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THE NUMBER OF SOLUTIONS TO LINEAR DIOPHANTINE
EQUATIONS AND MULTIVARIATE SPLINES

WOLFGANG DAHMEN AND CHARLES A. MICCHELLI

ABSTRACT. In this paper we study how the number of nonnegative integer
solutions of s integer linear equations in n > s unknowns varies as a function
of the inhomogeneous terms. Aside from deriving various recurrence relations
for this function, we establish some of its detailed structural properties. In
particular, we show that on certain subsets of lattice points it is a polyno-
mial. The univariate case (s = 1) yields E. T. Bell’s description of Sylvester’s
denumerants.

Our approach to this problem relies upon the use of polyhedral splines. As
an example of this method we obtain results of R. Stanley on the problem of
counting the number of magic squares.

1. Introduction. Let X be an s x n integer matrix with columns z!,...,2" €
Z°\{0} such that the only solution of the equation XA = 0, A € R"} is the zero
vector, i.e.,

(1.1) 0¢ [{z},...,2"}]

where [A] denotes the convex hull of a given set A. Consequently, if we denote the
cardinality of A by |A| we see that

(1.2) HalX) = |{B € 25 XB = a})|

is finite for every a € Z°.

The objective of this paper is to study ¢(-|X) as a function on Z°. For the
case s = 1, i.e., when we have a single linear relation, ¢(-|X) was introduced by
Sylvester who called it a denumerant. It was further studied by E. T. Bell who
proved that ¢(-|X) is a polynomial on certain subsets of the integers (cf. [2, 12]). In
general, t(-|X) is relevant for the combinatorial theory of partitions of nonnegative
integers (see [11] for some special two dimensional examples) and in a special case
it corresponds to the problem of counting matrices with nonnegative integer entries
and equal row and column sums (magic squares). Recently, Stanley [13] used
properties of Hilbert series of graded algebras to prove certain conjectures about
magic squares stated in [1] (see §§2, 4 for more details). We will show that these
results also appear as a consequence of Theorem 3.1 below.

Our interest in this subject arose from some recent work on the multivariate
truncated power T'(-|X) and box spline B(:|X). Under the assumption (1.1) they
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are defined respectively by the equations

(1.3) f(@)T(z|X) dz = f(Xu) du,
R* R™

and

(1.4) f(z)B(z]|X) dz =/ f(Xu)du
Re (0,1)n

which are assumed to hold for any continuous function f of compact support in
R®. (Although these definitions do not require X to have integer entries, we will
only deal with this case here.) When span {z!,...,2"} = (X) = R®, both T(z|X)
and B(z|X) are piecewise polynomials of degree < n — s. We will assume in what
follows that (X) = R®. For more detailed information about these functions the
reader is referred to (3, 4, 6]. The identity

(1.5) T(z1X) = ) t(c|X)B(z - a|X)
a€Zs

established in [6] shows that these three functions are closely related. This equation
proved useful in connection with subdivision algorithms for the fast computation of
box spline surfaces [9]. In the present context, it will allow us to use multivariate
splines to study t(:|X).

The paper is organized as follows: After deriving some basic identities for ¢(-|X)
we motivate in §2 the subsequent discussion by recalling Bell’s characterization
of Sylvester’s denumerant and relating ¢(-|X) to the problem of counting magic
squares. The main result, Theorem 3.1, along with some consequences like the
extension of Bell’s theorem to systems of equations, is given in §3. The first part of
Theorem 3.1 states that on certain cones depending on X, t(-|X) coincides with an
element of the intersection of the null spaces of certain difference operators. This
element is uniquely determined by certain interpolation conditions. The second part
of Theorem 3.1 gives a reciprocity relation for these extensions of the enumerating
function ¢(-|X) which, as pointed out before, is only well defined when (1.1) holds.
We mention that when (1.1) is not required to hold similar reciprocity relations
but for Hilbert series related to sets of solutions to linear diophantine equations are
obtained in [14] by totally different methods. The results of §3 are then applied
in §4 to the problem of counting magic squares. Combining Theorem 3.1 with the
characterization of the above mentioned intersection of null spaces we begin §5 by
proving our extension of Bell’s theorem. Furthermore, in this section we exploit the
relationship of ¢(+|X) to multivariate splines and establish more detailed information
about t(-|X). Specifically, we determine its leading homogeneous terms. This close
relationship to the splines also gives a direct proof of the first part of Theorem 3.1
when X is unimodular. Finally, §6 is devoted to proving Theorem 3.1 in its full
generality.

2. Background material and some basic identities. The relation between
t(:|X) and the multivariate truncated power becomes apparent if we define ¢(-|X)
alternatively by requiring that the equation

(2.1) > vla)t(alX) = Y $(XB)

@€z Bez
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holds for any ¥: Z° — R which vanishes on all but a finite number of lattice points.
This observation motivated us to call ¢(-|X) the discrete truncated power. Using
(2.1), formula (1.5) readily follows from (1.3), (1.4) by decomposing R”} into integer
translates of the cube [0, 1]". The relation (2.1) also suggests the following: for any
integer diagonal matrix D = diag(d,...,d,), set d = (dy,...,d,) and

(2:2) > W(ebp(alX) = 3 w(Xp).
a€Zs BeZY
0$B<d

Comparing this equation with (1.4) we call bp(a|X), o € Z°, the discrete boz spline.
Equivalently, (2.2) means

bp(a|X)={Be€Zl: X=0,0<0; <d;,i=1,...,n}|

so that the discrete box spline counts the number of integer solutions of X3 = «
in the open cube [0,d;) X - - X [0,d,). Formally, we have t(-|X) = boo(:|X).
Let us introduce the backward difference operator

Vyf(a) = fla) = fla-y).

For notational convenience we will occasionally view X as an (indexed) set of not
necessarily distinct vectors z!,...,z" rather than as a matrix. Therefore, we can
define inductively for y € X

Vxf=Vy(Vx\i3 f)
The discrete box spline bp(a|X) is then related to ¢(a|X) by the equation
(2.3) bp(a|X) = Vxpt(alX)
which is the discrete analog of the relation
(24) B(z|X) = VxT(z|X),

[6]. For a discrete analog to (1.5), we observe that

D v@talX)= Y wXp)= Y Y w(XDu+Xp)

a€Zs BEZY HEZT 0<pB<d
Y Y ¥la+XB)t(alXD)
0<f<d a€Z®
= > Y ¢(a+7bp(X)t(a|XD)
a€ZS NEZ?®
=Y %@ Y twIXD)bp(a - vIX)
a€Z’ vEZ?®

which means
(2.5) t(alX)= Y t(v|XD)bp(a - v|X).
vEZS

This equation relates partitions with respect to X, XD and restricted partitions
for X.
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Replacing ¥(a) by 2* = 27",...,2%, 2 € C°, in (2.1) gives

t(a S S
20 2, e = 2 = ey

a€Zs BGZ"

the generating function for ¢(-|X). Similarly, the generating function for bp(-|X) is

n _ zdjzj
(27) > 2bp(elX) =] (llj—) :
j=1

a€Z?®

Defining
Z(X)={Xp:BeZ"}, Z(X)={XB:BeZ}}

we clearly have
(2.8) suppt(-|X) = {a € Z°: t(a|X) # 0} = Z (X).

Moreover, as an immediate consequence of our definition we see that when n = s
and (X) = R® then

1, a€Z(X),

0, otherwise.

(2.9) t(a)X) = {

In general one has for any V € X
(210)  ¢(1X) =t(|X\V) *t(|V), bp(|X) =bp|s, (IX\V)*bp, (:|V)

where (g * f)(a) = Y, cz- 9(a — v)f(v) denotes discrete convolution of g and f
and D|y = diag(d;,,...,d;,,), if V = {z%1,...,2'm}. (The continuous analogs of
these equations for B(-|X) and T'(:|X) may be found in [6]). In particular, when
V = {z'} (2.10) yields

(2.11) t(a]X) =Z t(e — jz*|X\{z'})

which combined with (2.9) gives a recursive method for computing ¢(e|X). A
similar recursion, of course, holds for bp(-|X).

It is easy to see that

Vyit(alX) = t(a|X\V),
(2.12) Vvbp(alX) = Vy by, bpy (@IX\V),  a€Z°.

These equations “invert” (2.10) and also have counterparts for the box spline and
truncated power.

When a is large (2.11) may be inconvenient for evaluating t(a|X). We shall
therefore present some other identities for ¢(-|X) which may also be useful. To
this end, let e* = (6i5)3=, denote the ith coordinate vector. Taking the ith partial
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derivative of both sides of (2.6) yields

i a =~ zi—¢' 1
Z((ai+1)t(a+e|X))z —Zzﬁz (I—25") - (l—2z%)2..- (1 - 22")

a€Zs Jj=1

22277 3 2*t(alX U {a'})

7=1 a€Z®
n . . . .
= Zz" Zzﬁt(a+e’—x’|XU{x’}) .
a€Zs J=1

Hence, in general we get, by setting v - a = Z’ﬁ_l v;a;, the equation
(2.13) (v-a)t(a|X) = - Xu{z’})

n
j:

-

thereby relating a lower order truncated power to several higher order ones. The
usefulness of this formula for certain choices of X will be discussed below.

Our next formula relates discrete truncated powers to the denumerant, i.e., to
univariate discrete truncated powers. To this end, choose A € Z° such that for
every k€ Z

Ha€Z®: X -a=k}Nn(X)4| <o0

where (X); = {Xt:t € R}} is the cone spanned by X. Then for any function
g: Z — R with finite support one has

Yo g -a)telX) = Y gr-(XB) = Y g((XTN)-B)

a€Z’ Bezn Bezn
=Y g(k)t(k|XT ).
keZ
On the other hand, since

D g(r-a)t(alX) =" g(k) ( > t(ﬂIX))

A kEZ A-B=k
we conclude that
(2.14) tkIXTA) = ) t(elX), keZ
Aa=k

Therefore, the discrete Radon transform of a discrete truncated power is a denu-
merant.

To arrive at another identity for ¢(-|X) we choose A € R™ and consider the
telescoping expansion

1-M = (1 _/\fl) + (/\61 /\.Bl/\ﬂ2) + (Af]/\g? _ /\?1/\@2/\?3)
SRR N CYLD Y CRRRP AR VAPV RSP VL))

= > am-x)

(2.15)
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where
Aﬂ r— 1) Br—1 Ai-, > 0,
Qr(/\) — { Z ﬂr
0’ ﬂ'r = 0,
and B(r) = (Bi,.--,Br,0,...,0). Now suppose X3 = v and let z € C°. We replace
each \; by A\;2% in equatlon (2.15) to obtain the identity
- Xz 3 a(%,2)
(2.16) _ = i
[Ti=1 (1= A52) ,Z [T i (1= 252%)
where
- Bi—1 )
(217) qi(,\’ z) = /\'B(i_l)zﬁ’zl+"'+ﬁ,'_1:t'_l E /\izlz',

1=0
Now, setting A; = 1,2 =1,...,n, we get
n zﬁﬂ +o+BisyztT (1+z$i+...+z(ﬁi—1)1i)

(2.18) W ; HJ L J#l(l —2¥)(1-2Y)

Thus we infer from (2.6) after straightforward reindexing and comparison of coef-
ficients that

n Bi—1

(2.19) tolX) =) Y tla—XB(i - 1) - 12*|(X\{z7}) U{XB})

i=1 [=0

where the interior sum is zero whenever 3; = 0. Note that when 3 = me?®, (2.19)
reduces to

m—1

(2.20) t(alX) = Y tla—lz'|(X\{z'}) U{mz'}).

1=0
But since for every fixed a € Z, and m sufficiently large
(2:21) ta - 12*](X\{2'}) U {ma'}) = t(a - l*|X\{z'}),

(2.20) reduces to (2.11) when m — oo, while (2.20) is a trivial identity when m = 1.
Finally, let us consider the special situation where X consists of repetitions of
the elements of some basis Y = {y',...,y°} C Z° of R°. Specifically, we let

q=(q1,---,9s) and
(2.22) X={y1,...,y3}q ={y, .. vt Yt LYt

where each y' is repeated g; times. Clearly, W = |det Y|Y ! is an integer matrix
so that upon substituting z = ¢V below we obtain

Yo ftalX)= ) Vt(alX) = D €2 tW T alX)

a€Z’ a€Zs aceX (W)
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where as before (W) = {Wa: a € Z°}. On the other hand, forn =g + - +¢s
and a = |det Y|

X8 _ WXB _ 1
Z z Z 3 (1..5«11)111...(1_6?)%

Bezn ez

> dtilfare) |- | Do &tila}a)

JEZ JEZ
= D & (Hail{a}q,) - tlasl{ale,))
a€Z’
where {1}; = {1,...,1} is the set consisting of 1 repeated ! times. This means that
(2.23) t(alX) = t(Wa)il{a}q,) - t((Wa)sl{a}q,)-

Each of the denumerants t((Wa);|{a},,) can easily be evaluated, see formula (2.28)
below.

When X is comprised of more than s distinct directions, the situation is more
complicated. Nevertheless, combining formulas (2.19) and (2.23) is sometimes help-
ful. To illustrate this, consider the example

X=A{e', el +e¥}, &= (657,
Using (2.19) for 8 = (1,1,0) we get for a = (a3, @)
t(a|X) = t(ale?,e! +e?,e! +e?) +t(a—e'let,e! + €%, et +€?)
where both summands are now of type (2.22). Specifically, one obtains from this
equation that
t(a|X) = (g —a1)} (o1 + 1)4 + (a1 — 1 — )} (a2 + 1)+
= min(a,az) + 1

where
B { k. >0,
Tl =
0, z<0.
In this particular case, the discrete truncated power could have been determined
directly.

There seems to be no general simple recursive scheme for the evaluation of t(a|X)
which is independent of a. We will therefore employ other means to obtain more
information about ¢(-|X). In order to explain what we have in mind, we review
some facts about denumerants. First consider the simple example

(2.24) Xn = {1}n.
It is easy to verify that

. +n -1 .
(235) wix= (Y1071 iz

(for instance, use (2.11) and induction on n). Clearly, (2.25) shows that t(-|X,)
is a polynomial of degree n — 1 in j € Z, because if we define P,(t) = (t +n —
1)---(t+1)/(n —1)!, one has

(2.26) t(7|1Xn) = Pu(3), J7=0,1,2,....
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Moreover, since
(2.27) Pn(7) = bo;, j=0,-1,...,—n+1,

we see that P, and t(j|X,) even agree for j = —n +1,...,0,1,.... In general,
denumerants do not exhibit such a simple polynomial structure. In fact, one easily
verifies that
. ) t(|Xn), j=Ik, l€Z,
(2.28) t(jlk, ..., k) = t(j|kXn) = { (% .
0, otherwise.
E. T. Bell [2] clarified the form of denumerants as follows:

THEOREM 2.1 (E. T. BELL). Leta be the least common multiple of z;, ...,y
€ N. Then for every fitedbe Z,, 0< b < a, t(ja+b|z1,...,2,) 1s a polynomial
of degree n — 1 as a function of j € Z .

This nice result implies that one only has to compute t(ja + b|z1,...,2Zx),
j=0,...,n—1, for instance by using (2.11), in order to determine the value of
t(ja+b|zy,...,z,) for any j € N. Bell’s result raises the question of characterizing

t(a]X) for systems of diophantine equations. A particularly interesting special case
of this problem arises in the enumeration of magic squares. Following [13], we call
an m X m matrix A with nonnegative integer entries a magic r-square if all row
and column sums equal r. We denote by H,,(r) the number of all magic r-squares
of order m. It is natural to ask how H,,(r) behaves as a function of r for any given
m. MacMahon [11] solved this problem for m < 3. Stanley [13] proved, among
other things, that H,,(r) is a polynomial of degree (m — 1)? in r € N.

Let us briefly point out how this problem fits into the present context. For this
purpose, we define the 2m x m? matrix with columns

1 1,2 2 m ., . . ,m

(2.29) M= (5l 0 )
where ¢* = (6i5)7=,- With any m X m matrix A = (ai;){;=,, We associate the
vector @ = (@11,-+,81m, 0215 -+->A2ms- -« s Amiy-- -y Gmm) € R™. Therefore, A is
a magic r-square if and only if a € Z'+"2 and

(2.30) Mo =r1e

where € = (1,...,1) € Z?™. Observe that the 2m equations (2.30) are dependent.
These equations are equivalent to

(2.31) Mpya=re

where now e = (1,...,1) € Z2™~! and M,, is obtained from M ,,, by dropping the
first row (any row would do just as well). Clearly, 0 ¢ [M,,] and M,, has full rank
2m — 1 (the (2m — 1) X (2m — 1) minor consisting of the first m columns of M,
and one column from each of the remaining blocks of consecutive m columns is
nonsingular). Thus for s = 2m — 1, n = m? we have

(2.32) H,, (r) = t(re|Mp).

As we shall see, Bell’s result as well as some results about H,,(r) obtained by
Stanley [13] follow from general results for ¢(-|X) which we will now describe.
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3. A characterization of t(-|X). The objective of this section is to extend
Bell’s result mentioned in the previous section to systems of diophantine equations.

Our starting point is the difference relation (2.12) which states that for any
VvcX

(3.1) Vyit(a|X) = t(a|X\V).
Next, we require the following collections of subsets of X
Z(X)={V c X: (X\V) #R°},
and also
F(X)={Y CcX:|Y|=s,(Y)=R°}.

Note that in the terminology of matroid theory, (X, % (X)) is a represented matroid
and the minimal elements of %' (X) are its cocircuits (cf. [15]).
In view of (2.8) and (2.9) the relation (3.1) assures that

(3.2) Vyt(a)X) =0

for any o ¢ £, (X\V). Also notice that when V € Z(X), we have dim(X\V) <
s —1 so that (3.2) actually holds for “most” lattice points in Z°. The relation (3.2)
suggests that we consider the following space of lattice functions [6]

V(X)={f:2°>C,Vyf=0,Ve%(X)}

To state the main result of this section we find it convenient to use the following
terminology. We say that an open cone 2 C (X)4 is an X-cone if 2 is bounded by
but not intersected by any of the subspaces (V),V C X, dim(V) = s — 1. We call
these subspaces X -planes for T'(-|X). Moreover, we set

Z(X)={Xv:ve0,1]"}
and for any set K C R®
(K|X)={a€eZ: (a+ Z(X))NK # J}.

When K = {y} we denote this set by b(y|X).

Note that in view of (1.4) Z(X) is the support of the box spline B(:|X) and
b(£2| X)) consists of those lattice points o for which the support of B(- — a|X) inter-
sects ().

The main result of this section is

THEOREM 3.1. For any X -cone (1, there exists a unique fo(-]X) € V(X) such
that

(3.3) fa(a|X) = t(a]X), a € b(Q|X).

Moreover, fo(:|X) has the following properties: for any u € Q such that
(3.4) b(ulX) N.Z (X) = {0},

fa(:|X) is uniquely determined by

(3.5) falalX) = boa, a C b(u|X),
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and satisfies the relation

n

(3.6) falalX) = (=1)" fq (—a -Sdx|,  aeze

=1

The reader should realize that there may be several distinct sets b(u|X) which
satisfy (3.4).

Observe that properties (3.5) and (3.6) are readily verified for the example (2.24)
by using (2.25)-(2.27).

Before proceeding further we make some observations about the condition (3.4)
which will prove useful. For this purpose, we introduce the set

(3.7) A=<X>+\( U (a+<X>+)).

a€Z; (X)\{0}

Since for every a € % (X)\{0} there is a y € X such that o = ap + y for some
ag € Z, (X) we may express A alternatively as

(3.8) A=(X)\ |+ (X))

veX
Recall that from (2.4)

(3.9) B(z|X) = VxT(z|X) =T(z|X)+ > evT (z -y v|X>

vcX veV

V0
for some integer cy. Therefore when u € A, (3.7) implies that for V # O,
T(u =) ,cy v|X) =0. Hence (3.8) yields

(3.10) B(ulX)=T@|X), u€A.

Suppose u belongs to some X-cone (). Then u satisfies (3.4) if and only if u
belongs to A. To see this, observe that (3.10) implies for u € ANQ that 0 € b(u|X)
because T'(u|X) > 0. Moreover, if a € b(u|X)N.Z(X), @ # 0 then u € o+ (X)+
which is excluded by the definition of A. Conversely when u € Q\A there is an a €
Z (X)\{0} such that u € a+(X) 4+ and so u € v+ Z(X), for some v € % (X)\{0}
which means 7 € b(u|X) N .Z; (X).

Furthermore, we also note that since 0 ¢ [X] there is an €9 > 0 such that

(3.11) e0Z(X) C A.

For our next remark, we introduce the notion of X-region of B(-|X). This is a
region bounded by but not intersected by any of the hyperplanes o + (V), V C X,
dimV = s—1, a € Z°. From (3.10) we see that there is a one-to-one correspondence
between X-cones of T(-|X) and X-regions of B(-|X) whose closure contains the
origin. For a given X-cone 2 we will denote the corresponding X-region by (lo.

Finally, we mention a fact often used in our subsequent analysis, namely, b(u|X)
= b(u'|X) if and only if v and «’ belong to the same X-region of B(:|X). One
should also realize that } N A may contain several different X-regions. Therefore
when this is the case there are several different sets b(u|X) satisfying (3.4).
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In order to formulate a multivariate version of Theorem 2.1, we require the
continuous analog of V(X), namely

DX)={f€e2'(R°): Dvf =0,V € ¥ (X)}
where for any y € R,

Dyf =Zyj§—;-';, Dyf= (1’[ Dy) f
1=1

yev

and Z'(R?) denotes the space of distributions of all C*°(R?) functions with com-
pact support.
Using standard multi-index notation, let

I = { Z caza:caeR}

lee|<k
denote the space of all polynomials of total degree < k on R® and define
(3.12) d(X) =max{m:VV C X,|V|=m = (X\V) =R°}.
We recall the following results from [5, 7, 8].

THEOREM 3.2.

Myx) S D(X)CM,_s and dimD(X) = |ZL(X)|.

We are now prepared to state

THEOREM 3.3. LetW C Z°, |W|=s,(W) = R*® be chosen so that
(3.13) ZFW)cZ(Y), VYeB(X).

Then for any p € Z°N{Wv : v € [0,1)°} the function fo(W -+u|X) is a polynomial
in DIW~1X).

As an immediate consequence we state

COROLLARY 3.1. If X is unimodular, 1.e.

(3.14) |detY| =1, VY e Z(X),
then fa(-|X) € D(X).

Note that when s = 1 the only possible choice of X satisfying (3.14) and (1.1)
is given by (2.24). In view of Corollary 3.1 and (2.3) the discrete truncated power
and box spline are piecewise polynomials when (3.14) holds.

Somewhat more can be said concerning ¢(@|X) when (3.14) holds.

THEOREM 3.4. Let X satisfy (3.14) and let u € £ (X) be arbitrary. Then

(i) t(7u|X) is a polynomial R, () of ezact degree n— s for j € Z,.. Moreover,
(i) if for some m € Zy, p = (1/m) Y7 | z* € Z° we have Ry(—-1) = -+ =
R,(—m+1)=0, and

(i) Ru(s) = (~1)"*Ru(~j —m), j € 2.

Before proving these results we will apply them to the problem of counting magic
squares.
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4. Magic squares. In this section, we apply the above results to the problem
of counting the number of magic squares of order m with a fixed row and column
sum equal to r. We already pointed out in §2 how this fits into the context of
discrete truncated powers. We will adhere to the notation used earlier. Thus, M,,
is the s x n matrix where s = 2m — 1, n = m? defined in (2.31). The first step in
our analysis is

THEOREM 4.1. For any m > 2

(4.1) |detY|=1, VY e€Z(My,).
Moreover, d(My,) = m — 1 and
(4.2) | B (My,)| = dim D(M,,) = m®™~2,

PROOF. The first assertion is a well-known property of the transportation prob-
lem in linear programming. It is a consequence of the following lemma due to Heller
and Tompkins (cf. [10]).

LEMMA 4.1. Let A be any matriz whose rows can be partitioned into two dis-
joint sets, Ty and Ty, such that A, Ty and Ty have the following properties:

(a) Every entry of A 1s0,1 or —1.
(b) Every column contains at most two nonzero entries.

(c) If a column of A contains two nonzero entries having both the same sign then
one of the respective rows belongs to Ty and the other one belongs to T,.

(d) If a column of A contains two nonzero entries having opposite signs then
both rows are in Ty or both are in T5.

Then A 1is totally unimodular, i.e. all its minors are 0,1 or —1.

To prove this lemma one observes first that the properties (a), (b), (c), (d) are
hereditary, i.e. every submatrix of A has these properties, too. The assertion now
follows by induction in the following way. Pick any column of A. If it has at most
one nonzero entry then the result follows by the induction hypotheses. Otherwise,
this column has two nonzero entries. If the respective rows belong to the same
group, we add them together producing a zero row and apply induction as before.
If the respective rows are in opposite groups 77 and T3 subtracting one of the rows
from the other one, only one nonzero entry is left in this column. It is easy to
see that after elimination the matrix still satisfies (a), (b), (c) and (d) so that the
induction step proves the lemma.

In view of Theorem 3.2, the assertion (4.2) follows as soon as we prove | % (Mp,)|
= m?™~2_ For this purpose, consider the matrix G,, = M,, ML. Since

1 om —1)°
det G, = Z Mm(Zz )
15i1<"‘<12m-1§m2 1y--rt2m—1

where for A = (a;;)?/_; and any ji <+ <jy, i <0 <y
jlv"‘aj’y _
A(zl,...,g) = det

az, 0 Ayl

aqul aj',la,
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we conclude from (4.1) that det Gy, = | % (My,)|- A direct calculation shows that

(m ... 0 1 ... 1]
0 ... m 1 ... 1
Grm = 1 1 m ... 0
1 ... 1 0 ... m|

By elementary row and column eliminations we obtain

det Gy = (—1)™ (ﬁii)mmm-lp< m’ )

m m—1

where
1-X ... 1

P()) = det E } = (=1)™A"" (A = m)
1 S
whence the result follows. The value of d(My,) is easily obtained. We omit the
details.
This leads us to the following result, see Stanley [13].
COROLLARY 4.1. (i) Hp(r) ts a polynomial in r of ezact degree (m — 1)2,
(i) Hn(-1) = Hpm(-2)= - =Hp(-m+1) =0, and
(iii) Hm(—m = j) = (-1)""'Hm(j), j € Z.
PROOF. In view of equation (2.31), Hy,(5) = t(je| Mm). Therefore Corollary 4.1

follows from Theorem 3.4 and the observation that

m2

(4.3) Ezi = me.

=1

5. The relationship to multivariate splines. The spaces D(X),V(X)
needed for the characterization of ¢(-|X) also play a central role in the discus-
sion of the algebraic properties of span {B(- — a|X): a € Z°} (cf. 7, 8]). Let us
briefly review the main facts which are relevant for the present context.

Let

AX)={2€C*’:3Y e Z(X),Vy €Y,z =1}.
As pointed out in [7] every z € A(X) has the form
(5.1) 2= (ezma{/met Y| g2mial/|det vl
for some Y € #(X) and some integer j, 1 < j < k = |detY|. The vectors
al,... o* are in Z*® and given by the equations
YTl =|detY|y!, j=1,...,k
where p!, ..., u¥ are lattice points in the parallelepiped determined by Y7, that is,
{ut,... ¥y ={YTv:ve(0,1)°} N Z°.
We now introduce the set
X, ={yeX:2¥=1}

so that we can state the following theorem.
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THEOREM 5.1. f € V(X) if and only if
(5.2) fl@)= > z*p(alz)

zZEA(X)

where for each z € A(X), p(-|z) is some polynomial in D(X,) and moreover,

(5.3) dmV(X)= ) |detY].
YEeB(X)
Note that e = (1,...,1) € A(X), and X, = X, so that in particular
(5.4) D(X) C V(X)

and every f € V(X) has a unique representation f = Pf + Ef where Pf € D(X)
and Ef € E(X), the space of functions g of the form

(5.5) glay=" > plalz),  p(l2) € D(X;).
zEA(X)\{e}
Thus, in particular,
(5.6) D(X) = V(X),
if and only if (3.14) holds.
Next, let
c(X) = J{(V)+0:ae€Z,|V|=dim(V) =s -1,V C X}.

Therefore ¢(X) is the union of the faces of @ + Z(X),a € Z°. Recall that by our
definition the set b(y|X) for y ¢ ¢(X) (see §3) identifies those translates of the box
spline which are nonzero at the point y. The next result from [8] counts the number
of lattice points in b(y|X).

THEOREM 5.2. For any y ¢ ¢(X) one has
bEIX) = > |detY|=dimV(X) = vol,(Z(X)).
YEB(X)
Moreover, for any sequence {dq }ach(y|x) there exists a unique f € V(X) such that
fle)=da,  a€bylX).

Thus condition (3.5) in Theorem 3.1 uniquely determines the extension fo(-|X)
of t(-|X).

At this point we can derive Theorem 3.3 from Theorem 3.1 (whose proof will
appear later).

PROOF OF THEOREM 3.3. We infer from (5.1) that for any 2 € A(X) there is
aY € Z(X) such that

O = 1 WB — o exp(2mi(aX)TW B/| det Y|}
= z# exp{2mi(uF)TY W B} = 2#
since by (3.13) YW B € Z° for all 8 € Z°. Thus for any f € V(X) given by (cf.
Theorem 5.1, (5.2))
flo)="Y z°p(al2)

2€EA(X)
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we have

9B =fWh+u =}, Q(Bl)
2€A(X)
where Q(z|z) = z#p(Wz+u|z) and 2#*p(z+pu|z) € D(X,) is a polynomial in z of de-
gree < n—s (cf. Theorem 3.2). For any V € % (X) it follows that VNX, € ¥ (X),
z € A(X) and so Dynx,p(-|2) = 0. Thus Dw-1yQ(|2)|c = 2* Dy p(-|2)lwe+u =0
and we conclude that g € D(W =1 X). The assertion now follows from Theorem 3.1.
Let us extract from (1.5) more information about the relationship between ¢(:|X)
and its continuous counterpart T'(-|X). To this end, we need the following two facts.
First, we state an analog of Theorem 3.1 for the truncated power function T'(-|X).

PROPOSITION 5.1. For each X-cone, (1, there exists a unique polynomial P €
D(X) such that

(5.7) T(z|X) = Pa(z), z el
The proof of this result follows from the relation
(5.8) DyT(:|X) =T(-|X\V)

(cf. (3.1)), the definition of T'(-|X), D(X), and Theorem 3.2.

In view of the relation (2.4), Proposition 5.1 also implies that ¢(X) gives the
X-planes of the translates B(- — a|X), @« € Z°. Thus on any region which is
bounded by but not intersected by the hyperplanes in ¢(X) any function in
span{B(- — a|X): o € Z°} agrees with some polynomial in D(X). Next we re-
quire

PROPOSITION 5.2. (i) The linear operator F defined by

= Y f(e)B(z - alX)
a€Z?®
maps D(X) one-to-one and onto itself [3, 5].
(ii) For any g € E(X) one has [8] (Fg)(z) = 0.

Now recall from [8] that the translates B(- — a|X), a € Z%, are locally linearly
independent meaning that ).z, ca B(z—a|X) = 0, z € Q, where 1 is any domain
in R?, implies ¢, = 0, @ € b(Q2|X) if and only if X is unimodular, i.e. (3.14) holds.
Thus, in view of (1.5), Propositions 5.1 and 5.2 immediately imply that ¢(-|X)
agrees on b(2|X) with some polynomial in D(X), if (3.14) is valid. This gives an
alternative derivation of Corollary 3.1.

When X is unimodular, that is, under assumption (3.14), additional information
about ¢(+|X) can be obtained. To this end, we recall the following construction of a
dual basis for the translates of a box spline. For any v € R®, let ®(z) = B(z+v|X).
Since ®(0) = 1, the expansion

(@)™ = Y aa(v)z®

a€Zi

is valid in some neighborhood of zero. Here, as usual, for f € L;(R?®) the Fourier
transform f is defined by

f@) = | fye=vdy.
Rs
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Setting
(Lof)(®) = Y aa(v)(=i)*D*f(z)

la|<n-—s
it was shown in [8] that for v ¢ ¢(X)
(LvB(- = BIX))(a +v) = bap,  a,fCZ°.
Choosing v so that tv ¢ ¢(X), t € (0,1) we may define

LH@) = Y (-9)*auDsf(x)

le|<n—s
where DS f(z) = lim;_,o+ D* f(z + tv), aq = an(0), to obtain
(5.9 (LB(- — B1X))(a) = bup, a,feZ.
Applying L to both sides of relation (1.5) yields
(5.10) (LT(|X))(e) = t(a|X).
Observing that ag = 1 we obtain
(5.11) T(alX)+ Y. (-0)"a,DIT(a|X) =t(alX), €2,
0<|y|<Sn—s

which relates ¢(-|X) directly to the truncated power T'(-|X), a piecewise polynomial
of degree < n —s.

Now, let 1 be any X-cone and note that for Po(:) = T(-|X)|la € D(X), (5.9)
yields

Pa(z) = ) (LPa)(a)B(z - alX).
a€Z*

We define fq = LPq which by Proposition 5.2 belongs to D(X). Thus (1.5) and
the local linear independence of B(- — a|X), @ € Z°, provide

(5.12) fa(@|X) = t(@|X),  aeb]X).

Clearly, for u € 2, b(u|X) C b(Q]X) and if u satisfies (3.4) then t(a|X) = épa, @ €
b(u|X). Thus we have confirmed (3.3)-(3.5) in Theorem 3.1, when X is unimodular.
Moreover, the representation (5.11) allows us to prove Theorem 3.4(i) and (ii)
independently of Theorem 3.1.
PROOF OF THEOREM 3.4. Recalling from [4, 6] that for any y € (X) 4

(5.13) T(ty|X) = t17°T(y| X),

Corollary 3.1 and (5.11) show that for any u € % (X), t(ju|X) is a polynomial in
J € Z of exact degree n — s which proves (i). If p = (1/m) Y1, z* € Z° and Q is
any X-cone we can find €9 > 0 such that ug = Xv, v € [0,9]° satisfies (3.4), see
(3.11). Hence

.n

. m-—j i
m— =— Xv=X
(m=J)u+uq —~ ;z+v w,

where w € [0,1]", whenever y =1,...,m — 1, i.e.

—Jju € b(uq|X), j=1,....,m—1.
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This proves (ii); (iii) follows from (3.6) of Theorem 3.1.

Even when X is not unimodular equation (1.5) and Theorem 3.1 still yield useful
information about t(-|X). We conclude, as above, for z € 2, a fundamental X-cone,
that

Po(z) =T(z|X)= Y. t(e|X)B(z-a|X)

a€b(02]X)
(5.14) = Y Ja(elX)B(z - alX)
a€b(0]X)
= Z an(a|X)B(x—a|X), .’EGQ,
a€Z?®

where as before for f € V(X) its polynomial part in D(X) is denoted by Pf.
Taking into account that

(5.15) (a(D)B(1X))(2ma) =0, @€ Z°\{0}, g€ D(X),

see [5], Poisson’s summation formula converts (5.14) into

(5.16) Pa(z) = (Pfa(~iD + 2| X)B(|X))(0).

Expanding P fq in a Taylor series around z and noting that

(5.17) B(0|X) =1

the relation (5.16) yields for z €

(5.18)  T(z|X)=Pfa(z|X)+ Y, DPfa(z|X)(—i)D"B(0|X)/v!.
0<|v|<n—s

Thus we have

PROPOSITION 5.3. The leading homogeneous terms of Pfa(:|X) agree on Q
with T(-|X).

As a final remark, before proving Theorem 3.1, we recall from [7] that for any
y € c¢(X) there exist coefficients {cg}, 8 € b(y|X) such that for

®(z)= ), cpBlz+BIX),
Beb(y|X)
the operator

(S)(2) = Y fla)®(z~
a€Z?
satisfies
SQ =Q, Q € D(X).
Hence, for any z €

T(z|X) = Pa(z) = (SPa)(z) = Y _ Pa(a|X)®(z —a)
a€EZs

= Z ( Z cBPQ(a+ﬂ|X)) B(z — o|X).

a€Z° \ Beb(y|X)
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Thus, we infer from (5.14) the representation

(5.19) Pfa(alX)= > cpPala+pB1X), acZ.
Beb(y|X)
6. Proof of Theorem 3.1. The proof of Theorem 3.1 relies on Theorem 5.2
and various properties of the sets b(y|z), y ¢ ¢(X), which will be developed along
with the proof. We proceed by induction on n. For n = s, let

el = { 7 2o

0, otherwise.
Clearly, Vy fa(a|X) =0, a € Z°, y € X, so that fo(:|X) € V(X). Moreover, by
(2.9) t(a|X) = fa(a]X), a € L (X). The assertion follows for n = s as soon as
we show that
b(QX)NZL(X) =Z (X).
To see this it is sufficient to note that 1 = int(X), is partitioned by the sets
ZX)+XB={X(v+B):ve0,1)]°}, B€Z].

Now let n > s. By Theorem 5.2 there exists a unique function g,(-|X) € V(X)
satisfying
(6.1) gu (| X) = boa, a € b(u|X).

Recall from the remarks following Theorem 3.1 that for every X-cone (1, there
is a subset of {2 which we call )y with the property that every element of (1 is on
the same side as the origin of every X-plane. Thus Qg is at the tip of 2. We will
now show that for any u satisfying (3.4) g, (-|X) agrees with ¢(-|X) on b(2|X). For

this purpose, it is sufficient to assume that u € (}y since then Theorem 5.2 would
insure that for any u satisfying (3.4) g, (-|X) equals ¢(-|X) on b(Q2|X).

LEMMA 6.1. Let y € X such that (X\{y}) = R®, u in some X-cone 1, and
b(u|X)N.Z (X) = {0}.

(1) If 0 € b(u|X\{y}) then
(6.2) Vygu(1X) = gu (| X\{9})-

(ii) 15 0 ¢ b(u|X\{y}), then

Vygu(]X) =0.

PROOF. Clearly, Vyg,(:|X) € V(X\{y}). The proof of (i) and (ii) are now
immediate consequences of Theorem 5.2 and the inclusion
(6.3) b(ulX\{y}) U (b(u|X\{y}) — y) C b(u|X)

which follows from the definition of b(u|X).
To make use of this lemma, we combine (3.4) with (6.1) and obtain

(6.4) t(a|X) — gu(a|X) =0, a € b(u|X).
We have to show that (6.4) and our induction hypothesis imply that
(6.5) gu(a)X) = t(alX), o €b(QX),

which would prove (3.3) and (3.5) for fo(-|X) = gu(-|X). In order to verify (6.5) we
will extend the validity of (6.4) step by step to “neighboring” sets b(u'|X), v’ € €.
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To this end, we recall that the restriction of any linear combination

Z caB(z — a|X)

a€Z?®
to any X-region is a polynomial in D(X). Any two X-regions I';,T's are called
adjacent if Ty NTy C ¢(X) and vol,_; (T3 NT3) > 0. We say that a vector y € R®
is parallel to some hyperplane H C R® whenever H = H + y. Moreover, a region
T is said to lie between two parallel hyperplanes H; = {z: a -z = ¢;}, 1 = 1,2, if
(a-z—c1)(a-z—c2) <0, forall zeTl.

LEMMA 6.2. Suppose I'1,T'o are two adjacent X -regions separated by the hy-
perplane H C ¢(X). Let 2t € Ty, i = 1,2. Then for any o € b(2%|X)\b(2}|X) and
any y € X not parallel to H there exists 0 € {£1} such that a + oy € b(2!|X).
The sign of o is determined by the condition that I'y s between H — oy and H.
Moreover, if B(- — a|X) is continuous on Ty UT, then one has

o=l HaSURG -
1 faeb@IX\y}).

PROOF. By assumption HNT; = HNT; is an s — 1 face of o 4+ Z(X). Thus
it can be represented as a + p + Z(Y’) for some Y’ = {y!,...,4°"!} C X and
p= Ezew 6z, where §; = 0 or 1. Suppose y € X is not parallel to Y’, that is,
Y ={y}uY’' € Z(X). T, is intersected by either the parallelepiped generated by
HNT3 and y or by HNT'3 and —y. These sets are given respectively by a+p+Z(Y)
and o +p—y+ Z(Y). Since I'; is an X-region any parallelepiped intersecting it
must also contain it. Thus 22 € 3+ Z(Y) for some 3 € Z°. Define

(6.6) 0={1’ A H,
-1, BEH.

Observe that o + p € H while aa +p —y ¢ H since y is not parallel to H.
Hence the parallelepipeds mentioned above are §+ Z(Y') and §+ oy + Z(Y') which
means z! must be contained in 8+ oy + Z(Y). Next, observe that if § ¢ H, that
is, 'y Ca+p+ Z(Y), then T'; must be between the hyperplanes H and H + y.
However, if 6, = 0 we see that H and H +y are in o+ Z(X). Since by assumption
T’y is not in @ + Z(X) we conclude 6, = 0 implies # € H. Similarly, when 6, =1
we get H and H —y in a+ Z(X) while if 8 € H then I'; is between H and H —y.
Thus 6, = 0 if and only if § € H.

We can now show that 2! € a+oy+Z(X), thereby establishing the first assertion
of the lemma. When 8 € H, that is, 0 = —1, then

B+oy+Z(Y)=a+p-y+2Z(Y)
which is contained in o — y + Z(X). In the other case, § ¢ H, we have §, = 1 so
that p —y € Z(X\Y’) and
B+oy+Z(Y)=a+p—-y+y+2Z(Y)

is now contained in a +y + Z(X). Thus in all cases a + oy € b(2'|X).
For the second part of the assertion we note that the continuity assumption on
B(-|X) implies that DyB(- — a|X) does not vanish identically on T';. Since

DyB(|X) = B(-|X\{y}) - B(- —y|X\{y})
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we conclude that
o € b(2*|1X\{y}) U (b(=*| X\{y}) — )

because b(z|X\{y}) does not change for z € I'y. Now a € b(2?|X\{y}) means that
Iy Ca+Z(X\{y}). Since every face of a+Z(X\{y}) has the form a+3_ 4 62+
Z(V),V c X\{y}, dim(V) = s—1 we conclude that in the representation for HNI'y,
6y = 0so that 8 € H. Similarly o € b(2?|X\{y}) — y implies 6, =1 and B ¢ H
which by (6.6) completes the proof.

We are now ready to prove (3.3) and (3.5) with fq = g,,. We assume inductively
that Theorem 3.5 holds for all n < |X| and show that for any y € X

(6.7) Vy(gu(alX) —t(e|X)) =0,  a€b(QX\{y}).

We prove this equation by distinguishing two cases: when 0 € b(u|X\{y}) then (6.7)
follows from Lemma 6.1, (2.12) and our induction assumption because whenever (1 is
an X-cone it is surely contained in an X\{y}-cone. In the case that 0 ¢ b(u|X\{y})
we will show that

(6.8) b(QX\{y}) N 24 (X\{y}) = @.

To accomplish this, let us point out first that Q N (X\{y})+ = &. Suppose to
the contrary that there is z € QN (X\{y})+. We can then find m € N such
that z/m € Qg (see the discussion after Theorem 3.1). Since for any u € (,
b(u|X\{y}) = b(z/m|X\{y}) we conclude 0 ¢ b(z/m|X\{y}). However, b(u|X) =
b(z/m|X), u € Qo, and 0 € b(u|X) so that z/m = (X\{y})t! + ty for some
t! € [0,1)°"! and t € [0,1], t > 0, otherwise we would have 0 € b(z/m|X\{y}).
This gives z/m ¢ (X\{y})+ which is a contradiction.

Now, to prove (6.8) we again suppose to the contrary that there is an o €
b(QX\{y}) N Z(X\{y}). Thus there exists w € ) such that for some t* €
0,1" Y, w = o+ (X\{y}t! € Q. Since o € Z (X\{y}) this implies w €
(X\{y})+ contradicting the fact that Q@ N (X\{y})+ = <& which proves (6.8). Fi-
nally, combining (2.8), (6.8) and Lemma 6.1(ii) provides (6.7) in this case too.

Now let T';, ' be any two adjacent X-regions in (2 and let 2* € T;, ¢ = 1,2. In
order to verify (6.5) it is sufficient to prove the following

CLAIM. Suppose

(6.9) t(a]X) = gu(a]|X), a € b(2'X).

Then
talX) = gu(alX), @€ bz?|X).

In fact, starting with 2! = u this would, in view of (6.4), allow us to extend the
validity of (6.4) step by step exhausting b(€2|X).

To prove the above claim let H C ¢(X) denote the (s — 1)-hyperplane separating
I'; and T’y and suppose o € b(22|X)\b(z!|X). We have to distinguish two cases.
First suppose B(- — a|X) is discontinuous across H. Then there exists y € X
such that (X\{y}) # R?, and y is not parallel to H. Since (X) = R®, y is not
parallel to (X\{y}) which in turn is parallel to H. Furthermore, (X\{y}) is not
a separating hyperplane for any I'!, T'? since it forms a boundary of (X)4 so that
H # (X\{y}). Now suppose a belongs to H. By choice I'; is in o+ Z(X) so that T,
lies between H and H +y. Thus Lemma 6.2 gives a—y € b(2!|X). Since a € H and
therefore a ¢ (X\{y}) we get by (3.1) and (2.8) V,t(a|X) = t(a|X\{y}) = 0 while
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Vygu(a|X) = 0 because {y} € Z(X). Since by assumption (6.9) t(a — y|X) =
gu(a —y|X) this implies t(a|X) = gu(a|X). T3 lies between H and H +y or H and
H —y. Thus when a ¢ H it must be between H and H —y. Consequently, Lemma
6.2 gives a +y € b(u'|X). Z(X) has parallel faces contained in o + (X\{y})+ and
a+y+ (X\{y})+ and H contains one of them. Hence in this case a +y € H.
As before we conclude Vyt(a + y|X) = Vygu(a + y|X) = 0 and again since by
assumption (6.9) t(a + y|X) = gu(a + y|X) also t(a|X) = gu(a|X), proving the
claim under the assumption that B(- — @|X) is discontinuous across H.

If, on the other hand, B(- — a|X) is continuous on I'y UT'y the reasoning in the
proof of Lemma 6.2 assures that

a € b(2®|X\{y}) U (o(=*| X\{y}) - v)
where y € X is any direction not parallel to H. If a € b(2?|X\{y}) Lemma 6.2
says that o — y € b(2|X) so that g,(a|X) = t(a|X) follows from the assumption
(6.9) and (6.7). If @ € b(2%|X\{y}) — v, that is, @ + y € b(2?|X\{y}), Lemma 6.2
implies y + o € b(2}|X). Again (6.9) combined with (6.7) yields g, (|X) = t(e|X).
This proves the claim and therefore (3.3), (3.5) in Theorem 3.1.

It remains to verify the reciprocity relation (3.6). Again we will proceed by
induction on n. Note that for n = s, (X) = R®, a € Z(X) if and only if —a —
Yj-1 27 € Z(X) so that (3.6) trivially holds for

1, aeZ(X),
Ja(alX) { 0, ag¢ Z(X)

Now suppose (3.6) holds for any strict subset X’ of X where |X| =n > s and let

Q(@) = gulalX) - (-1)" (—a - _ZMX)

where g, (-|X) € V(X) is defined by (6.1) and hence coincides with fo(-|X) by (3.5)
of Theorem 3.1. If for some y = z! € X, (X\{y}) # R®, then V,Q(a) =0, a € Z¢,
because {y} € Z'(X). On the other hand, if (X\{y}) = R® and 0 € b(u|X\{y})
Lemma 6.1(i) gives

VyQ(a) = gu(alX\{y}) - (-1)"7° {gu (—a - Z xilX)

—gu | —a— |X
(6.10) ! ( * i=§¢,x )}

= gu(}X\{y}) - (-1)" "9y (—a - > ziIX\{y})

i=1;%l
=0
where we have used our induction hypothesis in the last step. Furthermore, when
(X\{y}) = R® and 0 ¢ b(u|X\{y}) Lemma 6.1(ii) assures that V,Q(a) = 0,
a € Z°. Thus under all circumstances

(6.11) v,Q=0, yeX.
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Therefore Q is constant on every lattice 22 (V), V € Z(X), that is,

(6.12) QevV(V), forallV e #Z(X).

Since by Theorem 3.3 of [8], Z(X) can be decomposed into translates of the par-
ellelepipeds Z(V) = {Vt: t € [0,1)°}, V € F(X), there is some Y € F(X) such
that

(6.13) 0€b(ulY).

We need to consider the lattice points in the half open parallelepiped generated
by Y. For this purpose we let {u!,...,u!} = Z°N{Yt: t €[0,1)°}. Recall from [7]
that the sets '

Zi = +2(Y), j=1,...,1,
form a partition of Z° and that [ = |detY|. We will show next that for each
J=1,...,1 thereis an o’ € Z; such that Q(a’) = 0. Thus we would conclude from

(6.12) and Theorem 5.2 that @ = 0 which advances the induction hypothesis. We
base this claim about @ on

LEMMA 6.3. Suppose Y € B (X) satisfies (6.13). Let W(X) ={z€ X:0¢
b(u|X\{2})}. Then for each j =1,...,l there exists a € Z; such that

(6.14) {a, —a - Zn:a:j + Z azw} C b(u|X)\{0}
j=1

weW (X)
holds for some 0, € {—1,1}, z € W(X).

Before proving this result, let us observe that Q(a) = 0 for any o € Z; satisfying
(6.14). In fact, we have for a € b(u|X)\{0} that g,(a|X) = 0 by the definition
(6.1). Hence

Q(a) = gu(alX) = (=1)""°gu (—a - IjIX)

=1

=—(-1)""%g, (—a - ZzﬂX) .
1=1

From Lemma 6.1(ii) and the definition of W (X) we infer that

Qa) = —(-1)""%g, (_a - sz + Z UZZIX)

=1 ZEW (X)

which by (6.14) in Lemma 6.3 gives Q(a) = 0, again by the definition of g, (-|X).
Now (6.11) implies @ vanishes everywhere on Z;. Since 7 was arbitrary we conclude
that @ vanishes identically which was to be shown.

Thus it remains to prove Lemma 6.3. To this end, note first that Xt = z holds

for some ¢ € [0,1]™ if and only if X(1 —¢) = Z;’zl 1/ — 1z, ie. (cf. (1.4))

B(z|X) = (Z o - xIX)
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Hence we observe that B(u — a|X) # 0 if and only if B(3_}_, ¥ —u+alX)#0
proving that

(6.15) b(—u|X) = —b(u|X) — i

Next we will prove Lemma 6.3 first under the assumption

(6.16) W(X)=0.
In view of (6.15) this is equivalent to showing that for each 7 =1,...,|det Y|
(6.17) Z; N (b(ulX)Nb(—u|X)) # D

because 0 ¢ b(—u|X). Since Z(X) is convex this is equivalent to saying that
(6.18) Z;N (—int Z(X)) # @.

To prove (6.18) we recall from [3] that the condition W (X) = & implies B(:|X) is
continuous and that

|detY|™'= > B(z-olX), zeR"
aceZ(Y)
Thus, in particular
(6.19) 1=|detY| Y B(—p —alX)=|detY| > B(-alX).
aeZ(Y) a€Z;
From this and the continuity of B(:|X) equation (6.18) is immediate. Hence we
have proved Lemma 6.3 under the assumption that W(X) = &.
For the general case we introduce the set X = X UW(X). Clearly this set

satisfies (6.16), i.e. W(X) = @&. Hence for any j, 1 < j < [, there exists o/ € Z;
and t!,¢2 € [0, 1]" such that

(6.20) o +Xt'=u, o+Xt2=-
Since 0 ¢ b(—u|X) (because 0 ¢ [X]) we have o/ # 0. We may write the first
relation in (6.20) as

"+ (X\W(X))T + Z (h,+ T w=u

weW (X)
for 7 € [0, 1"~ IWOI 7 71" € [0,1]. Now let W(X) = V; UV, where V; = {w €
W(X): 1, +r, <1}, Vo ={weW(X): 7, + 7/ > 1} so that
u=ao + (X\W(X T+ZT +‘r”w+Zr +T,’lﬁ—1)w+Zw.
weV, weVs weV2

Alternatively, this means o' = o/ + 3 ¢y, w € b(u|X). Similarly, we derive from
the second relation in (6.20) that :

o?=ad + ) web(—ulX)
wevV,
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holds for some V; C W (X) (where Vj is possibly different from V2). Now, note
that W(X) C Y so that o/ € Z; implies o' € Z;. Thus set

SO

a=al=d + Z w
weVy
that

a?=d + Zw=a+ Z w— Zw € b(—u|X).

wev, wev, weV,

Hence (6.14) follows again from (6.15) as soon as we have shown that o constructed
above is different from zero. To see this note that W(X) C 3(X)4+ = d(X)4+. Since

~

a=0means & = -3 - wweget —a’' € d(X);. However, this is contradicted

by

the fact that by construction —o’ € int Z(X) C int(X); = int(X),. Thus the

proof of Lemma 6.3 is complete.
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