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MULTILINEAR CONVOLUTIONS DEFINED
BY MEASURES ON SPHERES

DANIEL M. OBERLIN

ABSTRACT. Let ¢ be Lebesgue measure on £,_1 and write o = (01,...,0n0)
for an element of £,—;. For functions fi,..., fn on R, define

T(fl,...,f,.)(z)=/ fi(z —o1) - fn(z — on) do, z€R.
Zn-1

This paper partially answers the question: for which values of p and g is there
an inequality

IT(f1,-- s fadlla < Clifillp -~ 1 fnllp?

1. For a function f on R and t € R, define the translate f; of f by fi(z) =
f(z —t), t € R. An n-linear operator M taking n-tuples of functions on R to
functions on R is called a multilinear convolution (see (2, 3, 4]) if

M((f1)er-- s (fa)e) = (M(f1,-- -5 fa))ts teR.

We are interested in certain multilinear convolutions M defined as follows. Let A
be a locally finite Borel measure on R™. If fy,..., f, are continuous functions of
compact support on R, put

M(fi,...,fa)(z) = A" fl(z“xl)"'fn(z_Zn)d/\(zla---,xn)’ rz€R.

Our question about such M is the question of LP-boundedness: taking L? norms
with respect to Lebesgue measure, when do we have an inequality

IM(f1,-- s fa)lla £ Cllfillp - Il fnllp?

If X is absolutely continuous with respect to Lebesgue measure on R", then some
results along these lines follow from [4]. This paper is concerned with the case that
occurs when ) is o, the Lebesgue measure on the unit sphere ¥, _; in R™. Writing
o = (o1,...,0y) for an element of £,,_;, we thus define

Tn(fl,...,fn)(z)=/2 filz —01) - fn(z — 0n) do, z€R,

for, say, bounded Borel functions fi, ..., fn on R. The problem is to determine the
exponent pairs (;—,, %) such that there exists an inequality

(1) ITa(f1,-- - fo)llg £ Cl ) fallp -l fnllp-
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FIGURE 1

To state our result, let R = R(n) be the closed convex hull in R? of the points

(0,0), (7, 1), (555, 1), (345 733)s (551, 0)- (See Figure 1.)

THEOREM. If (1) holds, then (p q) lies in the region R. Conversely, z/(p q)
is in the region R and not on the two closed line segments forming the right-hand
boundary D of R, then (1) holds. If the functions fi,...,fn are restricted to be
characteristic functions of subsets of R, then (1) holds also when ( ) €D.

The organization of this paper is as follows. §2 contains the proof of the necessity
of the theorem’s condition: that (1, ;) lies in R if (1) holds. The rest of the paper
contains the proof of the sufficiency. For technical reasons we will be concerned here
with operators S more general than T,,: let z - y represent the scalar product of
two vectors z,y € R™, fix vectors v, ..., v, in R", and define S = S(n;vy,...,vs)
by

S(f1y--s fn)(@) =A fi(z—v1-0) - fu(z —vp-0)do.

We will prove by induction on the dimension n that if v;,...,v, are linearly inde-
pendent, then (A): the inequality

(2) 1S(f1,-- - fadlla S Cllfallp -~ N fnllp

holds if ) is in R but not in D; and (B): the inequality

(3) "S(Ilv-w n ||qSC||Il"p"'”In"p

holds if (— E) isin R and I;,...,I, are characteristic functions of subsets of R.

(The constants in (2) and (3) depend on p, ¢, and the choice of vy,..., Un).
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The induction starts with the case n = 2. This is handled in §4. We now outline
the proof of (A) and (B) when n > 2.

To prove (B) it would be sufficient, by multilinear complex interpolation using
the Lorentz spaces LP'! (see [1, §4.4 and 4.7]), to show that (3) holds whenever

(3, ) is one of the five extreme points of R. The point (0,0) is trivial, while (1 1)
is easy and is left to the reader. The point (2t +2, 1) is treated in §5, and (237 1.0)

is considered in §3. The remaining point (n 3 n-20-3) is not dealt with directly.
Rather, in §5 we split the positive operator S into a sum of two other positive
operators: S = S; + S3. It is shown in §5 that

(4) I181(11, -+ s In)llg < CllLallp -~ nllo

holds when (; —) = (1, 1) Since (4) holds also whenever (3) holds, it follows that
(4) holds whenever ( ) € R. 1t is shown in §6 that

(5) 1S2(I1s .-, In)llg < Cliallp -~ | nllp

holds when (3,2) = (;1—2,0). Since (5) holds also whenever (3) holds, it follows
that (5) holds whenever ( ) €R.

The proof of (A) is 31m11ar Agaln, (2) is clear if ( is (0,0) or (1,1). It is
shown in §5 that ( ) holds for 1=1iflgi 2 < L and in §3 that (2) holds for
% =0if 0 < :7 The proof is then completed by the inequalities
1S1(f1, -, f)lle S Cllfallr - I fnlla,
which is established in §5, and

||S2(f11 N 9] ”oo < C"fl”p T ”fn”m

which is established in §6 for 0 < 1 »<nm +2

n+1

2. Assume that (1) holds whenever the f; are characteristic functions. We will
observe that the inequalities

(6) Len
q p
(7) n-142>0+1
q p
and
(8) nttytt?
q 14

must hold. These inequalities imply that (1, ;) lies in the region R. To see that
(6) holds, set each f; equal to Ij_p 1], the characteristic function of [-L, L]. Then
(1) implies

LYe < oL,
Letting L — oo yields (6). Inequality (7) follows by setting f; = I|_¢ ¢ if 1 < j <
n—1and f, = I}1_2¢2,142¢2)- Then (1) implies

6n—l+2/q < Ce(n+l)/p.
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Ase — 0, (7) follows. To obtain (8), let f; be the characteristic function of [271/2 —
€2,271/24¢2), let f be the characteristic function of [-271/2—¢2, ~271/24¢2], and
set fj = I[_¢ ¢ for 3 < j < n. If B is the box in R™ whose characteristic function at
(z1,...,24) is [[j, fi(2;), then the (surface area) measure of (B + (t,t,...,t)) N
Tn-1 is of the order e” if |t| < &/2n. Thus (1) implies e?*/9 < Ce("+2)/P and
this gives (8).

3. Suppose that vy,...,v, are linearly independent vectors in R™. The purpose
of this section is to establish the inequalities

9) / HI vj - da<CH|E |(n=1)/(nt1)

"IJI
ln_
P n+1

(10) / T1 /s da<cH||f,np

nl:,l

and, for 0 <

Here and through the paper I; denotes the characteristic function of E; C R, |E;|
denotes the Lebesgue measure of £}, and the f; are nonnegative functions on R.
The constants in (9) and (10) will depend on n and the choice of vy,...,v,, and
the constant in (10) will also depend on p.

We begin by observing how (10) follows from (9). Inequality (9) is equivalent to

(11) / H filvj-0)doe <C H /i ll(n+1)/(n=1).1
n l) 1

where the norms are those of the Lorentz space L(»+D/(r=L.Y(R). If M =
max{|v; -o|: 0 € 1,1 < 5 < n} and i]' is the restriction of f; to [-M, M|,
then the left-hand side of (10) is unchanged if f; is replaced by f] Thus (10) is a
consequence of (11) and the incqualities

1filln+1)/(n=1),1 S Cllf5lls £ Clifsllp

if 24 < p < oo
We begin the proof of (9) with a lemma.

LEMMA 3.1. Suppose E is a Lebesgue measurable subset of {z = (z1,...,2n) €
R":2; >0, 1 <j<n}. Thenif|E| is the Lebesgue measure of E, we have

|E|"+! < n+l / z; dz.

PROOF. It is enough to prove this in the case of a bounded E with |E| > 0. In

this case, define
._L/mm
TR JETTTT

zn:f—] z € R™,

8|

Put
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and
T(r)={z:2; 20, 1<j<n; l(z) <r}.

Define E* = ENT(n) and E~ = E ~ E*. Since [(n — I(z)) dz = 0, we have

/E_(l(x)—n) dz=/E+(n—l(a:))dz$/T(n)(n—l(z))da:.

Of all sets
FC{z:2;>0, 1<j<n; l(z)>n}

/ ((z) - n)dz < / (n —I(z)) da,
F T(n)
the one with largest |F| will be the set

Fo={z:2; 20, 1<j<n; n<l(z) < s}=T(s) ~T(n),

such that

where s > n is chosen to have

(I(z) = n) dz = / (n - I(z)) dz.

Fo T(n)
Since " i on

r" nr"

T == Tz, / I(z)dz = z.,

n! =1 7 T(r) (n + l)' ]=Hl 7

it follows that s = n + 1. Then
_ n+1)"
151 = 1E* + 57| < [T + 1Ryl = 7o) = “ED [T,

=1

COROLLARY 3.2. (a) If E is a Lebesgue measurable subset of R™, then
"(n+1)"
|EI"* < Tt 1) o ) H/EIijdz.
! ol

(b) Ifwy, ..., wp are linearly independent in R™, there is a constant C (depending
onn and wy,...,w,) such that

n
B+ < c]‘[fEm,- 2] dz
71=1

for measurable E C R™.
(¢) If wy,...,wy are linearly independent in R™, there is a constant C (depending
onn and wy,...,w,) such that

n+1 < .
(o(E)) scg /E v, - 0| do

for measurable EC %, _,.

PROOF. Statement (a) is an immediate consequence of Lemma 3.1. The proof of
(b) is an easy change of variables argument: With e; denoting the jth unit vector



826 D. M. OBERLIN

in R™, define a linear mapping T on R" by ¢; - Tz = w; -z, 1 < 5 < n. Then,
writing |T'| for |det(T)|,

1 1
|w-~z|dz:—/|e-~Tdez=—/ e; - y| dy.
[ 1w i e Teimar = g [ ey
Thus

_ n+1
|- |E[** = [T|~"T(E) "+ < 1] / le; -l dy

(n+1)"
= + /Iw] z| dz,

where the inequality follows from (a). To obtain (c), fix E C X,_; and define
E={roc:0€ E,0<r<1}. Then

~ 1 1
|E| = r—la(E) and /E |lwj - z|dz = e /E |w; - o|do.
Thus (c) follows from (b).

LEMMA 3.3. Fiz linearly independent vy, ...,v,—1 tn R™. Define F: £,_1 —
R" ! by F(0) = (v1-0,...,vn—1 -0) and define D(c) to be the determinant of the
matriz whose rows are the vectors o,vy,vs2,...,Un—1. Then, with |A| denoting the
Lebesgue measure of a subset A of R"~1, we have

/ (o)) do < 2/F(E)|
E
foral EC X, ;.

PROOF. Let B,_; be the closed unit ball in R*~! and parametrize the “top
half” E,’t_ 1 of £, by the map

G:z=(Z1,...,Tn-1) = (T1,.--,Zn-1,V1 —|2|?) = (01,...,00) =0,
ZEEBn_l.

The map G carries the measure dz/o, on B,_; to the measure do on £;_,. Write

vj = (v},...,v;‘) for 1 < j < n— 1. Then the Jacobian Jy of the map H =FoG

is the determinant of the matrix [v; - v}z /0nli<ij<n—1. A little linear algebra

shows that |Jy| = |D(0)|/0n. Thus, if y = H(z) = F(0), then
D
dy = |Jul|dz = I—a(i)—l dz = |D(0)| do,
n

at least on any subset of ¥} _, where F is one-to-one. A similar argument applies
to X _,. Since F is one-to-one on the two components of the complement of £,_;
with respect to the hyperplane spanned by vy, ...,vn-1, the lemma follows.

PROOF OF (9). For EC X,,_;, let vj- E = {v;-0: 0 € E} CR. We will show
the existence of C such that

(12) o(E) <C[] ;- E|n-D/ 0 ECE, .
j=1
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Then (9) follows if E = {0: v; -0 € E;, 1 < j < n}. For fixed [, define Fi(0) to be
(v1-0,...,9-1-0,9141-0,...,0s-0). Then, using || to indicate Lebesgue measure
in both R*~! and R,

\F(E)| < [ lvs - EI,

j=1
J#l
SO
n n
(13) ITEE) <] v - E"
= 7=1
By Lemma 3.3,
(14) / \Di(0)) do < 2IR(E)),
E

where Dj(o) is the determinant of the matrix whose rows are the vectors
0,V1,V2,...,U1—1,Ul41,---,Un. But Di(o) = w; - o, where w; is some vector or-
thogonal to the linear span of {v;};;. Since v4,...,v, are linearly independent, it
follows that w;,...,wy, are linearly independent also. Now (12) is a consequence
of (13), (14), and (c) of Corollary 3.2.

4. Fix linearly independent v; and v, in R? and write e(f) = (cosé,sin¥).

Define
27

S(f1, f2)(z) = A fi(z — v1 - €(6)) fa(z — v2 - €(0)) db.
Consider the inequalities

(2) I1S(f1: f2)lla < Cllf1llll f2llps
(3) 18(11, I2)llq < Cliallp | L2]lp-

The purpose of this section is to show that

(A") (2') holds if (3, 1) is in the region R but not on either of the lines
1422520 f= 5 md

(B") (3') holds if (3, 3) is in R.

Bearing in mind the procedure for proving (A) and (B) which was laid out in

§1, we begin by noting again that (2') holds when (3, 7) = (0,0) (trivially) and
11

when (;, )= (3,1) (a consequence of Fubini’s theorem and Hélder’s inequality).

Additionally, we recall from §3 that (2’) holds for 2 = 0 when ; < 3 and that (3')

holds when (3, ) = (3,0). The next step is

LEMMA 4.1. Inequality (2') holds when (%, %) =(3,1).

PROOF. Suppose f1, f2 > 0. Then
2m

15U, £l = [ " h@) [ et vre0) = - e(0) doda.
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Write
2n

Tf(z)= Sz + vy -e(0) —vq - e(6))db.
0
It is enough to check that
(15) ITflla < Cllfllays-

Now
27

Tf(z) = f(z + |v1 — v2|cosf)dd
0

jv1—v2|
= 2/ flz—u) du .
~lvi—va| Vivr —vf? —u?

Since the function h(u) = (Jv; — v2|? — u2)~1/2 is in the Lorentz space L?* on
[—|v1 — 2|, |v1 — v2]], inequality (15) follows from Comment 1.4 on p. 121 of [5].
Let I be a subset of [0, 2] to be determined later and define

J=[0.21~1, $i(f1,fo)(z) = /, f1(z = vy - e(8)) ol — v - €(6)) B,
So(f1, f2)(2) = /J fi(z = vy - e(8)) falz — v - €(6)) dO.

We will show that I can be chosen to have

(16) 151(f1, f2)llr < Cllfallall f2ll1,

(17) 182071, o)l < COMANNSDS 5 <3
and

(18) 18211, I2)loo < CllT a2l

Since S = S; + S; and since S; and S, are L? — L9 bounded whenever S is, it
will follow by interpolation from (16)-(18), from Lemma 4.1, and from the remarks
preceding Lemma 4.1 that (A’) and (B’) hold. Since (17) follows from (18) as
(10) follows from (9) in §3, we will be concerned with only (16) and (18). Write
v; = rie(@;) for i = 1,2 and v; — vy = re(¢), where 0 < ¢, ¢; < 2m. Note that ¢, ¢,
and ¢, are all distinct since v; and vs are linearly independent. Then, if f;, f2 > 0,

Isi(su sl = [ ” ) [ fata+rcos(o - ¢)) doda.
—00 I
Thus (16) is true if
/]fg(z +reos(d — 9))d8 < Cllfa]ls.

The change of variables t = cos(§ — ¢) then shows that (16) holds if |sin(d — ¢)|
is bounded away from zero on I. It is therefore enough to show that (18) holds
whenever |sin(6 — ¢;)sin(6 — ¢2)| is bounded away from zero on J. We will show
below that if |sin(f — ¢1)sin(f — ¢2)| > 6 > 0 on J, then

(19) (r172)"/26|E| < OJvy - e(E)|V?|v2 - e(E)|'/?,  ECJ.
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Here v; - ¢(E) = {v; - €(d): 6 € E}. From this (18) will follow just as (9) followed
from (12) in §3. Now J can be partitioned into 9 subsets J;, 1 <7 <9, on each of
which v; - e(f) = r; cos(6 — ¢;) is monotone for both j = 1and y = 2. If E; = ENJ;,

then
11

j=1

1/2
/ rj|sin(0—¢j)|d0) > (rir2) /26| Ey|.

2

I v; - e(EI? =
i=1 i
This gives (19).

5. Suppose that vy, ..., v, are linearly independent in R™, n > 3. The purpose
of this section is to establish the inequalities, for f1,...,fn =0,

oo n n
(20) / / H Ii(z —v;-0)doedz < C H |E;|(n+1)/(n+2)
—00JBa1 iy e

1 n+tl
P < n+2°

(21 [ [ Tte-v-oda<cI]ish

n-14=1 7=1
We will also introduce operators S; and S such that S = S; + S and show that

(22) IS1(f1s-- - fudlln < C TT 1ilhn-

=1

and, for <

As before, the constants in (20)-(22) will depend on n and the choice of vy,...,vs.
The constant in (21) will also depend on p.

Recall from §3 that the linear map T: R® — R" is defined by ¢; - Tz = v; - ,
z € R™. Fix a unit vector u, with Tu, = (c,c,...,c) for some ¢ € R, and let
{u1,...,un} be an orthonormal basis for R". Let  be Lebesgue measure on X, 3.
Parametrize (almost all of) £,_; by

n—1

o= z rnyu;+sgn(r)V1 —r2u, wheren=(n1,...,Mn-1) ELpn_2, -1<r< 1L
=1

Then

|n—2 dr

—d
Vi !

do = |r

and, for a function f on R,

/oo/ f((z"“,x)—To’)do'dz
-0 JE,
oo 1
=/_°°/-1[z f((:c,...,:c)—sgn(r)\/l_,.z(c,m,c)
=T ("il "Ikuk)) dn|r|"—2 dr dz
= " = n— dr
_/_oo/_I /;;”_2f ((I,u.,z)—rT (;ﬂkuk)) dn|r| 2—_1—r de.
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In particular, the left-hand side of (21) is equal to

[ P
. i

//E Hf] (‘”"ea (gnkuk)) dn dz.

n211

where

At the end of this section we will prove that

1 n
(2) [ Ferrar<cTLIA
_ e
and, if f; = I},
n
(24) F(r) < Crl-n?/(n+2) H |Ej|n/(n+2)‘
j=1

Let us see how (20) follows from (23) and (24): Write II for ['[;»'=1 |E;|. If 1T > 1,
then, by (24),

1 1
dr dr
o < O™ (n+2) / p|(n=2)/(n+2) __9T__
[ Fonr g < L Vi-r
S CH(n+l)/(n+2).

If, on the other hand, 0 < II < 1, let § = IT?/("+2) and split the integral. First,

-4 o dr 1/2 -8 2
F)|r|" % —== < 6~ C/ F(r)|r|*“dr
| o P

< 6—1/201—1 — Cn(n+l)/(n+2),
where the second inequality follows from (23). Then, from (24),

dr dr
F(r)lrn—2 <CHn/(n+2)/ rn— 2)/(n+2) __9T
/“ e, O L Vo

< CTI™ (n+2)§1/2 — o (n+1)/(n+2)

To deduce (21) we require the estimate

n
(25) F(ry< o= T Iills,
i=1
valid if % = ;45 —€and e > 0is small. This analogue of (24) will also be established

at the end of this section. Fix a small € > 0 and put 1 s = w3 — € Also fix 6 with
0 < 6§ < 1. Then (25) gives

(26) / POl ’)1 _<cTLIsl-

1=1



MULTILINEAR CONVOLUTIONS ON SPHERES 831

We want to interpolate (26) with (23) to obtain (21) in the form
dr
(27) [ rorr s <o 1'[ 1,

for any 1 5 slightly smaller than 242 +2 (Smce (21) holds with 1 1 one more inter-

polatlon will then establish (21) for < 2 < 243.) The method of interpolating
between (23) and (26) is to apply complex multllmear interpolation to the operator
(f1,---,fn) — F(r) where, for the operator’s range, we interpolate with change
of measure between spaces L!([—1,1],|r|*"2dr/(1 — %)), 0 < a < 1 —6. (The
theorems justifying this interpolation can be found in §§4.4 and 5.4 of [1].) The
result is that (27) holds when

Loy (2,
p  2\1-6)\n+2 ’
We now define

S1(f1s--5 In =/1 7/2 Hf:

n— 2] 1
ks dr
|z —sgn(r)evV1—12—¢;- T KU dnlr|*~2 ,
( g() 7 (; Nk k)) ﬂl' m

and S2(f1,--., fn)(z) similarly, but with f:__;’ replaced by f(l—'ySIrISl}‘ Here
~ € (0,1) will be fixed subject to a further restriction in §6. Then S = §; + S;.

Since
1= _g dr
1S3 fulll = [ FORT
~—1 1 -r
if f1,...,fa 20, (22) is a consequence of (23).
Here is the promised proof of (23): If f is a nonnegative function on R™ and |T|
is the absolute value of the determinant of T, then

i) / f(z) dz

/ ((szuk>>dzl~-~dzn
7L (e (£ i

0o 1 n—1
> |c|'1/ / / f ((x,...,z) +T (Z mkuk)) dnr"~2drdz.
—o00 JO En_g k=1

Substituting [T}_, f;(z;) for f(zy,...,zn) gives (23).

The proofs of (24) and (25) depend on the induction hypotheses: that (A) and
(B) of §1 are true in dimension n— 1. We begin by stating a fact from linear algebra
which can be proved by comparing determinants:

If vi,...,9n-1,(1,1,...,1) are linearly independent in R", then

the vectors ((e;—e1)-v1, (e;—€1)v2,...,(€;—€1)Vn_1),2 < j < n,
are linearly independent in R®~!.
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In particular, the vectors ((e;—ey)-Tuy, ..., (e;—€1)-Tun—1),2 < j < n, are linearly
independent in R"~!. Let f] denote the dilate of f; defined by f7(z) = f;(rz) and

define I7 similarly. We have
(Z nkuk)) dndz

(:c— e; —é€1) (anuk)) dndz
n 2] 2

/fl / [T 77z~ w; ) dnz,

n2]2

F(r)

Il I
\g

38
.':*':M\
\:=

S
R R
S

where w; = ((e; — €1) - Tuy,...,(ej —€1) - Tun—1), 2 < j < n. Define

Sn-1(f2,---, fa)(z /2 Hf] (z —w; - n)dn.

n2]2

Since [|I7||, = |r|=/7|| |5, (24) follows from

n
”Sn—l(I;a R I:z)“(n+2)/2 <C H ”I;"(n+2)/m

1=2
which is the case (;7, %) = (% =21 of (3) in dimension n—1. Finally, (25) follows
similarly from

- 11
||5n-1(f5,~--’fﬁ)||s' SCHllf;“m ;-[—?:1’
j=2

(that is the case (1, 2) = (%, L) of (2) in dimension n — 1) which is true because
(L, 5)eR(n-1)if = ;25 — ¢ and € > 0 is small.

6. With S, as defined in §5, the purpose of this section is to prove the inequalities

n
(28) 1S2(L1s -, In)lloo < € TT 15142,
7=1
and, if 0 < % 2,
n
(29) 182(f1,-- -+ flloo < C T 1S5llp-
Jj=1

As before, the constants will depend on n,vy,...,vs, and (in (29)) on p. Now (29)
follows from (28) as (10) followed from (9) in §3. For 0 < 6§ < 1, let M(6) = {0 €
Ypo1:|o-un| < 6}. Since

So(Iy, ..., In)(z) =

/ HI (z —v; - 0) do,
M(\/27-7%) ;
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(28) will follow when we show that for some fixed § = é(v1,...,vn) € (0,1) we have
/ 15, -0)do < ¢ [T 1,10+,
M(8) ;21 je1

For j =1,...,n define 9; = v;/|v;|. For 6 > 0 define N(6) to be the set
{o€Znr:]o—0j|,lo +9;| > 6 for 1 <j<n}

Since v; - up = €; - Tup, = ¢ # 0 for 1 < j < n, there is some positive § such that
M(6) C N(6). We will show, then, that

(30) / ]‘[ (v, - 0)do < C [ | ;9.
N(6) i e
Let S; be the linear span of {vy,...,v;-1,v41,...,vn}. Since ﬂ#] S; is the set

of scalar multiples of vj,, there is an € > 0 such that, for any j,
dist(o, S;) < € for all j # jo implies min{|o + ¥j;|, |0 — Vjo|} <6 (0 € En-1).
In particular,
U {0 € £p_y: dist(o, Sj) > €}.

Jj=1
Thus, for fixed E,,..., E,, there is some jo (1 < jo < n) such that if

N(6,j0) = N(6) N {o: dist(o, S;,) > €},

/N HI vj - )daSn/N(s HI (vj - o) do.

(6)J 1 )JO)] 1

So fix jo. Inequality (30) will follow from

(31) / H Ii(v;-0)doe < C H |E;|™/ (D),
N(6»JO)

1=1

then

Let {wi,...,Wn—1,7;} be an orthonormal basis for R®. Parametrize (almost all
of) .- by

ne
o= Z rnrwig+sgn(r)V1 — 24, where n = (n1,...,Mp-1) € Zp_g, —1 <r< 1.
k=1

Then the inequalities |0 + 9j,| > § imply |r| > o for some a = a(e) > 0. Thus, if
V = {o: dist(0, Sj,) > €}, then

/N('5 HI(U_—, o)do

)JO) 7j=1

/a<|r|<1}/ H I (”J [z_: rnkwk +sgn(r)V'1 — r’ﬁjo}) Iy(n,r)dn

Zn- 2 5#30 k=1
- dr
Jo Iv.‘lo |Sgn 1- 7'2)17"" 2\/—1.
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Then (31) will follow if the right-hand side of the inequality above can be bounded
by
n
C H |EjIn/(n+2)-
s=1

To simplify notation we work only with f;—the integral f__la is treated similarly.
Write

/ 15 (v] [Zrnkwk+\/1——rv,0])lv n,7)dn.

En-2 J#J0
Then the desired inequality is

/ F Jo |U10|V1_"'2)

< C E n/(n+‘2)

Since

dr
L Jo ('vjolV 1—T2> " 2\/—_7 IEJOl

the duality between the Lorentz spaces L(?+2)/™1 and L("+2)/2:% (on the inter-
val [, 1] with the measure r*~2dr/v/1 — r2) shows that it is enough to prove the
following for A > 0:
dr >2/(n+2)
V1-—r?
<C H |Ej|n/(n+2)'
J#Jo

1
(32) if E={r€|a,1]: F(r) > A}, then A (/ Ig(r)rm=2

To prove (32), let us assume for the moment the inequalities

(33) Fry<C [] IE;I"®/",  a<r<l,
J#Jo
1
34 F(r)rm=2 <C E;
(549 [ rort g < Tl

Write I for the integral

[ 15t
r )
o« Vi-r?
r<C [ 1EIC2/m
J#30
follows from (33). Also, the inequality

! dr
-2 v O
a< [ rorm s <o I 15

J#30

If I # 0, then

follows from (34). These last two inequalities then yield (32) in the form

Al+2/np2/n <C H |E]|
J#J0
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To prove (33) we begin by defining vectors u; € R*™!, j # jo, by u; = (v; -
Wi,...,V; - Wp—1). We will need to know that these n — 1 vectors are linearly
independent in R®~!. This is true because the absolute value of the determinant
of the matrix whose rows are the vectors u; is the same as the absolute value of the
determinant of the matrix V - W. Here V is the (nonsingular) matrix whose rows
are the vectors vi,...,Vjo—1,Vj41,-- - ¥Un, Uj, and W is the matrix whose columns
are the (orthonormal) vectors wy, ..., Wn—1,Vj,-
Now for j # jo

n—1
Y rmewk + V1 —72510} =ru; -+ V1=riv; v,
k=1

0
)S/ I1 Lruy - n+ V1= r2v; - 55) dn
En-2 o
By (9) in dimension n — 1, the right-hand side of the inequality above is bounded

by
Cr-(=Dm=2/n [ || =22
J#J0
Since a < r < 1, this yields (33). To obtain (34), we begin by noting that

(35) /a e \/W < / I1 L -

J7#30

Let D(o) be the determinant of the matrix whose rows are the vector ¢ and the
vectors vj, J # jo. It follows from Lemma 3.3 that

(36) /]‘[1 v; -0)|D(0)|do < 2 [[ IE;.

V j#o J#J0
Since
V = {o: dist(o, Sj,) > €}
and since D(o) = 0 if and only if o € S}, it follows that
|Do| > B =0() >0 ifoeV.
Together with (35) and (36), this gives (34).
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