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SOME SHARP INEQUALITIES
FOR MARTINGALE TRANSFORMS

K. P. CHOI

ABSTRACT. Two sharp inequalities for martingale transforms are proved.
These results extend some earlier work of Burkholder. The inequalities are
then extended to stochastic integrals and differentially subordinate martin-
gales.

1. Introduction. A gambler starting with an initial fortune o > 0 plays a
sequence of fair games (in the sense of a martingale to be explained in the next
section). Let 3 > . Can he be assured that he can increase his fortune to g
without running into debt?

This was answered negatively by Ville [6]. Indeed, he showed that if f =
(f1, f2,.-.) is a nonnegative martingale starting at «, that is f; = a, then

(1.1) P (sup fn> ﬂ) <2

n>1 ﬁ
This inequality can be seen to be sharp: the number /8 on the right cannot be
replaced by any smaller number independent of f. Inequality (1.1) was recently
extended by Burkholder [4] to

(12) P (sup gn > ﬂ) <2
n>1 ﬁ

where g = (g1, 92, 93,-..) is the martingale transform of a nonnegative martingale
f by a predictable sequence 8 = (61,0, ...), each term 6 having its values in [0, 1].
(For definitions, see §2.) In other words, a gambler with an initial fortune o > 0
cannot improve his chance beyond a/f of increasing his fortune to 3 without going
into debt even if he has a certain control of the martingale: he can either skip the
nth game or play a smaller bet than he otherwise would have had to based on the
outcomes of the previous n — 1 games.

The classical weak type inequality of Doob [5] for real-valued martingales (not
necessarily nonnegative and with [|f||; and f*(w) denoting sup,>,||fn||1 and
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SUp,,>; | fn(w)| respectively),

(13) AP (Suplfnl > A) <lfll,  A>o0,
n>1

contains Ville’s inequality (1.1): If f is a nonnegative martingale, then ||f||; =
Efl = Q.

Doob’s inequality can also be extended to martingale transforms. Burkholder
shows in [4], that if g is the transform of a real martingale f by a predictable
sequence v = (v1,va,...), each term vx having its values in [0, 1], then

(1.4) AP(g" 2N < Ifll, - A>0.

The proof of (1.4) differs greatly from the proof of (1.3) and inequalities (1.2) and
(1.4) are perhaps surprising since g need not be L!-bounded. If the predictable
sequence v = (v1,vs,...) satisfies a < vg(w) < b, where a < 0 < b, then the above
inequality becomes (see [4])

(1.5) AP(g" 2 2) < (b—a)llflli,  A>0,

and the constant b — a on the right is sharp.

Let a,3 € R. If a gambler with initial fortune « is allowed to control his
martingale f by a predictable sequence v = (1,v2,vs,...), each term v having its-
values in [—1,1] so that the transform ¢ has at least probability ¢ of exceeding S,
then how small can || f||; be? This is answered in the following theorem, one of our
main results.

THEOREM 1.1. Let o, € R and t € [0,1]. Let f = (f1,f2,...) be a real
martingale with fy = «. If g is the transform of f by a predictable sequence v =
(L,vg,...), with v having its values in [—1,1] for all k > 2, and g satisfies the
one-stded condition:

(81) P <1Szl§1) gn 2 ﬂ) > ¢,
then
(1.6) 111 >l V{8 —a—[B%(B - 20)* (1 —1)]"/?}

and this inequality is sharp.

Here 27 = z v 0, the maximum of z and 0.

In fact, the lower bound of (1.6) can be attained by some real martingale f and
g its transform by the constant sequence v = (1,-1,1,-1,...).

The special case of Theorem 1.1 when ¢ = 1 is due to Burkholder (see Theorem
7.3 in [3]).

In the proof of Theorem 1.1 we need the following closely related result which is
of independent interest.

THEOREM 1.2. Let z,y € R and t € [0,1]. Let f = (f1,f2,...) be a real
martingale starting at (z+y)/2. If g is the transform of f by a predictable sequence
v = (1,vq,...), with v having its values in [—1,1] for all k > 2 and g satisfies the
two-sided condition:

(82) P (SUP lgn — y| > 1) >t,
n>1
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then

where L(z,y,t) is defined in §3. Inequality (1.7) is sharp.

Again, the lower bound of (1.7) can already be attained by some real martingale
f and g its transform by the constant sequence v = (1,-1,1,-1,...).

The special case when ¢ = 1 has also been found by Burkholder (see Remark 7.1
in [3]). The gambling interpretation of Theorem 1.2 is similar to that of Theorem
1.1. Also, see Theorem 3.2 of (2] for a version of Theorem 1.2 in the case f is
Banach-spaced valued. Our theorem gives the optimal function A of that theorem
in the real case.

The proofs of Theorems 1.1 and 1.2 hinge on functions satisfying certain con-
vexity conditions and boundary conditions. They are found by solving a system of
partial differential equations and inequalities much in the spirit of the method in
[3]. This will be explained in §4.

Inequalities (1.6) and (1.7) carry over to stochastic integrals: Let (€2, o0, P)
be a complete probability space and 7 = (#):>0 a nondecreasing right-continuous
family of sub-o-fields of 7, where % contains all of the sets A in 7., with P(A) = 0.
Let V = (V;):>0 be a real predictable process uniformly bounded in absolulte value
by 1. Assume that X = (X;);>0 is a real martingale adapted to ¥ and that almost
all of the paths of X are right continuous on [0, 00) with left limits (0, 00). Define

Y = VdX as.
[0,t]
THEOREM 1.3. Leta,B € R, t €[0,1]. Suppose thatY is a stochastic integral
of V. with respect to X as above with Xog = a and

P (Supyt > ﬂ) >t
t>0
then
fl)lIgEIth =1X|l1 > || V{B — o — [B¥ (8 — 20)* (1 — 1)]"/?}.

This inequality is, of course, sharp since it is sharp in the discrete case.

We also have a similar extension of Theorem 1.2 to stochastic integrals.

Another extension of Theorems 1.1 and 1.2 is to the case of differentially subor-
dinate martingales. Indeed, if (f,g) = {(fn,gn): n > 1} is a martingale starting at
((z+y)/2,(z+y)/2) with g differentially subordinate to f satisfying the two-sided
condition (S2), then (1.7) holds for f. We have a similar extension of Theorem 1.1.
For the method of proof of these extensions, see [3].

2. Definitions and notations. Let us recall some definitions and fix notations.

A sequence d = (d;,ds,...) of real-valued integrable functions on a probability
space is said to be a martingale difference sequence if for every bounded continuous
function ¢: R™ — R we have

(%) Ep(dy,ds,...,dp)dpy1 =0 forallm > 1.

The sequence f = (fi, fa,...) of the partial sums f, = Y_}'_, d is then a martin-
gale. This is, of course, equivalent to the usual definition [3].
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A sequence of measurable functions v = (v1,vz,...) is predictable (relative
to the martingale f) if for every n > 1 and every bounded continuous function
p: Rt — R we have

E@(d],...,dn,’l)l,...,vn+1)dn+1 =0.

A sequence g = (g1, g2, - .. ) is the transform of f by v = (v1,vs,...) if, for every

n2>1,
n
gn =) vkdr.
k=1

Indeed, g is also a martingale if vidy is integrable, k > 1, as it is if the sequence v
is uniformly bounded.

A very important special case of martingale transforms arise when each term of
the sequence v = (vy,vg, ... ) takes values in {1, —1}.

These definitions can be extended to martingales with values in R? or, indeed,
any Banach space.

Throughout this paper, we will use [a,b), when there is no risk of ambiguity, to
denote either the interval {z: a < z < b} or the indicator function of this interval.

We will also use () to denote the closure of a set (2.

3. Proofs of Theorems 1.1 and 1.2. Before we proceed to the proofs of
Theorems 1.1 and 1.2, we need the following definitions. Let

D=RxRx(0,1),

Dy, ={(z,y,t)eD:z+y>0and z+y > (1+y)t},
Dy = {(z,y,t )eD z+y>0and z+y < (1+y)t},
D3 ={(z,y,t) € D: (-y, —z,t) € Da},
) €

D4={($,y, (—y,—Z,t)eDl}.
Define L;: R x R x [0,1] — R to be the continuous function satisfying
(31) Ll(Ivy7t) = Ll(_y7 _zat)
and
_Jz+y on Dy,
(3.2) Ll(11y7t)— {2+y—z—-2[(1—:I:)(1+y)(l—t)]1/2 on D2.

Let
Q=R xR x(0,1),
O ={(z,y,t)€Q:2<0,z+y>0and z+y > (1+z)t},
O ={(z,y,t) €N:0<z<1,0<y<land (1-y)z+y>t}
U{(z,y,t) €eQ:zVvy>1},
U'={(z,y,t) €Q:0>y,z+y>0and z+y > (1+y)t},
0 =0,u0fu0y,

Qy = {(z,v, )eQ —(l-2)t<z+y<(l+y)tandt< (l1+y)z—y},
Q3 ={(z,y,t) €: (-2 —y7t)€Ql}

Qq ={(z,y,t) € Q: (-2, -y, t) €N},

Q5 ={(z,y,t) € (1—|y|)|$|+|yl<t}
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Since 0 < t < 1, the set ); is open for 1 < < 5.
Define L: R x R x [0,1] — R to be the continuous function satisfying

(3.3) L(z,y,t) = L(—z,—y,t) = L(y, z,t)
and
T4y on {1,
(34) L(IE, Y, t) = t+zy on 957
24+y—z-2[(1-2)(1+y)(1—-1t)]"? on Q.

It can be verified readily that L; and L are both well defined and continuous.
PROOF OF THEOREM 1.1. There are two parts in the proof. In Part I, we use
(1.7) to derive

(35) “f”l > lLl(mayat)’
and we show that, with the change of variables
(3.6) (a,8) = ((z+y)/2,y +1),

(3.5) and (1.6) are equivalent. Then, in Part II, we prove that (3.5) is sharp by
examples.

Part 1. Let M(z,y,t) denote the class of all real martingales f such that there
exists a transform g of f by a predictable sequence v = (1, vq, vs,...) with values
in [—1, 1] satisfying the one-sided condition (S1).

Define 2 j—1 2 1

J - Y J—
T; _j+1+j+1 and y; Sir1 gL
Following the same lines of proof of Theorem 7.3 of [3], we have: If f € M(z,y,t),
then

g+l
”f”l > ]li>nolo TL(zj’yj,t)'
Therefore (3.5) will be proved if we can show that, if (z,y,t) € R xR x (0, 1), then
)+ 1

(37) Lifa,u,t) = Jim 2= L(zj,1,0).

j—o0
To show (3.7), we have three cases: (i) (z,y,t) € Dy, (ii) (z,y,t) € Dy and (iii)
(z,y,t) € D3 U Dy. All the other cases follow at once from these three.

Case (i). (z,y,t) € D;. Now choose j large enough such that y < (j — 1)/2,

then y; <0, z; +y; =2(z+y)/(7+1) >0and

2
Y= — —~_(1+y)t=(1+y;)t
zj +y; ]+1(x+y)>3+1( +y)t =(1+y;)t
Therefore (z;,y;,t) € Q' for j large,
. +1 . 1
lim ] L(zj,y;,t) = lim J (z; +y;) =z +y = Li(z,y,t).
j—o0 j—oo

Case (ii). (z,y,t) € D,. Since t < 1 and lim;_ oo (1 + y;)z; — y; = 1, choose j
so large that ¢t < (1 + y;)z; — y;. Also
-2(1 —z)t 2
J+1 J+1

2
—(1-z)t= (z+y)=zj+yj<j—(1+y)t=(l+yj)t.

+1
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That is, (z;,y;,t) € Q2 for j large enough. Therefore

.J+1 . J+1
jlg{.lo TL(zj»yj,t) = jgr{go —5—{2 +y;— 25— 21— z5) (1 +y;)(1 - 1))/?}

=24y—z-2[(1-2)1+y)(1—-1)]/?
= Ll(z,y,t).

Case (iii). Our remaining case. If (z,y,t) € D3UDy then (—y, —z,t) € DU Dy,
let (X,Y) = (~y,—z) and Xj, Y; similarly defined, then (X;,Y;) = (—y;, —zy)
and

. J+1 J+1
]ll’n;o TL(zj)yJa ) - 11{20 TL( yj,—fl?j,t) by (33)
J+1
- ]1—’1’20 2 (X]a Y]a t)

= L1(X,Y,t) by Cases (i) and (ii)
=Li(-Y,-X,t) by (3.1)
= Ly(z,y,t).

This completes the proof of (3.7).
It is straightforward to check that on D;

lz+yl>(1+y)+1-2) =21 -z)"(1+y)T(1-1)]/2

and this inequality is reversed on D;. That is,

oz —9((1— 1/2
%Ll(z,y,t) = |$;y| vV {2 ty—-z 2[(1 2})2+(1 +y)+(1 t)] }

=la| V{8 —a—[B%(8 - 2a)* (1 - 1)]'/?}

with the change of variables (3.6). Using (3.5), we obtain (1.6).

PartI1. To show that (3.5) is sharp, we consider seven cases, namely: (i) y+2 < z;
(i) y+2>zandy < -1; (i) y+2>zandz > 1; (iv)y > -1, 2 < 1 and
0<t<(z+y)/(1+y); (V) y>-1,z<1land0< (z+y)/(1+y) < ¢ (vi) y > -1,
z<1l,z+y<0and0<t< —(z+y)/(1—z)and (vi)y>-1,2<1,z4+y<0
and —(z +y)/(1 —z) <t < 1. For the first three cases, by (3.6), they correspond
tof<a,a<f<0and0< %ﬂ < a < f, which are identical to Burkholder’s first
three cases in the proof of Theorem 7.3 of [3].

Case (iv). We may assume z + y > 0, otherwise there is nothing to prove. Let

Tty — on— __Tty
fl - 2 [031)) fn - 2 3(y+ 1) [07 2n_2(y+ 1))

for all n > 2. Now f is a nonnegative martingale and

T+y
P{su > >t,
Qﬁ% @ T+

where g is the transform of f by v = (1,1,-1,—-1,-1,...),

z+y
Al = 1Al =

—%L(x%)
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Case (vi) is similar. Let 0 < v = —(z +y)/(1 —z) < 1, f1 = ((z + ¥)/2)[0,1),
fn=—2""3(1—1)[0,~/2"2) for all n > 2. Note that f is a nonpositive martingale.
Let g be the transform of f by v = (1,-1,1,1,1,...); then

P(Supgn2ﬁ>=7=—z+y2t

n>1 1—-z
and T+ 1
I/l = —Efy = =52 = 2Liz,y.0).

Case (v) and Case (vii) are similar, and we will only work out Case (v) in detail.

Case (v). We may also assume 0 < ¢t < 1: for ¢ = 1 has already been treated
in Theorem 7.3 in [3] and for ¢t = 0, (3.5) is obvious. Therefore 0 < 1 —¢ <
(1—z)/(1+y). Let

0<u=,\=[(—1ﬁ)—(1———t)]1/2<1.

1-z
Sincez +y >0, we have 1+y>1—2> (1 —2z)(1 —t). Thus
_ aql/2
(1-=2)(1 t)] <i.
1+y
Let ap = y+u(l—+v) and for all n > 1, ap = (2" —1+ag)/2". Let f1 = (z+y)/2,
1+ 1+
fr= 120,y - LAY

0<’7=1—[

and for every n > 3,

- 1 41+
fo=2" 3(1 +y) [O, ‘27'_—5’7) —gn—4 X y[an_3,l).

It is not difficult to see that f is a martingale. For 0 < s < v, let v = €, and for 4 <
s <1, let v = ¢"” where ¢/ = (1,1,-1,-1,-1,...) and &” = (1,1,-1,1,1,1,...).
By construction, v is predictable relative to f. It is not difficult to verify that

{s€10.0): supan 2 6} =101 Vlaa,).
n>1
Therefore,

P<supgn2ﬂ)='7+1—ao=1—u(1—7)=1—(1—t)=t-

Now
Wl = sup Bl = im (W AN g
n>1 n—oo
_ 1/2
_ (1+2y)*1+% [(1 ic)_(1t+y)] (1= )1 =
_2+y—z-2((1-2)(L+y)(L - 1)/

2
= 1Ly(z,y,t).
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This finishes the proof of Theorem 1.1. O

Examining the examples in Part II of the above proof, we see that v, € {1, -1}
in each case. Now using the technique in Lemma 2.1 in [3], we have the remark
immediately after Theorem 1.1.

We collect below properties of L(z,y,t), which will be used in the proof of
Theorem 1.2, in the following lemma.

LEMMA 3.1. (a) There exists a positive real number M such that —M <
L(z,y,t) — |t +y| <M for all (z,y,t) ER X R x [0,1].

(b) L(z,.0) = [z +yl, (z,y) € R,

(c) L(z,y,1) = |z +yl, [z[ vV ]y| > 1.

(d) For h,k,r € R with hk > 0, we have

L(z + hs,y + ks, t +rs)
Z L(Z, Y, t) + hSSOI (z1ya t) + kS(pQ(za Y, t) + 7'3993(113, Y, t)

for all s € R such that t + rs € [0,1], and where p;, 1 <1 < 3, are bounded Borel
measurable functions.

(3.8)

We will prove this lemma in §5.

PROOF OF THEOREM 1.2. We divide the proof into two parts. We establish
(1.7) in Part I and in Part II we show that (1.7) is sharp.

PartI. Let N(z,y,t) be the class of all real martingales f starting at (z+y)/2 such
that there exists a transform, g, of f by a predictable sequence v = (1,v,v3,...)
with values in [—1,1] satisfying the two-sided condition (S2). We observe that
M(z,y,t) C N(z,y,t).

Let f € N(z,y,t). Let v and g be as associated with f in the definition of
N(z,y,t). Let A, =0o(f1,f2,...,fn) for all n > 1. In particular, A; is the trivial
o-field. Let Ay = VZ°=1 A, be the smallest o-field containing A, for all n > 1. We
have

P(SUPlgn—yI > 1) =t' >t
n>1

Define (X,,Y1,T1) = (z,y,t’) and, for all n > 2,

(3.9) Xn=z+ Y (1+vk)ds,
k=2
n
(3.10) Z 1 — vg)dy,
and
(3.11) 7 =5 (1{suplam — 412 1] 140).
m>1

Then W = {W, = (Xn,Yn,Tn): n > 1} is a R3-valued martingale starting at
(z,y,t'). Indeed, W € R x R x [0,1] a.e. By (3.8), we obtain
LWpni1) 2 LWn) + (1 + vnt1)dnt101(Wn) + (1 = vny1)dni102(Wn)

(3.12) + (Tns1 — Tn)ps(Wn).
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Indeed, when dpyy; # 0, let h = (L4+vp41) 2 0, k = (1 —vp41) 20, r =
(Tns1 — Trn)/dn+1 and s = dp4 in (3.8), then (3.12) follows; when dp41 = 0, let
h=k=0,r =T,y — T, and s = 1, then (3.12) follows from (3.8).

Now

E(l + ’Un+1)dn+1501 (Wn) = E((l + Vng1)p1 (Wn)E(dn+1Mn)) =0.

Similarly,

E(l —vpy1)dny102(Wn) = E(Th41 — Tn) =0.
Therefore, after taking expectations of both sides of (3.12), we obtain
(3.13) ELWyp41) > EL(W,) > --- > EL(W;) = L(z,y,t').

Without loss of generality, we may assume ||f||; < co, otherwise (1.7) is trivial.
Since f is L'-bounded, then by the martingale convergence theorem, f, — fx a.e.
Also g, — goo a.e. by Theorem 1 of [1]. We may also assume that T, = 1 implies
|Yoo| > 1, otherwise, we stop W at the first time |g, — y| > 1 without increasing
the L!-norm of the martingale f. From (3.9), (3.10),

Xn=fnt+gn Y= Xoo = foo+ 90 — Yy a-e.

and
Yo=fn—-0n+¥Y—= Yo =foo— 0oty ae

Furthermore,

T,=F <1 {sup |gm —yl 2 1} Iﬂn) — F (1 {sup |gm —yl} |.4°°)
m2>1 m>1
=1 {sup |gm —yl} =Ts ae.
m2>1

That is, W,, > W = (X0, Yoo, To) a.€. By parts (a), (b) and (c) we have
ILWp) — | Xn+Ya|| >0 ae.

with each term being dominated by M. By the Lebesgue dominated convergence
theorem,

lim E(L(Wn) ~ [Xn + Yal) = E lim (L(Wy) = [ Xy + Ya|) = 0.

n—oo

Therefore
lim EL(Wn) = lim 2||fnlls = 2I|/]lx

n—oo

because X, + Y, = 2f,. By the above calculations and (3.13), we have

Ifll1 = 3L(z,y,t") > 1L(z,y,t)

since L(z,y,t) is increasing in ¢ for (z,y) fixed.
Part I1. We first observe that

(3.14) JE€N(z,yt) e fe Ny, t) e —fe N(-z,-y,t).
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The first equivalence follows from the observation that if f € N(z,y,t) and v
and ¢ are associated with f as in the definition then the transform ¢’ of f by
v/ = (1, —vg, —vs,...) satisfies

P<sup|g;-$lzl> =P(sup|gn—y|21) >t
n>1 n>1

therefore f € N(y,z,t). Similar reasoning shows that N(y,z,t) C N(z,y,t). That
f € N(z,y,t) & —f € N(—z,—y,t) follows directly from definition. Using (3.3)
and (3.14), it is enough to show that (1.7) is sharp for z > 0 and —z < y < z.
Therefore we have six cases: () z>landy<z-2;(li)z>1landz—-2<y<z;
(iii) z<1l,y<0and (1+y)t<z+y (iviz<l,z+y< (1+y)t, —z <y and
t<(1+y)z—y; (v)0<y<z<landt < (1l -y)z+y; and our last case (vi)
—z<y<zand (1-|y)z+]yl <t

It can be seen easily, under cases (i) to (iv), that L,(z,y,t) = L(z,y,t). Fur-
thermore, cases (i) and (ii) above are subcases of (i) and (ii) in Part II of the proof
of Theorem 1.1 respectively. Since we assume y > —z, in cases (iii) and (iv) as
z < 1, therefore (iii) and (iv) are also subcases of (iv) and (v) in Part II of the
proof of Theorem 1.1. Therefore (1.7) is sharp for cases (i) to (iv). For case (v),
we distinguish the subcases > ¢t > 0and 2 <t < 1. Whenz >t > 0, let

fr=((z+y)/2)[0,1),
fo= ) [0y ) g (v 157 )

for all n > 2. Now f is a nonnegative martingale and g the transform of f by
v=(1,1,-1,—-1,-1,...) satisfies

P (sup lgm —y| > 1) =t.
m2>1
That is, f € N(z,y,t). Now
T+ 1
17l = Ef = =52 = S L(z,y,1)

when z < t < 1. Here we use the splicing technique. Let
fa=2""(1+y)l0,1/2"7Y)

for all n > 1. For any € > 0 (small), there exists
2 t—zx\ t—z
f EN(Z/aOal_x _‘N O’y’l—l'

1 t—z
2
+ =L 0, ——
||f Ill <€ 2 (ya 71 SC)

for (y,0, (t —z)/(1—z)) corresponds to case (iii) above. Without loss of generality,
we assume f? is defined on the probability space ([0,1), B, ). Define

1 i <
h=22Y fanle) = f(z), - 0se<a
1= 2 ) n+1 f72[ (l:_:%)’ m_<_s<1‘

so that
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Let v = (1,v22,v2.3,V24,...) be a sequence predictable relative to f? and such

that t
P(Suplgfn-ylzl)z -z
m>1 11—z

Such a sequence exists because

f2e N,y (t—2)/(1 - 2)).
Let v' = (1,v1,2,v1,3,...) where vy x = —1 for all k > 2. Define

’U]c+1(8) =U1,k if0<s< z,
=wv fz<s<l,
for all k > 1. Then g, the transform of f by v = (1, ve,vs,...), which is predictable
relative to f, satisfies
t—z

P(sup]gn—y|21)2:c+(l—m) =1t.
n>1 l1—-1z

Also f! € N(1,y,1) and ||f*]]y = (1 +y)/2 and

1 t—=z y
2 —_— — = _
I f l|1<s+2L<y,0,1_z> e+3

Therefore,
1£1lx = sup [[fa41lls = lm |[fasa]ls
nZl n—oo

T 1 _ 2
= lim all 312 + (1= D) /2l]

z(1+y) yl—-z) _z+y
< = .
< 2 +e+ ) ) +e
That is, (1.7) is sharp. This completes case (v).

Case (vi). Now (t — z)/(1 — z) > |y| since (1 — |y|)z + |y| < t. Therefore let

1|{t—1z 1|t—=z
a——[ _$+y]>0, B = 5[——y]>0,

2|1
and
7=I—a—ﬁ=i>0.
1-z
(Here we assume t < 1; for t = 1, see Remark 7.1 of [3].) Define
fi= M[Ov 1),

1+:z:
fa=

[0, )—I_Tx{a,a+ﬂ)+§[a+ﬂ,l),
f3_2[34””aa> 2ot 252g.045) + glat B4l -2)D),

f4=2[3TTxa,a)—2[ 3+zﬂ,a+ﬂ) [1——:74E 1)
fn=[fa foralln>4,

v = —vg = —vg = [0,1),

v3=[0,0+ B) — [a+5,1),

v, =[0,1) foralln>5.
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It is not difficult to verify that v = (1,vs2,vs,...) is predictable relative to f and
that f is a martingale. Furthermore,

{sggwn > 1} —[0,a+B)Ulat f+A(1—2),1).
nz
Therefore,
P<suplgn—yl > 1) =a+f+(1-a-p)-~1-1)=t
n>1

Now

_ s 14z 1-=z yr 1 1
1711y = falls = 20=5= + 28~ + 225 = S(t + 2y) = 5L(z,4,0).

This completes the case (vi) and the proof of Theorem 1.2. O
In each of the above examples, we observe that v, € {1, —1}. Using the proof of
Lemma 2.1 in (3], we have the remark immediately after Theorem 1.2.

4. Properties of the functions L and L;.

THEOREM 4.1. The function L is the greatest function u on Q such that

the map (z,t) — u(z,y,t) is convez on the section of

(4.1) - .
1 determined by y,
(42) the map (y,t) — u(z,y,t) is conver on the section of
) Q determined by z,
(4.3) u(z,y,0) < |z +yl,  (z,9) €R?,
(4.4) uwzy, ) <lz+yl,  |z[VIyl 21

PROOF. Suppose u is any function satisfying (4.1) to (4.4). We want to show
that

(4.5) u(z,y,t) < L(z,y,t) on .

In the proof of (3.8), we show that ¥(s) = L(z + hs,y + ks,t + rs) is convex
in s. If we set k = 0, the convexity of 1(s) is equivalent to saying that the map
(z,t) — L(z,y,t) is convex, so L satisfies (4.1). The function L also satisfies (4.2)
by symmetry in (3.3).

Without loss of generality, we may assume

u(z,y,t) = u(—z, -y, t) = u(y, z,t) = u(-y, —z,1).

Otherwise replace u(z,y,t) by 4(z,y,t): the maximum of u(z,y,t), u(—z,—y,t),
u(y, z,t) and u(—y, —z,t). The function @ satisfies (4.1) to (4.4).

With the symmetry conditions and continuity, to show (4.5), it suffices to show
(4.5) forz >0and —z <y < z.

(i)Ifz>1,thenfor0<t <1,

u(z,y,t) < tu(z,y,1) + (1 — t)u(z,y,0) < |z +y| = L(z,y,t).
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We assume 0 < z < 1 below. If ¢t = 0, (4.5) is immediate from (4.3),

- 1
u(z,y,1) € 5 u(z, ~1,1) + 2 Yu(z,1,1)
< (l—y)z(l—:):) + (1+y)2(1+z) by (4.4)
=1+zy = L(z,y,1).
Therefore (4.5) holds in this case.
So we further asssume 0 < ¢t < 1.
(i) f y<O0and z+y > (1 +y)t, then
u(z,y,t)=u(t-1+(l—t) — ,y,t 1+(1-1¢)- 0)

-1
< tu(1,,1) + (1 - ) (”j_t,y,o)

-t
sd1+y%+u—tﬂ§;7+y

=t(l+y)+|lz+y— (1+y)t
=z+y=L(zyt1)
(i) fy>t>0and (1 —y)z+y >t then

t
U(z,y,t)=u<x,t'1+(1—t) z_tt 1+(1—1¢)- 0)

< tu(z,1,1) + (1 — t)u (a:, 31’—_2,0)

<ti+z)+(1-t)|z +-11’—:—t
=z+y sincez>0andy—t>0

= L(z,y,t).
(iv)If1>t>y>0and (1 -y)z+y >t then

t —
u(z,y,t)=u(x,y-1+(1—y)-o,y-1+<1—y)-ﬁ)

<vule 1)+ (=)L (20,522).
Now (z,0,(t —y)/(1 —y)) is as in case (ii), therefore

u(z,y,t) Sy(l+z)+ (1 -y)z =z +y=L(z,y,1).
(v) In this case t > (1 — |y|)z + |y|. Let

R
2|1-z ’ 21—z
Since t > (1 — |y|)z + |y|, we have (t — z)/(1 — z) > |y|, that is, @, 8 > 0. Also
a+ 3= (t—1z)/(1-z)<1. Note that
uz,y,t) =u(z,a 1+ 8- (-1)+(1-a-F)-0,a-1+4-1+ (1 -a—f)z)
< au(z,1,1) + Bu(z,-1,1) + (1 — o — B)u(z,0,z)
<a(l+z)+B1-z)+(1—-a-P)z
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since (z,0,z) is as in case (ii). We have
wz,y,t) < (a+B)(1-2)+ (a—Plz+z=t+zy=L(z,y,t).

(vi) We now consider the remaining case: y < 0, z+y < t(1 +y) and ¢t <
(1 +y)z —y. From the second inequality, we have 0 < (1 —t)(1+y)/(1 —z) < 1,
and from the third inequality we have (1 +y)(1 —z)/(1—1¢t) > 1.

Let

A=1- [(”—y)“‘ﬁ]m and Y = [wﬂ]lﬁ_l,

11—z 1-t
therefore
Y +z2
t) = AM—1 1- . _
want) =u (22D + (=W 1+ - NI
since
ACD)+(1-A)Y =-1+(1-XN)(1+4+Y) =y,
and Y4z
A+(1—A)1+Y_1—(1— 1+Y =t.
Therefore,

u(z,y,t) < Au(z, —1,1) + (1 = Mu (I Y, r:;)

It can be checked that (1-Y)z+Y > (Y +z)/(1+4Y), thatis, (z,Y, (Y +z)/(1+2))
belongs to case (iii). So
u(z,y,t) < A1-z)+ (1= A)(z+Y)

=(A-14+1)(1-2)+(1-A)(1+Y -(1-12))
=1-z-2(1-AN)1-2)+(1-X)(1+Y)
=24+y—z-2[(1-z)(1+y)(1-1t)]/?
= L(z,y,t).

This completes the proof of Theorem 4.1. O

We have a similar theorem.

THEOREM 4.2. The function L; s the greatest function w: D — R satisfying
(4.1) to (4.3) and (4.4") where

(44/) w(z,y,l) S |Z+y| ZfZ Z 1or Yy S -1
PROOF. From the observation in the last paragraph of Part T of the proof of
Theorem 1.1, we have
Li(z,y,t) = |z +y| V{2 +y—z - 2((1 —2)* (1 +y)* (1 - 1)]"/?}.
Now
2+y-z-2(l-2)t(L+y) (1 -1/
satisfies (4.1) and (4.2) on {(z,y,t) € D: z <1 and y > —1} by differentiation.
Indeed, \ , \
0 Ll’() L,’a L, >0
0z’ 0y?’ ot —
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and

Ly 9Ly _ (9°Li\" _ 9*L10°Ly _ (9*Li\* _
02 Ot? dzdt ) — Oy? Ot? dyot )]

Then it is not difficult to see that L; satisfies (4.1) and (4.2). To show that L, is

maximal, we may assume that w satisfies the symmetry condition (3.1), otherwise

we replace w(z,y,t) by the maximum of w(z,y,t) and w(—y,—=z,t). Hence it is
sufficient to show

(4.8) w(z,y,t) < Li(z,y,t) for0<t<landz+y>0.
When z > 1 or y < —1, then
w(z,y,t) < tw(z,y,1) + (1 - t)w(z,y,0) <z +y = Li(z,y,t).
We first show that, for y > —1,
(4.7) w(=y,9,8) < 2(1 +y)[1 = (1 = )/?] = Li(~y,,1).

Let a = (1 —t)'/2. Then —y = a[—(y+1)/a+1]+ (1 —a)-1so

1
W(—y,y,t) S aw (_% + 1,3/, 1- (1 - t)l/z) + (1 - a)w(lay’ 1)

1 1 '
Sa{aw (—ﬂ+1,—+ﬁ—1,0) +(1-a)w (—-l—i-q+1,—1,1)}
(07 [0 o

+(1-a)w(l,y,1)
<ol - ) 4 (1-a)(1+y) =21 +y)l1 - (1 - )]

= Ll(_y) Y, t)‘

From now on, we assume z+y >0,z2< 1,y>-land0<t < 1.
(i) If (z,y,t) € D,, then

z

w(z,y,t)=w(t-1+(l—t) (1—%),y,t-1+(l—t)'0>

1-

1—2
1-1t

_<_t(1+y)+(1—t)|1— +yl

. 1-
=z+yY, smce1+y—1—_:>00nD1

S Ll (Z, yat)'
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(ii) If (z,y,t) € Dy, then 1 —t < (1 — 2)/(1 + y) and
w(z,y,t)=w(z+y.1+1_$(_y) g 218 1o (1_ (1—t)(1+y))>

1+y 1+y 14y 1+y 1-z
T4y -z (1-t)(1+y)
< ——wlyl)+ —w(-yyl- —"—=
_Hyw( y )+1+yw( Y,y T2
1-z (1-t)1+y)]"?
< —= .20 - | .
_z+y+l+y (1+y) [ T2 by (4.7)
=2+y—z-2[(1-2)1+y)1—1¢)?

< Li(z,y,t).

This completes the proof of Theorem 4.2. O

In the remainder of this section, we describe how we obtain the functions L(z, y, t)
and Lq(z,y,t).

The author first obtained the explicit form of L;(z,y,t) by finding the greatest
function w: (—o0,1] x [—=1,00) x [0,1] — R that satisfies the following partial
differential inequalities:

(4.8) Wzg 2 0,

(4.9) wyy 2 0,

(4.10) wye 2 0,

(4.11) Wy — why > 0,
and

(4.12) Wyywe — why > 0,

on any neighborhood on which w is twice continuously differentiable, w satisfying
the boundary conditions

(4.13) w(z,y,0)<|z+y| fz<landy> -1,
(4.14) w(z,y,1) <|lzr+yl fz=1lory=-1

Then the author solves the problem of finding the greatest function u: [—1,1] X
[-1,1] x [0,1] — R satisfying (4.8) to (4.12) and with boundary conditions

(4.13) u(z,y,0) < |z +y| ifjz|Viyl <1,
(4.14") u(z,y, 1) <z +y|l iffz[V]yl=1

If w: (—o00,1] X [-1,00) X [0,1] — R satisfies (4.8) to (4.14), then w: [0, 00) x
[0,00) x [0,1] — R defined by

w(z,y,t) =w(l -2,y — 1,t)
will satisfy (4.8) to (4.14) with boundary conditions
(4.15) w(z,y,0) <|z—y| ifz>0andy>0,
(4.16) w(z,y,1)=|y—z| ifz=0o0ry=0.

Suppose there exists a function w satisfying (4.8) to (4.12) and (4.15) to (4.16),
then (1/X)w(Az, Ay, t) will also satisfy (4.8) to (4.12), (4.15) and (4.16) for all A > 0.
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Therefore, the greatest function L; that satisfies (4.8) to (4.12), (4.15) and (4.16)
will have the positive homogeneity property:

(4.17) Ly(Az,Ay,t) = ALy (z,y,t), A>0.
Define F': [0,00) x [0,1] — R by F(s,t) = Ly(s, 1,t). Therefore, for y > 0,
il(za Y, t) = yF(ZIJ/y, t)

By this relationship, we are led to consider

(4.18) Fy 20,

(4.19) F: >0,

(4.20) FosFyy — F2 20,

and

(4.21) §2FysFyy — [Fy — sFg)2 > 0
and boundary conditions

(4.22) F(s,0) < |1 -], s >0,
(4.23) F(0,1) <1

A solution to (4.18) to (4.23) is found, namely: let F': [0,00) x [0,1] — R be the
continuous function satisfying F(s,t) = sF(1/s,t), s > 0, and

F(s,t) =14 s —2[s(1 —t)]"/2, 0<s<1.

Indeed F satisfies (4.20), (4.21) and (4.23) with equality and (4.18), (4.19) and
(4.22) with strict inequality.
Thus L(z,y,t) is obtained.

5. Proof of Lemma 3.1.

PROOF OF LEMMA 3.1. (a). If |z| V |y| > 1, then L(z,y,t) — |z + y| = 0.
Since L(z,y,t) — |z + y| is continuous, we must have |L(z,y,t) — |z + y|| < M on
[-1,1] x [-1,1] x [0,1] for some positive real number M.

(b) and (c). These cases are obvious.

(d). To show that (3.8) holds we observe that

(5.1) ¥(s) = L(z + hs,y + ks, t +7s)

is continuous in s for those s such that (z + hs,y+ks,t +rs) e R x R x [0, 1]. We
will first show that 9 (s) is convex and then deduce (3.8) from the convexity of .

To this end, it suffices to show that 1 is-locally convex in s because 1 is contin-
uous. Define, for 1 <7 <5, Q; =; — R by

Ql(zay, )—$+y on Ql,
Qalent) =2y =2 =21 =1+ -0 on
Q3(xaya ) = ( z, Y, t) on 03’
Q4(xaya ) = Q?(_za -y, t) on 04,
Qs(z,y,t) =t +zy on {15.

And define, for all 1 <7 <5,
Yi(s) = Qi(z + hs,y + ks, t +18)



296 K. P. CHOI

for those s such that (z + hs,y + ks, t +rs) € ;.
For each 1 <1 < 5, 9; is convex. In fact v; is twice differentiable and ¢{(s) =
5 (s) = 0. Now

VYa(s) =2+y —z + (k— h)s — 2[M(s)]}/?,

where
M(s)=(1-z—-hs)(1+y+ks)(1—t—rs).
Therefore M )]2 20" (5)M(s)
ey s)]c — s s
1[’2 (8) - 2[M(8)]3/2
Now

[M'(s))? —2M(s)M"(s) = 4hk(1 —z — hs)(1 + y + ks)(1 — t — rs)?
+[h(l+y+ks)1—t—rs)—k(l—z—hs)(1—t—rs)
—r(l—z—hs)(1+y+ks)?>>0

since hk > 0. Therefore v, is convex. Similarly, ¥ is nonnegative.

Since ¥5(s) =t + rs+ (z + hs)(y + ks) then ¢f(s) = 2hk > 0.

Therefore to establish the local convexity of %, it is enough to assume that
(z,y,t) € Uf=1 090;. By the symmetry conditions (1.10), we may assume z > 0 and
—z <y < z. We have the following cases: (1) 0<z<1,y>0,(l-y)lz+y=¢
(i)0<z<l,(l4+y)z—y=ty<0; (i) y<0,(l+yt=z+y; (iv)z > 1,
y=—-zand (v)z=t, y=0.

To check local convexity of ¥ for these cases, we only need to show ¢'(0+) >
¥'(0—) because 1" (s) > 0 for s € (—6,0) U (0,6) where § depends on (z,y,t) and
(h,k,r) and is sufficiently small and positive.

We may further assume that A > 0 and k£ > 0 since the convexity of the
function L(z + hs,y + ks,t + rs) in s will imply the convexity of the function
L(—z+ (=h)s,—y + (—k)s,t +rs) in s.

For case (i), suppose r < h(1 —y) + k(1 — z). Choose § > 0 so small that
r+ hké < h(1 —y)+ k(1 — z), then

w(s) = z+y+ (h+k)s, 0<s<é,
T \t+rs+(z+hs)(y+ks), —-6<s<0,

SO
Y'(0+) =h+k>r+hy+kz=19'(0-).

Suppose 7 > h(l — y) + k(1 — z) and choose § > 0 such that r > h(1 —y) +
k(1 — z) + hké. Then

w(s) = t+rs+(z+hs)(y+ks), 0<s<6,
T lz+y+(h+k)s, -6<s<0,

s0
P (0+)=r+hy+kz>h+k=19'(0-).

When r = h(1 — y) + k(1 — z), choose § > 0 such that 0 <t 4+ rs < 1; then
P(s)=t+rs+ (z+ hs)(y+ ks)

which is convex in s. This finishes case (i).
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For case (ii), 1'(0) exists because L, L, and L, are continuous at (z,y,t) when
0<z<l,y<Oand (1+y)z—y=t.
For case (iii), suppose r(1+y) < h+k(1—t). Choose § > 0so that r(14+y)+hké <
h+ k(1 —t), then
Wl(s) = z+y+ (h+k)s, 0<s<$é,
T\2+y—z+(k—h)s—2[M(s)]/?, -6<s<O.
Now
¥'(0-) =kt +r(1+y) < h+k=9'(0+)
Suppose r(1 +y) > h + k(1 — t) and choose § > 0 such that (1 +y) > h+
k(1 —t) + kré; then
W(s) = 2+y—z+ (k—h)s—2[M(s)]'/2, 0<s<6,
T lz+y+(k+h)s, -6<s8<0,
and
V' (0+)=kt+r(1+y) > h+k=1'(0-).
When r(1+y) =h+ k(1 -t),
W(s) =24y —z+ (k- h)s — 2[M(s)]*/?
is convex in s.
For case (iv),
_ [ (h+k)s, 0<s<é,
v(s) = { —-(h+k)s, —-6<s<0,
so ¥'(0+) > 9'(0—). Case (v) is treated similarly and this completes the proof of
convexity of 1.
Let p;: R X R x [0,1] — R satisfy the following relationships
‘pl(xa y$t) = _<pl(_xa _y)t)a
(5.2) p1(z,y,t) = pa(y, 7, 1),
p3(z,y,t) = p3(—z, —y,t) = p3(y, ., ).
If0 <t <1, define
Lz(za y)t) on U?:l Qi,
y ify>0and (1-y)z+y=t,
-1 if(i)z=—-yandz>1or
(i)0<z<landz+y=(1+y)t.
1 ifz+y>0,
-1 ifz+y<0.

1 ifz+y>0,zvy>1,
pl(x)yvl) = Y if |Z|V|y| < 11

251 (za Y, t) =

§01($, Y, O) =

— 1 otherwise.
Ifo<t<1, s
— Lt(xv Y, t) on U‘:l Qia
es(y,1) = {0 other;vise,
o3(z,y,0) =0 for all (z,y) € R?,

_ v iflelviyl <1,
p3(z,y,1) = {0 if |z| v |y| > 1.
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The functions ¢;, 1 <1 < 3, are well defined and are bounded in absolute value.
We now deduce (3.8). If s > § > 0, then

¥(s) = %(0) | ¥(8) = %(0)
s - 6 '

If s <6 <0, then

¥(s) = v(0) _ ¥(6) = w(0)

§ )
In either case, if |s| > |6] > 0 and s6 > 0, we have
8) — (0
B(s) > 0(0) + s )5 ¥(0)
Therefore we have
¥(s) 2 $(0) + slim inf w(o) g ¥(0)

8620

Recalling the definition of 1, we see that the above inequality becomes
L(z + hs,y+ ks, t +rs)

(5.3) (x+ hé,y+ kb,t +16) — L(z,y,t)

)

L
> L(z,y.t) + slign i(r)lf
sé_éO

Therefore (3.8) follows if we have

im inf L(z+ hé,y + ké,t +1r6) — L(z,y,t)
(5.4) 6—0+ 6
> hp1(z,y,t) + kpa(z,y,t) + ros(z,y,t),

L(z+ hé,y+ ké,t +16) — L(z,y,t)
6
S hSOI (Iv yvt) + k¢2(17 yﬁt) + Tg03(il:, yat)

As L coincides with @Q; on ); for each 1 < 7 < 5 and @, is twice differen-
tiable, therefore L is twice differentiable on U?=l Q;. It is not difficult to check
that on U_, Qi, ¢1(2,9,t) = Lo(z,9,1t), 02(z,u,t) = Ly(z,y,t) and ps(z,y,t) =
L¢(z,y,t). And thus, on U?=1 Q;, we have equality in (5.4) and (5.5) for both
sides are equal to hL.(z,y,t) + kLy(z,y,t) + rL¢(z,y,t). Furthermore, when (i)
0<t<1l,z<0,y>0and -(1-y)lz+y=tor(ii)0<t<1l,z>0y<0and
(1+y)z —y =t, L has continuous partial derivatives L., Ly and L;, and hence
there are equalities in (5.4) and (5.5).

We will show (5.4). Then (5.5) is derived from it.

We first assume 0 < ¢t < 1.

(i)0<z<1,0<y<1land (l—y)z+y=t. Supposer <h(l-y)+k(l-z)
then for small § > 0, we have (z + hé,y + ké,t + r6) € 2, therefore

. L(z+hé,y+ké,t +76)— L(z,y,t)
lim
6—0+ 6

(5.5) lim inf

=h+k>hy+k-z+7-0

= hpi(z,y,t) + kpa(z,y,t) + ros(z,y,t).
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Suppose r > h(1 — y) + k(1 — z) > 0; then for § > 0 small, we have (z + hé,y +
ké,t + ré) € 5, therefore

. L(z+hé,y+ké,t +16) — L(z,y,t)
lim
§—0+ 6
. t+rs+ (z+hé)(y+kb)— (t+zy)
= lim
6§—0+ 6
=r+ h’y + kx Z h§01 (xvya t) + k@?(z’yvt) + T§03(Z,y, t)

(i) -1 <y<O0and z+y = (1 + y)t. Suppose r(1 +y) < h+ k(1 —t); then
(z+ hé,y+ kb,t +r6) € Q' for small § > 0. Then the limit in (5.4)

=h+k2h0+kt+7'OZh¢1($,yat)+k¢2(1ayvt)+7'903(93,y,t)

Suppose r(1+y) > h+k(1—t) > 0; then for small § > 0, (z+hé, y+kb,t+rb) € Qq,
therefore the limit in (5.4)

=5m&%&+y—z+w—hﬁ—ﬂﬂ—x—hﬂﬂ+y+k®ﬂ—t—wwﬂ

—2+y-z-2(1-2)(1+y)(1-1)]/?)}

=k—h
+2)im [(1-2)1+y)(1 - 1)/ - [ —a;— h8)(1 +y + k6)(1 — t — ré)]*/2
—k—h+ h(1+y)Q—-t)—k(l-z)1-t)+r(1 —2)(1+y)

(1-2)(1+y)(1-)]/2
=k—h+h—-k(1-t)+r(l+y), since(1+y)(1-t)=1-z,
=kt + r(1 4+ y) > the right side of (5.4).

(ili) -1 < z < 0 and 2+ y = (1 + z)¢t. Similar calculations as in (ii) shows (5.4).
(iv) z+y=0and y > 1. Then (z+ hs,y+ks,t+rs) € U}, otherwise h =k =0
and (5.4) holds for both sides are equal to 0, hence

. L(z+hé,y+ké,t +16) — L(z,y,t)
lim
5—0+ 6
>—h—k+r-0=nhpi(z,y,t) + koa(z,y,t) + rez(z,y,t).

=h+k

(v) z+y=0and z > 1. This case is also similarly handled as in (iv) above.
(vij0<z<land z+y=—(1-2)t.
(vii) -1<z<0,-1<y<0and —(l+y)z—y=t.
(viii) -1 <z <0and —(z+y) =(1-y)t.
These cases are treated as in the above calculations.

We perform similar calculations for ¢t = 0, t = 1 and (z,y) € R? to show (5.4).
This completes the proof of (5.4).
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We deduce (5.5) from (5.4):
L(z + hé,y + ké,t +r6) — L(z,y,t)

lim

6—0— ]
=~ lm L(z — he,y — ke,t —re) — L(z,y,t)
e—0+ €
- — lim L(—z + he,—y + ke, t + (—r)e) — L(—z, —y,t) by (3.3)
e—0+ 3
< _{hwl(_z’ -y, t) + k902(_z, -y, t) - T<p3(—27, -Y, t)} by (54)

hoi(z,y,t) + kpa(z,y,t) + ros(z,y,t) by (5.2)
which is (5.5). This completes the proof of Lemma 3.1. O
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