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PSEUDO-DIFFERENTIAL OPERATORS
WITH COEFFICIENTS IN SOBOLEV SPACES

JURGEN MARSCHALL

ABSTRACT. Pseudo-differential operators with coefficients in Sobolev spaces
H™, 1 < g < oo, and their adjoints are studied on Hardy-Sobolev spaces
H*?P 0 < p < oo. A symbolic calculus for these operators is developed, and
the microlocal properties are studied. Finally, the invariance under coordinate
transformations is proved.

0. Introduction. In [2], Michael Beals and Michael Reed developed a calculus
for pseudo-differential operators with coefficients in L2-Sobolev spaces. They ap-
plied it to microlocal regularity results for nonlinear equations and to the analysis
of the propagation of singularities for quasi-linear partial differential equations. In
view of these strong applications it is surprising how simple this calculus is. It de-
pends only on some elementary estimates for the Fourier transform and for integral
operators on L2. But this also explains that the method of Beals and Reed is not
applicable to L?,p # 2.

In [3] Bony developed his theory of para-differential operators. In his paper the
method of applying pseudo-differential operators with nonregular symbols to the
propagation of singularities for nonlinear partial differential equations started. A
little later Meyer [15] realized that the para-differential operators have something
to do with the exotic Hormander class S . It follows also from Meyer’s results
that the used pseudo-differential operators satisfy some Sobolev space estimates in
the z-variable.

In this paper we consider symbols a(z, &) which satisfy some uniform H™9-
estimates in the z-variable and the usual estimates in the &-variable. Here the
real numbers g and r are such that 1 < ¢ € 0o and r > n/q. We cannot treat the
case 0 < ¢ < 1, since we use, in an essential way, the decomposition into elementary
symbols.

Let us give an outline of the paper. In Chapter 1, we recall the definitions and
basic properties of the function spaces we use, i.e. Besov and Sobolev spaces.

In Chapter 2, we introduce the symbol classes S{*(r,q). The classes S§*(r,q)
naturally appear in the study of nonlinear problems (see §4.3). However the case
6 > 0 is important for the development of the calculus in the later chapters. We
study the behavior of the pseudo-differential operators and their adjoints on Hardy-
Sobolev spaces H*P, 0 < p < oo. Also some estimates are given for operators
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336 JURGEN MARSCHALL

whose symbols belong locally uniformly to H™?. We remark that related results
are presented in [4 and 22].

In the third chapter a symbolic calculus is developed. When composing two
pseudo-differential operators with nonregular symbols B and A the product Bo A
is, in general, not an operator of the same class. Therefore, we decompose A =
A1+ A2+ As. Asin [15], this is a decomposition of the spectrum of a (-, £). Now for
Bo A, (resp. A}) we have a symbolic calculus whereas A; and A3 are lower order
perturbations of A;. This method has been already used for the class Z‘é(r, N) in
the author’s thesis [12] and in [14]. Let us also mention [22].

Beals and Reed posed microlocal conditions on their symbols in order to apply
them to the study of propagation of singularities. In Chapter 4 we do the same,
i.e. we introduce the symbol classes Sf*(r,q) N S, (r1,4;~) and study their action

mcl
on the microlocalized Sobolev spaces H®? N H,!'P(y). In particular, we extend

Rauch’s lemma (see [17]) to the full range 0 < p g 0o. We also develop a calculus
for these operators and apply it to some results on microlocal ellipticity for nonlinear
differential operators.

Finally, in the fifth chapter, we prove that the classes S§*(r,q) are invariant
under coordinate transformations. In fact, we prove a much more general result.

An appendix is devoted to some results about Hardy-Sobolev spaces which in
case 1 < p < oo are due to Strichartz (see [19]).

Part of the material presented here is taken from the author’s dissertation which
was written under the direction of Professor Karl Doppel. 1t is a pleasure to express
my thanks to him. I also would like to thank the referee for his valuable comments.

1. Preliminaries. Denote by S = S(R") the Schwartz space of rapidly de-
creasing functions and by S’ = S’(R™) its dual, the space of tempered distributions.
The Fourier transform is defined on S by

(1) f(&) = / e" ¢ f(z) dz

and extended to S’(R™) by duality. The inverse Fourier transform is

1 iz
2) f@) = e [ =< s€)de.
Let the Bessel potential of order m € R be

(3) I @)= e [ eTE e e,
(2m)"
Let us define the Hardy-Sobolev spaces H%?P for —oo < s < oo and 0 < p < o0.
Choose ¢ € S such that [ pdz =1 and let p;(z) := t™"p(z/t). Then for 0 < p <
oo the local Hardy space hP is the space of all tempered distributions such that
Ifllne := |l supPgct<y It * flllLe < oo (see [7]). Here o, * f denotes convolution.
One has h? ~ LP, if 1 < p < 0o and h! — L.
Now the Hardy-Sobolev space H*? is the space of all f € S’ such that || f||ge.» :=
¢ f|ln» < co. Next let p = 0co. Denote by bmo the functions of bounded mean
oscillation

1 1 1
= — — - d
| f1lbmo ng |Q|/Qlf(y)ldy+l51|1£1 IQI/Q’f(z) |Q|/Qf(y) y

dz
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where the supremum is taken over all cubes Q; |Q| denotes Lebesgue measure of
@. The bmo-Sobolev space H** is defined to be the space of all f € S’ such that

S|z := 12 lbmo < o0.
The Schwartz space S is dense in H*?, if 0 < p < oo. The dual space is

(H®?) ~ H™*?'if 1 < p < oo and 1/p + 1/p' = 1 (see [21, 2.11.2]). If H>®
denotes the closure of S in H*, one has also (H**®)' ~ H=%! (see [13]).

Note that the Hardy-Sobolev space is a quasi-Banach space. Instead of the
triangle inequality one has
(4) IS+ gllder < 1S 1Fee + llgllEens A =min{1,p}.

There is a Littlewood-Paley type representation of H*P. Denote by ¢(R"™) the set
of all partitions {¢x} C S(R™) such that

(5) supppo C {€: |€] <2},  supppx C {€: 2571 < |¢] < 2F+1}
fork=1,2,3,...,
(6) 10%pk(€)] < Cu27klel]
(7) doer(®) =1
k=0

¢(R™) is not empty; see [21, 2.3.1.1].
Now for s € R and 0 < p < oo one has

oo 1/2
(8) I/ llaer ~ (Z 4"“’|sok(D)f|2>

k=0 Le

(see [21, 2.5.8]). However, the corresponding statement for H** is false. In the
language of Triebel spaces (8) means that H*? is isomorphic to F} ,.

We will also use Besov spaces B, ;. Let s € R and 0 < p, ¢ < co. Then B, is
the space of all f € S’ such that

oo 1/q
(9) Ifllsg, == (Z 2’°3‘1||:,ok(D)f||‘,{,,) <oo

k=0
(modification for ¢ = o0).

It holds that (0 < p < ),
(10) B;,min{p,2} — H*P — B;

Estimation of the spectrum is a very useful tool when dealing with pseudo-differen-
tial operators on Hardy-Sobolev spaces. The following two lemmas are basic for
this purpose.

LEMMA 1.1. Let0< ¢y <cg and fx € S' be such that
supp fo C {€: |€] <2},  supp fi C {€: 12871 < [€] < 2%},
ifk=1,2,3,.... Then for each s€ R and 0 < p < 0o one has

oo oo 1/2
o (E 4ks|fk|2)
k=0

k=0

;max{p,2}"

<C ]

Hs» e
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The lemma is an immediate consequence of the Nikol’skij representation (see
(21, 2.5.2]).

LEMMA 1.2. Letc >0 and fix € S’ be such that supp fr C {€: |€] < c2k*1},
k=0,1,2,.... Let 0 < p < oo and s > n- (max{l,1/p} — 1). We then have

00 oo 1/2
Yoill <c (Z 4k8;fk|2)
k=0 Hs.p e

k=0
PROOF. Let f = Y27 fi. There exists | = {(c) € N such that

(e o]
0;(D)f = Y ©;(D)fx-
k=j—1
Then with A = min{1, p} we obtain
2y 17212
oo ) oo
1fl3ee SCJ 42 Y 0(D)fi
=0 |k=j—1
Lp
1/2]1*
[e o] [ee] }
<C D 4010 (D) fiers?
k=—t || \ =0
Lr
Now using a vector valued Fourier multiplier theorem (see [21, 2.4.9]) we have
1/2
O .
Y4105 (D) fss
j=0

Lr

1/2
<C (su_p 'I¢j(2j+k')llH*v2) (Z 4j8|fk+j|2)

Lr

- 1/2
< C2k(x—n/2) Z4jslfk+]_|2
7=0 Lo

provided k > n(max{1,1/p} — 1/2). Here |lp;(27**.)|| g2 refers to the norm of
the function £ — p;(27%¢). Hence, choosing s + n/2 > k, the lemma follows. O
Note that in case of Besov spaces there is an obvious counterpart for both lem-
mas.
We frequently use another characterization of Hardy-Sobolev spaces. Let 3 be
a test function such that ¢(z) = 1 for z € [0,1]" and let ¢k (z) := ¥(z — k) for
keZ™

THEOREM 1.3. Ifs >0 and 0 < p < 0o, then

1/p
I fllfrew ~ (Z Ilwkfll’;’p,p)

kezZn
(modification for p=o00). O
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PROPOSITION 1.4. Let0< g <p <00 and s € R. Then we have

vk fllersa < Cllbe Sl meve
with a constant C > 0 independent of k € Z™. O

In case 1 < p < co both the theorem and the proposition have been known for a
long time; see [19]. In the general case they are proved in the author’s thesis [12].
We give the proof in the appendix.

Let us also define the distributions which belong locally uniformly to H®?, i.e.
f e Hyfy iff
(1) 171z, = sup [ Slses < oo.

kezn

unif

By the proposition H*? — H’® for 0 < p < q < o0o. Observe also that

unif
MH®? C H?. where M H*>? denotes the space of pointwise multipliers for H*?.
This explains some restrictions for pseudo-differential estimates given in the next

chapter.

2. Estimates for pseudo-differential operators.

2.1 The definition of symbols. Let m € R,1 < ¢ < o0, r > n/q, N € N and
0 < 6 < 1. Define S§*(r,g; N) to consist of symbols a: R™ x R® — C such that for
each || < N
(1) |0ga(z, €)] < C(1+]g)™ 1,
(2) 8ga(, &)llame < C(1+ |g)mHor=lel.

When N = oo, write S§*(r, ) instead of S§"(r, g; 00). To each symbol a € S§*(r,q; N)
associate a pseudo-differential operator

® Op(a)/(2) = 5= [ o Sata O (€)de

for f € S. Let us then simply write Op(a) € S§*(r,q; N).

In the following we shall always assume that (1 —6)r > n/q. This is the counter-
part for the condition § < 1, when ¢ = co. Observe that by the Sobolev embedding
theorem
(4) Sgn(T»Q7N)CSg?(rlvqlvN)
for1 < ¢g<q <00, 7 =r—n(l/g—1/q1) and 6 = é(r/r1). Note that
(1=61)r1 —n/q1 = (1-6)r —n/q.

Call a € S{(r,q; N) an elementary symbol, if a = Y _po o M (z)¥i(€) is such that
(5) suppdo C {€: [€] <4},  suppyk C {€: 2572 < |¢] < 2F?%)

for k =1,2,3,...,|0%px| < C27*l2l for all multi-indices a such that |a| < N, and
if Mk (z)| < C, ||Mk|lgre < C2%87. The point is that any symbol a € S{(r,q) can
be decomposed into elementary symbols.

PROPOSITION 2.1. Leta € S2(r,q). Given 0 < A <1 and N € N there exist
a sequence {ck} € [*(Z") and elementary symbols ay € S§(r,q; N) such that

(i) a= Zkezn CrQk,

(ii) llakllso(rq:ny < Cllallso(rg)- O
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Such decompositions have been introduced in [5, Chapter 2.9]. The proof of
the proposition is essentially the same as that one given by R. R. Coifman and
Y. Meyer. It depends only on the fact that the Sobolev spaces H™? are Banach
spaces, if 1 < g < co. For this reason we are unable to treat the case 0 < ¢ < 1.

2.2 The main estimate. For a real number z define as usual z* := max{0, z}.
Then the main result in this section can be stated as follows.

THEOREM 2.2. Let A € Sf*(r,q) be such that 1 < g < oo, (1-6)r >n/q and
meR. Let 0 < p < 0o. Then for each real number s such that

n(l/p+1/g—1)t —(1-6)r<s<r—n(l/g—1/p)*

the operator A: HSt™P — HSP is bounded. If, in addition, (1 — §)r > n/q, then
the same 1s true for s=r—n(1/q—1/p)*. O

In the case p = ¢ = 2, 6 = 0 and some values of s € R the above theorem is
found in [2]. The case ¢ = oo is settled in [12]. The main ideas of the proof of
Theorem 2.2 are already presented there. Let us mention also [4 and 22]. Note
that for elementary symbols the theorem holds even when 0 < ¢ < 1.

The proof of the theorem will be given in several steps.

2.3 A first estimate. We consider first the case s < r—n(1/¢—1/p)* and p < 0o
of the theorem. In this case the theorem holds for more general symbols. Suppose
that for each multi-index o

© |02a(z, )| < Co(1+ €)™,
@ 192a(, )lls; . < Call +]e)™+r—1el

where 1 < ¢ < 00,7 > n/q. Hence, we allow the case r = n/q.

THEOREM 2.3. Suppose a satisfies (6) and (7) above, and suppose further
(1=6)r >n/q. Then for 0 < p < oo and

n(l/p+1/g— 1)t —(1-8)r<s<r—-n(l/g—1/p)*
the operator Op(a): HSt™P — H®P is bounded.

PROOF. (i) Let m = 0 and suppose that a = 3 g ; Mi(z)¥k(€) is an elementary
symbol, that is, suppose that ||[M||L~ < C and ||Mk||B; , < C2%87. In fact, the
counterpart of Proposition 2.1 is valid. Further, in view of (1.4), we may choose
A = min{1,p}. Hence it is no restriction to assume that a is an elementary symbol.

We may also suppose that

10%yk| < Ca27*lel for all ja| < N, N > n(max{1,1/p} —1/2).
We then have for s€ R and 0 < p < o0

oo 1/2
(Z 4’°slt/)k(D)f|2)

k=0

(@) S Clfllees»

Lr

(see [21, 2.4.9]).
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(ii) Decompose

oo k—4 oo k+3
a=Y Y Mgpe+y > Mk;¢k+z Z M
k=0 j=0 k=0 j=k—3 k=0 j=k+4
=a; +az+a3

where My, := @;(D)M; for some {p;} € ¢(R™).
Define fi := k(D) f. The spectrum of Ef;g My fi is contained in the annulus

|n| ~ 2%. Hence, by Lemma 1.1
1/2

10p(an) fllser < O | 3 4¥°

2
k—4
> My fi
j=0

Lp

oo 1/2
<C (Z 4k8|fk|2>

k=4
< Clfllae»

Lr

for each real number s.
(iii) We estimate Op(az)f. Suppose first ¢ = oo. Since then ||Mi;|lL~ <
C27I7+k8T we obtain by Lemma 1.2

o 1/2
10p(a2) fllgro+ci-01rp < C (Z 4'”|ka2>
k=0

S Clflleew,

(10) .

if s > n(max{1,1/p} - 1) — (1 - é)r.
Now let 1 < g < 00. We use the embedding

(11) B;;Fn(l/m-l/p) — H*P — B3~ n(l/p—l/pz)

for 0 < p; < p < pa < oo (see [6, 9 or 13]).
Let 1/p; = 1/q + 1/pz, p1 < p < py and observe that ||My,||Le < C27Im+koT,
Then (11) and Lemma 1.2 for Besov spaces yield

10p(a2) fll s+ a-63r-nsap < CllOP(a2) fl| gat+ -63r=nrrp-1/p2)
1,
< C||f||B;2—v;(1/p-1/pz) < C|fllasw,

if s >n(l/p+1/q—1)* — (1 —8)r. To see this choose 1/p; = 1/p+1/g—¢, €>0
arbitrary small.
(iv) For ¢ = oo we have by Lemma 1.1

(12)

1/2
Op(as)fllms» < C 24“ ZMkak
=4 Lo
(13) o -4 2\ 1/2
<ol et (Z 2’°5’|ka)
j=4 k=0 .

S Clfllge-a-orrs

when s < r.
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In case 1 < g < oo suppose first p < q. Then, choosing 1/p; = 1/p+¢, we obtain
similar to (12)

(14) lOp(as) fllzse < Cllfllgra-ci-srr+nra

when s < r.
In case p > q observe that

||Mk||8;;;»(1/q—1/p) < C”Mk”BE,oo < C2kor

which allows us to remove the restriction p < q. Hence, (14) holds, if s < r —
n(l/g-1/p)*. O

We remark that in case ¢ < oo Theorem 2.3 is true for arbitrary Triebel spaces
Fy ,-,0 < p* < 0o (compare [13, Theorem 3]). In case ¢ = oo and 6 < 1 see [12,
Theorem 3.1]).

2.4 The adjoint estimate. Let the adjoint operator A* be defined by

(15) /Afgdz=/fA_*gdz, f,g€S.

Then the counterpart of Theorem 2.3 is

THEOREM 2.4. Suppose a satisfies (6) and (7) above, and suppose further
(1-8)r >n/q. Then for 0 < p < oo and

n(l/p+1/g—1)T —r<s<(1-8)r—n(l/g—1/p)*

the operator Op(a)*: H®P — H~™P 45 bounded.

PROOF. Let m = 0. The case 1 < p < oo follows from Theorem 2.3 by duality.
Hence, suppose that 0 < p < 1.
(i) The adjoint of Op(a,) is given by

0o k—4
Op(a1)*g =Y ¢x(D) ( M—kjgk) :
k=4

Here we have gi := 9}, (D)gx for a suitably chosen smooth function ) supported
in the annulus |n| ~ 2*. Hence, by the vector valued Fourier multiplier Theorem
2.4.9 [21] we obtain

2\ 1/2

0o k—4
10p(as)*gllass < C || D 4% | Y Mijon
(16) k=4 §=0

Lp
< Cliglizs

for each s € R.
(iii) The adjoint of Op(az) is given by

oo k+8
Op(az)*g = Z Z V(D) | Mik+i Zgj) .
! j=0

=-3k=0
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Again, by the vector valued Fourier multiplier theorem we get, if ¢ = oo and
s < (1=8)r,

1/2
<) k+8
- Op(az)*gllus» < C gre=(1=6m) 13" g,
an sl <cl | 5 >0
= 7=0
Lp

S Cligllgrs-ca-6rr0-
In case 1 < ¢ < 0o combine the ideas leading to (14) and (17) to obtain
(18) 0Op(a2)*gllmer < Cligllers-ci-srr+n/as

if s < (1—06)r (recall that 0 < p < 1).
(iii) Finally the adjoint of Op(a3) is

Op(as)'g = > ¥u(D)(Mijg;)-

k=0 j=k+4

Here the vector valued Fourier multiplier theorem yields in case ¢ = oo,

0o 0o 1/2||P
10P(a3)* g% s i-51rp S C Y, (Z 4ks|¢k(D)(Mkk+jgk+j)|2>
j=4 || \k=0 Le
o 0 1/2||P
<C Z 9i(k—r—8)p (Z 4(k+j)8|gk+j|2)
j=4 k=0 Le

for some k > n(1/p — 1). Hence, if s > k —r, we get

(19) 10p(as)*gllzro+ci-rre < Cligliaro»
Finally, in case 1 < g < 00, combining the ideas leading to (14) and (19) yields

(20) I0p(a3)"gll gre+ai-8rr-nsap < Cligllarsw,

ifs>n(l/p+1/g—1)—r. O
Let us point out that the remark following Theorem 2.3 applies word for word.
2.5 Proof of the main theorem. We are now in the position to prove Theorem
2.2.
PROOF OF THEOREM 2.2. (i) Consider first the case

n(l/p+1/g—1)" - (1-8)r<s<r-n(l/g—1/p)".

When 0 < p < oo this case follows from Theorem 2.3, and when p = oo from
Theorem 2.4 by duality.

(ii) Let now s =r —n(1/¢ — 1/p)*. In view of (4) we may suppose that p < gq.
Assume first 1 < g < oo. Then defining A := min{l,p} and 1/p = 1/q+ 1/p; we
obtain

A

o0 oo o0
IOp(as) fllzrrs < D || Y. Miife|  <CY_ (IMillamallficllze )
k=0

k=0 ||j=k+4 Hrw
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and consequently

(21) IOp(as)fllzr» < Cllfllgs- S Cl\fll gransa

ymin{1,p} p,min{1,p}

In case 0 < p <1 we get by (12) even

(22) 0p(as)fllzre < Cllfllgsr+nran.

(iii) Consider finally the case s = r and ¢ = co. When 0 < p < 0o observe that
by Proposition 1.4 H"® C H % for each q; < oo. This case then follows from
Theorem 2.6 below.

When p = ¢ = 0o observe first that for r > 0

(23) IS~ gllaree < C(IfllLeeligllaree + [ fllareellglize) -

Hence, H™® is a multiplication algebra. In fact, we have > 7 ;>
where A is such that

|0g020.4(z, )| < Ca,pll fllze= (1 +[€N1FI101.

Hence A € S?(00,00), and we obtain

k+3
1:0 fjgk = Ag

oo k+3

YD ok < Cllf > llgllzrroe-
k=0 5=0 Hroo

Similarly one shows

[e o] (e 9]
YD figk < ClfllareligllLe-

k=0j=k+4 oo
Now (23) implies
oo oo
Op(as) fllare <D Y. Mijfx
k=0 ||j=k+4 Hrioo

(o 9] [eo] oo
<CY X M| Wellars+ ] D Migl| Ikl

k=0 \ ||j=k+4 j=k+4

Lo Hrioo
Then || Z;‘ikH Myl < C2_k'|“"fk||3,;o‘oo < 027 F(1=8)7 yields
(24) 10p(ag) llzre < Cllf sy,

This completes the proof of the theorem. O

Before proceeding to Theorem 2.6 let us single out an inequality which will be
useful in the next chapter.

For a € §{*(r,q) and N € N sufficiently large define

llallLe := sup Su<pN(1 + €)1 0ga(z, €))

z,€) |a

and
llall grra == sup sup (1+ |€])"™ 1 ||8ga(-, )|l pra.
€ la|<N
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We then have, if 1 < q < oo,
(25) 10p(a) fll e < Cllallzeo [l fllmr+ma + llallzmall fll gorem)-

This inequality follows from (9), (12) and (21) in case 1 < ¢ < oo and from (16),
(17) and (24) in case ¢ = oco.

Let us give another inequality of this type. If 0 < p < ¢ < 00, n(1/p+1/g-1)* <
2s, we have in case 1 < p < 00

lg - fller < Cllighzee | flleree + llgll e ll 1l gnra)

and in case 0 < p <1

lg - fllese < Clligllzoellflloe + llgllereallfllznras)-

Note that the case 0 < ¢ < 1 can be proved just as the case 1 < ¢ < co. Then
Theorem 1.3 yields

(26) g~ flleer < Cliglizoellfllzrer + gl /| nsates)
for each € > 0 when 1 < p < 0o and
(27) lg- fllase < Clligllizeelfllaee + llglleze, If 1l mrnra)

unif
when0<p <1
Now recall that H®? C L® iff s >n/pand0<p<lors>n/pand1<p< oo
(see [9]). This gives us part (a) of

THEOREM 2.5. (a) Let0<p<ooand s >n/p, if 0<p<1ors>n/p, if
1< p<oo. Then we have MH®P = H %

(b) If r > 0, H™® 1s a multiplication algebra. 0O

In fact, (a) follows from (26), (27) and the method of Strichartz [19]. (b) is
merely a restatement of (23). Observe that by Theorem 1.3, Hy: 02 = H™, r > 0.

The inequalities (26) and (27) allow us to treat operators with symbols in H_)2...
Suppose a satisfies for each o

(28) 02a(z, €)| < Ca(1 + €)™,
(29) I8ga(-, €)llams. < Call+ |gl)mFor=lel,

nif =

THEOREM 2.6. Suppose that a satisfies (28) and (29) and that (1—6)r > n/q.
Then for 1 < ¢ < 00,0 < p < 00 and

n(max{1,1/p} = 1) = (1= é)r + n/qg <s <r-n(1/g—1/p)*
the operator Op(a): H®*™P — HSP is bounded.

PROOF. (i) We may suppose m = 0. The decomposition into elementary sym-
bols remains valid. Hence, suppose a = Y_;2 ) M (z)yk(€) with || M||L- < C and
IMillgrs, < C2%0r.

The estimation of Op(a;) remains the same. Moreover, since (Bl ™ %)unit =

B39, we obtain similarly to (10)

(30) IOp(a2) SNl ge+cr-61r-nsa < Cllfllzow0.
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(ii) For the estimation of Op(a3) we may suppose that p < q. Now suppose
n(max{1,1/p} —1) = (1 = é)r+n/g<s<randn(l/p+1/g— 1)t <2s. This is
possible at least for s = r. Then from (26) and (27) we get

(e o) oo
> Mifi < Ckn/a | gkle=(1=0)r) 4 gke || N ™ Mgy, Il fell -

J=k+4 Hs.p I=k+4 H
unif
Now use the following lemma which is an easy exercise in smooth pseudo-

differential operators.
LEMMA 2.7. Ifb€ S, then Op(b): HETP — HJP:. O
Defining b(€) := 3252, 4 95 (€) we have
0%b(€)] < C2*CTI (1 + [g))>7 e

and hence, by the lemma

o0
Z My, < C2k(s—(1=8)r)

j=k+4 H9

unif

This certainly yields for each € > 0

(31) ||Op(a3)f||Hs.p < C||f||Hs-<1—6>r+n/q+e,p.

Finally we have to remove the restriction 2s > n(1/p + 1/g — 1)*. Define, for
s <0, be(n) := (1 + |6+ n|2)*/?¢e(n) where ¢ is a smooth function such that
Ye(n) =0, if |n| < 2-]¢| and ¢¢(n) = 1, if |n| = 3 - [¢]. Then obviously

105b(m)] < Ca(1+ n])*~1*! < Cal(1+[€)*(1+ [n)) 7.

Now the operator J° o A3 has the symbol o(z, &) = Op(be)as(-, ). But then the
lemma yields

o+ )l < C(1+ [€) lag( O)llars < C(L+ [€])**".
Consequently, if s < 0, the operator J® o Op(a3) o J~* has a symbol which satisfies
(28) and (29). Hence, (31) is true for arbitrary s <r. 0O

3. The calculus for pseudo-differential operators.

3.1 The spectral decomposition of symbols. M. Beals and M. Reed developed in
[2] a calculus for S§*(r,2), r > n/2. Their main tools are some simple estimates
for the Fourier transform. A different method was used in [12 and 14] to develop
a calculus for S (r, N). Decompose a symbol into a smoother one and a lower
order perturbation. For the smoother symbol a symbolic calculus can be developed
by using pseudo-differential estimates. It is easy to adapt these arguments to the
present situation.

The decomposition of the symbol which we have in mind is a decomposition of
the spectrum of the function z — a(z, £). This has been used earlier in [5 and 15].
A somewhat different decomposition is used in [11].

Let a € S5*(r,q). We define a € S5 (r,q) iff

(1) suppa(-, €) C {n: In] < &(1+1€*)*/?},
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a € Sgy(r,q) iff

(2) suppa(-, €) C {n: 155 (1 +[€1*)"/% < |n| < 100(1 + |¢]*)Y/2},
a € SP(r,q) iff
(3) supp (-, €) C {n: 50(1 + |€)1/2 < |n|}.

Let us also define Op(a) € S7%(r, q) iff a € Sf7(r,q).

This is essentially the same decomposition as in the proofs of the preceding
chapter. The numbers %, ﬁ etc. are chosen only for convenience. Any other
numbers ¢ < 1,¢/2 ete. will do the job as well. Any symbol a € S§*(r,q) can
be decomposed into @ = a; + a2 + a3 such that a; € Sf7;(r,q). For elementary
symbols this is done in the proof of Theorem 2.3, and the general case is similar. A
fundamental property of the symbol classes S37(r, ¢) is that the elements of 57", (, )
and S§%(r,q) are smoother whereas the elements of S§’(r,q) and Sf5(r,q) are of
lower order.

LEMMA 3.1. Let (1-6)r > n/q.
(a) For 0 < § < ¢ <1 we have

Sii(riq) € S5H([(1 = 8)/(1 = 6")]r,q)

(if6' =1, let [(1—8)/(1 —&)]r = 0).

(b) S5 (riq) € ST (00, ).

(¢) If0 <7 <7 18 such that (1 —6)(r — 1) > n/q, then

Sy (r ) + S§(r,q) € S5O (r = 1,).
(d) If 6’ > 6 s such that (1 —§')r > n/q, then
SFy(r,q) + S75(r,q) € S5 " (r,).

PROOF. Let a € S§(r,q) and 7' = [(1—6)/(1—¢')]r. Then using an inequality

of Plancherel-Pélya-Nikol’skij type (compare [21, 1.3.2.1]) yields
la( )llrrr.a < CA+ (€N llal )larme < C(L+[EN™.

Hence, we obtain (a). Next, let a € Sf%(r,q) + S§3(r,q) and define a;(-,§) :=
e5(D)a(-,€), {p;} € B(R™). We then have

la;(z, €)] < CQ—j(r—n/Q)“a(-’ 5)”3‘;}_&/‘, < C2—J'(r—n/q)(1 + |€l)m+ér’
and hence summation over all natural numbers j such that 27 > 1 + |¢| yields
la(z, €)] < C(1 +|g)ym=(=Or+n/a,

Now (b), (c) and (d) follow easily. O

In the preceding chapter we decomposed an elementary symbol into ¢ = a; +
az+ag. This corresponds to the decomposition of a such that a; € S57%(r, ). Hence,
any estimate for Op(a;) obtained in the preceding chapter yields an estimate for
the symbol class S5 (r, q).

Observe also the following. If a € S;''(r,q) and b € S5 %(r,q), then we have

() a-beSP™(rg), 6= max{s, ).
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This is an immediate consequence of the inequality

IS - gllzrme < Cliflizeollgliare + 11l zmallglloo-

3.2 Composition of operators. When constructing a symbolic calculus for pseudo-
differential operators, for example the S{"%-calculus in (8], the remainder term

1
(5) c(z,€) =0Boa— Y —0gbDZa
la|<t
has usually the order m; + mo — (1 — 6)({ + 1). This is no longer true when one
is working with symbols in H™?, 1 < q < 00. In fact, the decrease of the order
depends on the H™ »*-regularity of the symbol. By (2.4) we have r* = r —n/q and
6* =6r/r* = 6(r/(r—mn/q)). We will see that ¢ has order m; +mgy — (1 —-86*)(I+1).
Observe also the following. If a € Sf*(r,q) and |a| < r — n/q, then we have
€SPt 1l(r — |al,q), 6a = (67 — 6*|al)/(r — |a|). This is in contrast to the
caseq—oo. Note that 6, = 6* = 6, if ¢ = co or § = 0. In case r = 0o one has
6* = 6 + €, € > 0 arbitrary small. We don’t know if we can choose in this case
6* =46.
Now we give a more precise meaning to (5).
THEOREM 3.2. Let B € S5%(r2,q) and A € S;?,ll(rl +7,q) be such that 0 <
r1 <71, (1=6)ri >n/qand 0< 7 <1+ 1. Then for

1
¢(z,§) = 0poa — ) —0¢bDga
laf<t ™
we have
my+mz—(1-67 )T( 2’(1)’ 6= ma.x{l - (1 - 61)7‘1/"‘, 62}

PROOF. (a) By the Taylor formula we have

c € Sg

l+l

o(z,€) = -y / €0 0%b(z, € + tn)a(n, €) dn dt.

|a| l+1

Let ¥ € C*™ be such that w(n) =1 for |n| < 1/20,%(n) = 0 for |n| > 1/10 and
define ¢(n) := ¥(n/(1+|€]2)*/2). Observe that a(n, £) = ¥e(n)a(n, £). View £ as
a parameter and define

da(z,n) :=n*9gb(z, € + tn)e(n).
We then have | + tn| ~ || and therefore
(6) |8ﬂd (z,n)| < C(1+ lgl)mz-(l+l)(1 + |,’7Dl+1—|ﬁ|
(7) 108 da(-m)l|rraa < C(1+ €)™+ 2r2=G+D (1 4 pl)i+1-101,

Hence, we may view d, as an element of S(l)+l(’l'2, q).
(b) Define cqa(, €) := Op(da)a(:, €). From (2.25) we obtain

llea (s E)llarze < CA+ €)™~V la(, )l grrasiera
+ (1 + |€| m2+62r2 (H-l)"a’("&)”BH'l)’
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We have

la(, )llgratiera < C(L+1ENHHI T 0, €) || rratra
< C(l + la)ml+rg+l+l—(l—61)(r1+'r)

and

lla(, gy < CA+ 1N+ la(-, €|
< C(l + |€|)m1+1+1—(1—61‘)r

.
Bl

with a simple modification, if 7 = 0. Hence, we get

® lea(s )llarsa < C(1+ Jghmrtmetsurs=i=siyr,
(c) Let {p;} € ¢(R™) and define a,(:, €) := p;(D)a(:, £). We then have

lea(z,€)| < D |0p(da)ay(z, €)|-

27-2<¢|

Now using the Plancherel-Parseval theorem and the Bernstein inequality we get

10p(da)a;(z, £)] < C2H+D / |62b(z, € + tn)e (n)a; (n, &) dn
< CPHV)0g(z, € + 0)e( Ml gpralag (- )l

(compare [15]). Recall that ||f]|gn/2 < C||f(T~)||B;/z, T > 0. Hence, the choice
2,1 ,1
T = $5(1 + |€])Y/? yields

|Op(da)aj(z, £)] < €274+ (1 + |€))m2= D) |g (-, )] Lo,

and we obtain

lea(z, &) < C(L+ (€)™~ D]la(, &)l g1

(9) -
< C(1+ [gymatma=(i=eDr,

Now the theorem follows. O
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An immediate consequence is

COROLLARY 3.3. IfB € S§,%(r,q) and A € S} (r,q) such that (1-6;)r > n/q,
then
Bo A€ Sit™ma(r,q), 6 = max{6;,62}. O

As a typical application of the theorem let us prove a result about commutators.
For simplicity let us consider the case § = 0.

COROLLARY 3.4. Let B Si**(r,q), A€ Sg*'(r,q) and let +n/g<r, 7 <1
Then for each real number s such that

+

1 1 + 11
nl-+--1)] —r+7+max{0,-mo}<s<r—-n|{---] —max{0,me}
P q q P

the commutator Bo A — Op(ba): HSt™tm2=7P , HSP {5 bounded.

PROOF. Decompose a = a; + az + a3 such that a; € S§%(r,q). Then by the
theorem 0goa, — Op(ba;) € SF¥™277(r,q) for § = r/r (choose r; = r — 7).
Moreover, by Lemma 3.1 (d) and (4) we get b(ag + az) € S7** 27" (r,q). Hence,
noting that (1 — §)r = r — 7 we obtain the boundedness of B o A; — Op(ba).

Finally, the boundedness of B o (A2 + Aj3) follows from the results of Chapter
2. O

Observe that the proof of the corollary shows that it is useful to have estimates
for S§*(r,q), 6 > 0, even when one is dealing with S§*(r,q).

3.3 Adjoint operators. Let a € S, (r,q) and define

. | o5
(10) c*(z,€) =04 — Z aang‘a.
Jal<t
Then by Taylor’s formula

[+1
(2m)n

¢*(2,€) = /(l—t)’// ¢!z~ 1(3F DEa)(y, € + ) dy dn dt.

||l+1

Note that by the condition on the spectrum of a(-, £) the integration is performed
over all 7 such that |n| < 11—0|€ |. For those  we have obviously

1059703 D2a)(y, € + tn)] < C(1+ gy~ 1=e7+l-1a

provided 7 is such that 0 < 7 <[+ 1 and n/q + 7 < r. Hence, partial integration
with respect to the operator

{1+ —y) 7 1+ (&) 2 nl)) (1 — ()2 An) (1 = () 72Ay)}"
where (€) := (1 + |€]?)'/? yields
(11) |c* (2, )| < C(1+ |y U=00m.
Observe also that
Fn =0+ Y / (1 - 6)'02 D2a(n, € + tn)dt
|la|= l+1
implies
(12) supp ¢*(,€) € {n: In| < 15(1 + 1€}
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Hence, we obtain

THEOREM 3.5. Let A € S{y(r,q) and v be such that (1 —6)r > n/q, 0 <7 <
l+1andn/qg+ 71 <r. Let c* be defined by (10). Then for each real number s and
every 0 < p < oo the operator Op(c*): Hstm~(1=6)7p _, HsP js bounded. O

This theorem is in many situations good enough to handle adjoints. For example,
one may prove

COROLLARY 3.6. Let A € S§*(r,q) and 0 < 7 <1 be such that nfqg+7 < r.
Then for 0 < p < 0o and

11 * 1 1\*
nl-+=--1) —r+r7+max{0,—-m}<s<r—n|{--=] —max{0,m}
p q q P

the commutator A* — Op(a): HS*™~ 7P — HSP s bounded. O

Let us remark that in case m > 0 the corollary holds for s = r—n(1/¢g—1/p)* —m,
whereas in case m < 0 and 1 < p < oo it holds for s = n(1/p+1/g—1)* —r+7—m.
This follows from the estimates for Op(as + a3) and A3 + A3 given in Chapter 2.

4. The microlocal calculus.

4.1 Microlocal symbols. Let (zg,&) € R™ x S"~1. We say that a tempered
distribution f belongs microlocally at (zo,&o) to H™?, f € H,* ((zo,&0)), iff
Y(D)(pf) € H™P for a test function ¢ such that p(zo) # 0 and a symbol 3 € P
such that ¢(§) = 1 for £ € c(éo,¢) := {n: |n| > 1 and (n,&) > (1 —¢€) - n|} for
some 0 < e < 1.

Let v C R™ x S*~! be closed. We say f € H,? (7) iff f € H]? ((z0, &)) for ev-
ery (2o, o) € 7. For abbreviation let us write || || 577 ((zo,60)) = ¥(D) (@)l a7
When the point (zo,&o) is understood we shall also write ||f||gr» instead of

/1l ezze

mel((20.,€0))

Now let a € S§*(r,q) be a symbol. We say a € S{*(r,q) N S}, (r1,¢;7) iff for
every (zo, £o) € v and every multi-index o

o I8ga-, )llgrra < C(1+ g™ 1!

where the constant C' > 0 may depend on (zg, &) and «, but not on &.

In case § = 0 and ¢ = 2 such symbols are introduced in [2] for the study of
propagation of singularities for nonlinear problems. There the regularity assump-
tions in the &-variable are very weak. However, this is special to the case ¢ = 2.
Of course, even in case ¢ # 2 our smoothness assumptions in the £-variable can be
weakened (though not as weak as in the case ¢ = 2).

When acting on H™+*? 0 H"471'? () the operators in SJ*(r,q) N Spt(r1,a;7)

mcl c
have very good continuity properties.

THEOREM 4.1. Let a € S{*(r,q) N S, (r1,4;7) be such that 1 < g < oo,
(1=6)r>n/q, mi <m+r;—(1-6)r. Let 0 < p < q and r; > n(max{l,1/p}—1).
Then f € HmM+mi—(1=8)r+n/ap q gATUP () dmplies

Op(a)f € H>*P N H ! (5), s :=min{r,r; — (1 = 8)r +n/q}.
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PROOF. (i) Let (2o, &0) € 7. Let v and 9 be as above such that ¢(D)(ef) €
Hm+7‘l)p and

(2) 108 (D) (¢ - a(:, )|l < C(1+ |€)ym™lel.

Suppose that ¥(€) = 1 for € € ¢(€o,€). Suppose also p(z) = 1 in a neighborhood
of Zg.

In the following replace a(:, £) be ¢ - a(-,£). Hence, a(-, &) is supported in a
neighborhood of zo. Then decompose @ = a; + a2 + a3 such that a; € S7%(r,q).
We may suppose in addition that

(3)  suppai(-,€) C {n: |n| < (e/3)I€]}, suppas(,€) C {n: |n| = (3/¢)I¢[}-
(ii) Consider first Op(a;)f. The operator ¢ — Op(a;)(pg) has the symbol

> al-gD"so(zW?al(z, &) +rn(z,€);
|a|<N

hence,

¢ -Op(a1)f = Op(a1)(¢f) = rn(z,D)f mod H, ;P ((zo, o))
Now consider

Op(ar)(ef) () = [ aan - €, €)(er)(E)de.
Then by (3) (€, &) < (1 —¢) - |€] implies
(n,€0) <B-Inl, B:=(1-3%e)/(1-%).
Hence, if ¢ € 89 is supported in the cone {n: (n, &) > 8- |n|}, we obtain

%(D) 0 Op(a1)(¢f) = %(D) o Op(a1)(¥(D)(ef))

and consequently
(4) 1B(D) 0 Op(ar) (@)l mrie < Cllf Nl gmrao-
Further, rn(z, £) is a sum of symbols of the form

[ #=n0gas(a 6+ m) (D) ().

Now recalling Peetre’s inequality (1 + |€ + tn])* < C(1 + |€))*(1 + |n|)!*! and
observing that (D%p)"is rapidly decreasing we obtain

Irn(z, €)] < C(1+[€)ym~NV+D).

The same argument shows ry € SI"-(N“)(oo, 00). This implies for N +1 >
(1=86)r—(n/q),rn(z,D)f € H™P. Hence, we get

(5) “Op(al)f”H;)c'f < C(“f”H:::;"l'P + | Sl gm+ri-=6)r+n/ap)-

(iii) Since r; > n(max{1,1/p} — 1), we get by Lemma 1.2

(6) lOp(a2) fllarie < Cllfllgm+ri--6)r4n/ap-
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(iv) Similarly to the discussion in step (ii) we get 9 (D) o Op(as)f = (D) o
Op(¥(D)as(-, €))f. Since obviously

lw(Das(, E)llara < Cllal Ollgrs
(recall that a is supported in a neighborhood of zy), this yields by (2.21)
(7) I0p(as) fllarrr < C||f||an:n(/la , S Ol fllgm+ri-a-6>r+nsam,
p,min{l,p

since m; <m+r; —(1=96)r.
(v) Since by step (iii) Op(az2)f € H™ P, we get Op(a)f € H*P. O
Let us state two important corollaries of the theorem.

COROLLARY 4.2. Let a € S[%. Then f € H™ P 0 Ht"P(y) implies
Op(a)f € H**NH? (v). O

Note that there are no restrictions on s and r. The reason is that Op(az +a3) €
Sio-

COROLLARY 4.3. Let 0 < p < oo andnf/p < 8 <r < 28— n/p Then
H*? N H? () is a multiplication algebra. O

The case 1 < p < oo follows directly from the theorem. The proof of the case
0 < p < 1 is the same, because no decomposition into elementary symbols is
involved (see the remark at the end of §2.2). The case p = 2 of the corollary is
known as Rauch’s lemma; see [17 and 1].

4.2 The calculus. When developing a calculus for S§*(r, )ﬂ Sph(r1,q;7) we
proceed as in Chapter 3. Decompose a symbol a € S§*(r,q) N ;7% (r1,4;7) into
a = a1 + a2 + a3 such that a; € 57 (r,q). Then by Corollary 4.2 a; € ng‘i(r, 9N
Spa(r1,4;7). Observe also the following counterpart for inequality (2.25) which is

m.
an easy consequence of the proof of Theorem 4.1:

10p(a)fllzrs < Clllallzesl| g
+ Nallmall fllmees--orensea + lallgros | fllgm,)
where, of course,

lall 7o = sup sup (1+[€)"™ N 6ga(, €)llgrr.s
mel 13 |al$N mel

for some N sufficiently large.

We do not want to give the most general results. Instead of this we present a
result which is a typical application of the techniques developed here. It is the
counterpart of Lemma 1.5 and Corollary 1.6 in [2].

THEOREM 4.4. Let b € S3**(r,q) N S,Z‘j,(r',q;q) and a € S (r +l,q) N
S

mc,(r +1,¢;7) be such thatle N, 1< g< oo, r>n/q, r <2r—n/q and m; <
m; +1' —r. Let 0 < p < q and my be such that n(max{1,1/p} — 1) —2r+n/q <
min{0,my} and my <l. Define

Ri:=BoA- Z —Op(dgbDZa).

|a|<l

Then f c Hm1+m2+r—l,p nH:::Cll+m2+r’_l,p(,7) z'mplz'es le € H™P nH;;,CIZ(,Y)
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PROOF. (i) Let us first prove that
~ 1
Ri:=BoA - ) —Op(9¢bD3a)
(9) Jaj<t "
e Sy tmlrg) N SI g ),

m' := max{m; + mq,m; + my, m} + mo}. R € S(',"‘+m2'l(r,q) is plain by the
results of the preceding chapter. The proof that

1 /
BoAi - ) —Op(9gbD3a1) € ST (r',q:)

mcl
|| <l

is similar to Theorem 3.2. One has only to replace (2.25) by inequality (8). Hence,
(9) follows, if we can show that

’
m;—l

(10) az+az €S, (r,q;7).

Now there is c¢ supported in |n| > 155(1 + |£[) such that
B5cem) < C(L+1EDT A+ )" and  ce(D)a(-€) = aa(:, €) + aa(-, £)-

Hence, analogous to the second step of the proof of Theorem 4.1 one may prove
llee(D)aC, )llrr.a < C(L+ €D Nl )llgr st

But this yields (10).
(ii) Since m <, r > n/q and mg + 2r — n/q > n(max{1,1/p} — 1) the proof of
Theorem 4.1 shows that (A; + A3)f € H™*""P(4) and hence Bo (A2 + A3)f €

mcl

HO P (7). Finally, the results of the preceding chapter show that Bo (Az + A3)f €

mcl

H™P,
This completes the proof of the theorem. O
The questions arises, whether we have

(11) Ry € S (r ) n St 45 ).
By (9) this follows, if we can show Bo(A; + A3) € S T™27!(r,q) :n";,_l(r’,q; ~)-
Consider first B o Aj.
LEMMA 4.5. Under the hypothesis of Theorem 4.4 we have
BoAze SItml(rq)nSp(r ¢ ).
PROOF. Analogous to step (c) of the proof of Theorem 3.2 we get by summing
over all 5 such that 27 > 5- (1 + |¢]),

(0B0as(2,6)] < 3 / Ib(z. € + n)a; (n, €)ldn

<cC (Z 21'(mz—(r+l—n/<1))) llall gre+t.a
< C(1+ [glymrHmemrHizn/a),
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Further, for |n| > 5- (1 + |£|) we have
19592b(z,€ + )| < C(L+ [nly™~12l (1 + €)1,
1620%5(-, & + M)l sre < C(1+ Inl)y™~11(1 + |¢])~141,
Hence, since my < [, Theorem 2.2 yields
lloBoas (- E)llrre < Cllas(:, )|l grr+maa < C(L+ |€])™rHm27ha,

Since a similar estimate holds for %0 po4,, we get Bo Az € ST +™27!(r g). The
' ¢ 8 0
proof that Bo Az € S™ ~!(+',q) is completely analogous. O

mcl

Next consider B o A2 and suppose that 7 is finite. Then by (2.10) and (2.12) a
necessary condition for B o A; € 86"‘+m2"l(r, q) is mg > 0. To get a little more
insight into the problem observe that opoa, (-, &) = e~ €O0p(b)(e*¥ €az(:, £))(z).
Then from the inequalities

lg- fles < CllglizeliF s + llgllmy, 17 lce)s 520,
lo- fllzrss < Cllgllpr I fllsa, 5 <0,

and from Theorem 2.2 it is easy to see that

(12) ”0'BoA2(~’€)||H.-_q < C(1+|€|)ml+m;_l.

Hence, even if my > 0, the difficulties appear by estimating 3?030 A,- We don'’t
know the answer to this problem. Thus, (11) remains open.

4.3 Microlocal ellipticity. A symbol a € S§*(r,q)N S, (7', ¢; ) is called microlo-
cally elliptic iff for each (zg, £o) € «y there exist a neighborhood U of zo and a conic
neighborhood ¢ of £ such that

(13) la(z, &) =2 C(1+ €)™
for each (z,€) € U x c.
THEOREM 4.6. Let a € S*(r,q) N ST, (r',q;7) be microlocally elliptic and

suppose that m > 0,1 < g< oo, r >n/q, r' <2r—n/q and 0 < p < q. Then
fE€H™™ and Af € H"P N H] 2(v) imply f € HZX"P(y). O

mcl mcl

Let us first develop some further tools needed in the proof of the theorem.

THEOREM 4.7. Let F: R® x R — R be smooth and suppose that 0 < p < oo,
r>n/pand v’ < 2r —n/p. Then f € H"P N H,; 7 () implies F(-, f) € H.P N
Hy 5 (v).

mecl
PROOF. We may suppose that supp F C K x R for some compact set K C R".
Then one has F(-, f) = Af for some operator A € S?(00, 00). Moreover, o 4 satisfies
|028¢0.4(z, £)] < C(1+|¢])rn/atlel=1Al

whenever |a| > r — n/q (see [15]). Hence proceeding as in Theorem 4.1 the result
follows. O

For similar results in this context let us mention [3, 15, 18, and 23].
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LEMMA 4.8. Letbe Sg**(r, )ﬂSmc,(r a7) andaeSg"‘(r,q)ﬂS,':;‘,(r’,q;'y)
be such that me < 0,1 <g<o00, ' <2r—n/q, r+n/q<r for some0 <7 <1 and
max{m} + ma,m; + mh} < m; +ma + ' —r. Suppose that 0 < p < q s such that
n(max{1l,1/p}—1)—2r+7+4+n/q < my. Then f € H"“+m2+"”ﬂH:n"c‘l+m2+'I_T"’(q)
implies (Bo A — Op(ba))f € H™"P N H'. ?(y). O

For the proof of the lemma one may proceed as in Corollary 3.4 and then apply
Theorem 4.1. Note that the full strength of the theorem is needed.

PROOF OF THEOREM 4.6. We construct a microlocal paramatrix for A. Let
(z0,&0) € « and choose a test function ¢ supported in U and a symbol 9 € S?,O
supported in the cone c. If ¢ and 1 are chosen appropriately, it is not difficult to
see from (13) that

b(z, €) := p(z)y(E)al(z, €)™ € Sg ™ (r,q) N S (7', ¢; (20, &0))-
In fact, apply Theorem 4.7 with F(t) := ¢t~! and use Corollary 4.3 and (8).
We then have

(14) p(z)¥(D)f = B(Af) — (B o A — Op(ba))/f.
Hence the lemma yields f € H':" 7P ((zo, &)) for some 0 < 7 < 1. Now applying

the lemma repeatedly we get the conclusion. O
The results of this section have immediate applications to the microlocal regu-
larity of quasi-linear equations. Let

(15)  P(z,Df) =Fo(a,f,...,DPf,...)+ Y Fala,f,...,Df,...)D°f
laj=m
be a quasi-linear differential operator with smooth functions Fy: R" X X|g1<m-1R
— R having compact support in the z-variable.
Let f € H™*™9, r > n/q and define a(z, §) := 3|4/ Fa z,...,DBf, .. .)€

Define v := {(z,€) € R® x S"71: a(z, £) # 0} to be the set of points where P
and f are noncharacteristic. Observe that ~ is precisely the set of points where a
is microlocally elliptic. Note further that by Theorem 4.7

a € Sg*(r+1,9) € 55" (r,q) N Sy (r + 1,4:7).
Hence repeated applications of Theorems 4.6 and 4.7 yield

THEOREM 4.9. Let P(z,Df) be a quasi-linear differential operator of order
m. Suppose that 1 < q < oo, r > n/q, f € H*t™? and P(z,Df) = 0. Then

feHY n/at™a () where ~ is the set of points where P and f are noncharacter-

istic. 0O

COROLLARY 4.10. Under the hypothesis of Theorem 4.9, if {zo} x S?~1 C y
then f is smooth in a neighborhood of zo. O

In fact, there is a neighborhood U of zg such that U x S™~! C ~.

5. Coordinate transformations. Let E be a Banach space of bounded func-
tions defined on R™ (i.e. let E — L>®(R")). Denote by S™(E,7) the space of all
symbols such that for each multi-index o

(1) 02a(z, €)] < Cal(1+ €)™ 1o,
(2) 10%a(-, €)lle < C(1 + |€)ym*Tlel.
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For example, one has Sf*(r,q) = S™(H"™9,6r). We shall prove that, under some
reasonable conditions on E, S™(E, ) is invariant under regular diffeomorphisms
#: R® — R™, i.e. one has |0%¢(z)| < C, for all @ # 0 and ¢~! < |det J4(z)| < ¢
for some constant ¢ > 1 where J, denotes the Jacobian of ¢. Note that ¢ is regular
iff =1 is regular. Define Ty f(z) := |det J4(z)|f o ¢(z). Then using a method of
Kuranishi we have for a € S™(E, 7')

(3)  Ty-100p(a) o Tyf(z) 27r)n / / H5=9)Sby (2,9, €)(y) dy d€
where

(4) by (2,9, €) := |det Jo(z)|~"|det J (z,y)| "'a(¢7 (), "I (z,9)"€).

Here we have defined
1
J(z,y) := /0 Jo-1(y + t(z —y))dt.

For this and the following see, for example, [20, Chapter 1].
Using a Taylor expansion one gets a symbol afb such that Tj,-1 0o Op(a) o Ty f =

Op(al)f. In fact, @l is given by

d(@,) 1= Y 0 Dybe(s,2,) +7(2,€),

|a|<l

(5) rl(z,€):= 27r Za|/ (1-t)

Jee|=t
- / / @) (=692 Db (1, + t(y — z),7) dy dn dt.

THEOREM 5.1. Suppose that E is invariant under regular diffeomorphisms, i.e.

(6) Ifodlle <Cllflle-
Suppose further that
(7 lg- flle <Clflle

for each smooth g such that |0%g(z)| < Cq4 for all multi-indices a. Then A €
S™(E,t) implies Ty-1 0 AoTy € S™(E,7). O

COROLLARY 5.2. The symbol classes S§*(r,q) are invariant under regular dif-
feomorphisms. 0O

PROOF OF THE THEOREM. The decomposition into elementary symbols re-
mains valid. It depends only on the fact that E is a Banach space. Hence, sup-
pose that a = Z:’;o 25™ My (x)x(€) where |MkllLe < C, ||Mk|lg < C2*" and
|0%¢(€)] < C27Flel for |a| < 4N.

It follows from (7) that (g, f) — ¢ - f is a continuous bilinear mapping. Hence,
there is a natural number Ny such that

(8) llg- flle < C( sup ”3°’9||L°°) Iflle
|a|<No
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for all g and f. Now choose [ > 7 and let N > Ny + 2/. We shall prove that for all
lo] < N

(9) |0gay (2, €)| < C(1+ €)™,

(10) 19gag (- €)le < C(1+ Jg)hmHT1el.

Since N may be chosen arbitrarily large, the theorem follows.
We have

=Y 2" M (¢ (2)) (bk (2, &) + Th(z, )
where we have defined

th(z,€) = [det Jo()| * Y- 208D {|det J(z, )] wr (T (z,0) 1)}

|| <l

y=z
and

k(@) 27r > au// e M=9x Dyl (e, y,m) dy dn,
|ex|=t

(2, y,m) = |det Jy(z)| " / (1= 1) |det J (2,2 + t(y — 2))|"
0
Yk (tI(z, T + t(y — )" n)dt.

Now, since ¢ is regular, it is easy to see that b} is supported in the annulus || ~ 2k
and that for |3] < Np and 4| < N

098t (2, €)| < C27+1.

Hence, by (6) and (8) Y peo2¥™M (¢~ (z))bl (z, £) satisfies (9) and (10). Finally
we have for || < No, |7| £ N, || £ 2N and |a| =1,

2km|989394 9% D¢k (z,y,m)| < C27¥ (1 + |n|)™ 11,
Using standard techniques it follows that
2km9207r} (2, €)] < C27¥ (1 + |¢)mh!

(compare e.g. [20, Chapter 1]).
But then, since [ > 7, (9) and (10) follow easily. O

Appendix. We will prove Theorem 1.3 and Proposition 1.4.
PROOF OF THEOREM 1.3. (i) Let us first recall the proof for the case 1 < p <
oo given in {16, Chapter 7]. It is easy to see that

/|f|”dz~ > /|¢kf|sz
kezn
and hence, if s € N,

1/p
1Sl Eree ~ (Z ||¢kfl|’;’1,.p) :

kezn
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For arbitrary s > 0 the statement then follows by complex interpolation. This

approach can also be applied to the case p = 0o0. So let us concentrate on the case
O0<p<1l
(ii) If 0 < p < 1, then by (1.4)

(1) 1 er S C D IS Ve
kezn

In order to prove the reverse inequality we show first
2) Y leflirs < ClSllE.

kezZn
Let ¢ € C be supported in the unit ball with [ ¢dz = 1. Then we obtain
E "'l/’kf”ﬁn S C" sup sup |90t * ("!)kf)l”’;.ﬂ
kean 0<t<1kezn

Now suppose that f is an atom, i.e. suppose that f is support in a cube @ such that
IfllLe < |Q|~'/P and that in case |@| < 1 the moment condition [ z°f(z)dz =0
for || < N := [n(1/p — 1)] holds (compare [7]). Then it suffices to prove

®3) || sup sup |p¢* (Yef)llzr < C
0<t<1kezZn

for each atom f, and (2) follows.

(iii) Let @ = Q(zo,d). If |Q| > 1, then supy.;«; SUPxezn |©@e*(¥k f)| is supported
in Q(zo,d + 1) and hence, (3) follows from || f||L=~ < |Q|~1/7.

In case |@Q] < 1 let Q* be @ doubled, i.e. let @* = Q(z0,2d). Then ||f]lLe <
|Q|~/? implies

(4) /Q sup sup |t * (Y f)|Pdz < C.

* 0<t<l kezZn

For z ¢ Q* we make a Taylor expansion

iz =Wk = 3 205(0(® — k) (0 — 20)° + Biv.
lal<N ™

Because of the moment condition we have
e+ (Wef)@) = [ Rufw).

Since ¢, is supported in a ball |z| < t, we have for z € Q* and y € Q, |Rn| <
Clz — zo|"N """}y — 29|V *! which implies

[0 % (U f)(@)] < Cllf |||z — zo]~ N7~ /Q ly — zo V+idy
< CdN+n+1—n/p|x _ xOI_N_n_l-

Since (N + n + 1)p > n, we obtain

(5) / sup sup |pt * (Vi f)|Pdz < C
R"\Q* 0<t<1ke€Zn

which together with (4) yields (3). Thus (2) is proved.
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(iv) Similarly to (2) one may prove for s € N

() > kS Ben < ClfWBpons-

kezn

For the remaining values of s > 0 we use the complex interpolation method devel-
oped in [21, Chapter 2.4].

Let s=0l, 0<© < 1and! € N. We can find 9}, € S such that ¢} € C§° and

(7) 1k = ¥)alln, < (14 16D iglls

for each 0 < A <l and ¢ € H*?. Then with Triebel’s notation let f(z) be S'-
analytic such that f = f(-,8).

Note that 9} f(2) is S’-analytic, too. Now by the first step of the proof of [21,
Theorem 2.4.7] we get

1 1-86
640 < (2 [ AT G0 Epnano(®, 00t

1 , ‘ e
) (5 /R 19k (y 1+ a) 011 (6, t)dt)

with some positive kernels pg and u; such that

l_e/uoet e/ulet

But then using a!=©b® < (1 — ©)a + 6b it follows from (6) and (7)

1/p
( > IIdkaII’,’,,',,) < C(Sup 1£ (i) || ero.p + sup || (-, 1+ it)llmm)-
teR teR

kezZn

Now f(z) can be chosen in such a way that the right-hand side is dominated by
C||f||g+». Hence, (6) holds for arbitrary s >0. O

PROOF OF PROPOSITION 1.4. The case s = 0 of the proposition is an easy con-
sequence of Holder’s inequality and in case p = oo of the John-Nirenberg inequality
[10]. When s # 0 choose a test function 9’ such that ¢’ = 1 on a neighborhood of
supp . Then for f € H*P we have with ¥ (z) :=¢'(z — k)

T (W f) = V(¥ f) + (1 = %) J* (Vi f).-

By the case s = 0, ¥;.J° (¢« f) € h?. Moreover, g — (1—1;)J°(¥kg) is a smoothing
operator, and hence, (1 — 4})J°(¥rf) € S. Thus we obtain ¢ f € H*>?. Finally,
the estimates’ independence of k € Z™ is a consequence of the translation invariance
of the H®9-quasi norm. 0O
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