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DERIVATIVES OF MEROMORPHIC FUNCTIONS
OF FINITE ORDER

WERNER P. KOHS AND JACK WILLIAMSON

ABSTRACT. Let F be a nonentire, meromorphic function of finite order with

only real zeros and real poles such that F' has no zeros. We classify all such

real F and all such strictly nonreal F whose poles are of bounded multiplicities.

We also give examples of such F which are strictly nonreal and whose poles

are of unbounded multiplicities.

Introduction and statement of the main results. In a series of papers [3,

4, 6] Hellerstein, Shen and Williamson settled an old conjecture of Pólya by char-

acterizing those entire functions / for which /, /' and /" have only real zeros. The

first two of these papers characterized the real entire functions with this property

while the third characterized the strictly nonreal entire functions with this prop-

erty. In this same paper [6], the authors also characterized the strictly nonreal,

nonentire meromorphic functions F with only real poles for which F, F' and F"

have only real zeros (a meromorphic function F is real if z real implies F(z) real

or infinity; it is strictly nonreal if it is not a constant multiple of a real function).

In this note, we shall prove two theorems related to the problem of characterizing

the real, nonentire meromorphic functions F with.only real poles for which F,F'

and F" have only real zeros. We prove

THEOREM l. Let F be a meromorphic function, not entire, with only real poles.

Assume that F and F' have only real zeros and that F' omits a nonzero value. Then

F is of the form

(1) F(z) = A\tan(az + b)-B(az + b)-C],

where A,B,C,a and b are real constants, aA ^ 0, B > 1, and C has the following

property. Let n be an integer such that —Bir/2 < C + nBir < Bn/2.  Then, with

ß = (y/B^Ï +\C + nBn\)/B,

we have ß < n/2 and tan2 ß < B — 1.

Theorem 1 strengthens a recent result of Hinkkanen and Rossi [8] who proved it

under the additional hypotheses that F is real and transcendental. We shall also

prove the following theorem.
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THEOREM 2.   Let F be a meromorphic function, not entire, of finite order with

only real zeros and real poles. Assume that F' has no zeros.  Then,

(i) if F is real, it is of one of the forms

(2) F(z) = (az + b)-n,

(3) F(z) = A tan(az + b) + B,

az + b
(4) F(z) = A

(5) F(z) = A

cz + d'

(az + b)2 - 1

(az + b)2    '

where A, B, a, b, c, and d are real constants, acA ^ 0 and where in (2) n is a positive

integer, and in (4) ad ^ be,

(ii) if F is strictly nonreal and the multiplicities of its poles are bounded, it is of

the form

p-i(bz+c)

(6) F(z) = A-
^sin(bz + c)

where A, b and c are constants, Ab ^ 0, b and c real, and m is a positive integer.

Theorem 2 strengthens a recent result of Hellerstein, Shen and Williamson [7,

Theorem 2] who proved it under the additional hypothesis that the poles of F are

simple. Note that if F is nonreal, the zeros of F" are real in this case (m = 1).

However, in the case m > 2, F" has strictly nonreal zeros, which are given by

zk = \(^±^-c+i-logm),        k = 0,±l,±2,....

REMARK. As will be shown by example in §4, the hypothesis that the multi-

plicities of the poles of F are bounded is essential for F to be of the form (6).

1. Preliminaries. The proof of Theorem 2 depends on the following useful

fact (see e.g. [3, p. 230 or 11, p. 335]): if / is a real entire function with only real

zeros, then

(1-1) fj(z) = 4>(z)4>{z),

where </> is a real entire function and t/> is a real meromorphic function mapping the

upper halfplane into itself. In fact, as a consequence of the proofs of Lemma 4 of

[4] and Lemmas 2 and 8 of [3] we have

LEMMA 1. / Í3 of finite order if and only if cp is a polynomial. In particular f

is a Laguerre-Pólya function if ef> is linear.

REMARK. For properties and the Hadamard factorization of functions in the

Laguerre-Pólya class (L-P) consult e.g. [3, 4, 6]. A remarkable property of the

class of L-P functions is that it is closed under differentiation. This is the only

property we will use in the sequel.

We will also need the following lemmas from [7].
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LEMMA   2.   Let U(z) be a canonical product of genus p with only real zeros.

Then
n'.
ñ<2>

= o(r*),

as \z\ = r —» oo, e < | arg z\ < ir — e, e > 0.

LEMMA 3. Let g(z) be an entire function of genus a > 2 with only real zeros.

Set M = [ct/2], e = tt/2(ct + 1) and let N be any positive integer. Then there are

at least M rays re*^1,..., rel^M, in {z = rel$ : s < \6\ < it — s, 0 < r < oo} such

that for k = 1,... ,M,

\g(rei<"<)\ = o(r-N)

as r —> oo.

LEMMA 4. Let g(z) be a real entire function of genus 0 or 1 with only real zeros.

Suppose g has at least N zeros. Then there exists a constant c > 0 such that

\g(iy)\ > c\y\N

for -co < y < oo.

Lemma 2 is proved by standard growth arguments, while Lemmas 3 and 4 follow

from Hadamard's factorization theorem.

2. Proof of Theorem 1. First we will show that F is transcendental. Suppose,

on the contrary, that F satisfies the hypotheses of Theorem 1 and that F = P/Q, P

and Q polynomials without common zeros. Since F' — a^O, for some nonzero a, we

deduce that the polynomial P'Q - PQ' - aQ2 ^ 0. By the Fundamental Theorem

of Algebra it must be a constant. Differentiation yields P"Q — PQ" — 2aQQ' = 0.

Therefore, if Q(zo) = 0 for some zq, then also Q"(z0) = 0 with the same multiplicity.

This is impossible unless Q is a constant G. Hence P(z) = Az + B. This shows

that F is a polynomial, contradicting the hypothesis that F is not entire.

Next, observe that the equations F = 0, F = oo, and F' = a have only real

zeros. By a result of Edrei [2, Theorem 1] the order of F is at most one. We will

now show that F must be real. Indeed, if we assume F is strictly nonreal, then

(2.1) F'(z)=e_    -i(az+b) H2)

k(z)'

where a and 6 are constants, a ^ 0 and h and k are real, entire functions of order

at most one with only real zeros and without common zeros. On the other hand

we can write (since F' omits a),

pi(cz+d)

(2.2) ^„,.„ + _ra_,
where c and d are constants and g is a real, entire function of order at most one

with only real zeros. Equating (2.1) and (2.2) yields

(2.3) h(z) - ak(z)e^az+b^ = eH(a+c)z+(b+d))k^l
g{z)
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If h(z0) - ak(zo)e^aZo+b"i = 0 for some z0, then k(z0) = 0 and thus h(z0) = 0.

Hence

(2.4) h(z) - ak(z)e^az+b^ = CeDz,

(2.5) h'(z) - ael^az+b) (iak(z) + k'(z)) = CDeDz,

where G and D are constants. Now C^ 0, for otherwise F' = a. Since A; has

zeros of multiplicity at least two and at least one such zero, there exists a real

x0 such that fc(x0) = k'(x0) = 0. By (2.4) and (2.5) we see that h(x0) = CeDx°

and h'(xo) = CDeDx°. Since h(xo) and h'(xo) are real, so are C and D. Hence

h(x) — ak(x)el(-ax+bî is real for x real. This is equivalent to the assertion that

aet(aa;+6) jg reaj for x reai   writing a = »i + ia2, we see that

a2 cos(az + b) + ai sin(ax + b) =0

for all x real. This last equation can only hold if a = 0, contradicting the hypothesis

that a is not zero. Therefore a = 0 and F is a transcendental multiple of a real

function. Theorem 1 now follows from the result of Hinkkanen and Rossi [8].

3. Proof of Theorem 2.  Since F has finite order, we can write

(3.1) F = ePl+iP^,
"2

where Pi and P2 are real polynomials and Ux and n2 are canonical products of

finite genus with only real zeros. Furthermore, since F' has no zeros, Hi has only

simple zeros. Logarithmic differentiation of (3.1) gives

F' n',     nó     eiQ
(3-2) ^.fl+tfS + a_g.!_,

where Q is a real polynomial and g is real entire of finite order with only real zeros.

Now suppose that F is real. Then P2 = 0 and Q = 0, and (3.2) becomes

(33) ^-P' + Ei^nk-i

In view of Lemmas 2 and 3, (3.3) can hold only if g is of genus 0 or 1. Now set

H = 1/F'. Since F and therefore F' is of finite order, H is real, entire of finite

order with only real zeros. The logarithmic derivative of H can be written in the

form (1.1), so that by (3.3)

where, by Lemma 1, ep is a polynomial. From (3.4) we get

(3.5) m=^(iiiy).i{iy)y

Since ip maps the upper halfplane into itself it satisfies the Carathéodory inequality

[10, p. 18]

(3.6) Cl^!<h/>(re'9)|<C21
sin 91
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for r > 1 and 6 ^ 0, 7r and where cx and c2 are constants depending on ip only.

Since g has genus 0 or 1 and g has only real zeros (and at least one since F is

not entire), the Hadamard factorization of g and Lemmas 2 and 4 imply

>]
= o(\y\)(3.7)

and

(3-8) |ff(ty)| > \y\

for \y\ > yo > 0. Equations (3.5)-(3.8) yield

\ep(iy)\=o(\y\2).

This shows that <j> is at most a linear polynomial. Consequently, by Lemma 1 and

(3.4), H is an L-P function, and therefore H' has only real zeros. Since F' has no

zeros, (3.4) implies that F" has only real zeros. The conclusion now follows from

[5, Theorem 3] if F has no zeros and from [7, Theorem 1] if F has at least one zero.

Next, suppose that F is strictly nonreal. Now (3.1) holds with P2 nonconstant.

Equating imaginary parts of (3.2) implies that for all z

,      _ sinQ(z)
P'{z) -    g(z)   ■

Thus all but finitely many zeros of sinQ(z) must be zeros of g(z). Since g has only

real zeros, Q is at most linear and since F is strictly nonreal Q is of the form

(3.9) Q(z) = bz + c,

b, c real, b^O. Hence (3.2) becomes

TT' TT' „i(bz+c)

(3.10) P[(z)+ïP^(z) + ^-(z)-^(z) = ^r.

Equating real and imaginary parts of (3.10) gives

i        KW
g(z)      sin(6z + c)

(3.11)

and

riiol P>(,-\j-n'i(^     n2^_ coa{bz + c) _ nl,^cos(bz + c)
(3.12) PX(Z) + -(z) - -(Z) - g{z) - P2{z)sin{bz + cy

Thus by (3.2), (3.9) and (3.11)

(3.13) Ç(«) =   . PÍ{Z)     c«bz+cK
v       ; FK '     sin(bz + c)

The following properties are easily deduced.

(PI) By (3.11) the zeros of P2 are simple and coincide with zeros of sin(oz + c).

(P2) By (3.12) and residue considerations, P^o) = 6 at each zero Xq of Hi

(which is simple and must also be a zero of sin(6z + c)). Furthermore, this implies

that nt is a polynomial with degHi < degP^. To see this, assume Ux has more

zeros than degP^. Then P'2 = b, so that by (3.13)

F'
-=■(«) = 6cot(o2 + c) + ib.
r
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Integration of this formula yields

F(z) = Kei(bz+C) sin(bz + c),

with K constant, which contradicts the hypothesis that F is not entire.

(P3) By (3.12) and residue considerations, P2(xk) — —m^b at each zero x^ of

U2 with multiplicity m*;. Since (P2) and (3.12) imply that the zeros of sin(o2 + c),

except for finitely many, are the zeros of U2 it follows that P2 is of even degree, say

degP2 = 2d. This in turn implies that the genus of U2 equals 2d+l.

To complete the proof, note that from (P3) and the hypothesis that the multi-

plicities m*; are bounded it is easily deduced that P2 = K, constant. Using (3.13)

we obtain

F'
(3.14) —(z) = Kcot(bz + c)+iK,

r

and upon integration

(3.15) F(z)=Ax eiKz sinK/ö (bz + c).

By our assumptions, F is meromorphic, not entire. Hence K = —mb for some

positive integer m. This readily gives

/  e-i(bz+c)   \m

F(z) = A(-^--      .
v ' \sm(bz + c)J

4. An example of a real meromorphic function of finite order with

only real zeros and poles, whose poles are of unbounded multiplicities

and whose derivative has no zeros. Without loss of generality we may assume

that b = rr and c = 0 in (3.12) (otherwise a real affine transformation will make it

so without affecting the hypotheses of Theorem 2). Then (P1)-(P3) imply that for

a suitable constant a

2d p

(4.1) P^(z) = a\{(z-^),        Wx(z) = Y[(z-p3),
i=l j=l

where vx < ■■■ < v2d, px < ■•■ < pp, vt,pj integer, i/¿ ^ pj (i — l,...,2d,

j — 1,... ,p), and p < 2d. Also

(4.2) P2(pj)=n   and    PJ2(k) = -mfc7r

for j = 1,...,p, where k is an integer, k ^ Vi, pj (i = 1,..., 2d, j = 1,...,p); each

m*; is a positive integer.

Note that, by Rolle's Theorem, (4.1) and (4.2) imply that Hi cannot have more

than two consecutive zeros.

A complete classification of all polynomials satisfying the equations (4.1) and

(4.2) seems to be a very hard problem. Classes of examples can be found in [9].

Let

(4.3) Tli(z)=z,        P^z) = -ir(z2 -1);

then the multiplicities of the poles of U2 in (3.12) are given by

(4.4) mk = k2-l        (fc# -1,0,1).
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By property (P3), the genus of the canonical product ll2 in (3.12) equals three and

its zeros are all integers except —1,0,1. Hence

nbM-   n   f(i-î)

and thus

(4.5)

/c^-1,0,1 L

u'

z       z2        z^ \

lfc + 2P + 3fc3J

k¿-i

z3(k2 - 1)

¿{Z)     . ,^01 k*(z-k)
fc#-

By the well-known series expansion of cot7rz (see e.g. [1, p. 197])

(4-6) C0t*z = h + \^W^ky

If we now construct the polynomial P'x such that (3.12) holds, then F, given by

(3.1), has the required properties. Solving for P'x in equation (3.12) and using

(4.3)-(4.6) we see that

PM—-+   E z3(k2 - 1)
ir(z2

=  E
k¿-l,0,l

= £

k^-1,0,1

-      k3(z - k)

z\z2(k2-l)-k2(z2-l)\

oi-^E
\  TTZ        7T ¿—' k(z-k)

k3(z - k)

z(k- z)(k + z)

kz(z - k)

Zz

3e

=-z2 y: *■

fc#-l,0,l

E fc~2+3
fc^-1,0,1

= — z
TT"

+ 1

This gives

«M—£(£ + !)+«

where G is an arbitrary constant.

One can construct more examples of such meromorphic functions F using differ-

ent pairs of polynomials P!¿ and fli, which satisfy (4.1) and (4.2) and by adapting

the above technique.

ACKNOWLEDGMENT. The real case of Theorem 2 was suggested by Li-Chien

Shen in written communication to Hellerstein and Williamson.

BIBLIOGRAPHY

1. L. Ahlfors, Complex analysis, McGraw-Hill, 1979.

2. A. Edrei, Meromorphic functions with three radially distributed values, Trans. Amer. Math. Soc.

78 (1955), 276-293.



772 W. P. KOHS AND JACK WILLIAMSON

3. S. Hellerstein and J. Williamson, Derivatives of entire functions and a question of Pólya, Trans.

Amer. Math. Soc. 227 (1977), 227-249.

4. _, Derivatives of entire functions and a question of Póly a. II, Trans. Amer. Math. Soc. 234

(1977), 497-503.
5. _,  The zeros of the second derivative of the reciprocal of an entire function, Trans. Amer.

Math. Soc. 263 (1981), 501-513.

6. S. Hellerstein, L. C. Shen and J. Williamson, Reality of the zeros of an entire function and its

derivatives, Trans. Amer. Math. Soc. 275 (1983), 319-331.

7. _, Real zeros of derivatives of meromorphic functions and solutions of second order differential

equations, Trans. Amer. Math. Soc. 285 (1984), 759-776.

8. A. Hinkkanen and J. Rossi, On a problem of Hellerstein, Shen and Williamson, Proc. Amer.

Math. Soc. 92 (1984), 72-74.

9. W. P. Kohs, Ph. D. Thesis, University of Hawaii, 1985.

10. B. Ja. Levin, Distribution of zeros of entire functions, Transi. Math. Mono., vol. 5, Amer.

Math. Soc, Providence, R. I., 1964.

11. B. Ja. Levin and I. V. Ostrovskii, On the dependence of the growth of an entire function on the

distribution of the zeros of its derivatives, Sibirsk. Mat. Zh. 1 (1960), 427-455; English transi.,

Amer. Math. Soc. Transi. (2) 32 (1963), 323-357.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HAWAII, HONOLULU, HAWAII 96822

(Current address of Jack Williamson)

Current address   (Werner P. Kohs): Pfarrgasse 24, A-7000 Eisenstadt, Austria


