and (-,-) denotes the dual pairing of g* and g.
The Lie-Poisson bracket on s* is then given by

o (o= ([JE 2] (o ()24 £)

with F,G:s* > R, 6F/6p € g, and 6F/6W € V.

THEOREM 6.4. Let J be the moment map for the right action of the semidirect
product S=G X,V onT*S, and let J:T*G X V* — s* be given by

J(ag,p) = (TS Rg(ag), 7" (971)P),

where ag € T;G and p € V*. Then J is a moment map for the action of G Xy V

on the Potisson manifold T*G xV*, and both J and J are canonical. Furthermore,
there 1s a canonical map I such that the diagram

T*S
27N
T*G xV* -1 s
commutes.

A further analysis shows a more detailed picture. In particular, an analysis
of the symplectic leaves of T*G x V* shows that if the given Hamiltonian H,, is
right invariant under G, = {g|7*(9)p = p}, then H, induces a Hamiltonian on
T*G/Gp, and via the moment map the reduced space J~1(0,)/Gp, where O, is
the coadjoint orbit of G in g*, is symplectically diffeomorphic to the coadjoint orbit
S - (p,p), u € g%, in s*. Varying p gives a Hamiltonian on s*, and one is led to
derive Lie-Poisson equations on s*, where the bracket is explicit.

THEOREM 6.5. The family {Hp}pev- of Hamiltonians induces a Hamiltonian

H ons* by
H((TeRy)* oy, '7*(9_1)17) = Hp(ay),
with associated Lie-Poisson equations on s*. In particular, the curve cp(t) € T*G
i3 a solution of Hamilton’s equations for Hy if and only if J(cp(t),p) s a solution
of the Hamiltonian system Xy on s*. In addition, the evolution of p i3 determined
by
p(t) = (e () ™)"p.
6.4 Semidirect products and the density manifold. Let us now return to the bundle

m:D(M) — M and recall some basic facts regarding the group action of D(M).
Consider the right action (9, ¢) — Ry¢ = ¢on of D(M) on itself. The cotangent lift
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of this action is described by (1, ) — (T;onRy-1)*a, and the associated moment
map is given by
Ji(om) = (TeLy) oy

which is left-inariant. The left action induces the cotangent lift

(n,0¢) = (TyoeLy-1)* ¢
with right-invariant moment map

Jr(an) = (TeRy)*ay

where T, R, is given by right translation. Thus, Jr(an)€ = (ay, £ on).

The vector space in the appropriate semidirect product should be identified
with the densities, which is however not a vector space. We therefore take V =
F(M) (= C*®(M)) and identify the dual 7*(M) geometrically with the densities.
Let ~: D(M) — Aut(F(M)) be the representation given by pushforward. Then
the induced Lie algebra representation +': X (M) — End(¥(M)) is minus the Lie
derivative, 4'(v)f = —L,f. From the general form of the Lie-Poisson bracket on
the dual of a semidirect product Lie algebra we now easily infer that the bracket
on (X (M) x, C*®(M))* is determined by

6G 6F oF 6G
{F,G}(v,p) = /M <U, [E’ E] > p+ /M (Lsc/svﬁ - LsF/&:g) p.

We remark that the Poisson structure described above is essentially the structure
for compressible flow constructed in [15]. To adapt it to our purposes we must take
into consideration the projection operator Q.

Under the isomorphism M =~ 7*(M) the induced representation is again push-
forward, and for pg € M, D,,(M) is now an isotropy subgroup. The moment map
J for the action of the semidirect product D(M) x., F(M) on T*D(M) x F*(M) ~
T*D(M) x M is

J(an,p) = ((TeRy)* oy, n*p)-
Let H be the Hamiltonian on T*D(M) x M given by H(ay,p) = H,(ay), where
H, is given in §5. Then by forming the Hamiltonian H:s* — R through the
composition HoJ = H we reduce to a Hamiltonian system on the dual of the
semidirect product Lie algebra s = X (M) x. F(M).

It is now straightforward to check that the equations of configuration space
quantization are obtained by solving for the Lie-Poisson equations F = {F, H}.
We omit the details; a similar calculation is carried out in the following section.

Finally, we make the following remark which suggests a more refined structure
for the present situation of lifting a Hamiltonian. Let X be a vector field on M.
Then X(n) = Xon determines a right-invariant vector field on D(M). Now form the
vector field @, X (n) € T;,D(M), which is again right invariant under the induced
action of D(M). From the results of §3, we infer that

[@nX (n), @uY (m)](e)
=QRQW)(V - Y(X - QX)) - QW) (V- X(Y —QuY)) + [Q(u)X,Q(k)Y]
= Qe(v ' Y(X - QcX) -V. X(Y - Qey)) + [cha QeY]a
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and that the Jacobi identity holds under projection by Q.. Since we may replace the
form p with any density p € M, we obtain a one-parameter family of Lie algebras
Q,(M) which does not correspond to any one-parameter family of subgroups of
the diffeomorphism group D(M). Since the Hamiltonian on T*D(M) involves the
projection onto the cotangent bundle of 7% M, in actuality, we are solving for the
Lie-Poisson equations in the one-parameter family of duals of semidirect product
Lie algebras s, = Q, X, ¥(M). Thus, lifting to a degenerate Hamiltonian on the
total space simply allows the use of the underlying Lie group D(M) to obtain a
single semidirect product Lie algebra s in which the family {s,} is embedded.

6.5 A Poisson map p:s* — X. Consider now the symplectic space (¥,w),
where ¥ is the complex Hilbert space ¥ = L?(dpsr) and w is the symplectic form
w(X,Y) = Im(X,Y)y, with (-,-)y the L? inner product of ¥. Let 7y denote the
collection of maps fy: ¥ — R given by

fu(p) = 3(Ho,0)x,
where H is a selfadjoint operator on ¥. The Hamiltonian vector field X5, = Xy
corresponding to fy is given by
Xu(p) =1Hop.
The following provides a canonical mapping between ¥ and s*.

THEOREM 6.6. Let s* be the dual of the semidirect product Lie algebra X (M)
Xy C°(M) constructed in the previous section. Let p:s* — X be given by
p(a, p) = RS,

where VR = u = 1Vp/p, and VS = Q(p)v when v’ = a/u. Then p is a Poisson
map when we restrict to those fy € Fy with H of the form H = —A + o, for some
smooth potential p: M — R on M.

As the following proof shows, one may consider more general selfadjoint operators
H = —A + ¢ by taking ¢ to be a Rellich class potential, for example.

PROOF. Let H = —A+V and G = —A + U, where V and U are smooth
potentials. We have that

{fu, fa}n(¥) = w(Xn, Xc)(¥) = Im(HY, iGY)y.

If we let ¢ = eB*S then a simple computation shows that this reduces to

(e hu(@) = /M<v — U)(AS +2(u, V).

Another computation shows that
1
fuow(an =3 [ (Qo)Qw) -V -u= (w1 +V)p

with (a/u) = o’
Now, thinking of fop and fgogp as functions of p and v (via the index lowering
action) we see that

5f§vo £ (v, p) = éb;fvﬂ(v, p) = Qp)v € X(M).
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Furthermore,
)

— Up)=UeC>®(M

op (/M p) (M)
ﬁ-(/ Vp) =V € C*(M).
6p \Um _

We therefore have that

R ]
6fgo §fm o

+/M (Lsfﬂop/sv ( f?Sp p) - L5fc°9/5v < f‘;p P)) 4

- / (v, [Q(p)v, Qle)v])p + / (La(oywU = LoV )p

M M

= /M(Lo(p)vU = LgpV)e

since the terms containing

and

3‘-5,; /M(V-u+<u,u>)p

are common to both é fgo,/6p and 6 frop/6p and therefore cancel. Simplifying,
we are left with

(fnop.faop}op) = [ (V59U - VSTV

- /M(v _U)(AS +2(u, VS))p

and the result follows.
It is now a simple matter to check that the multiplicative action of S! on the
collection of unit vectors of ¥ is symplectic, with moment map

(In(®),2) = (z/2)|1].

The reduced space is the projective Hilbert space ¥, which is the symplectic space
of rays in ¥, and the mapping g pulls the action of S on ¥ back to the identity
on s*. To summarize, we have the diagram

"M & T — TDxM EA & &y
mal lmp I~ S Lin
M & D T*(D X, C®(M)) b

In conclusion we comment on the indeterminancy in the generating function S,
by considering the manifold of NV indistinguishable particles in M, denoted By (M).
To be precise, let n = dim(M) > 2, set

N
Fn(M) = {(ml,n-,mN)GHMIzi#zj ifi;éj},

i=1
and form an equivalence relation on Fjy (M) by setting z ~ z’ in case the coordinates
of z differ from the coordinates of ' by an element of Sy, the symmetric group on
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N letters. The manifold By (M) is obtained from F (M) modulo this equivalence
relation. The fundamental group 71 Fn (M) of Fn(M) is the pure braid group with
N strings, and the fundamental group of m; By (M) is called the (full) braid group
of M. 1t is clear then that the natural projection

p:FN(M) - BN(M)

is a covering map, with group of covering transformations Sy. Therefore there is
a canonical isomorphism 73 By (M)/m1 Fn(M) &~ Sy. If we choose a base point
zo € Fn(M) for m1 Fn(M) and let Z9 € By (M) be such that p(zo) = Zo, then any
element of 71 By (M) represented by a loop

¥:I — Bn(M), A(0) =7(1) = Zo,

lifts uniquely to a path v:I — Fy(M) with v(0) = zo, and ~(0) — ~(1) defines
a homomorphism o: 7 (Bn(M),Zo) — Sn, with kero = 71 Fy(M). In the case
that dim(M) > 3 and (M) = 0, then m Fy(M) = 0 and Fy(M) is the uni-
versal covering space of By(M) (essentially since any knot may be untied in four
dimensions).

Now consider a critical path of densities on By (M), with tangent v = VS,. If v
is a loop in By (M), it may be that tracing the value of S, around ~ results in initial
and final values differing by an additive constant. If we require that ¢ = ef+iSe
be smooth across the nodes of density, then 1 changes by a multiplicative constant
¢(y) of modulus 1 which only depends on the homotopy class of 4 in 71 By(M).
Since ¢: 71 By (M) — C is a homomorphism, by restricting to m; By (M)/m1 Fn (M)
we obtain a character of Sy. If 71 Fy(M) = 0 then 9 lifts to a well-defined wave
function on Fy (M), which is either a symmetric or antisymmetric function of its
variables, depending on which character of Sy the map ¢ determines (the identity
or the sign of the permutation) [20].

This observation suggests the following mathematical setup to more directly
account for the indeterminancy in S,. Rather than considering the tangent bundle
T M, one may consider the collection of Lagrangian submanifolds over the densities,
which may be given a symplectic structure. A Lagrangian submanifold L C T*M
which is the graph of the closed form w is then said to be quantizable in case

/ w=2mk(y), k(7)€Z,

for each closed loop v in M. In other words, the de Rham cohomology class
[w/27] in H}(M,R) lies in the image of the singular cohomology H'(M,Z). Since
the Lagrangian property is preserved by Hamiltonian vector fields, these observa-
tions suggest a dynamical approach to obtaining representations of diffeomorphism
groups using the machinery of geometric quantization.
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