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THE BERGMAN SPACES, THE BLOCH SPACE,
AND GLEASON’S PROBLEM

KEHE ZHU

ABSTRACT. Suppose f is a holomorphic function on the open unit ball By, of
C". For 1 < p < 0o and m > 0 an integer, we show that f is in LP(By,dV)
(with dV the volume measure) iff all the functions ™ f/32® (|a| = m) are
in LP(By,dV). We also prove that f is in the Bloch space of By iff all the
functions 8™ f/8z* (|a| = m) are bounded on By. The corresponding result
for the little Bloch space of By is established as well. We will solve Gleason’s
problem for the Bergman spaces and the Bloch space of By, before proving
the results stated above. The approach here is functional analytic. We make
extensive use of the reproducing kernels of By,. The corresponding results for
the polydisc in C™ are indicated without detailed proof.

1. Introduction. Let B,, be the open unit ball in C™ with dV' the normalized
volume measure on B,. The Bergman space L%(B,) is the closed subspace of
L?P(B,,dV) consisting of holomorphic functions. The Bloch space % (By) is the
space of holomorphic functions f on B, with the property that (1 — |2|?)|Vf(2)]
is bounded on B,, where Vf(z) = (3f(2)/0z1,...,0f(2)/0z,) is the analytic
gradient of f. It is clear that a holomorphic function f on B, is in #(B,) iff the
functions

(-l gl ) -1 2L

are in L°°(By,).

For a = (a4,...,ap) with each a; a nonnegative integer, we will write |a| = a3+
it g, 2% =2 2% W = @ - @¢n, and 012 f(2)/02% = al*l f(2) /92
- 028,

The main results of this paper are Theorems A, B, and C.

THEOREM A. Let m be a positive integer and f be a holomorphic function on
B,,. Then

(1) f € LE(By) (1 < p < 4+00) iff the functions (1—|z|>)™3™ f(2)/92* (|a| = m)
are in LP(By,,dV);

(2) f € H(By) iff the functions (1 — |z|2)™0™ f(2)/02* (Ja|] = m) are in
L% (By,dV).

When n = 1, we will denote by D the open unit disc in C and dA the normalized
area measure on D. We state the results in Theorem A for n = 1 as a corollary.
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COROLLARY. Suppose m is a positive integer and f is analytic on D. Then
(1) f€ LE(D) (1 < p < o0) iff (1= [2|*)™f(™)(2) is in LP(D,dA);
(2) f € BD) iff (1 — |2|2)™f™)(2) is in L°(D,dA).

Part (1) in the above corollary is due to Hardy, Littlewood, and Zabulionsis,
see [6] and Theorem 5.6 of [3]. Part (2) in the above corollary is well known (see
(1] or Theorem 5.5 of 3], for example). Thus Theorem A is a generalization of
these known results on the disc to the open unit ball B,,. In particular, Theorem
A partially answers a question posed at the end of §2 in [2]. Theorem A exhibits a
special connection between the Bloch space and the Bergman spaces. We can think
of the Bloch space # (B,,) as the Bergman space L?(B,,) as p — +o0o. This property
is unique for the balls among bounded symmetric domains. For the polydisc D"
in C™, the “limit” of the Bergman spaces L2(D™) as p — oo is strictly larger than
the Bloch space. We state the result for the bidisc.

THEOREM B. Suppose f is holomorphic on D%, and 1 < p < 4+o0o. Then
f € L2(D?) iff the functions

0%f
621322

(1= 1aP) gl 0, (-lafglom), 0=l il i)

are in LP(D?%,dV).

The space of holomorphic functions f on D? with the above three functions
being in L% (D?) strictly contains the Bloch space Z (D?) [7].

The main tools that we need in this paper are:

(1) The boundedness of a family of projections from L?(B,,dV) onto LE(B,)
for all p € [1,400) (see [4]);

(2) The generalized Gleason’s problem for the Bergman spaces and the Bloch
space, which we state as

THEOREM C. For any m > 1, there erist linear operators A, (|a| = m) on
holomorphic functions in B, such that
(1) If f and all its partial derivatives of order < m — 1 are zero at 0, then

f(z)= Y 2%Aaf(z),  z€ By

lee}=m

(2) Each A, 13 bounded on LE(B,) for all 1 < p < oo;
(3) Each Ay i3 bounded on % (By,).

We study the generalized Gleason’s problem in §2. §3 is devoted to the proof of
part (1) of Theorem A when 1 < p < +00. Part (2) of Theorem A is proved in §4.
The case p =1 is treated in §5. We outline the proof for Theorem B in §6.

The author wishes to thank Sheldon Axler and Karel Stroethoff for pointing
out the reference [6]. The author is grateful to the referee for some very useful
comments and simplifying the proof of Theorems 5 and 6. The referee also pointed
out that some of the reproducing kernel arguments could be handled alternatively
by integration by parts.
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2. Gleason’s problem. Let X be a space of holomorphic functions on a domain
) in C". Then Gleason’s problem for X is the following: Given a € Q, f € X, and
f(a) =0, do there exist functions f,..., fn in X such that

=) (2 — ax) f(2)
k=1

for all z in Q7

The difficulty of this problem depends on 2 and X. Gleason originally asked
the question for 2 = B,, a = 0, and X = the ball algebra A(B,) (the space of
holomorphic functions in B,, which are continuous on B,). Gleason’s problem is
trivial if ) = D™ and a = 0. Gleason’s original problem was solved by Leibenson,

who observed that
n 1 3f g
— f(0) = —(t t
(0) kz;lzkjo 5o (t2)

and then proved that each function

1
fel2) = /0 (;97’;(&) dt

is in A(By) if f is in A(By). For more information on this problem, see 6.6 of [5].
We will use Leibenson’s idea and a family of bounded projections given by Forelli
and Rudin to solve a generalized version of Gleason’s problem on B,, with X being
the Bergman spaces or the Bloch space.
For any r > 0, let P, be the operator defined by

_ (1= Jw?)
P f(z) = A B, (1— (2, w))n+i+r

f(w) dV (w),

where
A= / (1 = [wl?) 4V (w).
B,

When r = 0, P, is just the Bergman projection of B, or the orthogonal projection
from the Hilbert space L?(By,,dV) onto the closed subspace L2(B,,). When r =m
is a positive integer, we have

Am = (n+m)!/n!m!.
In particular, A\; =n + 1.

LEMMA 1. When r > 0, P, is a (nonselfadjoint) bounded projection from
L?(By,dV) onto LE(By) for all1 < p < co. When r = 0, P, i3 a selfadjoint
bounded projection from LP(B,,dV) onto LE(By,) for all 1 < p < +oo0.

PROOF. This is a special case of Theorem 7.1.4 of [5]. Also see [4]. D

REMARK. The proof of Theorem 7.1.4 of [5] actually gives us a little more, that

is, there exists a constant C' (depending only on r and p) such that for all f in
L?(B,,dV) and

_ 2\r
o) = [ e

we have ||[F||, < C||fllp 1 <p<ooifr>0and1<p< oo ifr=0). We will
need this fact later.
An immediate consequence of Lemma 1 is the following.
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COROLLARY 2. Ifr > 0, then P} s bounded on LP(By,,dV) for all1 < p <
+o00, where P} is given by

P ==ty [ O

We now look at Gleason’s problem for the Bergman spaces and the Bloch space
on B,. To illustrate the ideas, we first solve the first-order Gleason’s problem
for the Bergman spaces and the Bloch space; then we will turn to higher order
derivatives.

THEOREM 3. For any 1 < p < 400, there exist bounded linear operators
Ay, ...,Ap on L2(By) such that

2) =) 2Arf(2)
k=1

for all z in B, and f in LE(B,) with f(0) =
PROOF. Let Ax (1 < k < n) be defined by
3f

0 aZk

Arf(z) = | Z~-(tz)dt.

Then for any holomorphic function f on By, we have
n
f(z) = f(0) = Z 2 Arf(2), 2 € By,.
k=1

Ay is obviously linear, so it remains to show that Ay is bounded on LZ(B,) for
1<p<+o0.
Given f € L2(B,,), by Lemma 1, we can write

(1 — |w]?)f(w) dV (w)
B, (I—{zw)*+? ~

Differentiating under the integral, we get

9 1—|w]?
7 =) [ IR

f(2)=(n+1)

and so

2
Acf(z) = / of 5oy 17 dt = (n+ 1)(n +2) / dt / (l_té“l)))ﬁ (j‘;) v (w)

1

B (L= W) () 1— (1= {g,w))™*?
=+ 1)/" (kl —{z,w))" 2 (2, w) v (w).

Note that
1- (1 - (Z, w))n+2

(2,w)
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is a polynomial in z and w. Thus we can find a constant C > 0 such that

1—|w|?)|f(w
aef@ < Cnry [ GEDLE v ),
By the remark after Lemma 1, we see that Ay is bounded on LP(By,) for all 1 <
p<+oo. O
Recall that the Bloch space & (By,) consists of holomorphic functions f with the
property that (1 — |2|?)|V f(z)] is bounded on By, where V f(z) = (8f(2)/dz1,...,
0f(2)/dzy) is the analytic gradient of f. Define a norm || || on & (B,) by

Il = 1£(0)] + S (1= )V (2)]-

Then % (B,) becomes a Banach space. Note that ||f|| is equivalent to |f(0)| +
Sr_ 1 sup,ep, (1 - [22)107(2) /0.

The little Bloch space %, (By,) is the subspace of % (By,) consisting of functions f
with (1—12|?)|Vf(2)| — 0 as |z] — 1~. It is well known that % (B,,) is the closure
of the polynomials in & (B,). If P is the Bergman projection and C(B,,) is the
space of continuous complex functions on B,,, then we have & (B,) = PL*®(B,),
PBo(Br) = PC(B,). See [7].

THEOREM 4. There exist bounded linear operators A,...,A, on % (By) such
that

f(2) - f(0) = Z 2k A f(2)

for all f € #(By) and z € B,. Moreover, each Ay leaves the little Bloch space
Po(By) tnvariant.

PROOF. Let Ay be the operators defined in the proof of Theorem 3. We must
prove that each Ax maps % (By,) (or Bo(By)) into & (By,) (or %Ho(By)) boundedly.
We prove the result for & (B,,). A similar proof can be given to % (By,) using the
equality %o(B,) = PC(B,).

Given f € #(B,), we can find a function ¢ € L*(By,) such that f = Pp and
CYIflle € llello < C|Ifll@, where C is some positive constant independent of

f. (The function ¢ can even be explicitly written down, see [7].) Now

_ p(w) dV (w)
f(z) - A" (1 _ (Z, 'U)))"’+l,
and differentiating under the integral gives

CARIAY = OLAT)

Bz 0= @wyne

This implies that (by the proof of Theorem 3)

Apf(z) = /0 L esyar= /B " %Q(% w) dV (w),

where Q(z,w) is the polynomial (in z and w)

Q(z,w)=1—(l_ i Zl—(z w))k

(z,w)
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Write
w) = Zaa,gz“wﬂ (finite sum).

Then

I, u')ﬁ w
AS@) = T aags® [ %%ﬁdv(w).

Since each function wxw?p(w) is still in L% (B,) with sup-norm < ||||co, and
% (Bp) = PL*(By,), each function

TP

W’ p(w)

———dV
. T )
is in #(B,) (as a function in z). Moreover, its norm in % (By) is at most a
constant multiple of the norm of f in % (B,) (by the inequality C~!||f|lg <
lollo < Cl|fll#)- It is also easy to see that multiplication by z* is a bounded
operator on & (B,). Therefore, A is a bounded linear mapping on % (B,,) for all
1 € k < n. This completes the proof of Theorem 4. O
Next we generalize Theorems 3 and 4 to higher orders.

THEOREM 5. Supposem > 1 and1l < p < +o0o. Then for each a = (ay,...,0an)
with || = m there exists a bounded linear operator A, on LE(By) such that if f
and all its partial derivatives of order < m — 1 are zero at 0, then

f2)= Y 2*Aaf(2)
|la]=m
for all z in B,.

PROOF. For simplicity of notation, we prove the theorem for m = 2 (the case
m =1 is just Theorem 3). Given f holomorphic in By, by Theorem 3, we have

f(2)=f0)+ D zAif(2).
=1
It is easy to see that

3—2(0) =A;f(0) (1<i<n).

Now applying Theorem 3 to each of the functions A;f, we get
+Zz, ( 0)+Zz,A Aif( ))

0) + Z (0 z + Z 2i2;AiA; f(2).
1,7=1
Let A;; = A;Aj; then by Theorem 3, A;; is bounded on all L5(By) (1<p < +00).
Moreover, if f(0) and all the first-order partial derivatives (0f/02;)(0) are zero,
then .
f(2) =) Aiif(2).
1,7=1
This completes the proof of Theorem 5. O
Similarly, we can prove the following generalization of Theorem 4.
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THEOREM 6. Suppose m > 1. Then for each a = (ai,...,a,) with || = m,
there exists a bounded linear operator Ay, on % (By,) such that if f and all its partial
derivatives of order < m — 1 are zero at 0, then

f2)= ) 2*Aaf(2)
|a|=m
for all z in B,,. Moreover, each A, maps Bo(By) into Bo(By).

3. Characterizations of L?(B,) for 1 <p < co. Foranym > 1and |a| =m
we define the following operators:

Sal(2) =21(2), Taf(2) = (1~ "5 L (2)

_ (1= )™
me(Z) - ’\m /B" (1 _ (Z, w))n+m+1 f(w)dv(w)
S, and P,, are well-defined for all functions f in L!(B,,dV), while T, is only
defined for holomorphic functions on B,.

LEMMA 7. If1<p<oo and f € L2(B,,), then for allm > 1 and |a| = m, the
functions To f(2) = (1 — |2|2)™0™ f(2)/0z% are in LP(By,dV). Moreover, there is
a constant C > 0 such that ||To.f||p < C||fl|p for all f € LE(By,).

PROOF. Given f € L?(B,,) with 1 < p < 0o, we can write

_ f(w) dV (w)
0= [, G
Differentiating under the integral gives
am 114
@ =)o) [ v,
This implies that
Tof(2) = (1 - |2|? )" 55a (2)
Saf(w) dV (w)

=(r ) e [ R
_ (m+1)---(n+m)
Am

Since S, and P, are bounded operators on L?(B,,dV) for all 1 < p < +00, thus
we have

Bmf

P, Sof(z) =m!P; Sof(2).

ITafllp < m!|| PrSallp|| f1lp-

This proves Lemma 7. O
The next three lemmas will establish the converse of Lemma 7.

LEMMA 8. Let1 < p < 400 and m > 1. Then there exists a constant C > 0
such that every function f in LE(By,) can be written as

(@)= fol2)+ D 2*fal2)
la|=m

with fo a polynomial of order <m — 1 and ||follp < Cl|fllp, llfell < ClIfllp-
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PROOF. Let fo(2) be the (m — 1)th order Taylor polynomial of f at 0. Let
g9 = f — fo- Then g and all its partial derivatives of order < m — 1 are zero at 0.
By Theorem 5, there are functions f, in LE(By) such that

9(z) = Z 2% fa(2)
|a]=m

and ||fallp < Cill|g]lp for all |a| = m, where C; is a constant independent of f. So
it remains to show that || fo||p < C2||f||p for some other constant Cz > 0.
Given f in LE(By), write f = Pf and differentiate under the integral; we get

18]
637;{(0) =(m+1)--(n+ Iﬂl)/g,. @ f(w) dV (w).

This implies that

ablf
57O S+1) -+ 18ISl (1<p<+oo).

Since fo(z) is a polynomial of order < m — 1 with coefficients linearly depending
on (918£/82P)(0), we must have ||fo|l, < Ca||f||, for some constant C; > 0
independent of f. This finishes the proof of Lemma 8. O

For any m > 1,1 < p < 400, and f holomorphic in By, let

fllmp = llfolls + D 1 Tafllp,

lee|=m

where f(2) = fo(2) + X20j4j=m 2*fa(2) is the decomposition given in the proof of
Lemma 8. By Lemmas 7 and 8, || ||m,p is a well-defined norm on L?(B,) for
1 < p < +00. Moreover, there exists a constant C > 0 such that || f||lm,p, < C||fllp
for all f in L2(B,). Note that

ollo~ >

|8|<m—1

alblf

Thus "
ol
ZA0|+ X 1Tl

|a|=m

fllmp~ D

1B|<m-1

LEMMA 9. Suppose 1 < p < +oo. Then there exists a constant C > 0 such that
[1fllp < Cllfllm,p for all f € LE(Bn).

PROOF. Given f € L?(By,), then by the duality L?(By)* = L1(By) (%-*-% =1),
we have

Ifllp < Crsup{|{f,9)|: g € LE(Bn), llglle = 1},

where C) is a constant and the pairing (, ) is given by

(f,0) = /B ()32 v (2).



THE BERGMAN SPACES AND THE BLOCH SPACE 261

For any g € Li(B,), by Lemma 8, we can write

9(z) = go(2) + ) 2°ga(2)

lof=m
or

g=go+ Y Sida

jal=m

with ||gollq < Ca|lgllqs ||9alle < C2|lgllq for some constant C2 > 0. Thus we have

(f,g> = (f)g0) + Z (f’S;ga)

la|=m

= <f0a90) + Z (Safa ga)

la|=m

= (f0$90) + Z (Safa nga)
|a]=m

=(fo,90) + Y_ (PmSaf:9a)

le|=m

= Uosto) + oy X (Tal, g0

" lal=m

This implies thai

1
(K590 < Wollpllgolle + 7 D= I1Tafllpllgallq

" lel=m

1
< (ol + — > IITafllp | Callglla < Callfllmpllglle-

" lal=m

Hence

[1fllp < Crsup{|(f,g)|: g € LE(Bx), llglly = 1}
< C1C2||fllm,p-

This completes the proof of Lemma 9. O

REMARK. Lemmas 7 and 9 imply that | ||, and || ||m,p are equivalent norms
on L%(By) for all 1 < p < +0o and m > 1. However, they do not say that
[1fllm,p < 4oo implies ||f||, < +0o0. We needed the assumption f € LE(B,) to
Justify the “inner product” (f,g) and the applicability of all the operators Py,, Py,
Sa, Sg. The following lemma overcomes this difficulty.

LEMMA 10. Suppose m >1, 1< p < +00, and f is holomorphic in B,,. Then
1 fllm,p < 400 implies f € LE(By,).



262 KEHE ZHU

PROOF. Let f.(z) = f(rz), r € (0,1). Then f, isin LE(By,) for all 1 < p < +oo0.
Moreover, for |a| =m

[ ma@rae=[ a-mpr| Tl ave
B, B,
= [ ety |5 ) avee
Bn
m p
<o [ =ty | o) v
rmp 4
=T |z|<r(l_|z|2)mp w(z) v (z)
<o [ -ty | avee

= e [ el &PV (2)

Thus we can find a constant C; > 0 such that

[|Tafrllp < CillTafllp
for all r € [%, 1). It is easy to find another constant C2 > 0 such that

”fr”m,p < C2”f“mm
for all r € [1,1). By Lemma 9,

lf+llp < Csll fllm,p
for all r € [3,1). Letting r — 17, we get
1l < Csllfllm,p < +oo0.

This proves that f is in LE(By,) if || f||m,p < +00. O
Summarizing Lemmas 6-10, we have proved the main result of this section.

THEOREM 11. Suppose 1 < p < +o0o and m > 1 is an integer, then a holomor-
phic function f on By is in LB(By) iff all the functions (1 — |2|”)™0™ f(2)/02
(lo| = m) are in LP(By,dV). Moreover, || ||, and || ||lm,p are equivalent norms
on L2(By).

COROLLARY 12. Suppose 1 < p < +0o and m > 1. Then an analytic function
f on D isin L2(D) iff (1 - |2|?)™f(™)(2) is in LP(D,dV).

4. Characterizations of the Bloch space % (B,). For m > 1 and f holo-
morphic in By, let

W llmz = D

la|<m-—1

(-1 L)

lex|
aazaf(0)1+ Z sup

2€By

lor|=m

The main result of this section is that f belongs to #(By) iff ||f||m.e < +oo.
Moreover, || || and || ||m @ are equivalent norms on % (By). A similar result
will be proven for the little Bloch space %(Bp).
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LEMMA 13. For anym > 1, there exists a constant C > 0 such that ||f||m,.@ <
Cllflle for all f in & (Bn).

PROOF. By [7], there exists a constant C; > 0 such that for any f € & (B,),
we can find p € L*(B,) with f = Py and ||@||ecc < C1]|f||@. Also there exists a
constant Cz > 0 such that ||Ppl||e < C2||@||e for all ¢ in L*°(B,,). Now suppose
[ is in #(B,). Choose ¢ € L*(B,) such that f = Py with ||¢|le < Cil|f||2-
Write

_ p(w) dV (w)
&= g, T zw®

and differentiate under the integral. Then for any |a| = m we have

om w®*p(w)dV
L=y am [ TS

This implies that
T =(1 2 mamf =m!P*S
wf(2) = (1= 2" 5L (2) = mlP;Sap(2).
Since S, and P;, are bounded on L*°(B,,) by Corollary 2, we have
1T flloo < m!||PrSalloollelloc < Crm!||Pr,Salloollfll2

for all a = (a1, ...,ay) with |a| = m. We also have

A0 =) [ e

Sm+1)-(n+8)lelleo
<Ci(n+1)---(n+|6)Ifll2

for all 8 = (B1,.--,08n) = 0. Therefore, we can find a constant C > 0 such that
1fllm,® < C||f|l@ for all f in & (B,). This completes the proof of Lemma 13. O

LEMMA 14. Suppose m > 1, and f is holomorphic in B,. Then ||f||m.e <
+o00 tmplies that f € & (By,). Moreover, there exists a constant C > 0 such that

I/l < Cllfllm,z for all f in & (By).

PROOF. Suppose ||f||m,& < +00. Then it is clear that ||f|}m, < +oo for all
1 < p < +0o0. By Lemma 10, we have f € L2(B,). Since L!(B,)* = % (By) (see
[7] for example) with the usual integral pairing, it suffices to show that f induces
a bounded linear functional on Lg(By). Note that L3(By) is dense in L}(B,), so
it suffices to produce a constant C > 0 such that |(f,g)| = | [ f(2)g(z)av(z)| <
C||f|lm,2lgll1 for all g in L2(B,). (C is independent of f and g.)

Given g € L2(B,,), write

g=go+ Y, S

la|=m
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with ||goll1 < C1llgll1, ll9all1 < Cillgll1 (by Lemma 8) for some constant C; > 0
(independent of g). Now

(f,9) =(frg0)+ Y (f,Saga)

la|=m

= (fo,90) + Y (PmSaf,9a)
la|l=m

= (fO? gO) + -"1? Z: (Tafy g(x)

lal=m
It follows that
|<f,g)IS|(fo,go)|+;n1—! > 11Tafllool fallr-
|a|=m

It is also easy to see that

[{f0,90)| < [Ifollllgollr < C2 ( >

|8|<m—1

18l
%(0)1) ool

Therefore, we can find a constant C3 > 0 such that

I/, ) < CsllflIm,2llglla

for all g in L2(B,). This shows that f € & (B,) and ||f||@ < C||f||m @ for some
constant C > 0 independent of f. This completes the proof of Lemma 4. O
Combining Lemmas 13 and 14, we have proved the following

THEOREM 15. Given m > 1 and f holomorphic in B,,, we have f € & (By)
iff the functions (1 — |2|2)™8™ f(2)/82* (|a] = m) are all in L®(B,). Moreover,
| |l@ and || |lm.® are equivalent norms on F(By,).

We prove a similar result for the little Bloch space % (Br)-

THEOREM 16. Given m > 1 and f holomorphic in B, we have f € %By(By)
iff all the functions (1 — |2|2)™0™ f(2)/02* (|a| = m) are in Co(By), that is,
(1= [2*)m8™f(2)/92% =0 (l2| = 17)
for all |a| = m.
PROOF. If f is a polynomial, then clearly (1—|2|?)™8™ f(2)/82* — 0 (|2| = 17)
for all || = m. Since the little Bloch space % (By,) is generated by the polynomials,
and by Theorem 15,

sup (1.~ " | 5L )| < s,
2EB, 022

it follows that (1 — |2|2)™8™ f(2)/92* — 0 (]z| — 17) for all f in HBo(Bn) and
lalCorrlrxl'ersely, suppose f € & (By,) and (1—|z|2)m0™ f(2)/82* — 0 (|2| — 17) for
all |a| = m. Then it follows that
oy
0z

oS,

(2)- S2@|~0  (r—1),

sup (1 — |z[*)™ l
2€EB,
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where f.(z) = f(rz). By Theorem 15, this implies ||f — fr||@ — 0 (r — 17). Since
fr is in Bo(By) and Fy(By,) is closed in F(B,). We must have f € By(By). This
proves Theorem 16. O

5. Characterizations of the Bergman space L!(B,). Let m > 1 and f
be a holomorphic function in B,,. We determined in §3 and §4 exactly when the
functions (1 — |2|2)™8™ f(2)/82* (|a| = m) are in LP(By,,dV) for 1 < p < +oo0.
We settle the case p = 1 in this section.

LEMMA 17. There exists a constant C > 0 such that

P
B

o 11— (z, w2

< —_—
2) S 7 [w]?
for all w in B,.

PROOF. For any a € B, there exists a biholomorphic mapping ¢, of B, with
the following properties:

(1) 9a(0) = a, pa(a) = 0;

(2) p2 = 1d;

(3) The real Jacobian of @, is ((1 — |a|?)/|1 — (a, 2)|?)**?.
See 2.2 of [5]. Now fix w € B, and perform the change of variable z — ©y(2).
Then we get

1—-|z 2\ym
L,, 1 "((Z, 1L)||")+m+2 dv (2)

_ /B (1~ leu ()™ ( 1— |uf? )"“ W),

o 1= {pu(2), w)["+m+2 \|1 - (2, w)|?

By Theorem 2.2.2 of [5],

(1= w1 = |21?)
- (zw)?

1- (¢w(z)aw) =1- (Ww(z)7 ¢w(0» =

Putting these into the above integral, we get

/ (1 - |z|2)m dV(Z) — 1 / (l - |z|2)m dV(Z)
B

o 1= (z,w)[ntme2 1-|wf? Jp, I1 = (2, w)|*™
By 1.4.10 of [5] (with t = m, ¢ = —1), there exists a constant C > 0 such that

(1= [ av (2)
5. T= (o =C

for all w in B,. This completes the proof of Lemma 17. 0O

1- I¢w(‘°")|2 =

1—|w|?
1—{z,w)’

LEMMA 18. There ezists a constant C > 0 such that ||f||m,1 < C||fl||1 for all
f in LY(Bn).

PROOF. Given f € LL(B,), write

f@) = (1) [ L@ e

B, (1= {z,w))"+?
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Differentiating under integral gives

m Ho (1 _ 2
‘;za{ (2)=(n+1)(n+2) - (n+m+1) /B (“1’ _(1(2’ L“;‘)n)f,ﬁﬂ v (w).
This implies
o™ f (1 = [w]?)|f(w)]
S @] <t Dt 2 mer ) [ AR v )
and

/ (1= |22)™ '%(z) V() <(n+1)(n+2)--(n+m+1)

. / (1 [2]2)™ v (2) / (1 [w)|f (w)] dV (w)
Bn B,

|1 — (2', w) |n+m+2

= (n+1)(n+2)"-(n+m+1)/3 (1= [w)If ()] &V (w)

n

(1= [z
/B = (7 wyprmez @V ()

By Lemma 17, there exists a constant C; > 0 such that

v (z) <Gy / 1F(2)|dV (2)

n

[ - |5

for all f in L1(By). This implies that

1fllm,a < ClIfllx
for some constant C > 0 and all f in L1(B,). O

LEMMA 19. There exists a constant C > 0 such that ||f||1 < C||fllm,1 for all
[ in LY(Bn).

PROOF. Since L2(B,,) is dense in L(By) and || ||m,1 is dominated by || || by
Lemma 18, it suffices to find a constant C > 0 such that ||f||1 < C||f||m,1 for all f
in L2(By,). Given f in L}(B,), the Hahn-Banach extension theorem gives a linear
functional F on L!(B,) with norm 1 and ||f|| = |F(f)|. Since L.(By)* = #(By,)
and the Bloch norm is equivalent to the norm in L1 (B,)*, there must be a constant
C; > 0 such that for any f € L2(B,,), there exists g € & (B,) with ||g|lg < C1
and

171l = 1(f, )l = \ [ ).

By Theorem 6 and the proof of Lemma 8, we can write g = go + Z|a|=m Sx9a
with ||go|lz < C:||9|l# and ||gall@ < C:||g|l@. Mimicking the proof of Lemma 9
or Lemma 14, we can find a constant C3 > 0 such that ||f||1 < C3||flIm,1llglle <
C1C3||f|lm,1 for all f in L2(B,). This completes the proof of Lemma 19. O

LEMMA 20. If||f|lm1 < +oo, then f € LL(Bn).

PROOF. It follows from Lemma 19 and the proof of Lemma 10. O
Summarizing Lemmas 18-20, we have proved the following theorem.
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THEOREM 21. Suppose m > 1 and f is holomorphic in B,. Then f € LL(By)
iff all the functions (1—|2|2)™8™ f(2)/0z% (|a| = m) are in L1 (B,,dV). Moreover,
the norms || ||lm,1 and || ||1 are equivalent on LL(By).

6. Results on the polydisc. In this section, we state the corresponding char-
acterizations for the Bergman spaces LE(D") (1 < p < +00) of the polydisc D".
To simplify notation and avoid technicality, we restrict out attention to the case
n = 2. For a holomorphic function f(21,22) on D?, we write

Tif(a) = (1~ o) o f (2,0, =mep,

Tof(22) = (1~ |=af?) 22 of L02),  mep,

o’ f 2
622 (21,22), (21,22) € D°.

Tf(21,22) = (1 - |21|2)(1 - |22|2)3z
For 1 < p < 0o and f holomorphic in D?, let

1£llp = 1£(0,0)| + |T1 fl|Le(D,aa) + I T2fl|Lo(D,aa) + IT fllLe(D2,av)-

We characterize the Bergman spaces of the bidisc in the following theorem:

THEOREM 22. Suppose 1 < p < oo and f is holomorphic in D?, then f €
LE(D?) iff the functions (1 — |21]?)8f(21,0)/021, (1 — |22|2)0f(0,22)/022, and
(1= |21|?)(1 = |22|2)8%f (21, 22) /D218 are in LP(D2,dV). Moreover, || ||, and
Il |l; are equivalent norms on L% (D?).

The proof of Theorem 22 follows essentially the same lines of the proof of The-
orem 11. Lemma 8 is to be replaced by the decomposition

f(z1,22) = f(21,0) + f(0, 22) + z122h(21, 22)

when f(0,0) = 0. There exists a constant C > 0 such that ||h||, < C||f||, for all f,

see Lemma 15 of [7]. Also h in the above decomposition is unique. The bounded
projection we use for Theorem 22 is given by

Qf(z1,29) = 4/D (1= Jwa[*)(1 = |wa|?)

wy, wg) dV (wy, ws).
xp (1= 2111)3(1 — 2212 )3f( 1 w2) 4V (wn, w2)
Q is bounded on LP(D?%,dV) for all 1 < p < o0o; thus Q* is bounded on LP(D2,dV)
for all 1 < p < +00, where

Q" (21, 22) = 4(1 - |1 P)(1 — |22 ?) /D fnv) gy wy),

xD (1= 21W1)3(1 — 29w2)3

Let S be the operator defined by
Sf(z1,22) = Z172 f (21, 22).
Then it is easy to check that for f € LP(D?,dV), we have

* 2 2 a2f
Q Sf(zl,32) = (1 - |21| )(1 - |22| )321322

i.e.,, @S = T. This corresponds to the formula T,, = m!P;},S, in the proof of
Lemma 7. We omit the details of the proof of Theorem 22. The space of analytic
functions f(21,22) on D? with ||f||5, < +oco was studied in [7]. It was shown
there that the space is strictly larger than the Bloch space % (D?) of the bidisc.
Interested readers can also refer to [7] for more information on the bidisc.

(21, 22)7
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