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CALIBRATIONS ON R8

J. DADOK, R. HARVEY AND F. MORGAN

ABSTRACT. Calibrations are a powerful tool for constructing minimal sur-
faces. In this paper we are concerned with 4-manifolds M C R8. If a dif-
ferential form ¢ € /\4 RS2 calibrates all tangent planes of M then M is area

minimizing. For ¢ in one of several large subspaces of /\4 R8 we compute
its comass, that is the maximal value of ¢ on the Grassmannian of oriented
4-planes. We then determine the set G(p) C G(4, R®) on which this maximum
is attained. These are the planes calibrated by ¢, the possible tangent planes
to a manifold calibrated by ¢. The families of calibrations obtained include
the well-known examples: special Lagrangian, Kahler, and Cayley.

CHAPTER 1. INTRODUCTION

Let M™ be a Riemannian manifold. A calibration ¢ on M™ is a closed differential
k-form with the property that |©(€)] < 1 for every oriented tangent k-plane ¢ of
unit volume, and (&) = 1 for some £. The planes & for which p(€) = 1 are
said to be calibrated by . The principal source of interest in calibrations is the
fact that any compact oriented k-manifold N¥ ¢ M™, all of whose tangent planes
are calibrated by ¢, is automatically homologically area minimizing. For this and
other basic facts about calibrations, as well as a collection of very interesting and
fundamental examples, we refer to the foundational paper of Harvey and Lawson
(7] and to [6].

The first case that comes to mind—the case of constant coefficient calibrations
on R"—is already quite difficult to analyze and of considerable significance. It
serves as a model for local behavior of the general calibrated manifold near a singu-
larity, such as self-intersection (see Chapter 6). Also, the investigation of invariant
calibrations on symmetric spaces (cf. [19]) leads naturally to parallel calibrations
on R"™. Finally, many examples of calibrations that give rise to rich geometries of
minimal manifolds (e.g. complex, special Lagrangian, associative, and Cayley) have
constant coefficients (see [7 and 6]).

Identifying the constant coefficient calibrations ¢ € /\’c R™ (~ /\'c R"™ via the
standard inner product) amounts to computing the comass of ¢,

lell” or el = sup{le(§)]: € € G(k,R™)},

where G(k,R™) ¢ AF R™ is the Grassmannian of oriented unit k-planes in R™. The
next thing one wants to know, assuming ||¢|| = 1, is what planes £ are calibrated
by ; i.e., what is the face G(p) of the Grassmannian corresponding to ¢,

G(p) ={€ € G(k,R"): p(§) = 1}.
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The third basic question is what k-manifolds (currents) in R™ are calibrated by .
Often, these are going to be unions of k-planes, but even that case is of interest.
A fourth question, asks for a condition on the union of two (or more) oriented k-
planes intersecting at the origin to be area minimizing. Clearly, if the planes can be
simultaneously calibrated they will be area minimizing. Morgan’s conjecture ([13];
see also 1, problem 5.8]) gives such a condition, and in Chapter 6 we prove that
for a pair of 4-planes the condition is necessary for the planes to be simultaneously
calibrated (see [1, §6]). Very recently G. Lawlor [18] and D. Nance [16] proved
Morgan’s conjecture [added in proof].

Answers to the first three questions are more or less classical for k = 1,2,
n —1,n — 2 (see also [14]). The cases of A> RS and of A®R7 have satisfactory
answers in [2, 8, 9, 12 and 13]. The case of /\4 R38 is the subject of the present
paper.

The Grassmannian G(4,R8) is a 16-dimensional submanifold of the unit sphere
in the 70-dimensional space /\‘1 R38. Its convex hull is called the mass ball. The
dual convex body, the comass ball, has the set of calibrations as its boundary. Both
of these balls are invariant under the natural action of SOg, and we may use this
group to reduce the number of variables in the problems. Thus to compute the
comass ball it is sufficient to determine the face of e;234 (= €1 Aea Aez Aes, {€:}
orthonormal), which is defined by

F(e1234) = {®: [lpll = 1 and p(e1234) = 1}.

This is still too complicated. We have to restrict ¢ to proper subspaces of /\4 R8 to
be able to compute its comass, and thus be able to proceed with the identification
of the face G(p) and of the manifolds calibrated by ¢. The subspaces we treat—
the complex line forms, self-dual forms, and torus forms-—include calibrations with
large and interesting geometries. A description of our results follows.

Complez line forms. In C™ ~ R2" let zy,..., 2, be the standard coordinates.
The z; axis is, as usual, the set given by the equations z; = 0, ¢ # j. A complex
coordinate axis 2p-plane w € G(2p,R?™) C A’ R2" is the complex linear span
of p coordinate axes with either orientation. Let C be the convex hull of all the
complex coordinate axes’ planes, and V be their linear span. Elements of V' are
called complex line forms. In Chapter 2 (Theorem 2.2) we show that the comass
ball intersects V in the convex dual of C, which, of course, is a polyhedron. We
are able to describe the combinatorial structure (under inclusion) of all the faces
G(p), ¢ € V, and in the case n = 4, p = 2 we also give a detailed description
of each possible G(p) (Proposition 2.3, and Theorem 2.7). In one of the more
interesting cases (#XII) the face turns out to be a complex projective quadric with
an isolated singularity (a “cone”). This gives the first example of a face which is
not a finite union of smooth submanifolds.

Self-dual forms. Under the action of SOg the space /\4 R8 decomposes into the
self-dual forms /\i R® = {p: v = *p (the Hodge star of ©)} and the anti-self-
dual forms. In Chapter 3 we compute the comass, the face G(yp), and the manifolds
calibrated by ¢ € /\i R8. These forms include the Cayley, the special Lagrangian,
and the complex calibrations already mentioned. A prominent role is played here
by the Cayley calibrations. These forms are invariant under a Spin; C SOg. Their
SOg orbit is an isometrically imbedded RP7 C /\i R8. The comass ball then is seen
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to intersect /\i RS2 in the convex hull of RP”U—RP". More precisely we show that
any self-dual calibration ¢ is SOg-equivalent to the convex linear combination of
four (fixed) Cayley calibrations wy, . ..,ws € RP7, and four “~Cayley” calibrations
N1,...,ma € {—RP7}. Moreover the face G(p) is the intersection of those G(w;)
and G(n;) that correspond to nonzero coefficients in the above-mentioned convex
combination. The various possible faces and ensuing geometries are described in
Theorem 3.7. The complete analysis of the self-dual calibrations is possible because
one can find a very nice seven-dimensional cross-section of all the SOg orbits in
/\i R® which dramatically reduces the complexity of the problem. Of course one
immediately gets a similar description of anti-self-dual calibrations, and can, by
convex combinations, obtain many calibrations in the full space /\4 RE.

Torus forms. The Grassmannian G(n,R2"™) contains a flat, totally geodesic n-
torus 7™, which is unique up to SO;, equivalence. It is an orbit of the diagonal
matrices in U, C SOs,. Its linear span in A" R2", denoted by Ts, is the space
of torus forms. In Chapter 4 we give a new proof of Morgan’s torus lemma, which
states that a torus form attains its maximum on the torus; that is, in the case at
hand, to compute the comass of any four-form ¢ € Tg, it suffices to maximize a
trigonometric polynomial of degree four in four variables. In [2, 9, 12, and 13] the
analysis of the trigonometric polynomials (in three variables) yielded the descrip-
tions of the entire comass ball in /\3 RS, since any three-form is SOg-equivalent to a
torus form. For n > 4 this is no longer true; a complete analysis of torus forms gives
only a partial description of the comass ball. In Chapter 5 we focus on the torus
forms that correspond to large faces G(p). More specifically, Theorem 5.2 describes
the calibrations whose faces include at least the CP! of planes £ = e; Aex A7,
where 7 is a complex line in the span of {es, e4,€7,eg} with the complex structure
Jes = e4, and Je7 = eg. Unlike complex line forms and self-dual forms, these torus
forms are not convex combinations of finitely many distinguished calibrations. The
set of torus calibrations is “curved”, i.e. contains infinitely many Sg-inequivalent
extreme points, and this makes the analysis technically very difficult. Theorems
5.3 and 5.4 then go on to identify the faces of these torus calibrations.

CHAPTER 2. COMPLEX LINE FORMS

This chapter presents a nice class of calibrations in /\2” R?"* generated by com-
plex lines (Theorem 2.2). The faces of the Grassmannian G(2p, R*") exposed by
such calibrations are classified for p = 1 (classical case, Corollary 2.4) and for
p =2, n =4 (Theorem 2.6). Thirteen types of faces of the Grassmannian G (4, R®)
are thus identified, including the first example of a face which is not a finite union
of compact submanifolds of the Grassmannian.

Lemmas of the following type have proved fundamental in the study of calibra-
tions and faces of the Grassmannian. (See Morgan (15, Lemma 5.1].)

LEMMA 2.1. Forn >k >2, let o € A"R™ be of the form
p=e"ANf"ANb+x,

for e, f orthonormal vectors, and ,x forms in the orthogonal complement of
span{e, f}. Then [pl|* = max{|||I", Ix]|*}.
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Assume ||o||* =1, and let € € G(p). Then for some n € G(k—2, span{e, f}+),
orthornormal vectors v,w orthogonal to e, f, and 0 < o < /2, £ 1s of the form
(%) £ = (cosae+sinav) A(cosa f+sinaw) An.

Moreover, at least one of the following holds:

(i) (E,e" Af*AY) =1,
(ii) (& x) =1,
(iii) (my)=(AwAnx)=1

REMARK. For k=2, n = £1.

PROOF. We may assume |@||* = 1. Let £ € G(p). Choose a unit vector u; =
cosae+sinav in € with v orthogonal to e and 0 < o < 7/2, to maximize cos a.
Choose an orthogonal unit vector us = cos 8 f + sin fw in &, with w orthogonal to
f and 0 £ 8 < 7/2, to maximize cos . Let n = £ (u; Auz)*, so that

£ = (cosae+sinav) A(cosf f+sinfw)An.
By choice of u;, e is orthogonal to v, w, and n. By choice of us, f is orthogonal to
w and 7. Since u; and uq are orthogonal to 7, so are v and w. (We will verify other
orthogonality conditions later.) Because of the special form of ¢, the expansion of
(&, ) has only two terms:
(&, o) = cosacos B(n, ) +sinasin Bv Aw An,x)
< max{||9[I*, ||Ix[|* } cos(a — B)
< max{|[$[I*, Ix]I*},

with equality if and only if 8 = a and one of the following holds:

(1) a=0 and (n,9)=¥|" > x|
(2) a=7/2 and (AwAnX)=|x|*>v|*
(3) 0<a<m/2 and (n,9)=(wAwAnx)=|xl"= "

Therefore max{||x||*, [|[¥||*} = |lel|* = 1. In case (1), where a = 0, the remaining
orthogonality conditions may be arranged trivially. Next we claim that in cases (2)
and (3), v is orthogonal to f. If not, replacing v by its component orthogonal to f
leaves (£, ) unchanged, shortens ¢, and thus contradicts the choice of £ € G(p).
Since u; is orthogonal to us, it now follows that v is orthogonal to w.

Alternatives (1)-(3) imply alternatives (i)-(iii), respectively. O

The following theorem presents the class of complex line forms ¢ generated by
complex lines w;. An alternative proof is given by Morgan [15, Lemma 5.2].

THEOREM 2.2. COMPLEX LINE FORMS. Forn > 2, identify R*® = C", with
real orthonormal basis {ej,1e;: 1 < j < n}. Letw; = ejA(ie;)*. For1<p<n-1,
for a multi-index J with1 < J; <--- < Jp <n,letwy =wy, A Awy, € /\2” R,
and let o =Y ajwy. Then comass (p) = sup{|as|}.

PROOF. This theorem follows from the first statement of Lemma 2.1, by induc-
tion. O

The following proposition gives precise information about containments and in-
tersections of faces of the Grassmannian.
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PROPOSITION 2.3. For 1 < p < n, suppose ©,% € N** R2™* are complez line
forms ¢ = Y ajwy, ¥ = Y bjwy (cf. Theorem 2.2) with ||p|* = sup{las|} =
[ll* = sup{lbs|} = 1.

(1) If ¢ € G(p) and |ak| < 1, then (§,wk) = 0.

(2) The face G(p) equals the face G(p') where ' =3 aw; and

' {aJ Zf |a’JI=17
aJ= .
0 if lag| <1.

(3) Moreover G(p) N G(Y) = G(x), where x =) cjwy and

{aJ if aJ=bJ=:tl,
cy =
4 0 otherwise.

In particular, if whenever by = £1, ay = by, then G(p) D G(¥).

PROOF. To prove (1), note that by Theorem 2.2, for [¢t| < 1—|ak], |o+twk]|* =
1. Therefore

0= %(6,@-}-&0}{) = (f,WK)'

Conclusions (2) and (3) follow immediately. As a corollary, we have a complete
classification of the faces of the Grassmannian G(2,R™) for all m.

COROLLARY 2.4. Form > 2, suppose p € /\2 R™* is a degree 2 calibration on
R™. Then for some 2(k + 1)-dimensional subspace E of R™, and some orthogonal
complex structure on E, the face G(p) is the CP* of complez lines in E.

REMARK. It is a standard consequence of Wirtinger’s inequality (Federer [4,
1.8.2]) that every such CP* is the face exposed by the relevant Kahler form.

PROOF. Let o € A°’R™* with ||p||* = 1. By standard linear algebra, there
are orthonormal vectors e, eq,...,ey,%e, in R™ such that ¢ takes the form ¢ =
E;Ll a;w; of Theorem 2.2, with a; > az > -+ > a, > 0. By Theorem 2.2, a; = 1.
By Proposition 2.3, we may assume ¢ = wj + - - - + w41 is the Kihler form on the
complex span E of {ej,...,ex+1}. Now G(p) is the CP* of complex lines in C*¥+1.

The following proposition addresses the question of whether the product of cali-
brations in orthogonal subspaces of R¥ is a calibration. This result is a special case
of Theorem 5.1 in Morgan [12]. The question remains open in general dimensions
and codimensions.

PROPOSITION 2.6. Form >2, n>1>1, let o € A2R™ andy € \'R™ be
calibrations. Then o Ay € /\2“ R™*™* i3 a calibration and the face G(p AY) =
G(p) AG(¥).

PROOF. The result is easy if ¢ or ¢ is simple (cf. [7, Proposition 7.10]). We will
deduce the general case as a corollary of Lemma 2.1. As in the proof of Corollary
2.4, we may assume that ¢ = Z§=1 ajw;, with 1 =a; > a2 >--- > ax > 0. Then

k
go/\d)ze‘{/\ie'{/\w+2ajwj/\w.
Jj=2
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By Lemma 2.1,

llo A9l = max {II@I Aier AT,

k
Z ajw; N
Jj=2

by induction.

Clearly G(p A ) D G(p) A G(¢). On the other hand, let £ € G(p A ). In
case (i) of Lemma 2.1, £ € e; Atex A G(¢) C G(p) A G(¥). In case (ii), by
induction £ € G(YT5_, a;w;) AG(¥) C G() AG(¥). In case (iii), £ = ¢ An with
n € G(y) C R*, sothat 1 = (¢ An, o AY) = (¢,0)(n,¥) = (¢,p). Therefore
¢ € G(p) and € € G(p) A G(¢). We conclude that G(p A¢Y) = G(p) AG(yw). O

The following theorem gives a classification of the faces of the Grassmannian
G(4,R8®) exposed by forms of the kind described by Theorem 2.2. Type XII gives
the first example in any dimension of a face which is not a finite union of compact
submanifolds of the Grassmannian.

THEOREM 2.7. The faces of the Grassmannian G(4,R2) exposed by nonzero
complez line forms o = Y ajwy (¢f. Theorem 2.2) are classified as follows. The
face G(p) or —G(p) is equivalent by some isometry of R® to the face exposed by
one of the following thirteen forms:

I. SINGLETON. If o = wi2, then G(p) is the dual singleton.

II. DOUBLETON. If ¢ = wya+wsa, then G(p) is the doubleton G(w12) UG(w34).

III. CP!. If p = w2 + w13, then G(p) ts the CP! G(w;) A G(we + w3).

IV. DOUBLE CP!. If o = w12 + w13 + wag, then

G(p) = G(wiz + w13) U G(wi2 + way)
is the union of two CP!’s, which intersect in the singleton G(w;2).
V. CP2. If p = wia+wi3+wig, then G(p) is the CP? G(w;) AG(we +w3 +ws).
VI. CP?. If p = wig + W13 + w3 = %(wl + wq 4 w3)?, then G(p) is the CP? of
complez planes in the complez span of {e1,e2,€3}.
VII. DOUBLE CP?. If p = wyg + w3 + wig + wes, then

G(p) = G(w1 A (w2 +ws +wa)) UG(5 (w1 +wz + w3)?)
is the union of two CP?’s, which intersect in G(w; A (wg + w3)) = CP.
VIII. CP! x CP. If p = (w1 + w2) A (w3 + wa), then G(p) = G(wy + w2) A
G(ws +wq) = CP! x CP!.
IX. QUADRUPLE CP!. If p = w13 + wig + w3 — way, then
G(p) = G(wiz + w14) UG (w13 + w23) U G(wi4 — w24) U G(wa3 — waa)
is the union of four CPY’s, each of which intersects each of two others in a singleton.
X. QUADRUPLE CP?. If ¢ = wig + w13 + w14 + wo3 — way, then
G(p) = G(wi A (w2 + w3 +wq)) UG(wz A (w1 + ws — wy))
U G(—%(—wl + wo + w4)2) U G(-é—(wl + wq + w3)2)
is the union of four CP2’s, each of which intersects each of two others in a CP?;
all four intersect in a singleton.

X1. G(2,C*%). If p = 2(w1 +wa + w3 +ws)?, then G(p) 1s the real 8-dimensional
submanifold of complex 2-dimensional planes in R® = C4.
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XIL If ¢ = w12 + wiz + wig + w3z + wag = px1 — wag, then G(p) = {£ €
G(2,C*): (€,w34) = 0} 15 a 6-dimensional smooth submanifold ezcept for the sin-
gular point wi,.

XML If ¢ = w1z + w13 + w14 + w23 + wog — wag, then G(p) = G(p1) U G(p2),
where p; = © — wio and —pa = —p — w34 are of type XII, and

G(p1) N G(p2) = G((w1 + w2) A (w3 +wy)) = CP* x CPL.

PROOF. First we check that for every nonzero complex line form ¢ = Y ajwy,
the face G(p) or —G(p) is equivalent by some isometry of R® to one of the thirteen
listed. By Proposition 2.3, we may assume that {a,} C {1,—1,0}. As an example,
we treat the case that card{a;: |aj| = 1} = 6; the other cases are similar or easier.
In this case,

p = Fwi2 T w1z T wig £ wez £ woyg £ wag.

By using isometries which switch the signs of w;,ws,ws, and w4, we may assume
© =wi2 + w13 + wiq T waz + waq + w3s.

The case of no minus signs is type XI. In the case of 1 minus sign, by using isometries
which permute wg,ws, and wy, we may reduce ¢ to type XIII. Similarly, in the case
of 2 minus signs, we may assume

© = wi2 + w13 + w14 + We3 — Woq — W34

Now switching the sign of w4 followed by transposing w; and w3z reduces ¢ to type
XIII. Finally, in the case of 3 minus signs, switching the sign of w; reduces —¢p to
type XI.

Second, all assertions about containments and intersections of faces follow from
Proposition 2.3. '

Finally we will verify that the faces G(p) are contained in the sets asserted.

I. SINGLETON. For any ¢ € G(4,R8), (£,w12) < [€]||wiz]l = 1, and equality
implies that £ is the 4-vector wi,.

II. DOUBLETON. Let £ € G(p), and apply Lemma 2.1 with e = e;, f = te;.
In case (i), {£} is the singleton G(w;y2). In case (i), {{} = G(ws4). Case (iii) is
impossible.

III. CP!. Proposition 2.6 implies that G(p) = G(w;) A G(w2 + w3). Note that
wa + w3 is the Kahler form on the complex span of {e3,e3}, so that G(ws + w3) is
the CP! of complex lines (cf. Corollary 2.4).

IV. DOUBLE CP!. Let € € G(p, and apply Lemma 2.1 with e = e;, f =ie;. In
case (i), £ € G(wi2 + wi3). In case (ii) € € G(w24) C G(wi2 + wa4). In case (iii),
first n € G(w2 + w3), whence it follows that n lies in the complex span of {ez,e3}.
Now

1= (’U AwA /’7""')24) = (U AN w, W4)<77,W2>»

so that #n = ez Atez. Therefore (€,w13) =0 and € € G(w12 + waq).

V. CP2. Proposition 2.6 implies that G(p) = G(w;) A G(wg + w3 + w4). Note
that ws + w3 + wy is the Kahler form on the complex span of {e3,e3,e4}, so that
G (w2 + w3 + wy) is the CP? of complex lines (cf. Corollary 2.4).

VI. CP2. This standard fact about powers of the Kihler form follows from
Wirtinger’s inequality [4, 1.8.2].
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VII. DOUBLE CP?. Let ¢ € G(p), and apply Lemma 2.1 with e = ey, f = ie4.
In case (i), £ € G(w14) C G(w1 A (w2 + w3 +w4)). In (i), £ € G(3 (w1 + w2 +w3)?).
In case (iii), n = e; A te; and hence € € G(w; A (w2 + w3 + wy)).

VIII. CP! x CP!. Proposition 2.6 applies.

IX. QUADRUPLE CP!. Let ¢ € G(p), and apply Lemma 2.1 with e = e;, f =
te;. In case (i), £ € G(w1z + wi4). In case (ii), € € G(waz — wa24). In case (iii), n
lies in the complex span of {e3,e4}. Hence

1=(vAwAn,wes —wa) = (VAwW,we)(n,ws —wy).

Consequently 7 belongs to G(+(ws — wy)) as well as G(ws + w4). Therefore 7 is
w3 = ez Ates or wy = eq Aieg. If n = w3, then € € G(wiz + we3). If n = wj, then
€ € G(wig — wag).

X. QUADRUPLE CP?. Let € € G(p), and apply Lemma 2.1 with e = e3, f =
ieg. In case (i), £ € G(wiz + wes) C G(§(w1 + w2 + w3)?). In case (i), € €
G(—%(—w1 + w2 + wy)?). In case (iii), v Aw € G(n ] x). Moreover, since 7 lies in
the complex span of {e1,e3}, ¢’ =n Jx is of the form

P =nlx=wi Ay +x.
(Hence ¢' € [-1,1].) Now we reapply Lemma 2.1, using primes to distinguish
the notation, with ¢ = eq, f' = teq, & = v Aw. In cases (i) and (iii)’, ¢’ =
+1, teg Ates € G(n1x), and £n € G(eq Aieg Jx) = G(w1 — wa). Since under the
original alternative (iii) also n € G(w; + w2), 7 is either w} or w; and & belongs
either to G(w; A (w2 + w3 + wy4)) or to G(wa A (w1 + w3 — wy4)). In case (ii), vAw
and hence £ lie in the complex span of {e;,e2,e3}, and € € G(%(wl + wp + w3)?).

XI. G(2,C*). This standard fact about powers of the Kahler form follows from
Wirtinger’s inequality (4, 1.8.2].

XII. By Proposition 2.3 G(p) = {¢€ € G(2,C*%): (€, w34) = 0}. Let S C
A? C*\{0} be the set of simple vectors S = {u Av # 0: u,v € C%}. Let
m: (A% C*\{0}) — CP® be the natural projection onto the space of lines in A® C*.
Thus 7(S) = G(2,C*). In homogeneous coordinates G(2, C*) is the quadric given
by

T12Z34 + T13%24 + T14Z23 = 0,
where 15 corresponds to the coefficient of e; Aez, etc. The subset G(p) C G(2,C*)
is given by the equation z34 = 0. The equation z34 = 0 alone defines a CP* C CP°.
As a subset of this CP*, G(yp) is the quadric

(1) T13%24 + T14T23 = 0.

In the affine coordinates (setting z;2 = 1), (1) is seen to be a cone with a
singularity at the origin, which corresponds to the point e; Aie; A ez Adeg € G(p).
This is the only singularity of G(p).

XIII. It suffices to show that for £ € G(p), (£, wi2) = 0 or (§,ws4) = 0. Assume
that (&, w12), (€, w34) # 0. Applying Lemma 2.1 with e = e;, f = 7e; we conclude
that

& = (c1ey + 51v) A (caie; + sqw) A 7.

Since ¢ is invariant under the unitary motions in the complex span of {e3,e4}, we
may move 7 into the complex span of {e2,e3}. Then v A w = *e4 A tey; otherwise
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(w34, &) = 0. We thus have

1= (p, &) = cical(wa,n) + (w3, n)] £ s182[{w2,n) — (ws,n)],

and so (wg,n) + (ws,n) = 1, (w2,n) — (ws,n) = £1. We conclude that either
(w2,m) = 0 or (ws,n) = 0, implying (&,w;2) = 0 or (£, wss) = 0, which gives a
contradiction.
REMARK. The methods of this chapter apply more generally. For example,
consider
Y =wi2+wis+wsAeyAej.

We show that G(p) = G(wiz2+w14)U{eaAesAtezAey} is the disjoint union of a CP?
and a singleton. It is easy to show that G(p) D G(wi2 +wi4) U {e2 Aez Adez Aes}.
Let ¢ € G(p), and apply Lemma 2.1 with e = e3 and f = 7e3. In case (i),
& =ex ANeg Aiez Aey. In case (ii), € € G(wiz2 + wi4). In case (iil), n = e2 A eg and
hence (v A w An,w2 + wig) =0, a contradiction.

CHAPTER 3. SELF-DUAL CALIBRATIONS

In this chapter we determine all self-dual calibrations ¢ € /\i R2, and describe
their associated geometries. We accomplish this by exploiting the fact that the orbit
structure of the SOg action on /\1 R38 is very well understood (as described in §§1
and 2 below). In this regard the case of self-dual calibrations R8 is theoretically
no more complicated than the classical case of calibrations ¢ € /\2 R"™, though
the actual calculations are lengthier. Unfortunately, there is no other linear space
of calibrations on R™ where the methods of this chapter would apply without the
injection of substantially new ideas.

1. Generalities on polar representations. Let G be a compact connected
Lie group acting by orthogonal transformations on a real vectorspace V. By g we
denote the Lie algebra of G. If v € V is a vector whose G orbit is of maximal
dimension then the subspace ¢ C V, ¢ = (g-v)* (i.e. the orthocomplement of the
tangent space to this orbit at v) meets all the G orbits [3]. If in addition ¢ meets
all the G orbits orthogonally then we say the action of G on V is polar. The polar
representations were classified in [3], where it was shown that their orbit structure
can be analyzed via the structure theory of symmetric spaces. The polar actions
have many nice geometric properties and we shall exploit these, for the action of
SOg on the self-dval four forms /\f‘+ R? is polar (see §2). Let us list some of these
properties whose validity for representations arising directly from symmetric spaces
was known for quite some time [11, 10] and for general polar representations follows
from [3].

Properties of polar representations.

3.1. f W = Ng(c)/Zg(c) (normalizer of ¢ in G modulo the centralizer) then the
action of W on c is a finite reflection group with the property that (G-v)Nec =W -v
for all v € c.

3.2. If v,e € c then

r;leaéc(v,g e) = &av)‘(/(v,w -e),
and the orthogonal projection of the orbit G -e on ¢ is the convex hull of {w-e|w €
W}.
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3.3. Let G, be the connected component of the isotropy subgroup at v, and
assume that maxgeg(v,g-€) = (v,€e). Then the maximum of the function g-e —
(v,g - €) on the manifold G - e is achieved precisely at G, - e.

For our purposes it is really sufficient to understand the following example:

Let G = SOg and V be the space of 8 x 8 traceless symmetric matrices. The
action of G on V is by matrix conjugation (preserving the inner product (u,v) =
Tr(uv)), and it is polar, with the nicest choice for ¢ being the seven-dimensional
space of diagonal matrices. The group W = Sg is the symmetric group permuting
the eigenvalues of elements in c. We set e = diag(1,1,1,1,-1,-1,-1,-1), &; =
diag(0,...,0,1,0,...,0), where “1” appears in the ¢th position. Also let w; be the
orthogonal projection of @; onto ¢ and note that {w;,g-€) = (@5, 9 - €).

Using the properties 3.2-3.3 we see for example that the maximum of (w;,g - €)
on the orbit G - e is one and is achieved on SO~ - e, where SO; = éw,.

Suppose now that we are interested in F*(e), the face dual to e, that is

F*(e) = {UEV: lzrggleaéc(v,gﬁ):(v,e)}.

Since maxgec (v, g - €) = maxgeg(e, g - v) it is clear from 3.3 that F*(e) = SO4 x
S04 - (F*(e) N¢) where SO4 x SO4 = G,. Thus it remains to determine F*(e) Nec.
Now w;,ws,ws,wq as well as n; = —ws, N2 = —wg, N3 = —w7 and Ny = —wg are
in F*(e) Ne.

LEMMA 3.4. F*(e) Nc s the convez hull of {w1,...,wa,M1,...,Ma).

PROOF. Clearly F*(e)Nec contains the convex hull. On the other hand, suppose
v=> a;@; € F*(¢) Nc. Then

4 8
(v,€) = Za,- - Za,- =1.
i=1 1=5

Moreover, since (v, e) = maxyew (W - v, €)
a; >2a; forall1<i<4,5<75<8.
Hence there is a constant b such that for a] = a; + b,
{ a; >0 if1<3<4,
—a; >0 if5<i<8.

Projection on c¢ yields that

v= E a;0; = E aw; = E a;w;,
because }_ w; = 0. Therefore v lies in the convex hull of {wy, ..., ws, —ws, ..., —ws},

as desired. O
Next we wish to explore the faces

Glp)={g-e: g€ S0s,{p,g-€) =1, p€ F*(e)Nc}.

From 3.3 we know that G(p) = (~;¢ -e. Of course it may happen that C:},. c G,
in which case G(p) = {e}. We are mostly interested in those ¢ for which G(p)
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is of positive dimension. We may use the action of Sy x Sy C Sg to put ¢ in the
canonical form

go=diag(/\1,/\2,...,/\8), /\12)\“_1, 1=1,,7
Then we have
SOy,

. i 0 | SOn, 0
6 (80 0] wa o | O 0
0 [ SO4 -

and so it is only at most one SOy, block in C;'p that is significant for the computation

of G(p). All other blocks are subgroups of G,. We can describe then all the
significant blocks by a pair of integers (k,l), 0 < k,1 < 3,..., as follows:

I 0 1
SOg_i_k ,
I,

SO,

0

where I is the k x k identity matrix. It is also apparent that if C:‘«, contains a
block of type (k,!) it is a strict convex combination of the first k¥ w’s and the last
I n’s. We say such a o is of type (k,!). If p is of type (k,!) then the largest possible
é(p is SOk x SOg—_k—; X SOy, and in this case o is on the line segment joining the
centroid of wy,...,wx with the centroid of n4,73,...,74—141, and

é¢=éwl ﬂ"'néwk némn“'ném—lﬂ'

We can now list the G(p) for ¢ of type (k,l) as homogeneous spaces. We list
only the types where k > I, since G(p), where ¢ is of type (k,!), can be moved
by SOs onto —G(v) where ¢ is of type (I,k). (Recall n; = —w4y;.) We shall
see later (Lemma 3.6 and Theorem 3.7) that the faces corresponding to self-dual
calibrations double cover the G(yp) in Table T. Therefore they are isometric to real
Grassmannians.

TABLE T

Type G(p)
) SO7/S(O4 X 03)
) S06/S(04 % O2)
) 505/5(04 X 01)
) SOG/S(OS X 01)
) 505/5(03 X 02)
) ( )
) ( )
) )
)

—
3\9

TN TN TN N TN N N
OOC»DOO}\D[\DD—‘OJ
CLOMN = N = =D

SO4/S 02 X 02

SO4/S 03 X 01

503/5(02 X 01
50:/(+£1)

2. The self-dual forms /\i R8. Let Sping be the double cover of SOg. Let my
be the representation of SOg (and therefore of Sping) on the traceless symmetric
2-tensors on R8, i.e. symmetric traceless 8 x 8 matrices. Let m4 be the representa-
tion of SOg (and also of Sping) on the self-dual skew symmetric 4-tensors on R2,
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i.e. /\i R&. The group Sping has an outer automorphism of order two p, such that
mg 0 p = w4 as Sping representation. (This can be shown by a short computation
using the theorem of the highest weight.) This means that the orbit structure of
the action of SOg on V in §1 and on /\1 R?8 are identical. Thus we can find a

7-dimensional subspace ¢ C /\i R® that intersects all SOg orbits orthogonally and
an action of the Weyl group W = Sg on ¢ that identifies the intersections of an
orbit with ¢. One can do this without explicitly finding an intertwining operator
between 7y o p and 74 as follows: The representation 74 is polar and so ¢ can be
found directly as an orthocomplement to the tangent space to a generic orbit (all
choices of ¢ are conjugate under the action of SOg). We take

1256 1278 1357 _1467 _1368 _1458
) ) ) € ) }a

¢ = spang {e!?34 ¢ e e e e

where e1934 = €1 Aeg Aes Aeys, €234 = e1934 + *e1034, etc. To get oriented inside

¢ we first discuss complex and quaternionic structures compatible with c.

Recall that a complex structure J € SOg on R® determines a subgroup Uy C
SOg and a “Kéhler” form 7; € /\2 R8. For brevity we will write down a complex
structure in the following form:

1 3 5 7
J= <2 4 6 8) ’
This means Je; = eq, Jea = —e;, Jez = €4, Jeq = —es etc. In this example
Ty =¢€; ANea +e3ANeg+es5 Aeg + er Aeg. The form
%7'3 — 1234 4 (1256 | 1278
is a self-dual and we shall call it the Kdhler 4-form corresponding to J. A Kahler
4-form determines the complex structure up to a sign (i.e. {£J} is determined).
Since the Lie algebra uy ~ sog @ so, we see that the Kahler 4-forms in ¢ are of
type (2,0) as discussed in §1. Therefore we know that there are (3) = 28 Kahler

4-forms in c. Consider the following seven complex structures parameterized by
sending e; — ex, k=2,3,...,8,

1 3 5 7 1 2 5 6 1 2 5 6 1 2 3 4

(1) 2 46 8)° \3 4 7 8)’” \43 87/ \56 7 8)’°
1 2 3 4 1 2 3 4 1 2 3 4
6 5 8 7))’ 7 8 5 6/’ 8 7 6 5/

Each of these complex structures gives four pairs {£J} by changing an even number

of signs on the bottom line of its matrix. The corresponding 28 Kéhler 4-forms all

lie in c.

Recall [7] that each complex structure determines a circle of special Lagrangian

calibrations (an orbit of the center of Uy). For each complex structure J above we
single out one of these as follows. For example if

125 6
J_<3478>

o = Re(e; +1e3) A (e2 +1eq) A (e5 + ie7) A (es + tes)
— 61256 _ 1278 + 61467 _ 61458.

we set,

€
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With this choice all o5 € c. We note that each o itself determines J up to a sign.
Moreover —o; = exp(§J) 0. The element exp(%J) € SOg also maps c into itself,
and fixes pointwise the orthocomplement of o7 in ¢. These reflections exp(§J) |,
generate the Weyl group W = Sg (they correspond to the simple transpositions in
Sg). Recall that [3] the calibrations in ¢ are SOg-conjugate if and only if they are
W -conjugate.

Two complex structure I,J € SOg with commutation relations IJ = —JI =
K determine a quaternionic structure on RS, i.e., define a left multiplication by
quaternions H on R8: If g € H is ¢ = a; + a3t + a3j + ask and v € R®, then

q-v=a1v+ a2l(v) + asJ(v) + as K (v).

The unit quaternions Sp; = {q € H: ||g|| = 1} form the compact symplectic group,
and the above formula defines a representation of Sp; on R, whose image in SOg
we denote by Sp; corresponding to I and J. The subgroup of SOg consisting of
elements commuting with 7, J (and K) is the compact symplectic group Sps. It is of
course the intersection of the two unitary groups corresponding to the conjugations
I and J. We note that Sp; N Spy = {xI}.

REMARK 3.5. The action of Sp; on R® decomposes R® = R* @ R*? into
invariant subspaces. Choosing a unit vector in each R* and identifying it with
1 € H enables us to write R® = H @ H = H?. (This is equivalent to choosing a
“conjugation”.) For example if

1 3 5 7 1 2 5 6
I‘<2 46 8>’ J‘(3 —4 7 —8)
then R8 can be turned into H? by identifying (ai,...,as) € R® with (a; + a2t +
asj + ask,as + agi + a7j + agk) € H?. Now on H? we have the quaternion-valued
form
B(p,q) = p1G1 + p2G2-

We define the group Sps as the group of linear transformations preserving B. One
can write each g € Sps as a 2 X 2 quaternionic matrix acting on the right:

i) = i) (51 82). Bla@)=BOH =1, Blast) =o.

We shall call the subgroup Sp; x Sp; C Sp; that preserves this splitting R® = H®H
the “diagonal” Sp; x Sp;.
Next consider the self-dual Sp,-invariant form (cf. {17, §6])

o=t +13+1%).

It is easy to check that ¢ is also Sp;-invariant (the Sp; corresponding to I,J).
It is clear that (&) = 1 if and only if £ is a complex 2-plane in both complex
structures I, J, and therefore if and only if £ is stable under left multiplication by
quaternions. Thus G(p) = Spa/Sp; X Sp; is the quaternionic projective space.
We are now in a position to describe the geometries associated with each ¢ € c.
First we write down the eight forms w;, we, w3, w4, =11, —N2, —N3, —n4 of type (1,0)
in ¢. From §1 we know that these are characterized by having so; as their Lie
isotropy subalgebra and thus they are Cayley calibrations [7] with G, = Spin,
(there are no SO7 fixed calibrations in /\1 R#), since the SO; representation on
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/\i R3 is equivalent to the SO; representation on A®R7). These are of the form
%73 + 0; where {£J} runs through the four pairs of complex structures obtained
from any of the complex structures (1) by an even number of sign changes in the
second row. Each is seen to be a linear combination of the axes planes in ¢ with
coefficients £1.

61234 61256 61278 e1357 61467 61368 61458
w1 + + + + - - -
wa + + + - + + +
w3 + - - + + - +
wy + - - - - + -
m + - + - + + —
n2 + - + - - - +
n3 + + - - - - +
M4 + + - - + — —

Before writing down the list of various types we need

_ LEMMA 3.6. If p € F*(e1234) Nc and G(p) # {e1234,€5678} then G(p) =
Gy - 1234 1s connected, and double covers G, - €!234.

PROOF. It is clear that £ € G(p) if and only if

PlE+x8) = max @(r+xr).
From 3.3 we known that (€ + *£) € G, - €!23¢. Therefore G(p) = G, - €1234 U
G, - *e1234. The proof of the lemma now follows if we show that

(2) *€1234 € é@ - €1234

whenever dim G(p) > 0. The G, for the types (k,1), 1 < k,I < 3, all include G,
of type (3,3) and when we discuss type (3,3) below (2) is easy to check.

We now summarize our results and describe all geometries arising from calibra-
tions in /\1 RE.

THEOREM 3.7. Every form p € /\1 R8 is SOg-conjugate to an element of c.
If ¢ is a calibration in ¢ then it is W = Sg-conjugate to an element of

F*(61234) Nec= cohull{wl,...,w4,n1,...,n4}.

If ¢ € F*(e1234) N ¢ calibrates more than {e1234,€5678} then it is W, = S5 x S4
congugate to a form of type (k,l) discussed below.

Type (1,0). The Cayley geometry.
REPRESENTATIVE. ¢ = w;.

G, =Sping, G(p) = Spiny /(SUz x SU x SUa/Z3) = G(3,R).
For a detailed description see [7].
Type (2,0). The complex geometry.
REPRESENTATIVE. ¢ = %(w; + w2) is the Kahler 4-form corresponding to

1357
I=(2468)'

Go=Us, G(p)=Us/(UsxUs) = G(2,RE).
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Note that any pair of the Cayley calibrations wj,ws,...,—n4 determines a pair
{£J} of complex structures, since the Weyl group W = Sg is transitive on pairs.
Of course we get again the (g) = 28 pairs of complex structures described earlier.
Type (3,0). The quaternionic geometry.
REPRESENTATIVE. ¢ = }(wy + w2 +w3) = g(17 +77 +7%) where I is as above,
K=1J,and J = (:1,’ _24 3 _68). This form was discussed earlier.

Gy = Spy x Sp2/Za,
G(p) = Sp2/Sp1 x Spy ~ G(1,R®) ~ S*.

There are no nonlinear manifolds in this geometry. To see this recall that such
a manifold would have to be complex in both complex structures I,J. Writing
it as a graph over the plane e;234 and applying Cauchy-Riemann equations yields
the desired result. Note that any three Cayley calibrations determine three pairs of
complex structures {+/},{+J} and {+ K} and therefore 24 quaternionic structures,
each of course determining the same Sps.

Type (1,1). Special Lagrangian geometry. See [7] for details.

REPRESENTATIVE. ¢ = §(w1 +74) =0y with J = (3233).

G, = SU;, G(p) = SU,/SO4 ~ G(3,RE).

Type (2,1). Complex Lagrangian geometry.

REPRESENTATIVES. ¢ = jwi + w2 + 74 = 50y + 577, p = jwi + jwa +
ina = 3o, + 30k, ¥ = 3(w1 +w2 +n4). The three Cayley calibrations wy,wa, —74
determine 24 quaternionic structures {I,J, K}, and we pick

1 3 5 7 1 2 3 4 1 2 3 4
I: (2 4 6 8)’ I <8 76 5)’ K: (7 -8 5 —6)'
(The others differ only by different ordering and an even number of sign changes,
eg {-J,I,-K}.)

=Gy = Spy x SO(2)/Z2, where SO, = {expfI: § € R},

G~¢ = Sp; determined by {I,J, K},
G
G(p) = G(u) = G(¥) = Sp2/Us = G(2,RP).

Each surface in this geometry is locally a graph of a closed holomorphic 1-form
(gradient) in the complex structure I. To see this write the surface as a graph
over the ejg34 plane as z3 = f(z21, 22), 24 = g(z1,22), where 21 = e; + ez, 22 =
e3 + teq, 23 = es5 + teg, and z4 = e7 + teg. Since this geometry is contained in
the complex geometry determined by I, f and g must be holomorphic. Now the
tangent planes to our surface also have to be special Lagrangian with respect to o ;.
The Lagrangian condition implies that the surface is locally a graph of a gradient
which in our case is easily calculated to imply 0f/0z; = 0g/dz2 and so fdza+gdz;
is a closed holomorphic 1-form. Finally, since our surface is complex it is minimal
and so we invoke (7, 2.17] which states that any minimal Lagrangian surface is
special Lagrangian. Note that from the expression for u above it follows that this
surface is also special Lagrangian with respect to ox.
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Type (2,2).
REPRESENTATIVE.
p=2w +wr+ns+ms) =37+ 12 =1ok+ 10,
=123 + €17 = (15 + €78) A (€34 + €56)
where

~

1357\ , (1 3 57
2 46 8) " \2 -4 -6 8)°
(1 2 3 4 , 123 4
K'(8765>’ L'(—785 —6)’

Gy = Uz x Uy corresponding to the complex structures I/ = (%) and J =
(i’g) on spang (€1, €2, €7,€eg) and spang (es, €4, €5, €g) Tespectively.

G(p) = (Up/Uy x Uy) x (Uy/U; x Uy) = CP* x CP! = G(2,R?).

The 4-folds in this geometry are products of holomorphic curves (in the complex
structures I and J ). Note that from the second expression for ¢ these manifolds
are also special Lagrangian with respect to both ox and oy.

Types (3,1),(3,2), and (3,3).

REPRESENTATIVES.
p=Yw +ws+ws+ns) type (3,1),
Y= %(wl +wo+ws+n3+n4) type (3,2),
p=glwi+ws+ws+na+n3+n4) type (3,3).

G¢ = Spl X Sp1 X Spl/ZQ,
é¢ = Sp1 X Sp1 X SOQ/ZQ,

G,‘ = Sp1 X 502 X Spl/z2.

To identify (:},, for example, one can proceed as follows. The first factor Sp; is
the same as in type (3,0), i.e., it also fixes & = %(wl + wg + w3). The remainder,
Sp; x Sp1, is a subgroup of the Sp, fixing ® that we now describe. We choose the
identification R8 ~ H? as described in Remark 3.5. The Lie algebra sp; ®sp, then
is
R,R . C e
(3) { (RPRZ) : Rp, R, are right multiplications by p,q € Im H} ,
q

as can be easily verified.

Now the planes calibrated by ® were previously described as H linear subspaces
of H? (under left multiplication). These can be seen also as graphs of Ry, q € H,
over the plane e;234 union the singleton {ese78}. Since we already know that
G(p) D Sp1 X Sp; - €1234 we can easily deduce from (3) that

G(p) D {ese78} U {&: agraph of Ry, ¢ € Im H, over €234}

(Note esg7s is in the closure of the last set above.)
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Similar calculation yields

G(¢) D {ese78} U {&: a graph of Ry, ¢ = aj + bk;a,b € R},
G(u) D {ese7s} U {&: a graph of Ry, ¢ = ak; a € R}.

Now observe that esg7s € G(u) as claimed in Lemma 3.6. The same lemma now
shows that the above containments are in fact equalities. Geometrically, of course,
G(p) = G(1,R*) = 8%, G(p) = G(1,R3) = §% and G(u) = G(1,R?) = S!. Since
these geometries are subgeometries of the (3,0) geometry the only 4-folds calibrated
by them are linear.

3. Anti-self-dual calibrations. A’ R8. Let g € Og be the element that
sends eg — —eg and e; — e;, j = 1,2,...,7. Then if p € /\iRS, gp € /\'iR8
and G, = gGpg~!. Thus from the description of self-dual calibrations we can
right away read off a description of anti-self-dual calibrations. Moreover, from the
fact that

cohull {(F*(61234) N /\i RS) U (F‘ (61234) N /\i Rs)} C F*(61234)

we can read off many other calibrations. For example, s~ince g preserves F*(ej234),
the form ¢ = -;—(wl +g-w1) =19 Aeg € F*(e1234). Here G, is the exceptional group
G2, and 7 is just an associative calibration on

R7 = span{ey,ez,...,e7}
(see [7]).
CHAPTER 4. THE TORUS LEMMA

The Torus Lemma of Morgan [13, Lemma 4] has had numerous applications to
the study of calibrations. It will be used in Chapter 5 to study torus forms. Here
we deduce the Torus Lemma from a more basic new Lemma 4.1, which itself is
required in Chapter 5.

LEMMA 4.1 ([15, LEMMA 5.1]). Let o € A'RZ@ A\*R® c AT R2t7 pe
viewed as a function on the Grassmannian G(1 + k,R2*™). Let ¢ be a mazimum
point. Then either (1) € is of the form v A¢ for some v € R?%, ¢ € G(k,R™), or (2)
there is some factor n € G(k — 1,R"™) of € such that for any unit vector v in R?
there is a unit vector w in R™ perpendicular to n such that v Aw An i3 a mazimum
point.

PROOF. Let M = ||p|| = max{p(€): £ € G(1+k,R?T¥)}. It is not hard to show
[7, Lemma I1.7.5] that there are orthonormal bases e;, e; for R? and fi,..., f, for
R™ and angles 6,6, € [0,7/2) such that & takes the form

€ =(cosfyer +sinb; f1) A(cosbaeq +sinbs fo) Afa A+ A feyr.
Since p € A'R2® /\'c R™,
©(€) = acos by sinfy + bsin0; cos by

< \/a2cos?6; + b2sin? 6, < max{|al,|b]} < M,
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(wherea ={es A fa A+ A fir1,0), b= (f1 Aea A+ A fr—1,p)). Hence, equality
holds. Unless a = b = M, it follows that {6;,602} = {0,7/2}, £ has as a factor ¢;
or ez, and thus conclusion (1) holds. Now assume a = b= M. By the first cousin
principle [12, 2.4],

(et AfiAN-Afier1,0) =(e2 A fa A A frer1,0) =0.
Therefore, for any 6,
((cosfey +sinfex) A(—sinb fi +cosb f2) A fa A+ A fet1,90)
=Mcos?0+ Msin?0+0+0= M.

Therefore conclusion (2) holds.

The following Torus Lemma of Morgan has had numerous applications to the
study of calibrations. (See {13, Lemma 4], {12, J.emma 2.2], [15, Lemma 5.1}, and
[9, Theorem 2.3].)

4.2. THE TORUS LEMMA. Consider R*™ = C™ with orthonormal basis e;,

i€1,...,6m,1€m. Let © be a torus form, i.e.,
m 1 m
peTs= ® </\ span{ej,iej}) C /\ R*™.
j=1

(1) Then as a function on the Grassmannian G(m,R?*™), © has a mazimum
point on the torus T = {€¥1e; A - NePmey,}.

(2) Furthermore, if o has only finitely many mazima in T, then all of its mazima
lieinT.

PROOF. The lemma follows immediately from Lemma 2.2 by induction.

4.3. REMARK. The following example shows that the Torus Lemma does not
generalize to A™ R®™* (or hence to A™ R¥™* for k > 3). Consider R® = R® x R®
with orthonormal basis ey, f1,91,...,€3, f3,93. Let p € /\3 R%* be the torus form

p=elNf3 NG+ fINgsNes+gi ANes A f3
—giNfiNes—fINe3Ngs—€el NGy A 3.

If ¢ € G(3,RP) is of torus form

€= (a11e1 + a12f1 + a13g1) A (az1€2 + a2 f2 + a23g2) A (az1e3 + as2 f3 + asags),
then p(§) = det(a;;) < 1. However, if

estertes fitfotfs g1+t

V3 V3 V3o

then p(€) =6/3v3 =2/V3 > 1.
CHAPTER 5. TORUS FORMS

£E=

This chapter studies the nice space T of torus forms in /\4 R8* and gives a
classification of the associated faces of the Grassmannian G(4,R8) which contain
a CP!L
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5.1. DEFINITIONS. Identify R® = C*, with real orthonormal basis {e;, €2, €3, €4,
es = ie1, e = 1€, €7 = ie3, eg = ieq}. Each point £(f) € G(4, R8) of the form
£(0) = (cosfy e; +sinb; es) A (cosfz ez + sinb; eg)
(1) A (cos Bz e3 +sinfzer) A (cosfseq + sinbyeg)
=ee; Aetf2ey Nef2e3 Aeiey
is called a torus point. Let T denote the set of torus points in G(4,R8) c \*RS.
The span of T is a 16-dimensional subspace of /\‘1 R8. The corresponding dual

space in /\4(R8)* is denoted T'§ and called the torus span. That is, Tg consists of
all o € A*(R8)* of the form

© = (A a,a,b) = Aoelazq + Q165934 + Q2€]p34 + A3€1974 + 41938
(2) + Ai2€io7g + A13€lpas + Aa€lg7a + A34€5634 + A24€5074
+ A23e5o38 + a1€]678 + A2€5278 + A3€5638 + Aaigr4 + besgrs-
Such forms are called torus forms.

The dual face F*(ej234) of the singleton {ej234} consists of those forms ¢ €
/\4(R8)* of comass 1 with p(e1234) = 1. If o € F*(e1234) N T3 then, by the first
cousin principle {12, 2.4], ¢ = ¢(A, a,b) is of the form
© = €l93q4 + A12€7275 + A13€1638 + M14€lg74 + A34€5634 + A24€5974

+ A23€5035 + a1€1678 + Q26575 + A3€5635 + Q45674 + besgrs-

3)

Consider the form ¢ = €353 +€3575 € A*(R8)*. It has comass one. The contact
set or face G(p) = {€ € G(4,R8): (&) = 1} is given by

where R* = span{es, e4, €7, eg} has complex structure J defined by Jes = ey, Je7 =
eg. This specific subset e;2 A CP! of G(4, R8) plays a key role in our development
and will be noted CP{ and referred to as the standard CP! in G(4,R8). Moreover,

CP}NT = {e12 A (cosfez +sinfe;) A (cosfeq +sinfeg)}

(5) ={£(0): 6 =02 =0 and 63 = 04}

will be denoted S} and referred to as the standard circle in CFP].

Our first objective is to compute F*(CP3) NTg, i.e. to find all forms ¢ € T§ C
A*(R®)* in the torus span which are of comass one and such that CP} C G(p).
Second, for each such ¢ € F*(CPJ) N T4 we will describe the contact set G(yp).

THEOREM 5.2 (THE DUAL FACE OF A CP! AMONG TORUS FORMS). The
set F*(CPY)NT¢ (i.e. all forms o in the torus span T4 which are of comass one
and which equal one on the standard CP') consists of those forms
(6) © = €234 + €1278 + A1(€l63s — €1674) T A2(€5238 — €3274) + A3(€5634 + €5678)

+ u(ese3s — €5674) + A(€3638 1 €5674) + Bles634 — €3678)
with

(7 Ml <1, [X2]<1 and A+ B<C,
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where

(8) A=VeIt, B=yDatMnTHm@, C=./(-2)(1-)

PROOF OF (6). Asnoted ((3) above), the first cousin principle implies that, for
@ € F*(e1234) N T3 certain coefficients of ¢ must vanish, namely, the coefficient of
e;‘jk, whenever e;j; is first cousin of €234 (e.g. €1238). If ¢ € F*(CP}) N T4, then
¢ attains its maximum value of one on each point £(6) on the standard circle S} =
CP} NT in CP}. Therefore, by the first cousin principle, each ¢ € F*(CP}) N T
(which must be of the form (3)) must satisfy

A2=1, a1 =a2=0, A3+A14=0, and A3+ Agyq =0.

That is, ¢ € F*(CP}) N T4 must be of the form

9 © = e1a34 t €1278 + A13(€le3s — €i674) T A23(€5238 — €5274) + A34€5634
Q T Crae 7Aoo
+ Oesg7g + A3€5638 t+ A4€5674-
The changes of variables
AL= A3, A2 = Ag3, A3 =
a=1i(az+as), and fB

turns (9) into (6).

REMARK. This change of variables (10) is motivated by the proof of the inequal-
ity A+ B < C in (7). This inequality is the key technical result of the chapter. Its
proof is postponed until after the statement of Theorem 5.3, the main result of the
chapter.

THEOREM 5.3 (CLASSIFICATION). Suppose p € F*(CP})NT$ is a torus form
in the dual face of the standard CP' as described in Theorem 5.2. The various
possibilities for the contact sets G(p) are classified as follows. We assume that
A+ B = C except in the second half of the final case IX.

I. SPECIAL LAGRANGIAN. If A = u =0 and (A1, A2, A3) = (1, %1, £1), with
an odd number of minus signs, then G(p) is a 9-dimensional manifold of special
Lagrangian planes in R8.

II.LA. SPECIAL LAGRANGIAN. If A = u = 0, precisely one of A1, Ae lies
in {=1,+1}, and A3 = —A1Aq, then G(p) is the product of e; or es with a 5-
dimensional manifold of special Lagrangian 3-planes in span {e1,es} .

II.B. CP! xCP!. If A=pu=0, A3 = %1, and Ay = =3\ & {—1,1}, then
G(yp) s the product of 2 CP’s of 2-planes:

G(p) = G(e1p L e56) N Glezq + €73).

III. DOUBLE CP!. If A =0 and © does not fall into any of the preceding cases,
then p # 0 and G(p) is the union of 2 disjoint CP'’s : G(p) = CP} U CP}; the
standard CP! and

%(’\34+b)7 H= %(a3 _04)3

(10) L(hs - b)

. | As 4 MA
CP} = ey Aeen G| 2 (65, + o) + (e — e3a)|
where A + Ao Az + A A
9, = Cot—l_l_tu_z__:z, 0, = cot—lLﬁ.

See Figure 1.
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FIGURE 1. A double CP!

IV. QUADRUPLE CP!. If A= 1, then A\; = Ay = A3 = u = 0 and G(p) is the
union of 4 CP’s: G(p) = U?:o CP}, each of which intersects each of 2 others in
a single point.

CP} = e12 NG(e34 + €35), the standard CP?,
CP{ = ess A G(a(ezs + €74) + Bless — e13)),
CP} = G(el, +eig) NeTes NeTey,

CP}! =G(e}, — e36) Ne'"er Ne'eg,

where €*" = B+ ia. See Figure 2.

FIGURE 2. A quadruple CP!

V. DOUBLE CP! AND S'. If0 < A< 1, B =0, and Ay = %), then
G(p) s the union of two CP'’s and a nonround algebraic Jordan curve: G(p) =
CP§ UCP! US!, each of which intersects each other in a single point.

CP! =G(e}, +etg) NeTes A e'ey,
where €'" = (B+1ia)/A. See Figure 3. The curve S! = S, and the intersections are
as described in Theorem 5.4 (V).

VI.CP! AND S'. If0< A< 1, B=0, and Ay # £\, then G(p) = CPLUS!
i3 the union of the standard CP' and a nonround, algebraic Jordan curve S' = S,
which intersect in 2 points, as described in Theorem 5.4 (VI). See Figure 4.

VII. CP! AND POINT. If0< A< 1, B#0, and u # 0, then G(p) = CP}U{¢}

18 the union of the standard CP! and a single point as described in Theorem 5.4
(VID).
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S

®

FIGURE 3. Double CP! and nonround S*

FIGURE 4. CP! and nonround S!

VIII. DOUBLE CP!. If0< A< 1, B#0, u =0, \; =¢€); (¢ = £1), and
—e(A3 + A1)2) > 0, then G(p) = CP} UCP} is the union of 2 CP'’s, which meet
in a point. Here

CP}! = G(e}, —cele) Ne'Tez Ae'Tey,
where €™ = —¢(B +ia)/A. CP} NCP}! = {e12 Ne'Tez Ne'Tes).

IX.CPL. If0<A<1, B#£0, u=0, but not case VIII, or if A+ B < C, then
G(p) = CP} s just the standard CP*.

Before giving the proofs of the descriptions of the contact sets G(p) contained
in the main theorem, Theorem 5.3, it is convenient to focus attention on the torus
part, T N G(p), of the contact set.

THEOREM 5.4. Suppose ¢ € F*(CP}) N TS (as described in Theorem 5.2).
Either G(p) N T = S3, the standard circle defined by (5), or p belongs to one of
the cases listed below.

If A=0, as in Cases I, II, and 111 below, then ¢ must be of the form

© = €134 + €178 + A1 (€l638 — €l674)
+ A2(€3238 — €5274) + As(€3678) + (€368 — €5674)-

Case . A =0, u=0, \; = £1, Ay = £1, A3 = £1 with an odd number of
minus signs. In each of these four possibilities TNG(p) is a 3-torus. For ezample,

(11)
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iA1= =g = —1 then
(12) Ge)NT = {£(8): 01 + 02 — 03 + 04 = 27}.

Case II. A =0, u =0 and ezactly one \; = £1. This forces A\; = £Ae. G(p)
is independent of the value chosen for |A;j| < 1. (Hence one might wish to set
Aj=A =0.)

For example, if \; =1 then

— * * * *
© = €1934 T €1278 T €1638 ~ €1674
* * * * .
+ t(e5938 — €3274 — €5634 — €3678)  With |t| <1,

and
(13) Glp)NT = {£(0): 6, =0 and 65 + 65 — 6, =0}

is the same 2-torus for all |t| < 1.
Case III. A=0, u#0. Then

1-— )\% - /\% - /\% - 2/\1)\2/\3 = u2,

G(p)NT = S; U Sy, where S} = {£(6): 0; = 02 =0 and 03 = 04} is the standard
circle and Sy 1s the circle defined by

cosf; _ A1+ A3 cos by _ Ao+ A3 COS(94 - 93) _ Az + A1

(14) sinf; u ' sinfy g sin(64 — 63) U

with 01,602,604 — 03 required to be in (0,7) if p > 0 and in (—m,0) of u <O0.

Case IV.A; =do=Xd3=u=0, A=+\/a2+p2=1.
Then @ 1s of the form

© = €134 + €1278 + (€563 T+ €5674) T Bl€3634 — €5678)-
Here G(p) NT = S§ USH U S} USE is the union of four intersecting circles.

Sé: 0, =0,=0, and 03=04 isthe standard circle.

Sllz 0 =02 =7/2; sin(f3+04) =, cos(fs+604)=270.

S3:0; =0y 03=0;5, sin(f3+04) =a, cos(f3+04) =7

831: 6y +60z:=7; 03=04+m sin(0s+04) =c, cos(f3+64)=020.

For example, if a =0, =1 then
_ % * * *
© = €134 T €1278 T €5634 — €5678>
and

So: e12 AePes Aefey, Sy:eseAetfes Ae ey,

Sy: efeqr Aetfeqy A eaa, Ss:efer Ae7 P Aers.

See Figure 5.
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FIGURE 5

Case V.B=0,0<A=C<1, and A\; =€)y = A, with ¢ = £1.
Then @ 1s of the form

© = ela3q + €127 + A€le3s — €1674) + EA(€5238 — €5274)
— X% (elgay + €lgrg) + (€lgag + €rgra) + Bletas — €ters)
5634 T €5678 5638 T €5674 5634 — €5678
with1>A=0a>+4%=(1-2%) >0

The cases € = 1 are interchangeable (replace es by —es, a by —a and B by
—f). Hence we assume € = —1.

G(p)NT = SoU Sy US, where So = {£(0): 0, = 02 = 0 and 03 = 04} is the
standard circle; Sy is a flat circle defined by 0; = 03, 03 = 04, €% = (B +ia)/A;
and Sy s a twisted circle defined by

0+ 0, =7, €0+%) = (814ia)/A, and
A2sin? 6, — cos? 6,

cos20; + A2sin 6,
A2sin6; — cos? 4,

cos?2 0, + A2sin® 0,

(15) sin(f4 — 03) =

cos(fs — 03) =

So and S) intersect at e; A ey AePes Aetey where 2% = (B +ia)/A.
So and Sy intersect at e; A ey AePes A efeq where €29 = — (B + ia)/A.
Sy and S, intersect at es Aeg Ae'Pes NetPey where €2 = (B+1ia)/A. See Figure

Case VI. B=0, 0< A=C <1, and \} # 3.
Then @ 1is of the form

© = €34 + €278 + Ai(€lp3s — €le74) + A2(€5238 — €3274)
— A1 A2(e5634 + €5678) + (€5638 + €5674) + Bles634 — €3678)>

with o? + 42 = (1 — A?)(1 - A%) > 0.
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S2

FIGURE 6

G(p)NT = SpUS; where Sg = {£(#): 0; =02 =0 and 03 = 04} is the standard
circle and Sy 1s a twisted circle parametrized by ) = 04 — 03, described by
sinf; sinf; > 0,
Asincosf; — (A1(1— A2) + A2Acostp)sinf; =0,
Asinycosfy — (A2(1 — A2) + A\; Acos ) sinfy =0,
e'¥3+64) — (B 4 ia)/A.

(16)

The circles So and S; intersect at the two points ey A ex A ePes A efeyq with
e = £(B +1ia)/A.

Case VII. A £ 0, p # 0, and A+ B = C. Then ¢ is of the form (6) and
G(p)NT = SoU{&(0)} where Sy is the standard circle and the singleton £(0) is
defined by

cos 0, _ A2(As + /\1/\2)A + (A1 + /\2)\3)3

sinf; uC ’
cos 0, _ /\1(/\3 + /\1/\2)A + (/\2 + /\1A3)B

(17) sin uC ’
cos(fy — 03) = /\3-;#’ sin(f4 — 03) = %,
608(93 + 04) = %, sin(03 + 04) = %,

where, if > 0 then 0;,0, € (0,7), and if p < 0 then 0,0, € (—m,0).

Case VIII. Let € = £1. Assume A} = €Ag, —€(Ag+A1A2) >0, u=0and A=
1+€)X3 > 0 (hence A+ B =C). Then @ is of the form (6) and G(p)NT = SpUS;
where Sg 1s the standard circle and Sy is the circle defined by

01=02, 03=04 if6=—-1,
0, +0,=m 04—03=7 ife=+1,
cos(f3 + 04) = (B/A)sin(03 + 04) = a/A  for e = £1.

Now we proceed with the proofs of Theorem 5.2, Theorem 5.4, and Theorem 5.3
in that order.
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The Torus Lemma 4.2 states that each form p € T§ attains its maximum value
at some torus point £(#). Thus ¢, defined by (9) above, has comass one if and only
if the function

©(&(8)) = cicacaeq + cic28354

(18) + A13(c182¢384 — €18253¢4) + A2 (S1¢2¢384 — S1C253¢4)

+ s152(A34C3¢4 + 3384 + agS3cq + bS384)
has maximum value 1.

Consider the change of variables
(19) 51 =0, 9—2 =0, 0_3 =04 — 03, 94 =03+ 64.
Then the expression (18) for ©(£(8)), as a function of 4, is given by
J(0) = €122¢3 + A13815253 + A2351C233
(20) + (X34 + b)515283 + 3 (a3 — a4)515253
+ [%(/\34 - b)&l + -21‘(03 + a4)§3] 5189.

Under the change of variables (10), f(6) assumes the simpler form
(21) f((?) = (C1CC3 + A1C15253 + A251C253 + A35152C3
+ u8152383 + (@84 + C4)5:155.

Thus we have proved

LEMMA 5.5. Each ¢ of the form (6) of Theorem 5.2 is of comass one if and
only if f(0) given by (21) has mazimum value one.

If A= +/a?+ 2 =0 then this function f(f) was completely analyzed in Dadok
and Harvey [2].

By the results of [2], all portions of Theorems 5.2 and 5.4 with A = 0 follow
immediately. In the remainder of the proof we assume A > 0.

Since adding 7 to any pair of the four angles 6,65, 03,604 does not change the
torus point £(6), we may assume that 6;, 62 € [0,7). Then 51,52 > 0. Conse-
quently, choosing 04 with:

(22) sinfy = a/A, cosfy = B/A,
we may replace f(f) by F() in Lemma 5.5, where
(23) F(é) = C1CoC3 + A1C15253 + A281C283 + A35159C3 + 4515253 + A5159.

LEMMA 5.6. Each ¢ of the form (6) is of comass one if and only if F(f),
defined by (23), has mazimum value one.

The key to the proof of the theorems is an analysis of the critical points 8 of the

function F(6).
Suppose 6 is a critical point for F' with critical value equal to one. Then
(I) €1C2C3 + A1€15253 + A251C253 + A35152C3 + u515233 + A5152 =1,
(1)
(2) — €159€3 + A1E1C2C3 — A2818283 + A381C2C3 + US1C283 + A51C2 =0,
(3)

(24) — 51C2C3 — A1518283 + Ao€1Co83 + A3€182C3 + uC15283 + A5 = 0,

— C1€983 + A\1C182C3 + A281€2C3 — A3515253 + 145;59¢3 = 0.
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These equations imply

(a) €1 = C2€3 + A15233,

(b) €2 = €183 + A25133,

(c) &3 = €182 + (A3 + AC3)35, 352,

(a') 81 = AoC283 + A382C3 + pd283 + A3,
(b’) 82 = A1€153 + A351C3 + ud152 + Asy,
(c') 83 = A\1C152 + A281C2 + 13152 + A3159353.

CIJI

For example, ¢; times equation (I) minus §; times equation (1) yields equation (a).
REMARK. If 513253 # 0 then (a), (b), (¢) plus one of (a’),(b’),(c’) imply (I),
(1), (2) and (3).
Let E=1—¢% — ¢} — 3 + 2¢162¢3. Since E = (1—&7)(1 - &%) — (¢x — &¢;)? for
all {7, 7,k} = {1,2,3}, equations (a), (b), and (c) 1mply
(1) (1-A})5383 = E,
(26) (2) (1-A3)51s% = E,
(3) (1= (N3 + Ac3)?)5252 = E.
Note that equation (I), minus ¢; times equation (a), minus c; times equation
(b), minus ¢3 times equation (c) yields:
(27) (u+ A33)515253 = E.
Also note that

(62 - 0163)(03 - 6162) + (Cl - 6203) ? -, F.

Now using (a), (b), and (c) yields (i) below.
(1) (A2(Ag + Acs) + /\1)313283 =6F,
(28) (i) (A1(As + AC3) + A2)515355 = & F,
(iii) (M A2+ Az + AC3)81328§ =c3FE.

Equations (ii) and (iii) are proved similarly.
Certain special cases must be considered separately. First, we consider the
generic case.

(29) Assume 33233 #0, M #1 and M #1.
Using (27) and (28) (iii) we conclude that

(30) cap = (A3 + A1X2)53
If in addition we assume

(31) w#0

then

(32) C3/83 = (A3 + A1 h2)/u.
Let B = /(A3 + A1A2)2? + u2. Then

(33) C3 =0(AA2+A3)/B and 353 =o0(p/B)

where either c =1 or 0 = —1.
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Consequently,
(34) i+ Ass = (u/B)(B + 0 A)
and
(35) Az + A1Ag + AC3 = ((A3 + A1A2)/B)(B + g A).

Just as in the derivation of (30), using equation (27) with (28) (i) or (ii) yields

(36) __1 _ A2A3 + A; + A A3
51 w+ A3z
or
C AAz+ A2+ A ACg
37 2=
(37) 8o u+ Asg

Substitution of (34), (35) into (36) and (37) yields:

(38) l _ (/\1 + /\2/\3)B + UAQ(/\]AQ + /\3)A
51 u(B+oA) ’

(39) -_2 _ (/\2+/\1/\3)B+0'A1(/\1/\2+/\3)A'
59 u(B+cA)

Equations (26) (1) and (26) (2) imply
(1= A2)(1 - AB)s3slsd = EZ.

Equation (27) implies
(u+ A33)%52525% = 53E2.

Equation (28) (iii) implies
(A3 + A1 dg + Ac3)?535253 = c2E2.

Therefore,

(40) (4+ A53)% + (As + Arde + A2s)? = (1 - A})(1 - A3).
Substitution of (34) and (35) into (40) yields

(41) (B4+0A4)2 = (1-2})(1-13).

Thus either

(42) B+oA=1/(1-A%)(1-)3)

or

(43) B+oA=—1/(1-)2)(1-A2).

This completes our analysis of the critical equations (24) for the moment. We
shall return to these equations later.

LEMMA 5.7. detHess F(0) at 6 = 0 is given by
1—=22 - 22— 22— 2X 0003 — 2(A3 + A1 hg)A4 — A%

PROOF. Direct calculation.
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COROLLARY 5.8. detHess (F(0))|5_0 <0t A+B<C.

PROOF. Let H = 1-A2—)%—)2—2X;)2); and note that (A3 +A1A2)2+H = C2.
Now
det Hess F(0)| o = A% — 2(A3 + A1 X2)A — H.

This quadratic function of A, denoted Q(A), vanishes at
A3+ A At \/(/\3 + /\1/\2)2 +H=X+ XM £C.

Thus Q is negative on the interval A3 + A\jdo —C < A < A3+ MA2 +C. If
A+ B < C then —(A\3+ A1A2) £ B< C — A and hence A < Az + A1Ag +C. Also,
A3+ A1Ag — C <0 < A. This proves @ is negative if A+ B < C.

LEMMA 5.9. On the set {p: |M]| < 1, |A2] < 1 and C — A— B > 0} the
function C — A — B 1is strictly radially decreasing.

PROOF. Let
D=C-A-B=/(1-X)(1-2%) =3+ A1X2)? +u? — o? + 2.
Since - 0D /du, o-dD/da, and B -30D/3f < 0 it suffices to show that
1,00 1, oD 1, oD
29n  27%0x  27%0)
O+ -20202 L (A3 4+ A1d2)(Az 4+ 2M1)0)
VI=2)1-23) Vs +Ade)? +pl

(44)

is positive.

If (A34+A1)2)(A3+2A1X2) > 0 then (44) is positive on |A;| < 1, |A2| < 1. Hence
we may assume that (A3 + A;A2)(Az + 2A1A2) < 0. Now (44) is increasing in u2,
and hence we may set u = 0. We may assume the product A\;A2 < 0 and A3 >0
since interchanging the signs of both A; and A3 or both A; and A3 does not change
(44).

Then, since A3 + A1 A2 and A3 + 2A; A9 are of opposite signs, A3 + A; A2 > 0 and
Az = 2M1X2 < 0, i.e. [A\1A2] < A3 < 2|A1A2]. Therefore (44) is minimized when
A3 = |A1X2] = =12 and this minimum is

M+ 23 - 2233
(1=A7)(1=23)

+ A1)Aq.

It remains to show that
g(A1,A2) = A2+ 22— 20202 + A haq/(1— A2)(1 - A2) > 0.

029y 00 (1))
o o oA
the critical points of g are on the lines A\; £ A2 = 0. Now it follows easily that g > 0
on |/\1| <1, |/\2I <1
REMARK 5.10. It follows easily from this lemma that
{e: M| £1,|X2] £1,A+ B<(C}

is the closure of {p: |A1] < 1,]A2] <1 and A+ B < C}.

Since
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PROPOSITION 5.11. The set
(45) R={p: M| <1, |X| £1, A+ BL C}
is contained in F*(CP}); i.e., each ¢ € R has comass 1.

PROOF. By the above remark we may assume |A;| < 1, |A2] < land A+B < C.

Since F*(CP§) N T is a convex set it suffices to show that, after we increase A
and u? slightly (maintaining A + B < C), the form ¢ has comass one. That is, we
may assume A > 0 and p # 0.

Note that [A;| < 1, |A2| < 1 and B < C imply that |A3] < 1, since C? — B% <
(1=21)(1 = 23) — (A3 + Airg)?.

Let ¢; denote the form obtained from ¢ by replacing a by ta and g by t5,
i.e. o1 = . If ||o]* > 1 then for some ¢t either

Case 1. —det Hess Fy(0)] g=o fails to be positive, so we cannot be certain that
6 = 0 remains a local maximum for F3(f), or

Case 2. p:(£()) has a critical point £(6), with critical value one, which is not
on the standard circle S{.

Lemma 5.7 rules out Case 1. The calculations made above (see equations (24)
through (43)) can be used to rule out Case 2. These calculations assumed that
[Ad1] <1, |A2] <1, A>0, p# 0 and 5,5253 # 0. All of these assumptions except
515233 # 0 are automatically valid for ¢; with ¢t < 1 fixed.

If 515255 = 0 there are several cases to consider. First, suppose 5; = 0. Then, by
(26)(2), E = 0. Therefore by (26)(1) either 5, = 0 or 53 = 0. If 5; = 5, = 0 then by
(25)(c’) 53 = 0, while if 5; = §3 = 0 then by (25)(b’) 5 =0. Thus §; =352 =33 =0
and hence, by (24)(I), ¢1¢2¢3 = 1. Similarly, if 5, = 0 then ¢;¢2¢3 = 1.

Now, suppose 53 = 0, but §; # 0, 32 # 0; then by (26)(2) and (3) A3+ A¢3 = £1.
Thus A3 = £1+ A. Since B < C, (1-2})(1-22%) > (A2 +A123)2+C%2 - B2 > 0.
Thus |[A3] < 1. Consequently, either A3 =1—-A > 0or A3 = —(1 — A4) <O0.

Suppose A3 =1 — A > 0. Then A+ B > C. To prove this, we might as well
assume 4 =0. A+ B =1- A3+ |A3 + A1 Ag| is piecewise linear in As.

At each of the points A3 = 0, A3 = —A;)A2, and A3 = 1, we have A+ B >
1 — |[AA2]. Hence A+ B > 1 —|AAd2l on 0 < A3 < 1. Now 1 — |A1Ae] >
VA =2H(1-x3) =cC.

The proof for A3 = —(1 — A) < 0 is the same.

Therefore, with |A1] < 1, [A2] < 1, A > 0 and u # 0 it follows that 5,3253 # 0.
Now equations (24) through (43) are valid.

In particular, either (42) or (43) must be true, i.e. B+A = +C. Now A+B = -C
is impossible, and in the other three cases A+ B > C. This rules out Case 2 above,
and completes the proof of Proposition 5.11.

COMPLETION OF THE PROOF OF THEOREM 5.2. Let F = F*(CP}) N T}
and R be defined by (45). By Proposition 5.11, R C F. By Lemma 5.9, R is
star-shaped with respect to the origin. Hence it suffices to show that R C OF
(because F is also star-shaped).

If peORand A =0then p € dF by [2]. f p € IR, A > 0 and pu = 0 then
© is the limit of points ¢ € R with A > 0 and p # 0. Therefore, we need only
show that if ¢ € R, with A > 0 and u # 0 then ¢ € dF. Defining 0,,60,,03,04
by equations (33), (38), and (39), with ¢ = 1, and by (22), we obtain a point £(6)
which is not on the standard circle S3 but with ©(£(6)) = 1. Hence p € dF.
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This proves R = F and completes the proof of Theorem 5.2.

Now we complete the proof of Theorem 5.4, describing the contact sets G(p)NTg
for each p € R. As noted earlier, cases I, II, and III of Theorem 5.4 follow from [2].
Thus we assume A > 0. Also, unless ¢ € R, G(p) NT = S}. Thus we assume
A+B=C.

PROOF OF THEOREM 5.4. Case IV. In this case, A = 1, the function F(f)
defined by (23) reduces to

(46) F(0) = ¢169¢3 + 5, 52.
The function F is equal to one exactly as described in Theorem 5.4, Case IV. The

details are omitted.

LEMMA 5.12. Suppose A >0, B>0, A+ B =C, and A\? # A\%. Then any
point 0 satisfying the critical equations (24) must have 513553 # 0 unless §; = 35 =
53 =0.

PROOF. As we have noted before, 552 # 0. Suppose 53 = 0. Then, by (26)(2)
and (3), A3+ A = £1. Since B < C, (1-22)(1-2%) > (A2+A1A3)2+C?-B% > 0.
Thus |A3] < 1. Consequently, either

(47) AM3=1-A2>0
or
(48) A3 =—-(1-A4)<0.

Consider the case A3 =1 — A > 0. Now
A+B=1-23+vV(A3+AA2)2+p2>g(A3) =1— A3+ Az + A Aql-

Note g(A3) is piecewise linear on 0 < A3 < 1. Moreover, g(0) = 1+|A1 2], g(—A1A2)
=1-2A3 = 1—|A1Ag], and g(1) = 1 + A;Ag. Therefore, A+ B > 1 — |A1)q]
with equality if and only if AjAs < 0 and Az + AjA2 > 0. Now 1 — |Ahg] >
VI =2%)(1 = A2) = C with equality if and only if A2 = A2. Therefore A+ B > C
and equality holds if and only if A\; = —Xg, A3 > A2, p=0,and A=1- X3 >0.

Similarly, in case A3 = —(1— A) < 0 we get A+ B > C with equality if and only
if A1 = Ag, A3 S/\%, u=0,and A =1+ A3.

PROOF OF THEOREM 5.4. Case VII. Suppose A >0, u # 0, and A+ B = C,
i.e. ¢ belongs to Case VII of Theorem 5.4. Then by Lemma 5.12 there are no
solutions of the critical equations (24) with 3;5,53 = 0 other than 6; = f; = 63 = 0.
Hence we may assume 5;5253 # 0. Now the calculations (29) through (43) given
above are valid. Since A + B = C, equations (42) and (43) imply that o = 1.

Case VII of Theorem 5.4 can be read off from equations (38), (39), (33), and
(31).

PROOF OF THEOREM 5.4. Case VI. Suppose B =0, A=C >0, and A\? # \%;
that is, 4 = 0, A3 = —A;)g, and A = C > 0. Since A? # 1 and A2 # 1, equation
(26) eliminates the possibility 5,52 = 0 unless §; = § = 53 = 0.

We must deal with the case 53 = 0, 5;52 # 0. By (26) A3 + A¢z = %1 or
A3 £ A = =%1. Since A3 = —A1)g, |A3| < 1. Therefore, there are only two cases:

(49) AM3=1-A>0, and ¢é3=1,
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or
(50) A3=—(1-A)<0, and & =-1.
In the first case (49), where ¢3 = 1, we derive from (25)
(51) da=-X1, Az=2A} and A=1-)%
In the second case (50) where ¢3 = —1,
(52) Aa=X1,  A3=-A% and A=1-)%

In both cases A2 = A\2. Hence we may assume 35,3253 # 0. Now equations (36)
and (37) are valid. Substitution of A3 = —A; )2 into (36) and (37) yields all but the
last equation €*(®3+94) = (B 4+ ia)/A in (17). This last equation is just (22). This
completes Case VI.

PROOF OF THEOREM 5.4. Case V. Assume € = —1 (i.e. Ay = —);). First,
suppose $15283 # 0. Then §; = 32 by (26)(1) and (2). Hence either §; = 62 or
61+ 02 = 7. Note 1 — Asyso =1 — (1 — A2)s? = c? + \2s2.

Now the equation 83 = 84, if §; = 63, and equation (15), if §; + 62 = 7, follow
from (25)(c’) and (25)(c). Using (22) again, this completes the proof of Case V
unless 53 = 0. If 53 = 0 then direct examination of the critical equations (24)
yields the solutions described in Case V of Theorem 5.4.

PROOF OF THEOREM 5.4. Case VIII. We consider the case e = —1; the case
€ = +1 is similar. Then with Ay = X, Ao = =X\, A3+ MAa=X3—-A2>0, u=0
and A=1-X3>0.

Hence

F(0) = ¢182C3 + AC13283 — A81C283 + X381 8283 + (1 — A3)5132.

Note that é5 = 1, §; = 0, is a solution. Using the critical equations one can
check that these are all the solutions.

To complete the proof of Theorem 5.4 we must show that all cases have been
considered. First, all cases with A = 0 were discussed in I-III. Hence we may
assume A > 0. By Case VII we may assume p = 0. By Lemma 5.12 and equation
(33) it remains to consider the cases where either B = 0 or A\? = A\2. Case V is
where both B = 0 and A? = A3. Case VI is where B = 0 but A? # A\%. Case VIII
is where B > 0 but A2 = A\%. This completes the proof of Theorem 5.4.

PROOF OF THEOREM 5.3. Now we give the proof of the main theorem, 5.3,

classifying the faces or contact set G(p) for all ¢ € F*(CP})NT§. Each such ¢
can be expressed as

© = (el + Azeze) A (€34 + €75) + (A1€1g + A€z + pese)
A (€35 — €74) +e56 A (B(e34 — €78) + (€3 + €74)),
with |[A1] <1, |A2] €1, and A+ B < C, where

A=Va2+62, B=+yv(As+MA)2+p2 and C=,/(1-23)(1-)%).

(This is just a restatement of Theorem 5.2.)

The classification of faces G(yp) follows Theorem 5.4 case by case. The new case
IX corresponds to the trivial case of Theorem 5.4 when the torus face is just the
standard circle S¢.

(53)
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I. SPECIAL LAGRANGIAN. The standard special Lagrangian form (cf. [7]) is
given by

€1234 — €5634 — €3274 — €5238 — €1674 — €1638 — €1278 T €5678-
The 4 forms of Case I result from switching the signs on {e;,e3}, {€1,e4},{es}, and
{er}, respectively.
II.LA. SPECIAL LAGRANGIAN. First suppose \; = £1. Let Ay = t, A3 =
Ft, ¢ = p¢. Then g = €] A, where

¥ = €334 + €378 & €538 F €574 = Re((€] +1eg) A (e3 £ 1e7) A (e F ieg))
is a special Lagrangian form on span{e;,es}*. Consequently (cf. [7, Proposition
7.10]), G(po) = €1 A G(3) as asserted. For any —1 < t < 1, for any & € G(4,R8),

1+t 1+1¢ 1+t 1-t

pe(€) = 5 p1(€) + —2—80—1(5) <—+ — =5

with equality if and only if v;(€) = p-1(€) = 1. Hence G(pt) = G(p1) UG(p-1)
is independent of ¢, i.e., G(p:) = G(po)-

By symmetry the case Ay = %1 is similar.

II.B. CP! x CP!. Here A3 = £1. Let A\; =¢t, Ay = —t, ¢ = ;. Then

po = (e12 T e56) N (€34 +€73),

and G(pg) is as asserted (cf. Theorem 1.7(VIII)). For any —1 < ¢t < 1, any £ €
G(4,R8),

[y

1+t 1+1¢ -t

Pi(6) = o1(8) + atpo(6) S Tp

+ =1,
with equality if and only if ©:(€) = p—1(€) = 1. Hence G(pt) = G(p1) N G(p-1)
is independent of t, i.e., G(v:) = G(po)-
III. DOUBLE CP!. Let 6;,0; be as defined in Theorem 5.4(III). Direct compu-
tation shows that

\_/l\D|

: . Az + A1Ae, . . .
Y= (ezolel A ez0262) Jeo = _3—B1—2(634 +e78) + %638(674)'

Therefore, with CP} = e*1¢; A €'%2e5 A G(%),
G(p)NT Cc CP UCP} C G(p).

Since 6; # 0, CP N CP! = @. To see that CP} is a CP!, note that %
is a Kihler form on C? = span{es,eq,e7,e3} because (A3 + A1)q2)? + u? = B2
(Whenever a? + b2 = 1, then

a(ezq + e7g) + b(ezg — e74) = (ae3 — bey) A ey + (aeq + be3) A eg
is a Kéhler form.)

To complete the proof, we suppose § € G(p)—T and deduce that £ € CPlucCP}.
Since £ € T, for some j, £ must fail to have a factor of the form e*7e;. By the
Torus Lemma 4.2(2) and Theorem 5.4, j must be 3 or 4. Suppose £ has no factor

of the form e*7e4. Then by Lemma 4.1, there are a unit 2-vector factor n of ¢ and
unit vectors y, z such that

pmAyAes)=p(nAzAeg) =1
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The torus maxima of e4 | are ejo3 and e*fie; A e'f2e5 A e'¥3e3, as described by
Theorem 5.4(I11). By the Torus Lemma 4.2(2), nAy = ej23 or €¥1e; Ae*2ey Aetf3es.
Similarly, by Theorem 5.4(III), the torus maxima of eg | are e;97 and e*f1e; A
€925 A %3¢, Again by Lemma 4.1, n A 2 = €197 or efre; A eif2ey A eif3e;.
Comparison of these expressions for n A y and n A z shows that n = +e;s or
+e'1e; A e'f2¢5. Replacing n by —7 if necessary, we may assume 7 = ejq or
e¥re; A ef2ey. If = €19, then n | = €3, — €35 and € € G(efqg4 + €]978) = CPY.
If n = e'%1e; Ae'P2¢y, then € € €91 ey AeP2e, AG(n Jp) = CP}, as desired. The proof
in the alternative case when ¢ has no factor of the form e*7es is almost identical.

IV. QUADRUPLE CP!. Choose 7 € [0,7) such that ¢” = 3 + ia. Direct
computation shows that

Yo = €12 Jp = €34 + €75,
Y1 = ese 1o = Plezq — €75) + aless + €74),
by = (¢e3 Ae'Tes) | = efy + €3,
b3 = (e'e7 Ae'eg) 1 = €]y — €36
Comparison with Theorem 5.4(IV) now shows that S; C CP].I. Therefore, G(p) N
T c US_, CP! C G(p).
As in the proof of 111, each CP} is indeed a CP'. It is also easy to check that
CPJNCP! =3, CPiNCP; =ejaAeTez Ae'ey,
CPOl N CP31 =eaAeTer AeTes,
CP! NCP; =esq A €"es Aeey,
CP!NCP} = —es¢ Ae'"er Ae'"eg, CPiNCP} =@.
To complete the proof, we suppose ¢ € G(p)—T and deduce that £ € U?:o CP/.

Since £ & T, for some k, £ must fail to have a factor of the form e*Vey.

Case k = 1. ¢ has no factor of the form e*7e;. Let p1,ps be distinct angles
strictly between 0 and 7/2. By Lemma 4.1, there are a unit 2-vector factor n at &
and unit vectors w; and wsy such that p(e*?re; A w; An) =L

By Theorem 5.4(IV), the torus maxima of —e'ie; | are e*Pre3 A e'Tez A ey
and —e~ ey A €'"e7 A e'"eg. By the Torus Lemma 4.2(2),

w; An=¢ePeagNeTegNeTes or —e Preg NeTer ANe'les.

Since p; # p2, n = +e'Te3 Ae'Teq or te'"e; A e'Teg. Consequently ¢ belongs to
G(2) Ne"es AetTeq = CP or to G(3) ANeer Ae'Teg = CPY.

Case k = 2 is almost identical to case k = 1.

Case k = 3. ¢ has no factor of the form e*Ve3. Let p;,p2 be angles such that
01, p2,7 are distinct modulo 7/2. By Lemma 4.1, there are a unit 2-vector factor n
of ¢ and unit vectors wy, ws such that p(n Ae*?ieg Aw;) = 1. By Theorem 5.4(IV),
the torus maxima of —e*7e3 Jp are ;5 A eP1e4 and esg A e'(?"~Pi)ey. By the Torus
Lemma 4.2(2),

w; An=egAePles or espA e (27=ps)¢,.

Since p; # pa, N = tej or tese. Consequently € belongs to CPJ or to CP}.
Case k = 4 is almost identical to case k = 3.
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V. DOUBLE CP! AND S!. Choose 7 € [0, ) such that '” = (8+1ia)/A. Direct
computation shows that A3 + A =1 and

V= (e"es Neeq) Jp = el + €l
Comparison with Theorem 5.4(V) now shows that S; C CP}. Therefore,
G(p)NT Cc CP}UCP} US! C G(p).
Note that CP} is indeed a CP!. It is also easy to check that
CPINCP! = {e12 AeTes Ne'eq), CPINS' ={e1a Ae'er Ae'Teg),

and _ _
CP! NSS! = {ese Ne'ez Ae'Teq}.

To complete the proof, we suppose that £ € G(p) — T and deduce that ¢ €
CP}UCP!. Since ¢ ¢ T, for some k, £ must fail to have a factor of the form "¢

Case k = 1. ¢ has no factor of the form e*Ye;. Let p;, pp be distinct angles
strictly between 0 and 7/2, such that o; # o2 where

_ A}sin? p; — cos? p;

2A1cos p;sinp;
PIZRP | cos2oj =

sin20; =

. . )
cos? p; + A?sin® p; cos? p; + A?sin® p;

0 < 0; < 7/2. By Lemma 4.1, there are a 2-vector factor n of { and unit vectors
wy, we such that p(e'?7e; Awj An) = 1. By Theorem 5.4(V), the torus maxima of
—e'Pie; | are ePieg Ne'Tez Ae'Tey and —e Pieg A €T %) ez A (795 e, By the
Torus Lemma 4.2(2),

wy;An=ePegNe"ez3 Ne'"eq
or

—ePieg N7 eq A et TH) g,

Since p; # p2 and 0, # 02, n = *e'"e3 A e'"ey. Consequently ¢ belongs to
G(Y) Ae"ez NetTey = CPL.

Case k = 2 is almost identical to case k = 1.

Case k = 3. ¢ has no factor of the form e*Ye;. Let p;,ps be angles such that
p1, P2, T are distinct modulo 7 and p; — p2, 27 are distinct modulo 7. By Lemma
4.1, there are a unit 2-vector factor n of ¢ and unit 2-vectors w;,ws such that
©(n A e*fie3 Awj) = 1. By Theorem 5.4(V) the torus maxima of —e*se3 | are
e12 A e*Pieq and possibly points from S! = S, of the form —e*e; A e ey A
¢! (27=05) e, where

2X; cosé;sin 6
cos? 6; + A2sin®6;’

2ain2 8. 2.
_ Aisin® §; — cos*® §;

sin(27 — 2p;) = "~ cos? 6; — A2 sin® 5]"

cos(27 — 2p;)

Since everything is invariant under 6; — §;+m, we may assume —m /2 < §; < /2.
Since the trigonometric functions are strictly increasing on this domain, there is at
most one solution 6;. Since p; # pg (mod ), 6; # b2.

By the Torus Lemma 4.2(2),

wy;An=eaANePleg or — e Ne Wreq AT Pi)g,.
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Since p; # p2, 61 # 62, and p; + p2 # 27 (mod7), n = *e;o. Consequently &
belongs to e12 A G(era Jp) = CPi.

Case k = 4 is almost identical to case k = 3.

VI. CP! AND S!. Comparison with Theorem 5.4(VI) shows that G(p) N T C
CP} U S! C G(p). To complete the proof, we suppose that £ € G(p) — T and
deduce that ¢ € CP}. Since ¢ ¢ T, for some k, £ must fail to have a factor of the
form e*Vey.

Case k = 1. ¢ has no factor of the form e*7e;. By Lemma 2.2, there are a 2-
vector factor n of £ and unit vectors y, z such that p(e; AyAn) = p(es AzAn) = 1.
For —1 <t <1, consider the forms

ot = €1g34 + €278 + t(€l638 — €1674)-
By Theorem 5.2, ||@¢||* = 1. For any —1 < ¢t < 1, for any £ € G(4,R8),

1+t 1-t 1+t 1-t

pe(€) = T@l(f) + —2—30—1(5) S——+ —— = 1,

with equality if and only if ¢1(€) = v-1(€) = 1. Hence G(pt) = G(p1) N G(p-1)
is independent of ¢t € (—1,1). In particular

G(ei A (e1 19)) = G(pa,) = G(po) = CPF;.

Therefore, y An € ea A G(ez4 + €75).

The torus maxima e*%2e; A €%3e3 A €'%4e4 of e5 | o are described by Theorem
5.4(VI). First note that there are only finitely many; otherwise, by real analyticity
every point of S! = S; would have e5 as a factor.

Therefore by the Torus Lemma 4.2(2), 2 An is of the form e%2e; Ae?%3e3 Aetfey.
Second, we claim that e*®2 # +1. Suppose sinf; = 0. Then by (16), siny = 0,
M(1=2%)+ 24 =0, and

N(1-23)2 = A34% = 3C% = M1 - M)(1 - AD).

Since |Az] < 1, A3(1 — A2) = M%(1 — A?) and A2 = £, in contradiction to the
hypotheses of case VI.

Now since y An € ex A G(e34 + e3g) and 2z A n = €'%2e; A €%3e3 A e'4eq with
€92 £ +1, therefore n = +e'f3e; A e'P4ey and n € £G(e}, + €55). Consequently
¥ =04 — 03 =0 (mod~) and siny = 0, which leads to a contradiction as in the
preceding paragraph. Therefore the case k = 1 never occurs.

Case k = 2 is almost identical to the case k = 1.

Case k = 3. € has no factor of the form e'7e3. Let 7 € [0,7) be defined by
e = (B + ia)/A. By Lemma 4.1, there are a 2-vector factor n of ¢ and unit
vectors y, 2z such that

p(nNeTesAy) = p(n el ey nz) = 1.

By Theorem 5.4(VI), the torus maxima of —e*"e3 | are ejz A €"ey and e'¥1e; A
€'%2¢5 Ae'"eq. Similarly, the torus maxima of —e~(T+7/4)¢q Jpare e, Ae’(’+"/4)e4
and €“le; A €92eq A e'("~™/4e,. The torus maxima of —e'"es | are ejp A €'’

and ef1e; A ef2ey A €i”ey4 as described by Theorem 5.4(VI). In particular, d} =
0, sinf; = sinf; = 0, and e¥1e; A €2¢; = *ejo. Now by the Torus Lemma
4.2(2), n Ay = Lei2 A €"eq. Similarly, the torus maxima of —et(Tt7/4)eq 1 are
e12 A €T /ey and edre; Aetfzey ATt/ ey 1h = 1/2, siné; # 0, sindy # 0,
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and n Az = ey2 A Tt/ %e, or €re; A ef2ey A €177/, Comparing these
expressions for 7 Ay and 7 A z shows that n = +e;2. Therefore £ € CP}.

Case k = 4 is almost identical to the case k = 3.

VII. CP! AND POINT. Comparison with Theorem 5.4(VII) shows that

G(p)NT C CPY U{e®e; Ae'P2ey AetP2es Aefies} C G(p),

with 01,0;,03,04 as in (25). To complete the proof, we suppose that £ € G(p) - T
and deduce that £ € CP}. Since & & T, for some k, ¢ must fail to have a maximum
of the form e*7ey.

Case k = 1. ¢ has no factor of the form e'7e;. Let p be an angle distinct from
0 and 6; modulo 7. By Lemma 4.1, there are a 2-vector factor n of £ and a unit
vector w such that p(e*?e; AwAn) = 1. By the Torus Lemma 4.2, e'fe; |y attains
the value 1 on the torus, in contradiction to Theorem 5.4(VII). Hence this case does
not occur.

Case k = 2 is almost the same as the case k = 1.

Case k = 3. ¢ has no factor of the form e*Ves. Let p;, p2 be angles such that
p1, p2, 03 are distinct modulo 7. By Lemma 4.1, there are a 2-vector factor n of £
and unit vectors wy, wy such that o(n A ePie3 A w;) = 1. By Theorem 5.4(VII),
the only torus maximum of —e**se3 o is €12 A €*P7e4. By the Torus Lemma 4.2(2),
nAw; =ezA e'?ieq. Therefore n = +e;5 and € € CP}, as desired.

Case k =4 is almost identical to the case k = 3.

VIII. DOUBLE CP!. Direct computation shows that

Y= (eTesNeeq) Jp = elp + (A3 —eA)elg = €} — eele.

Comparison with Theorem 5.4(VIII) now shows that G(p) NT ¢ CP{ UCP} C
G(p). To complete the proof, we suppose that £ € G(p) — T and deduce that
£ € CP}UCP}. Since £ € T, for some k, & must fail to have a maximum of the
form e*7ey.

Case k = 1. ¢ has no factor of the form e'7e;. Let p;,p2 be distinct angles
strictly between 0 and 7/2. By Lemma 4.1, there are a unit 2-vector factor n of ¢
and unit vectors w;, wy such that p(e*se; A w; An) = 1. By Theorem 5.4(VIII),
the only torus maximum of —e*®ie; | is e~ €%iey A €'7e3 A €'Tes. By the Torus
Lemma 4.2,

w; AN = e %ie, NetTes Aeey.
Therefore, n = +e'”e3 A €'7eq, and € belongs to G(¥) A e'"e3 Ae'eq = CPL.

Case k = 2 is almost identical to case k = 1.

Case k = 3. ¢ has no factor of the form e*Ve;. Let p;,ps be distinct angles
strictly between 0 and 7/2. By Lemma 4.1, there are a unit 2-vector factor n of &
and unit vectors wy, we such that p(n A e*Piez A wj) = 1. By Theorem 5.4(VIII),
the only torus maximum of —e*se3 i is €12 A €#7e4. By the Torus Lemma 4.2(2),

w; An =ejpAerey.

Hence n = +e;2 and € belongs to CPy.

Case k = 4 is almost identical to case k = 3.

IX. CP!. Comparison with Theorem 5.4 shows that G(p) N T C CP}§ C G(p).
On the other hand, suppose £ € G(p) — T so that, for some k, £ fails to have a
maximum of the form eVey.
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Case k = 1. Let 0 < p < m. By Lemma 4.1, there are a 2-vector factor n of &
and a unit vector w such that p(e?e; A w An) = 1. By the Torus Lemma 4.2(2),
€'’e; | p attains the value 1 on the torus, which contradicts G(p) N T C CP}.
Hence this case does not occur.

Case k = 2 is almost identical to the case k = 1.

Case k = 3. Let p;, p2 be distinct modulo 7. By Lemma 4.1, there are a 2-vector
factor n of £ and unit vectors w;, wo such that p(nAe*Pres Awj) = 1. By Theorem
5.4, the only torus maximum of —e*ie3 | is €12 A €*Pieq. Therefore n = +e;5 and
¢ € CP} as desired.

Case k = 4 is almost identical to the case k = 3.

CHAPTER 6. ON THE ANGLE CONJECTURE

A basic question in the study of singularities in area-minimizing surfaces asks
when the sum (i.e., union) of two k-dimensional planes &;,&_ in R" is area-
minimizing (see [13] and [1, #5.8]). A sufficient (perhaps equivalent) condition
is that the two planes lie in a common face of the Grassmannian. The conjecture is
that two planes lie in a common face of the Grassmannian if and only if the angles
1, .-,k which characterize their geometric relationship (cf. Lemma 6.1) satisfy
the inequality vx < 41 + - -+ + Yk—1. This conjecture has been proved for k < 3 (cf.
[12, 1.2] or [2, Corollary 9]). Theorem 6.3 proves half the conjecture for k = 4.

DEFINITIONS. Let {e;,ie;} be an orthonormal basis for R?* = C*. For a =

(a1, .., ak), define (o) € /\'C R?k by
&(a) = exp(iag)er Aexp(tag)ea A -+ - Aexp(iak)ek.

LEMMA 6.1 (Canonical form for two k-planes (cf. [12, Lemma 2.3], or (7,
Lemma I1.7.5])). Given two k-planes &;,&_ € G(k,R?*), there is an orthonormal
basis for R?* such that £+ = £(£7/2), with0 < v < -+ < g1 < /2, Y1 <
Y < T — Yk—1. The y; are unique. Another sum of planes &', + . s related to
€4 + E_ by an isometry of R** if and only if v/ = 7.

LEMMA 6.2. For1 < k < n, p > 1, let p be a calibration in /‘\'c R™ and
let ¢1,...,¢p be k-vectors in /\'c R™ satisfying ||¢;]| = ©(s;). Then the mass of any
nonnegative linear combination ¢ = c1¢ + -+ + cp¢p (¢; > 0) satisfies ||¢|| = p(¢).

REMARK. This lemma is just a renormalization of the geometric fact that a face
of the unit mass ball is convex.
PROOF. First notice that ©(¢) < |||l lls]l = lI¢ll- On the other hand,

llsll < llessill + -+ llepspll = @lersr) + -+ -+ p(eis1) = o(s).

THEOREM 6.3. Let £,,£_ be 4-dimensional planes through 0 in R™ with char-
acterizing angles 0 <1 < y2 <3 < va. If ya > 1+ 72 + 73, then §4 and - do
not lie on a common face of the Grassmannian G(4,R"™). In fact, the mass

€+42'E— ” =COSW4—(’7142—’72+’13)

1s strictly less than 1.

REMARK. It is proved that an inadmissible pair €4, £_ do not lie on a common
face by showing that their average (4 + £_)/2 lies underneath a special Lagrangian
face.
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PROOF. By Lemma 6.2, it suffices to prove the formula for the mass. By
Lemma 6.1, we may assume that {4 = £(£a), with 0 < o = v,;/2 < 7/2. By a
limit argument, we may assume that 0 < a; < 7/2.

We will make use of the following general formula for £(6), 0 < é; < 7/2. First
note that if ® is the “special Lagrangian” calibration (cf. Harvey and Lawson [7])

¢ = RQ(EZ_I /\%2 /\_(Eg A dZ4),
then

(£(8),®@)) = Re(exp(—1i6;) exp(—1id2) exp(—1ib3) exp(i64))
Re(exp(¢[64 — (81 + 62 + 63)]))

COS(64 - (51 + 69 + 53))

Second, direct computation shows that

- £(6) + £(=)

2 c0s 61 cos b9 cos d3 €os 04

(1)

=e12314 + Z tan d; tan éxe(J, k)
1<j<k<4

+ tan é; tan 6 tan 63 tan 64(te;) A (e2) A (ies) A (ies),

where e(1,2) = (ie1) A (ie2) A e3 A eq, etc.

For parameter A > 1, define a; < 8 < m/2 by tanf3; = Atana; . Consider
the function f(A) = B4 — (81 + B2 + B3). Since f(1) > 0 and limy_o f(A) =
/2 — 3n/2 < 0, we may choose A such that f(A) = 0. It follows by formula (1)
that (®, £(£8)) = 1 and hence {£(8),£(—-0)} C G(®). Also

{e1 Nea Nes Aeg,—(te1) A (ie2) A (te3) A (teq)} C G(®).

But (£(a) + £(—a))/2 is a nonnegative linear combination of &(8), {(—0),e1234,
and —(Ze1) A (te2) A (te3) A (teq). Indeed, by formula (2) and the fact that tan §; =
Atanaj,

f)+é-0) o ER+E=H)
2€0S (a1 COS (xg COS (x3 COS (g 2 cos ;1 cos B2 cos (3 cos (4
=[1-2"?] e1224 + E tan o tan ok [l — A"2A%]e(5, k)
1<j<k<4
+ tan o tan o tan o tan a1 — /\‘2/\4](ie1) A (te2) A (ies) A (teq).
Therefore by Lemma 6.2,

(€(e) + &(=a))/2ll = ((§(a) + €(—))/2,B) = cos(as — (o1 + a2 + a3))
by formula (1). Since o = /2, the theorem is proved.
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