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ON THE VANISHING OF HOMOLOGY AND COHOMOLOGY
GROUPS OF ASSOCIATIVE ALGEBRAS

ROLF FARNSTEINER

ABSTRACT. This paper establishes sufficient conditions for the vanishing of

the homology and cohomology groups of an associative algebra with coefficients

in a two-sided module.

0. Introduction. Algebraic homology and cohomology theory may be consid-

ered an extension of ordinary representation theory. Certain problems of the latter

discipline initially motivated the definition of low-dimensional cohomology groups

which subsequently was generalized to arbitrary dimension (cf. [2, 8]). The theory

of derived functors set forth by Cartan and Eilenberg in [2] provided the appropri-

ate unifying concept for the various ramifications of cohomology theory and also

layed the foundation for the study of homology groups.

Among the most notable applications of cohomology theory are Weyl's Theorem

for finite-dimensional semisimple nonmodular Lie algebras, the theorem concern-

ing the complete reducibility of finite-dimensional modules of compact topological

groups as well as Maschke's theorem. The proofs of these classical results are pri-

marily based on certain averaging techniques which produce central elements whose

action forces the vanishing of the pertinent homology and cohomology groups. This

paper is concerned with various generalizations of the above-mentioned classical

vanishing theorems. It is conceivable that our new results may be applicable in

some nonclassical contexts, notably in the cohomology theory of modular and Z-

graded Lie algebras of arbitrary dimension.

In §§3 and 4 we present, in accordance with the philosophy of the theory of

algebraic complexes, a treatment of the most general case, namely the homology

and cohomology of associative algebras. The third section establishes conditions

for the vanishing of cohomology groups of an associative algebra A in terms of

the action of the enveloping algebra Ae on the A-bimodule M. By emphasizing

the role of central elements of the augmentation ideal, this approach naturally

extends previous results (cf. [6, Theorem 1.2; 7, Proposition C 6]). The methods

of §4 sharply contrast those employed in §3. The algebra A is considered a Lie

algebra which operates on Hn(A,M) in a natural fashion. In particular, we shall

demonstrate that the results of [6] retain their validity if one utilizes elements that

act locally nilpotently on A via their adjoint representation. Incidentally, the above

mentioned Lie action appears to be useful in the study of restricted cohomology

groups which hitherto were not amenable to methods from ordinary Lie cohomology

theory.
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The last two sections deal with some of the numerous specializations of the gen-

eral theory (homology of groups and restricted homology of restricted Lie algebras

have been left out of account). With regard to the theory of Lie algebras we give

generalizations of results due to D. Barnes [1] and also discuss more recent work

by Dzhumadil'daev [5].

1. Preliminaries. Let A be an associative algebra (not necessarily with iden-

tity) over a field F. An A-bimodule M is an .F-vector space with two bilinear

operations (left and right) which, aside from satisfying the usual requirements,

commute, i.e.

a ■ (m -b) — (a ■ m)   b       Va, b 6 A Vm e M.

We denote by Aop the opposite algebra of A and consider Ae := A ®f Aop, the

so-called enveloping algebra of A. Then M obtains the structure of a left and right

Ae-module by means of

(a <g> b) ■ m = a ■ m ■ b,        m ■ (a <g> b) — b ■ m ■ a.

The homology and cohomology groups of A with coefficients in M are those of the

complexes

C~(A, M) := ff) Cn(A, M),        Cn(A, M) := M ®F A ®F A ®F • ■ • ®F A
n>0 ~y

— n times

and

C+(A,M) -®Cn(A,M),        Cn(A,M) := {/: A" -> M; / n-linear},

n>0

respectively. The differentiation operator 6, which has degree —1 on C~ (A, M) and

degree 1 on C+(A,M), is given by the following formulas (cf. [2, 8]).

(5„(m®ai ® • • • ® a„) = m ■ ax ® a2 ® • • ■ ® an

n-l

+ ^(-l)'m ® aj ® • ■ • ® a¿a¿+i ® • • • <g> an + (-l)nan ■ m ® aj ® • • ■ ® a„_i

2=1

as well as

¿n(/)(ai,...,a„+i) =ai • /(a2,... ,an+x)

n

+ ^(-l)1 f{ax,... ,o¿aí+i,... ,an+i) + (-l)n+lf(ax,...,an) ■ an+i.

i=i

We adopt the customary notation (60 — é_1 = 0) and define Zn(A,M) := Ker<5„,

Bn(A,M) :=Imi„ (n > 0), Zn(A,M) :=ker¿" (n > 0), Bn(A,M) :=Imo" (n >

-1). Then

Hn(A,M) :=Zn(A,M)/ß„+1(A,M)

and

//"(A,M) :=Z"(A,M)/ß"-1(A,M)       (n>0)

are called the nth homology and nth cohomology groups of A with coefficients in

M, respectively.

Hochschild showed in [8] that the operations (a * f)(a') := a ■ f(a') and

(/ * a)(a') := f(aa') - f(a)a' give Cl(A,M) the structure of an A-bimodule such
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that Hn+1(A,M) and Hn(A,C1(A,M)) are isomorphic for n > 1. Quite analo-

gously, we can endow Ci (A, M) = M ®F A with the structure of an A-bimodule

by defining

a* (m<S>b) := a  m<S>b
Va,b£A\/meM.

(m ® f>) * a := m®ba — m -b®a

It follows directly from the definitions that the isomorphism Yn: Cn(A,M) —>

C*„_i(A,M®F A)

Yn(m ® ai ® • ••® an) := (-l)n(m ® ax) ® a2 ® • • • ® a„        (n > 1)

satisfies the equation 6n-X oYn = Yn-X o ¿S„ (n > 2) and thereby induces isomor-

phisms Hn(A,M) ^Hn-i(A,M®FA) for n > 2.

From now on all associative F-algebras are assumed to have an identity element

1. Modules and algebra homomorphisms are understood to be unitary.

2. A relation in the standard complex of an associative algebra. Note

throughout this section A is assumed to be an associative F-algebra. Following

Cartan and Eilenberg [2], we put for n > —1,

Sn(A) := A ®F A ®F A ®F • • • ®F A.
'-v-'

(n+2) times

Then Sn(A) carries the structure of a left Ae-module by means of

(a ® b) ■ (ax ® • • • ® an+2) := aax ® a2 ® • ■ • ® o„+1 ® an+26.

We consider S(A) := <g>n>_, Sn(A) and put S(A)+ := ®„>05„(A). The differ-

entiation d: 5(A) —» S (A) is given by

21+1

dn(ai ® a2 ® • ■ • ®an+2) = ^(-l)î+1ai ® • ■ • ® a¿a¿+i ® • • • ® a„+2.

2=1

(Note that d-X = 0.) We define an F-linear mapping s: S(A) —* S(A) of degree 1

via

sn(ai ® • • • ® a„+2) = 1 ® a-i ® • • • ® an+2 (n > —1)

and recall the identity (cf. [2 p. 174])

(*) do s + sod = idS(Ay,

i.e.,

dn+l °Sn + Sn-1 °4 = '^Sn(A) ^71 > ~1  («-2 = 0).

For b £ A, let lb: S(A) —* S(A) denote the left multiplication effected by the
element 6 ® 1 £ Ae, i.e.

lb(ai ® • • • ® a„+2) = bai ® • • • ® a„+2.

We also put r¡, := l¡, o s and note that /¡, o d = d o /6.

For every element o € A we introduce two linear mappings pa, 9a : S(A) —► S(A)

of degrees 1 and 0, respectively, by setting

íí+i

panHai ® • •■ ®a„+2) = ^(-l)-7"1^ ® a2 ® ••• ® a,- ®a® a¿+i ® ••• ®a„+2,

i=i
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6an)(ax ® ■ ■ • ®a„+2) = oia® o2 ® • • • ® an+2

n + 1

+ 2J ai ® • ■ ■ ® a,_! ® [o», a] ® a¿+1 ® • • • ® a„+2
2 = 2

- ai ® a2 ® • • • ® aan+2

where [a,b] = ab - 6a. Note that pi    and 0¿    are Ae-module homomorphisms.

In order to make this paper self-contained, we shall give a short proof of the

following result, which essentially coincides with Proposition 6.1 of [2, p. 278].

PROPOSITION 2.1.   On S(A)+ the identity d o pa + pa o d - 9a holds.

PROOF. We shall verify inductively the validity of

dn+xop^+pln-1Kdn = 9^        (n>0).

If n = 0 one readily obtains the desired result. The treatment of the general

case necessitates the following identities whose verification only requires elementary

computations:

(1) Pa°Tb = TbOTa-TbO pa Va, b G A,

(2) 6a o rb = lb o ra - rb o la + Tb o 6a       Va, be A,

(3) pa°k = h0 Pa       Va,beA.

Note that equation (*) entails

(4) doTb = lb-Tbod       V6 G A.

Suppose that n > 1 and assume d„ o pi™~ + pi™- ' o dn-X = 6an~ holds. We

then obtain by employing (1) and (4) consecutively:

dn+i o ¿") o rf-V = dn+x o r6("> o r«""1) - dn+1 o r¡n) o pf-V

= (iW - rfV o dn) o r^ - (|W - ri""1' o dn) o ¿-U

= /(«)or(n-l)_r(«-l)o(e-l)_r(n-2)odn_i)

-lln)opa»-»+Tln-»odnopa»-V

= l[n) or«-1) - T¡r-1] oí«"-" +r6(-1) orí""2) »C.

-lln)opan-V+T¡;n-Vodnopa"-»

as well as

pi""1) o dn o r'""1) = pi-1' o (/J-« - ri""2' o dn_l}

= r°pin-1)-^-1)°^(n-2)^n-1

= /i"1 opi-1' - ri""1' orí""2» °4-i +r(ri) opi-2) o4_,.

Consequently, identity (2) yields

d^opi-íorí-^+pi-^od^or'"-1)

= l{bn) o ri-1' - r6("-X) o /i""1) + r«""1) o (d„ o pi""1) + p(-2) o dn_0

= ^)or(n-l)_r(«-l)o/("-l)+r(«-1)oö(n-1)

= e)or6(-1).

This readily yields the assertion.    Ü



HOMOLOGY AND COHOMOLOGY GROUPS 655

Throughout the remainder of this section we shall be concerned with the transfer

of (2.1) to the homology and cohomology groups of the algebra A. Let M be an

A-bimodule. The mappings 7a and pa of C+(A,M) corresponding to pa and 9a,

respectively, are defined as follows:

n

la{g){ai, ■ ■■,an) = ^2{-l)'g(ai,..., a¿, a, at+1,..., an),

2=0

oeC7™+1(A,M)        (n>-l),

Po(/)(ai)---iO„) = a • f(ai,...,an)
n

+ "^2 f(ai,... ,ai-i>[ai,a],ai+i,... ,an) - /(oi,... ,an) -a       (n> 0).

2=1

The identification given on p. 175 of [2] then yields in combination with (2.1) the

following identity (cf. (1.1) of [6]).

PROPOSITION 2.2.   6 o 7a + -ya o 6 = pa Va £ A.

Let us now consider the homology groups of A with coefficients in M. Recall that

M canonically carries the structure of a right Ae-module and define on C~(A,M)

two linear mappings fa and pa via

1an)(m®ax ® •■•®a„)

71

= ^(-l)Jm®ai ® ■■•®Oj ®a®aJ+i ® •••®a„        (7a-1) := 0),

fian'(m ® ai ® a2 ® • ■ • ® an) = m • a ® a! ® • • • ® an

n

+ 2_jm ® al ® ' " ® Oi-1 ® [ö2,a] ® Ot-r-1 ® • • • ® On - « • W ® 01 ® ' ® on-

2=1

PROPOSITION 2.3.   6 o la + la o 6 = pa Va € A.

PROOF. For n > 0 we consider the isomorphism

Tn: M®A. Sn(A) -+ Cn(A,M),

r„(m® (ai ® • • • ® an+2)) = an+2 • m • ai ® a2 ® ■ • ■ ®an+i.

We put r_i = 0 and note that

bn ° Yn = rn_i o (idM ®A« dn)       Vra > 0.

Since, as was remarked earlier, pi") and 6a are homomorphisms of Ae-modules we

may form the mappings idjv/®AePa and idM ^>Ae6an ■ An elementary computation

then reveals the validity of

7an)°rn = rn+1o(idM®Aipi"))     w ^n
Vn > o.

MÍn)°rn = rno(idM®A«o("))

Now let n > 0. Proposition 2.1 yields
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Hence

(idM ®A« dn + l) ° (idM ®A« Pan)) + (^M ®A« pi"_1)) ° (idjVi ®A<= <¿n)

= idM®A«öi").

By applying Yn to this identity, one obtains

én+i o lan) o r„ + lan-^ osnoYn = pi«) o r„.

The assertion now follows from the surjectivity of rn.    D

Let A" and (Ae)~ denote the Lie algebras associated to A and Ae, respectively.

The "diagonal mapping" A: A" —> (Ae)~, A(a) :=a®l-l®ais readily seen to

be a homomorphism of Lie algebras. It follows that M obtains the structure of a

left A"-module via

a*m := a ■ m — ma       Va £ A Vm 6 M.

If Y: A" —► gl(C+ (A, M)) designates the representation induced by the identifica-

tion Cn(A, M) a HomF((g)"=1 A, M), then Y(a) = pa Va G A.

COROLLARY 2.4.   The following statements hold:

(1) The differentiation 8: C+(A,M) —* C+(A,M) is a homomorphism of A~-

modules.

(2) The representation Y induces the trivial representation on Hn(A, M) Vn > 0.

PROOF. (1) According to (2.2) and the above remarks we have

6 o Y(a) — 62oqa + 6o"iaoö = 6o~jao6

= (Y(a)-lao6)o6 = Y(a)oo       Va £ A.

(2) Let r„: A" —► gl(ii"(A,M)) denote the representation induced by Y, i.e.

fn(a)(/ + ß"-1(A,M)) =r(a)(/) + B"-1(A,M). Owing to (2.2) the identity

T(a)(f) = 6(la(f))        VaeAVf£Zn(A,M)

holds. Consequently r„(a) = 0 Va 6 A.    D

The situation for the homology groups is completely analogous. We record the

corresponding result:

COROLLARY 2.5.   The following statements hold:

(1) The differentiation 6: C~(A,M) —► C~(A,M) is a homomorphism of A" -

modules.

(2) The representation Y: A~ —* gl(C"(A, M)), Y(a) = pa Va £ A induces the

trivial representation on Hn(A,M) Vn > 0.    □

3. Vanishing theorems and central elements of the augmentation

ideal. Let <p: B —» A be an algebra homomorphism. Every A-bimodule M ob-

tains the structure of a ß-bimodule via

b ■ m = ¡p(b) ■ m    m ■ b = m • ip(b)       Vm £ M V6 6 B.

The homomorphism tp induces linear mappings F„°: Hn(B,M) —► Hn(A,M) and

F£ : Hn(A, M) -» Hn(B, M). Let <pe: Be -> Ae denote the algebra homomorphism

which is given by

<pe(bi ®62) = <p(bi) ® <p(b2)       Vbi,b2€B.
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Since ipe(Be) = <p(B) ®F <p(B), we obtain

(*) CM(tpe(Be)) = CA(v(B))®FCA(v(B)),

where CAe, CA denote the centralizers in A6 and A, respectively.

For x £ Ae, let Lx: M —► M denote the left multiplication effected by x. The

complexes C+(A,M) and C+(B,M) then obtain the structure of left Ae-modules

by putting

xf = Lxof       VzeAeV/e(?"(A,M) (f£Cn(B,M)).

Let ipn: Cn(A,M) —<• Cn(B,M) denote the mapping induced by ¡p. If u is an

element of CA'(tpe(Be)) one readily sees that (*) gives rise to

(**) Luo6n(g) = 6n(Luog)       VgeCn(B,M).

The latter identity implies that 6: C+(B,M) —* C+(B,M) is a homomorphism

of C?Ae(£>e(ße))-modules. Consequently CAe(<pe(Be)) operates on Hn(B,M) Vn >

0. For an element u 6 CAe(ipe(Be)) we let /„ denote the left multiplication on

Hn(B,M) effected by u. The canonical augmentation map Ae —> A which sends

ax ® a2 to aia2 will be designated by r.

The following result generalizes (1.2) of [6] and Proposition C.6 of [7, p. 325].

THEOREM 3.1.   Let M be an A-bimodule and suppose that

ue{kerr)nCA*(<pe(Be)).

Then the following statements hold:

(1) í„oíJ=0Vn>0.

(2) If u acts invertibly on M, then F™ = 0 Vn > 0.

REMARK. We shall see later that the requirement pertaining to the action of

u may not be weakened. It is in particular not true, as may be suggested by (1),

that the injectivity of the action of u on M entails the vanishing of F™.

PROOF. (1) Let a be an arbitrary element of CA(<p(B)). If / G Zn(A,M) then

(2.2) readily entails that

5n-1o7(")(/)(^(61),...,^(6n))

= (a ® 1 - 1 ® a) ■ f(v(bi),..., ip(bn))        Vbi,...,bn£B.

Thus, we obtain

(a) é""1 o ^"-^aí/)) = iPT,(¿n-1(7«(/))) = (a ® 1 - 1 ® a) ■ <pn(f).

Hence la®i-i®a ° F£ = 0. Next, we write u = Y!¡=i ui ® u\', «»>«i € CA(<p(B)).

As u lies in kerr, we have u = X)J=1(1 ® «i)(ut ® 1 - 1 ® ut). Then

k

lu°F™ = Y,(li®wt o /u,.(8i-i®Ui o F£) = 0.
2=1

(2) We return to equation (a) of the proof of the first part and obtain for u =

¿~2i-i ut ® u- observing (**)

¿«°^n(/)-¿"-1í^n-M¿¿i^;o7u,(/)jj.
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Let g := Lu lo(X],= 1 ¿ngu' ° 7u, (/))• The above equation then shows that

Lu ° ^n(/) = 6n-l(<pn~l(Lu o g)) = Lu o é""1^""1^)).

Hence <pn(f) =6n-l(<pn-1{g)) and F£(f + Bn~l(A,M)) = 0.    D

THEOREM 3.2. Let M be an A-bimodule and suppose that u is an element of

(kerr) n CA<¡(<pe(Be)). Let ru denote the mapping on Hn(B,M) which is induced

by m ® ax ® ■ • ■ ® an —► m ■ u ® ax ® • ® an.  Then the following statements hold:

(1) F%oru =0 Vn>0.

(2) If u acts invertibly on M, then F% = 0 Vn > 0.    D

We let C(Ae) denote the center of the enveloping algebra Ae and put P :=

(kerr) n C(Ae). The above results have the following important specializations.

COROLLARY 3.3.   Let M be an A-bimodule.

(1) // there is u £ P which acts invertibly on M then Hn(A,M) = 0 Vn

>0 (Hn(A,M) = 0 Vn>0).
(2) // M is irreducible and P ■ M ¿ 0 (M • P ¿ 0) then Hn(A,M) = 0 Vn

>0 (Hn(A,M) = 0Wn>0).

PROOF. We shall only verify the statements concerning the homology groups.

Assertion (1) directly follows from (3.2) by considering <p = id^ (A = B) and

observing that FndA — idHnrAtM). If M is irreducible as an A-bimodule, it is

irreducible as a right Ae-module. If M • P ^ 0, then there is u 6 P such that

m —> m ■ u is nontrivial. Since the kernel and the image of this mapping are

submodules of M the irreducibility of M ensures that u acts invertibly on M.

Hence (1) applies.    D

Now suppose that M is finite dimensional and let Q c P be a subalgebra (with-

out identity). We consider the Fitting decomposition of M relative to the abelian

Lie algebra Q: M = M0(Q)® MX(Q) (cf. [10,11]).

COROLLARY 3.4.   The following statements hold:
(1) Hn(A,M) = Hn(A,MQ(Q)) Vn > 0;Hn(A,M) Si Hn(A,M0(Q)) Vn > 0.

(2) If Q ■ M = M (M ■ Q = M) then Hn(A,M) = 0 Vn > 0, (Hn(A,M)
= 0) Vn > 0.

PROOF. (1) Considering the cohomology we shall proceed by induction on

dimFM. For u £ Q let M0(u) be the Fitting-0-space of u. Then Mç,(u) is a

submodule of M. Thus, if M is irreducible, we either have Mq(u) — M Vw G Q, in

which case M0(Q) = i\eQ M0(u) = M, or there is u £ Q with M0(u) = {0}. The

former case is trivial while the latter alternative yields Mq(Q) — {0}. As Q ■ M ^ 0

the assertion then follows from (2) of (3.3).

Now let M be arbitrary. If M0(u) = M Vm £ Q then M = M0(Q) and there is

nothing to be shown. Oterwise we pick u0 £ Q with M0(wo) / M and decompose

M = Mo(uq) © Mi (no)- As uq acts invertibly on Mi(uo) we obtain by virtue of

(3.3) Hn(A,M) 9= Hn(A,M0(u0)) Vn > 0. Since dimFM0(u0) < dimFM and

M0(ur))o(Q) = M0(Q) the inductive hypothesis now entails

Hn(A,M0(uo)) = Hn(A,M0(Q))       Vn > 0.

(2) We write M = MQ(Q) © MX(Q). As Q ■ M = M it follows that Q ■ M0(Q) =
Mq(Q).   Since Q acts nilpotently on M0(Q) there is according to a theorem by
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Jacobson (cf. Theorem 1 of [10, p. 33] or (1.3.1) of [11]) an element n 6 N such

that Qn ■ M0(Q) = 0. Thus M0(Q) = 0 and the assertion follows from (1).    D

4. Vanishing theorems and local nilpotence. In contrast to the preceding

section where associative operations were employed, we will now assume a more

Lie theoretic point of view. This approach will yield another generalization of the

results of [6] and [7]. We begin with some elementary observations from linear

algebra.

DEFINITION. Let V be an F-vector space. A linear mapping x: V —► V is said

to be locally nilpotent if for every v eV there is n(v) £ N such that xn^(v) — 0.

A sequence (fn)n>o of linear mappings from V to W is called summable if for every

v eV there is n(v) £ N such that fn(v) = 0 Vn > n(v).

If (fn)n>o is summable, then ^2n>0fn{v) is defined for every v £ V. In par-

ticular, (xn)n>o is summable if x is locally nilpotent. It follows that id^ — x is

invertiblc.

LEMMA 4.1. Suppose that f,g:V ^V are endomorphisms such that (a) / is

invertible, (b) g is locally nilpotent, (c) / o g = g o f.  Then f — g is invertible.

PROOF. Consider i := /"' o j, As / and g commute, x is locally nilpotent.

Hence idy - x is invertible and so is / - g = f o (idy - x).    G

LEMMA 4.2.   Let V,W be two F-vector spaces and assume that

(a) t: V —> V is locally nilpotent,

(b) p: W —+ W is invertible.  Then

( RomF(V,W) -> liomF(V,W),

'  I / -> P°f - f°r,

is invertible.

PROOF. Let 7: W —> W be an arbitrary linear mapping and consider

61: rlomF(V,W) -^ HomF(V,W), 0^(f) = 7 o / o r    V/ £ HomF(V,W).

Condition (a) ensures the summability of (0™(/))n>o for every / £ HomF(V, W).

Consequently, the mapping Yln>o ^™ 's weH defined and idHomF(v,w) — 61 is invert-

ible. Let Lp: HomF(V, W) —+ HomF(V, W) denote the left multiplication by the

element p. Owing to (b) Lp is invertible. Hence Y — Lpo (idHomF(v,iv) _@p~l) has

the same property.    D

We note the following immediate consequence of (4.2):

COROLLARY 4.3. Let V and W be modules of a Lie algebra L. Suppose that

x S L such that

(a) x acts locally nilpotently on V,

(b) x acts invertibly on W.  Then x acts invertibly on HomF(V, W).    D
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THEOREM 4.4. Let M be an A-bimodule. Suppose there is an element u in A

such that:

(a) adw: A~ —> A~, (adu)(a) = [u,a] is locally nilpotent.

(b) The mapping M —> M, m ^ u ■ m — m ■ u is invertible. Then Hn(A,M)

= 0 Vn > 0.

PROOF. Let n > 1. Recalling that ®"=1 A is a left A~-module by virtue of
n

x ■ (ax ® ■ ■ ■ ® an) = ¿Jai ® ■ • • ® a¿_i. ® [x,az] ® oj+i ® ■ • • ® an,

2=1

we see that n acts locally nilpotently on ®n=1 A. Let Tn: A~ —► gl(Cn(A,M))

denote the canonical representation of A~ on Cn(A,M) cs HomF((3)"_1 A, M).

Corollary 4.3 yields the invertibility of rn(u). Hence

f„(W):/7n(A,M)^r7"(A,M)

is invertible. Since, according to (2.4), rn(u) = 0 the assertion follows.    D

The proof of the corresponding result for the homology groups is simpler and

will therefore be omitted.

THEOREM 4.5.   Let M be an A-bimodule and suppose there is u £ A such that

(a) adu: A~ —> A~ is locally nilpotent.

(b) The mapping M —♦ M, m^>u-m — m-uis invertible. Then Hn(A, M) = 0

Vn > 0.    D

Let M be an A-bimodule and let p: A~ —» gl(M) denote the Lie representation

given by p(a)(m) := a ■ m — m ■ a Va £ A Vm £ M. For every a £ A we consider

M0(a) := Un>i kerp(a)", the Fitting-Null-Component of a in M. If S C A is

a subset, then the Fitting-Null-Component of S in M is defined via Mq(S) :=

f\aeSM0{a). We require

LEMMA 4.6. Suppose that adu: A~ —> A~ is locally nilpotent. Then Mq,(u) is

a two-sided A-submodule of M.

PROOF. For any element b £ A let lb and rb denote the left and right multipli-

cation on M effected by b, respectively. By induction one shows that
n

p(a)n o lb = ^2 ( -Kada)'(6) °p{a)n

2 = 0   ^^

p(a)"orfc = J2 í ¿ Jr(ada)'(6) °P{a)'

VneN.

=0

Now let m £ Mr,(u) and b £ A.  As adu is locally nilpotent there is an element

n £ N such that (adu)"(b) = 0 and p(u)n(b) = 0 and p(u)n(m) = 0. Then

p(u)2"(6-m) = p(n)2"o/f)(m)

2n

= £(   n)l(*du)>(b)°P{u)2n  Hm)

2=0  V %  '

= zZ(2in)l(^uy{b)op(u)2n-l(m)

¿=0

= 0
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which qualifies b ■ m to be an element of Mn(u). By the same token, m ■ b £

M0(u).    U

THEOREM 4.7.   Let S C A be a subset such that:

(a) ad a: A~ —► A" is locally nilpotent Va £ S.

(b) M/Mq(S) is finite dimensional.
Then Hn(A,M) ~ Hn(A,M0(S)) Vn > 0.

REMARK. We shall illustrate later that condition (b) is essential to the validity

of (4.7).
PROOF. Observing that M0(S) is owing to (4.6) an A-bimodule we shall proceed

by induction on k := dimF M/M0(S). If k = 0 the assertion trivially follows.

Let k > 0. Then there exists an element ar, £ S such that N := Mn(an) is

properly contained in M. As N0(S) = M0(S) and dimF N/N0(S) < k the inductive

hypothesis entails the existence of isomorphisms Hn(A,N) ~ Hn(A,M0(S)) Vn >

0. The exact sequence 0^JV-»M-> M/N —> 0 of left Ae-modules induces the

long exact cohomology sequence

-» Hn~l(A,M/N) -* Hn(A,N) -* Hn(A,M) -» Hn(A,M/N) -* .

By definition of N, the mapping M/N —» M/N which maps m onto an • m - m ■ an

is injective and therefore bijective. Consequently, (4.4) applies and Hn(A,M/N) =

0 Vn > 0. As a result, we obtain

Hn(A,M) ~ Hn(A,N) sí Hn(A,M0(S))       Vn > 0,

as desired.    D

The proof for the corresponding result for homology groups is completely anal-

ogous.

THEOREM 4.8.   Suppose that S C A is a subset such that

(a) ad a: A~ —► A~ is locally nilpotent Va £ S,

(b) M/Mq(S) is finite dimensional.

Then Hn(A, M) = 0 Vn > 0.    D

We are going to conclude this section with two applications concerning the ex-

tension functors.

COROLLARY 4.9. Let M,N be two finite-dimensional left A-modules and sup-

pose that S C A~ is a Lie set such that ads: A~ —> A" is locally nilpotent

Vs € S. Let B C A be the associative subalgebra of A which is generated by S.

IfHomB(M,N) = 0, then ExtA(M,N) = 0 Vn > 0.

PROOF. We give HomF(M, N) the structure of an A-bimodule by virtue of

(a ■ f)(m) := a ■ f(m),        (f ■ a)(m) := f(a ■ m).

It is well known (cf. [2, p. 170]) that \ZxtnA(M,N) ~ Hn(A,EomF(M,N)) Vn > 0.

Let P := HomF(M,N). Then Po(S) is a finite-dimensional A-bimodule on which

the Lie set S acts nilpotently. Let L := (S) denote the Lie subalgebra of A" which

is generated by S. Theorem 1.3.1 of [11] ensures that L acts nilpotently on Pq(S).

The assumption Pq(S) ^ 0 then entails by virtue of Engel's Theorem the existence

of a nonzero element f0 £ HomF (M,N) such that s ■ /o - /o ■ s = 0 Vs 6 S. It follows

that /o e EomB(M,N), a contradiction. Hence Pq(S) = 0 and the assertion is a

direct consequence of (4.7).    D
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COROLLARY 4.10. Let M, N be left A-modules and assume there isu G A such

that

(a) adu: A~ —+ A~ is locally nilpotent,

(b) the mapping M —f M, m —> u ■ m is locally nilpotent,

(c) the mapping N —► N, n —► u ■ n is invertible.

Then ExtA{M,N) = 0 Vn > 0.

PROOF. Conditions (b) and (c) show in conjunction with (4.2) that the map-

ping / —> u ■ f — f ■ u is invertible. Hence (4.4) applies and ExtA(M,N) ~

/f"(A,HomF(M,A0) =0Vn>0.    D

5. Homology and cohomology of supplemented algebras. A supple-

mented algebra is a pair (A,e) consisting of an associative F-algebra A and an

algebra homomorphism e: A —* F. The supplementation map e canonically en-

dows every left (right) A-module M with the structure of an A-bimodule by means

of

m ■ a := e(a)m,        (a-m := e(a)m).

The cohomology (homology) groups of the algebra A with coefficients in the left

(right) A-module M are those of the corresponding A-bimodules. Let A+ denote

the kernel of the supplementation map. The results of §4 specialize to supplemented

algebras. We shall be mainly interested in the following cases.

COROLLARY 5.1. Let M be a left (right) A-module and suppose that there is

u £ A+ such that

(a) adu: A" —» A~ is locally nilpotent,

(b) u acts invertibly on M.

Then Hn(A, M) = 0 (Hn(A, M) = 0) Vn > 0.

PROOF. We only note that the action of u on M coincides with that of u ® 1 —

1 ® u £ Ae. Hence the desired result follows from (4.4) and (4.5).    D

We consider the ascending central series (Cn(A))n>n of A which is inductively

defined by means of

C0(A) := 0,        Cn+i(A) := {a £ A; [a, A] C Cn(A)}.

One readily verifies that Cn(A)Cm(A) = Cn+m_i(A) Vn,m > 1. Hence C :=

Un>o Cn(A) n A+ is a subalgebra (without identity) of A.

COROLLARY 5.2.   The following statements hold:

(1) Let M be a finite-dimensional left A-module.  Then

i/"(A,M)~/7"(A,M0(C))    Vn>0

and ifC-M = M then Hn(A,M) = 0 Vn > 0.
(2) Let M be a finite-dimensional right A-module.  Then

Hn(A,M) = Hn(A,M0(C))    Vn>0

andifM-C = M, then Hn(A,M) = 0 Vn > 0.

PROOF. We shall only verify (1). Let a £ C then ad a: A~ —> A" is nilpotent

and the first assertion follows from (4.7).   As C C A+, C acts on M by left
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multiplication. We decompose M into its Fitting components relative to C: M =

Mo(C)(BMi(C). Both spaces are C-invariant and the assumption C -M = M then

yields C ■ M0(C) = M0(C). Jacobson's Theorem of nil weakly closed sets (1.3.1

of [11]) then provides the existence of k G N such that 0 = CkM0(C) = M0(C).

Hence Hn(A, M) = 0 Vn > 0, by the first part of our corollary.    D

6. Homology and cohomology of Lie algebras. Let L be a Lie algebra

over F, U(L) its universal enveloping algebra. The trivial homomorphism I-»F

possesses a unique extension to an algebra homomorphism s: U(L) —> F. Thus,

(U(L),e) is a supplemented algebra. The general theory of algebraic complexes

provides natural equivalences

Hn(L,M)^Hn(U(L),M)       v^>o

Hn(L,M) = Hn(U(L),M) U-   '

for every left or right L-module M.

We shall now illustrate, as mentioned earlier, that certain conditions of (3.1) and

(4.7) may not be weakened.

Let L be a finite-dimensional semisimple Lie algebra over a field F of char-

acteristic 0. As is well known, L possesses a nondegenerate Killing form. The

corresponding Casimir element u lies in the center of U(L)+. We let U(L) (and

thereby L) act on U(L) and U(L)+ by left multiplication. As U(L) is free of zero

divisors u acts injectively on both of these spaces. The exact sequence

0 -* U(L)+ -* U(L) -^F^O

of L-modules induces the long exact cohomology sequence

— Hn(L,U(L)+) -> Hn(L,U(L)) -» Hn(L,F) -» Hn+i{L,U(L)+) -+ .

The cohomology group H3(L,F) is known to be nontrival (cf. [3, Theorem 21.1]).

Hence H3(L,U(L)) and H4(L,U{L) + ) cannot both vanish. Consequently, (4.7)

loses its validity if M/Mq(S) is infinite dimensional.

The first part of the following result was proved by Dzhumadil'daev in [5] for

finite-dimensional modules and algebras.

THEOREM 6.1. Let (L, [p]) be a restricted Lie algebra over a field F of positive

characteristic p > 0.

(1) If M is an irreducible left L-module which is not restricted, then Hn(L,M)

= 0 Vn > 0.

(2) If M is an irreducible right L-module which is not restricted, then Hn(L,M)

= 0 Vn > 0.

PROOF. In either case there is x G L such that xv - x^ G C(U(L) + ) operates

nontrivially on M. As M is irreducible (5.1) applies.    D

Finite-dimensional modules afford a sharpening of the preceding result.

THEOREM 6.2. Let p: L —> gl(V) be a finite-dimensional representation of the

restricted Lie algebra (L,\p\). If V does not contain a nontrivial p-module then

Hn(L,V)=0Vn>0 (Hn(L,V)=0Vn>0).
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PROOF. Let G := ({p(x)p - p(x^);x £ L}) C gl(V). Then G is an abelian

Lie algebra which operates on V.  We decompose V into its Fitting components:

V = V0(G) © Vi(G). If V0(G) ¿ 0 then Engel's Theorem implies that the sub-

space W := {v G V\(p(x)p - p(xW))(v) = 0 Vr G L} is nontrivial. Since W

is a p-submodule of V this contradicts our assumption pertaining to V.   Hence

V = Vi(G) and we obtain V = G ■ Vi(G) = G ■ V C C(U(L)+)V. Thus (5.2)
applies and Hn(U(L),V) = 0 Vn > 0 (Hn(U(L),V) = 0 Vn > 0). The assertion

now follows from an application of the canonical isomorphisms Hn(U(L),V) =

H"(L,V)(Hn(U(L),V)^Hn(L,V)).    G
Let L be a Lie algebra over F, x G L. It can be readily verified that the local

nilpotence of ad x : L —► L entails that of the corresponding extension ad x : U(L)~—+

U(L)~. Theorem 4.7 thus implies the following generalization of a result by

D. Barnes [1].

COROLLARY 6.3. Let L be a Lie algebra over F, and assume that J C L

is a nilpotent ideal. Suppose that M is a finite-dimensional L-module. Then

Hn(L,M)~Hn(L,M0(J)) and Hn{L,M) ~ Hn(L,M0(J)) for every n > 0.    D

We conclude this section with a vanishing result for the extension functor. Let

(L, [p]) be a restricted Lie algebra, S £ L*. An S-representation p: L —* gl(M) is

a representation satisfying p(x)v - p(z'p') = S(x)pid\i Vr G L.

COROLLARY 6.4. Let Si / S2 be elements of L*. Suppose that Pi: L —» gl(M¿)

are Si-representations 1 < i < 2.  Then Ext",(L)(Mi, M2) = 0 Vn > 0.

PROOF. By assumption there is x £ L such that Si(x) ^ S2(x). It can be

directly verified that the element u :— xp - i'p' G C(U(L)) acts on the U(L)-

bimodule HomF(Mi,M2) like the scalar Sx(x)p - S2(x)p. The assertion therefore

is a consequence of (4.4).      G
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