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STABLE MAPS INTO FREE G-SPACES

J. P. C. GREENLEES

ABSTRACT. In this paper we introduce a systematic method for calculating
the group of stable equivariant maps [X,Y]¢ [3, 18] into a G-free space or
spectrum Y. In fact the method applies without restriction on X whenever G
is a p-group and Y is p-complete and satisfies standard finiteness assumptions.
The method is an Adams spectral sequence based on a new equivariant coho-
mology theory c¢*(X) which we introduce in §1. This spectral sequence is quite
calculable and provides a natural generalisation of the classical Adams spectral
sequence based on ordinary mod p cohomology. It also geometrically realises
certain inverse limits of nonequivariant Adams spectral sequences which have
been useful in the study of the Segal conjecture (19, 5, 21, 9].

0. Introduction. In what follows, G is a finite group and we work in a stable
equivariant homotopy category, such as that of Lewis-May [18]. All spaces are
pointed and all homology and cohomology is reduced.

Our main theorem establishes the power of mod p Borel cohomology [6]

b*(X) = H*(EG4 A X;Fp)
as an invariant in studying topology with a p-group G of equivariance.

THEOREM 0. Suppose that G s a finite p-group and that Y is a G-space or
spectrum which 1s

(1) G-free,

(ii) p-complete,

(iii) bounded below, and

(iv) homologically locally finite (i.e. H'(Y;F,) is finite for every ). For any
G-space or spectrum X, there is a convergent Adams spectral sequence

E3* = Extp (b*Y,c* X) = [X,Y]C.
Moreover the spectral sequence is natural in both variables.

REMARKS. (1) The cohomology theory c¢*(-) will be introduced in §1; it agrees
with Borel cohomology on G-free spaces or spectra. Therefore the spectral sequence
is a generalisation of that based on Borel cohomology alone.

(2) In §2 we identify the algebra b*b of stable natural transformations of Borel
cohomology in familiar terms. Indeed we have an isomorphism (2.7)

b*b = H*(BG4;F,)QA*
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where A* is the usual mod p Steenrod algebra [22, 26] and ® denotes the twisted
(or semi-) tensor product in the sense of Massey-Peterson [20]. We will also explain
explicitly how this algebra acts on b*(X). Much of this material is due to J. F.
Adams and we are grateful to him for permission to include an account of it.

(3) (a) Convergence is in the usual conditional sense of Boardman [5] appropriate
to Adams spectral sequences.

(b) Since Y is G-free the conditions (ii), (iii) and (iv) need only be satisfied
nonequivariantly.

(4) The condition that Y is G-free is essential. However we will show elsewhere
[13, 14] that if we use Borel homology instead of co-Borel cohomology this condition
may be considerably weakened (and dropped entirely if G is elementary abelian).

(5) When G is the trivial group this spectral sequence reduces to the classical
Adams spectral sequence based on mod p cohomology [1].

(6) The proof of convergence relies fundamentally on Adams’ nonequivariant
convergence theorem [1, 2] and on the fact that F, is the only simple F,G-module
when G is a p-group (see (4.2)). The other important ingredient is the fact that
b*b is a connected Fp-algebra; this and the requisite good behaviour necessary for
the calculation of the Es-term can be traced back to (2.8).

There have been attempts to approach a similar ideal by nonequivariant meth-
ods from at least two directions. Firstly various inverse limits of classical Adams
spectral sequences have been used [19, 5, 21, 9] and are related to our point of
view by Adams’ isomorphism

[(X,Y)¢ = [X,Y/G)! (13, (5.4)], [18, (11.7.2)))

when X is G-fixed and Y is G-free.

Secondly Adams constructed in unpublished lectures (1983) an Adams spectral
sequence based on Borel cohomology alone under restrictive hypotheses. His tech-
nique was to reduce to a nonequivariant situation using the isomorphism

(X,Y)¢ = [X/G, Y] ([3, (5.3)], (18, (1.3.8)])

when X is G-free and Y is G-fixed.

We find that by working purely equivariantly we are able to extend the results
of both approaches and avoid many technical difficulties.

The rest of the paper is laid out as follows. In §1 we introduce co-Borel coho-
mology c¢*(X), and prove some basic facts about it. In §2 we give an account of
the algebra b*b of all stable operations of Borel cohomology. In §3 we set up the
spectral sequence of Theorem 0 and easily identify the E; term. In §4 we prove the
spectral sequence converges to the required group. Finally, in §5 we give a method
for calculating the E, term of the spectral sequence of Theorem 0, and use it to
show that how the homological properties of ¢*X and b*Y over b* = H*(BG1;F))
can give rise to geometric consequences generalising certain known results with
geometric hypotheses on X and Y.

I thank Professor J. F. Adams for suggesting the study of Borel cohomology and
for permission to give an account of his unpublished work. I also thank Professor
R. Cohen and the referee for suggesting I completely rewrite the previous version
of this paper; this obvious course has led to great improvements.
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1. Borel and co-Borel cohomology. In this section we recall the definition
of Borel cohomology, introduce a closely related theory and establish their basic
properties.

For any virtual real representation o of G, let || denote its virtual dimension.
Recall that Borel cohomology is defined for orientable a by

b3 (X;k) = H(EG, Ag X; k).

Suspension isomorphisms for orientable representations come from the Thom maps.
We will be mostly concerned with the case that G is a p-group and k = F, when all
representations are orientable, but in the general case we refer to [16, 28 and 17] to
justify the fact that b*(X; k) may also be defined for nonorientable a. Accordingly
Borel cohomology is represented by a G-spectrum b. Evidently if « is orientable
b®(-; k) is represented for G-spaces by the function space EM (k, |a|)EG+ of pointed
maps into a G-fixed Eilenberg-Mac Lane space [25].

Henceforth we omit the coefficients k, and we use the usual convention that an
asterisk refers to Z-gradings and cogradings.

We define the co-Borel spectrum ¢ by ¢ := bA EG, and co-Borel homology and
cohomology are the theories represented by it [29]. We have remarked elsewhere
that it also admits a chain description [12]. We let ¢ be the Tate spectrum defined
by ¢t := bA SO x EG, and recall [11] that it represents Swan’s Tate homology and
cohomology of G-spaces [27]. It is clear that ¢ and ¢ are b-modules and hence that
¢*(X) and t*(X) are naturally modules over the algebra b*b of stable operations of
Borel cohomology and that c.(X) and ¢.(X) are modules over the coefficient ring
b.. We may now summarise the basic properties of the co-Borel theories.

THEOREM (1.1). (a) (Coefficient module) c. = H.(BG.).

(b) (Homology theory): c.(X) = H.(EG4 Ag X), and the b*-module structure
comes from cap product with elements of b* = H*(BG.).

(¢) (Cohomology theory): (i) If X is G-free we have isomorphisms c*(X) =
b*(X) = H*(EG4 A X).

(ii) If X is nonequivariantly contractible we have the natural isomorphism c*(X)
= t*(X).

(d) (Ezact sequences): We have the following natural long ezact sequences

.. —)c*(X)—}b*(X)_.)t*(X)_)c*(S—lX) -
.. —>C,.,(X) —»b*(X) —>t*(X) '—’C.(SX) — e,

PROOF. Part (d) follows from the fundamental cofibering
EG, — S° - S°« EG

by smashing with b. Part (c¢) then follows from this since Tate cohomology vanishes
on free spaces and Borel cohomology vanishes on nonequivariantly contractible
spaces.

Part (a) is a special case of part (b), so it remains to prove part (b).

It is clear that Tate homology also vanishes on free spaces, and hence that
c«(X) = b«(X) when X is free. In general we find that c.(X) = cu(EG4 A X) =
b.(EG+ A X) naturally.
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Now if X is finite and free its Spanier-Whitehead dual is also finite and free, and
the duality may be taken with respect to an integer suspension. Hence the object
(DX)/G is defined, and we have the equivalence

D(X/G) ~ (DX)/G (3, (8.5)], [18, (II1.2.13)]).

Thus

c+(X) = b.(X) =b"(DX) = H*(DX/G) = H.(X/G).
Furthermore all isomorphisms are natural for stable maps of finite free spectra. The
first statement of part (b) follows.

For the remark about cap products it is sufficient to take X finite and free (by
finiteness of support for homology). But it is well known that cup and cap product
correspond under nonequivariant Spanier-Whitehead duality. O

REMARK. It bears endless repetition that Borel and. co-Borel theories are defi-
nitely distinct. Indeed the coeflicient ring b. is nonzero in negative degrees whilst
¢« is nonzero in positive degrees.

Indeed for our purposes this property is decisive.

COROLLARY 1.2. The spectrum c¢ is (—1)-connected. Moreover if k is a finitely
generated abelian group, ¢ may be constructed using finitely many free G-cells in
each nonnegative dimension.

We will also need the following corollary of (1.1)(c)(i).
COROLLARY 1.3. We have the isomorphisms
c*c="b"c=1b"bh.
Henceforth we restrict attention to mod p coefficients, so that k£ = Fp.

2. Stable operations of mod p Borel cohomology. In this section we give an
account of the algebra of operations of mod p Borel cohomology stable for arbitrary
representations. We suppose that p = 2 if G is of even order. First we construct
various operations and explain their algebraic behaviour. This is due to J. F. Adams
(unpublished lectures 1983) and I am grateful to him for permission to include an
account. Finally we include a short calculation to show that all operations occur
in this way.

The operations come from two sources: multiplication by elements of the co-
efficient ring b* = H*(BG,), and from the nonequivariant Steenrod operations.
However we must take care to guarantee stability under all suspensions, and for
this we need some notation. Indeed, for each isomorphism class of simple real rep-
resentations we choose a representative V and a generator of H'V!(SV); hence we
obtain a generator 7 € HVI(EG xg SV, EG xg 00) = blV}(SV). From this we
define the suspension isomorphisms

ov: b%(X) — b*tVI(SY A X)
by
oy(z) =1 -p'z
where p is the projection map
p: (EG xg (S8Y x X),EG x5 (§V x *Uoo x X))
— (EG x¢g (00 X X), EG x¢g (00 X %)).

We will usually suppress all mention of p.
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To define arbitrary suspension isomorphisms we need an ordering of the simple
representations so that we have a chosen generator 7y € blVI(SV) for all represen-
tations V.

Since suspension isomorphisms are defined in this way the stability of multipli-
cation by elements of H*(BG4) comes from the fact that H*(BG) is a graded
commutative ring and Borel cohomology is naturally a module over it.

We already have a natural operation of the Steenrod algebra on b*(X) but it
is only stable under G-fixed suspensions. More generally if a is an element of the
Steenrod algebra A* and a € RO(G) we will introduce certain Adams-Wu classes
c(a,a) € HI®l(BG,) and then if z € b*(X) we define a o z € b>*1#/(X) by

(2.1) aox:= Zc(ag, —a) - (alz)

1

where the diagonal expansion of a is ¥*a = ), a} ® a/ and where o]z means the
usual operation of the Steenrod algebra.

LEMMA (2.2). There is a unique element c(a,) € HI*/(BG,) additive in a
30 that

(i) For a representation V c(a,[V]) := (=1)1%Vlg7 (a - 1) and

(ii) e(a,a+ B) =), c(al, a)c(a}, B).

PROOF. It is convenient to collect together the elements c(a, ) for various a
and let ¢(a) denote the element c(a) € Hom(A*, H* BG4 ) with the property that
a{c(a)} = c(a, ) for every a.

The statement (ii) then amounts to the statement that c(a + 8) = c(a)c(B),
i.e., that ¢ gives a group homomorphism from the additive group RO(G) to the
multiplicative group of sequences in [[; A ® H 4(BG.) starting with 1 ® 1.

By the universal property of Grothendieck groups, it therefore suffices to verify
that the definition (i) for representations does satisfy the property (ii).

Note first that the class c¢(a, [V]) defined in (i) is independent of the choice of
generator 7. Now we may verify that ¢([V]+ [W]) = ¢([V])e([W]) by the following
calculation.

atyiw = a(ty - 1w) = Z +a;1y - af'w
= 3 oy (s VD) -ow (elal, W)
= 3 rvelal, IV rwelal, V)

=" trvmwe(a), [V])e(a!,[W]). O

EXERCISE. In the above calculation, and those that follow, verify that the signs
work out correctly.

LEMMA (2.3). For anya,be A*, o € RO(G) we have
c(ab,a) =Y c(aj, @) - {afc(b, a)}.

p
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PROOF. The lemma is easily verified if « is a representation. For the general
case we may suppose a = [V]| — [W] and prove the lemma by induction on |ab|. The
result is trivial if |ab] = 0.

Now in the notation of (2.2) we have

a{c(V)be(V)} = (ab)e(V) (by (2.3) for representations)
= (ab)e(a+ W)
= (ab){c(a)c(W)} (by (2.2)).

Evidently the term c(ab,a) = c(ab,a)c(1,W) occurs exactly once, on the right-
hand side of the above equation. Expanding, and rearranging the other terms, one
may check that (2.3) holds for ab as required. We leave this to the reader. O

COROLLARY (2.4). By using the equation (2.1), that aoz = a{c(—a) -z} when
z € b*(X)

(i) we obtain an action of the Steenrod algebra on RO(G)-graded Borel cohomol-
09y,

(ii) the action agrees with the usual action on b*(X),

(iii) the operations ao are stable for all suspensions SV,

(iv) the action of A* and multiplication by elements of b* are related by

ao (vhz) = Z(_l)la:,”hl(a;h)(a;' o).

i
Repackaging the above result we obtain the following.

COROLLARY (2.5). The twisted tensor product [20] b*®A* acts on Borel co-
homology as an algebra of stable natural transformations.

PROOF OF (2.4). First observe that since Steenrod operations are stable for
integer suspensions c(n) = 1 for any integer n. Part (ii) follows, and by (2.2)
cla+n) = c(a).

Now we prove part (i) by calculation.

ao(boz)=ao Zc(bg, —a)bz
= Z +c(ay, —a)ale(b), —a)alb]z
¥
=Y *c(akbi, —a)aybz (by (2.3))
1.k

= (ab)oz.
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Next we turn to part (iii). Indeed we find

o(oyz)=aoryz = Z +e(al, —a = V)alryalz

i

= Z :i:c(a}, - V)TVC(G?, V)a?x
=ty Z —a—-V)c(a2,V)a?
= t7y Z a)ajz (by (2:2))

= (—1)|V”“|av (aozx) as required.

Finally part (iv) follows by a similar but easier calculation. 0O

We give an example to show that the introduction of the Adams-Wu classes is
necessary.

EXAMPLE (2.6). (order 2) Suppose that G is cyclic of order 2, let £ denote
the nontrivial one-dimensional real representation and ¢ denote the generator of
H'(BG,). With this notation, for any a,b € Z, we have

¢(Sq,a + bé) = (l:) t.

(order p) Suppose that G is cyclic of odd prime order p, let ny,m2,...,7p-1)/2
denote the nontrivial 2-dimensional real representations, and choose a generator z
of H2(BG, ). With this notation we have, for any integers a, b,

@ ¢ (ﬂ,a + Zbknk) =0 and
k
(ii) c (Pi, a+ Z bknk) = (2'; b’“)xi(p—l)'
k

These identifications follow from the cases ¢(Sq’, €) and c(P!,7nk) using (2.2)
and the unstable axiom. These special cases follow from the injectivity of S© — S¢
and S® — S7 in Borel cohomology, which may be seen by considering the cofibre
in each case. This proof makes plain that the binomial coefficients are defined for
all integers b by (3) =1, (%) =0 for i >0, and (**!) = (%) + (;2,).

We will now confirm that there are no other stable operations.

THEOREM (2.7). The operations discussed above are all distinct, and provide
all of the stable operations of Borel cohomology; indeed b*b = b*®@A*.

PROOF. To see that no nontrivial element of b*®A* acts trivially on cohomology
we consider the same G-fixed spaces X as are used to show the analogous fact
for A* (products of EM(F,,1) are convenient [26]) and evaluate on the classes
1@z €b*® H*X = b*X. It follows that all the operations arising from b*®A* are
distinct.

It remains to verify that we have formed all stable operations, and for this we
verify that ™b has the same dimension as the subspace (b*®A*)". Now we have
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b = holim,S~*? EM (F,, k|p|)*C+ as remarked above, and hence a Milnor exact

sequence for calculating b™b. The following is the fundamental lemma that allows
us to proceed.

LEMMA 2.8. For any G-space X the collapse map 7m: EG, — S° induces an
equivalence
o]
1"A1: X5 AEG, — XFC+ NEG,.
In fact evaluation induces an inverse.

PROOF. Of course 7 is a nonequivariant equivalence, and so the same is true of
1™ A 1. Since both domain and codomain are G-free this is enough to establish that
1™ A 1 is an equivalence. It is clear that evaluation defines a left inverse to 1™ A 1,
and it follows that it is also a right inverse. O

We therefore find in particular that if X is G-fixed

b* (XEC+) = p*(XEC+ NEGL) =b* (X AEGL) =b* @ H*X.

Note that if X = EM(F,, k|p|) this group is finite in each degree and hence the
Rlim term of the Milnor exact sequence vanishes to give

—

b = lim{b® @ H* (EM (Fy, kl])} 7.
k
Since the dimension of b* @ H*(EM(F,, k|p|)) in degree n + k|p| is constant for
large k and equal to that of {b*®A*}™ it follows that {b*®A*}" exhausts b"b. (It
also follows that the maps of the inverse system are eventually isomorphic.) This
completes the proof of (2.7). O

3. The construction of the spectral sequence. We continue to suppose
that p = 2 if G is even order.

In this section we will construct an Adams spectral sequence based on co-Borel
cohomology under the assumption that Y is G-free and b*Y is locally finite and
bounded below. These assumptions are obviously satisfied if conditions (i), (iii)
and (iv) of Theorem 0 hold. Its F; term takes the usual form (3.4), and in the next
section we show the spectral sequence is convergent under the further assumption
that Y is bounded below and p-complete.

Since b*Y and b*b are locally finite and bounded below, it follows that we may
form an algebraic resolution of b*Y by locally finite bounded below free b*b-modules

(3.1) R P %P Sy o

We now want to realize (3.1) geometrically and for this purpose we need to know
that certain sums and products coincide.

LEMMA (3.2). If {n;}j>0 1s a sequence of integers such that n; — oo as
J — oo then

(a) the natural algebraic map v: €, c*(S™¢c) — [1, ¢*(S™c) is an isomorphism
and

(b) the natural geometric map v: \/; S™c — []; S™ ¢ is an equivalence.

PROOF. (a) The algebraic statement follows immediately from the fact that c*c
is bounded below and locally finite.
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(b) The geometric fact relies on the fact that c.(G/H,) = H.(BH.) is bounded
below and hence for each subgroup H and integer r only finitely many of the groups
[G/H4,S™¢c]¢ are nonzero.

It follows that the map v induces an isomorphism of [G/H,"|$ for all H, and
hence that v is an equivalence by the Whitehead theorem. O

REMARK. The statement analogous to (3.2)(b) with ¢ replaced by b is false; this
construction of the spectral sequence therefore forces us to use co-Borel cohomology.

Now since b*b = b*c, by (3.2)(a) we may construct a spectrum @, so that
P, = b*S°Q, by taking Qs to be a locally finite wedge of suspensions of c.

By (3.2)(b) ¢ is induced by a map Yo — Qo and we may proceed as usual to
realise the algebraic resolution (3.1) as an Adams tower:

!

S_lQl — Y2 e Q2
!

(3:3) $571Qy — i - @
!

Y=Y — Qo
Here Y, is constructed as the fibre of a map Y5 — @, inducing the map 9 of Ps
onto the kernel of d5_;. Accordingly Ys4; is G-free.

It also follows as usual that an algebraic comparison of resolutions (3.1) over a
map f*: b*Y — b*Y' induced by a map f: Y’ — Y may be realised uniquely as a
map of towers (3.3).

We now apply [X,-]¢ to (3.3) and obtain a spectral sequence with Ef't =
[St~°X, Q)¢ which is conditionally convergent to [S*~°X, Y/hg_li_msYs]G 5]

COROLLARY (3.4). The spectral sequence described above has the Eo term
naturally identified by

Eyt = Ext2 (c*Y, ¢ X).
PROOF. We have
Et = [StX,S5°Q,)¢
= [S'X, [[S™cI® (by (3.2)(b)).
J

=[]is'X, 8™ ¢ = [[ ™ (' X)
J 7

= Hom'., (@ c*(S™e), c*X)

J
= Hom!.,(c*S°Q,,c"X) (by (3.2)(a)).

Since these identifications are natural the description of E5 follows. The naturality
of the Fa-term in Y comes from the fact that there is a map of towers over any
map Y — Y’'. Naturality in X is clear. O

4. Convergence. In this section we assume that G is a p-group and k = Fp,.
We will prove that the Adams spectral sequence based on co-Borel cohomology
constructed in §3 is convergent under mild completeness assumptions.
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THEOREM (4.1). IfY is G-free, bounded below and p-complete, and if b*Y is
locally finite then

holim,Y, ~ .

REMARKS. (1) It already follows from the convergence of the spectral sequence
to [X, Y/h‘(EmSYs]f; that the homotopy type of h‘oﬂmsYs is independent of the
resolution (3.1) used to construct the tower.

(2) The two main ingredients of the proof are the fact that since G is a p-group
the only simple F,G-module is G-trivial, and the fact that b*b is a connected F-
algebra.

PROOF. By Remark (1) above and since b*b is connected, we may suppose that
the resolution (3.1) is minimal in the sense that connectivity (Ps)=connectivity
(ker 95) and the map Ps; — kerd, is isomorphic in this codegree. It follows also
that

connectivity (Ps) > connectivity(b*Y") + s.

The first step of the proof is to verify that this implies that the connectivities of
the Y, are uniformly bounded below (by the connectivity of Y').

LEMMA (4.2). If G is a p-group and we use modp coefficients and iof Z is
bounded below then

connectivity(b*Z) = connectivity(H* Z).
PROOF. Filtering EG by skeleta, we obtain a spectral sequence
H*(GH*Z)=b"Z

which is (strongly) convergent since Z is bounded below.

Now if H*Z is precisely m-connected we have b*Z m-connected and p™+!1Z =
HO(G; H™*1Z); since G is a p-group and H™*'Z is a nonzero F,G-module,
b™m*1Z # 0. Hence b*Z is also precisely m-connected. 0O

REMARK. This lemma is the only reason we must restrict G to be a p-group.

COROLLARY (4.3). The connectivities of the Y, are uniformly bounded below
by the connectivity of Y.

PROOF. Since Y is G-free its equivariant connectivity is the same as its nonequi-
variant connectivity. Since Y; is bounded below this connectivity is that of its
integral homology, and since it is p-complete this is the connectivity of H*(Y;) (i.e.
with mod p coefficients).

By (4.2) it therefore suffices to verify that connectivity (c*(Ys)) > connectivity
(c*Y). However, by construction ¢*(Y;) = S™°ker(ds_1), and by minimality

connectivity (ker(ds_1)) = connectivity(Ps) > connectivity(b*Y) +s. D

The next step is to use the following lemma to deduce from (4.3) that hﬁmsYs

is equivalent to a G-free spectrum. We may then use nonequivariant results to
deduce that holim,Y; is contractible.
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LEMMA (4.4). If (Za)aca is a uniformly bounded below collection of spectra
then the natural map

v: BG4 A[] Za = [[ EG+ A Za
« [e3

s an equivalence.

PROOF. We will show that v induces an isomorphism of [T, -]¢ for any finite T
This is sufficient by the Whitehead theorem.

Now if Z, is c-connected for all @, [], Z, is also c-connected; hence the two
horizontals in the following diagram are isomorphic for n > ¢ + dimension(T')

[1,EG+ A1, ZalS —— [T,EGS AL, Zal®

(T, T1o EG4+ A Zal® —— [T.]1, EGYY A Za]®

Since EG i") is a finite complex, the right-hand vertical is easily seen to be isomor-
phic (for example because EGE:) is its own Spanier-Whitehead double dual). O

COROLLARY (4.5). If(Za)aca is a uniformly bounded below collection of spec-

tra then the natural map
v: c/\HZa —-»Hc/\Za
[e3 (o3

18 an equivalence.

PROOF. By (4.4) it is enough to verify that v is nonequivariantly an equivalence.
But ¢ is nonequivariantly the Eilenberg-Mac Lane spectrum so the result follows
from Adams’ powerful Theorem (15.2) of [2]. O

Accordingly we have

¢ A holim,Y, ~ holimse A Y,
and hence a short exact sequence
0 — Rlimyc. S™'Y, — c.holim,Y, — lim,c.Y; — 0.

Furthermore since the Y, are G-free their co-Borel homology and cohomology are
F,-dual to each other. Hence the maps Y,1; — Y, induce zero in c.(-) as well
as ¢*(-) and therefore c.holim,Y; = 0. It follows that b*holim,Y; = 0, and since

hﬂmsYs is bounded below H*holim,Y; = 0 by (4.2). But holim,Y, is G-free,
p-complete and bounded below and so we deduce that holimsY; >~ * as required.
This completes the proof of (4.1). O

In the proof of (4.1) the major step was to establish that a product of G-free
spectra is G-free if the spectra are uniformly bounded below. We conclude with an
example to show that a product of arbitrary G-free spectra need not be G-free.

EXAMPLE (4.6). Suppose G is cyclic of order 2 and ¢ is the nontrivial 1-
dimensional real representation, and consider the inverse system

coo o SR g+ 1)E, , gR+2)E, L.
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If X = hﬁmkSkfc then

(a) X & x,

(b) X is nonequivariantly contractible, and

(c) X is not G-free.

PROOF. Part (b) is clear since the inclusions §*¥¢ — S(k+1)¢ are nonequivari-
antly null, and (c) follows from (a) and (b).

For (a) we note that

S”, holim; S*¢¢]% = lim . cke(S”

and that the maps of the inverse system are multiplication by the Euler class. Since
multiplication by the Euler class is isomorphic for k > r it follows that the above
group is Fq for allr. O

REMARK (4.7). The previous example is a special case of the fact that the
Bousfield completion of the co-Borel spectrum ¢ with respect to nonequivariant
homology is the Borel spectrum b [15].

5. Applications. In this section we will show how certain general geometric
facts about maps into free spectra are reflected in the algebraic properties of co-
Borel cohomology. Most interesting of these are the connection (5.8) of co-Borel
cohomology with the Singer construction [24] and the injectivity of ¢* as a b*-
module.

The most primitive application of the spectral sequence is a slight generalisation
of theorems of Carlsson (8, Theorem B(a)] and May [21, Theorem 13] in view of
Serre’s theorem on the nilpotence of certain Euler classes [23].

THEOREM (5.1). Suppose thatY satisfies the condition of Theorem 0. If some
power of the Euler class e(V') acts trivially on c*(X) then [S®Y A X,Y|¢ = 0.

PROOF. Under the hypotheses of the theorem c*(S®V A X) = 0 and so the c*c
spectral sequence has zero Ej-term. O

We now turn to slightly more sophisticated uses of the spectral sequence, which
are based on algebraic methods of disentangling equivariant and topological features
in the Fs-term. These are summarised in the following lemma.

For this we suppose M and N are left b*®A*-modules and L is a left A*-module;
we make M ® L into a left b*®A*-module by using the diagonal A*-action, and
we make Homy. (M, N) into a left A*-module using Thom’s canonical antiautomor-
phism x in the formula

(@f)(z) =Y _(-1)!=Wlaif(x(a})z)
i
where a € A*, f € Homy-(M,N), 2 € M and where ¥*a = ), a] ® a/ is the
diagonal expansion of a. We leave the reader to verify that af is a b*-map.

LEMMA (5.2). With L, M and N as above we have a natural isomorphism

Hom 4- (L, Homy- (M, N)) = Homy.g 4.(M ® L, N)
and hence a composite functor spectral sequence
EJ" = Ext%.(L,Ext].(M,N)) = Extgng,(M ® L,N).

The proof of the first part is a routine verification, and the second part follows

by standard methods [10].
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COROLLARY (5.3). (1) There is a spectral sequence
E3" = Ext%. (Fp, Ext;. (b*Y,¢* X)) = Ext:féA_(b*Y, c*X)
converging to the Eqo-term of the c*c spectral sequence.
(2) If b*Y is b*-projective then the c*c spectral sequence has Eq-term

E3' = Ext}.(Fp - b*Y,c*X).
(3) If ¢* X s b*-injective then the c*c spectral sequences has Eq-term
E3* = Ext%(F,, Homy- (b*Y, c* X)).

Of course a notable case of interest where b*Y is b*-projective is when Y =Y’ A
EG, and Y' is a G-fixed space so that b*Y = b*®H*Y . In fact the corresponding
case when X is a G-fixed space, so that ¢* X = c*®H* X is relevant to (3) by the next
lemma. Indeed this sheds some light on Adams’ isomorphism [X,Y/G]! = [X,Y]¢
when Y is G-free and X is G-fixed.

LEMMA (5.4). The b*-module ¢* is injective.
PROOF. Since cap product is dual to cup product we have
¢ = Homg (b*,F).

Since F, is Fp-injective the usual argument that Homz(R,Q/Z) is R-injective
applies to allow us to conclude ¢* is b*-injective. O

We now return to the case when Y is b*-projective. In view of the resemblance
of the Fs-term to the Es-term of a nonequivariant Adams spectral sequence we
may hope for a geometric corollary of (5.3)(2), and the following is a useful tool.

PROPOSITION (5.5). If b*Y is b*-projective then the ¢ Adams tower (3.3) is
nonequivariantly an H Adams tower.

The proof of this is based on an interesting lemma.

LEMMA (5.6). Suppose G is a p-group and k = Fp. Ifb*Y is b*-free and Y 1s
bounded below then

(a) H*Y s a G-fized F,G-module,

(b) the spectral sequence H*(G; H*Y) = b*Y collapses, and

(¢) b*Y = b*®@H*Y as b*b-modules.

PROOF. We argue row by row in the spectral sequence, working upwards. Indeed
if Y is (c — 1)-connected, let M = H(Y). Clearly 6°(Y) = H°(G; M) and hence
the composite

H*(G;M®) — H*(G; M) — E%° — b*(Y)

is injective in codegree c¢. Since it is a b*-map and b*Y is b* free the composite
is injective. Hence in particular the map i: M¢ — M of coefficient modules is
injective in H*(G;-). Since ¢ is tautologically surjective in H°(G;-) it follows that
H°(G; M/M€) = 0 and hence (since G is a p-group) that M/MS = 0. Thus M is
a G-fixed F,G-module and therefore

H*(G; M) — b'Y
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is injective, so that no differentials arrive on the bottom row. Since H*(G; M) is
b*-generated by H°(G; M) it follows that b*Y/H*(G; M) is still b*-free. We may
now repeat this argument for higher rows.

This completes the proof of (a) and (b).

Part (c) follows provided we can check that the quotient H*Y of *Y has the
usual A*-action. This follows since the quotient is induced by EGS?) AY — EGLAY
inb*(:). O

REMARK. Part (a) of the above lemma is a slight generalisation of the fact that
if G is a p-group and H*(G; M) is free over H*(G) then M is G-fixed.

PROOF OF (5.5). Since ¢ is nonequivariantly the Eilenberg-Mac Lane spectrum
H, we need only show that the maps Y; — @5 induce H*(:)-epimorphisms. By
definition of projectivity we find that the resolution (3.1) of b*Y consists of b*-
projectives and that the kernels of ds are b*-projective. Hence b*Y, and b*Q), are
b*-projective. Now the required surjectivity follows from (5.6). 0O

We now turn to another class of X for which ¢*X is b*-injective. In fact we
are lead to a connection with the Singer construction and other algebra that has
already proved important in equivariant topology. First we need a lemma.

LEMMA (5.7). For any X we have a natural tsomorphism
¢*(X) = Homg (b« X,Fp)
of b*b-modules.

PROOF. We have natural transformations of b*b-modules
¢*(X) — Homy (b+X,cs) — Homp (b X, Fp)

induced by the b-module structure of ¢ and the algebraic augmentation map c. —
F,. If X = DY is the dual of a finite complex the composite gives the cap isomor-
phism

H.(EG4+ AgY) = Homy (H*(EG4 AgY),Fyp).
Since both source and target are cohomology theories the lemma follows. 0O

We may now establish the connection with the Singer construction Ry M [24]
in the case G = C,. It is based on H. Miller’s isomorphism (7, 11.5.1].

COROLLARY (5.8). Suppose G = Cp and Y is a G-fized space or spectrum.
We have a natural isomorphism of b*b-modules

b (S®PAY) = S_ R H.Y
and hence also
c*(S®PAY) =S YR H.Y}"

PROOF. Since b.(-), H.(-) and R4 () preserve exactness and direct limits it
suffices to construct a natural isomorphism when Y is finite. Since R, (-) is stable
we may even suppose that Y = DZ for some space Z.
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Now we use a short calculation in which D denotes Spanier-Whitehead duality
and D, denotes the extended power construction [7].

b.(S®? ADZ) = b.(S%? A D(Z"?)) (since passage to fixed points commutes
with Spanier-Whitehead duality).

b.(S*2 A D(Z2"7))

b*(S™*P A Z'7)

Il

b(S*(57+2)")

H*(S*D,57%Z)

1]
9 *la ”la *15 *la

“lR,H*Z (by Miller’s isomorphism). O

The fundamental property of the Singer construction is the fact that there is an
augmentation of degree zero
e:R:M—-M

which induces an isomorphism of Ext 4+ (-, N) provided N admits a finite filtration
by A*-submodules with A*-trivial subquotients. Consequently its dual €* induces
an isomorphism of Ext 4. (N, -) under the same hypotheses.

For a more general elementary abelian group G of rank n Adams-Gunawardena-
Miller [4] shows that the quotient map

€': b (S%P) — Fp ® 4= bu(S™P)

also induces isomorphisms of the above Ext groups. However it is not known if
b.(S°P AY) is generally a functor of the A*-module H,Y, nor is there a known
transformation to S_, H.Y .

COROLLARY (5.9). Suppose b*Y s b*-projective and H*Y admits a finite
A*-filtration with A*-trivial subquotients. We have the following description of
Eyt = Ext2(b*Y,c*(S°? A X')) for G-fized X'.

(a) If G = Cp, Ey* = Ext%L(H*Y, S~ H*X").

(b) If G is elementary abelian and X' = S° then

Eyt = Ext%t(H*Y,S™™(St*)),
where St* is a vector space of dimension n(n — 1)/2 in codegree 0.

This has clear connections with theorems of May [21, 9]. Geometric corollaries
in the elementary abelian case are best discussed in the context of [14].

Finally we have a version of the fact that all maps from a nonequivariantly
contractible space to a finite G-free space are null.

THEOREM (5.10). Suppose Y satisfies the conditions of Theorem 0. If

(1) b*Y admats a finite filtration by b*b submodules with b*-trivial subquotients,
and

(ii)) X ds nonequivariantly contractible

then (X, YI$=0
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PROOF. Of course since X is nonequivariantly contractible we find X ~ X A
(S° x EG), and by the Milnor exact sequence it is sufficient to consider the case
X =G/H; ANS°+ EG.

Since G is a p-group S° * EG can be constructed from infinite spheres SV for
various representations V. Accordingly it is enough to show

[G/Hy AS®Y Y]¢ =0.

We will do this by showing that the E,-term of the spectral sequence of (5.3)(1)
is zero, and hence that the E2 term of the c*c spectral sequence is zero. By the
hypothesis (i) it is enough to prove the following.

LEMMA (5.11). Ext.(Fp,c*(G/Hy AS®V)) =0 for all s.

PROOF. For this we deduce from (5.7) that
¢*(G/Hy AS®V) = {H*BH[e(V)']}".

Now H*BH_. may be resolved by b*-free modules, and hence we obtain a flat
resolution of H*BH[e(V)~!] and thereby an injective resolution of ¢*(G/H; A
S§°°V) using modules of form {M[e(V)~1]}*.

Now we need only observe that

Homy- (Fp, {M[e(V)~']}*) = 0.

Indeed {M[e(V)~1]|}* is either zero or e¢(V)*-local. O
This completes the proof of (5.10). O
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