
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 310, Number 2, December 1988

FINITE BASIS THEOREMS FOR
RELATIVELY CONGRUENCE-DISTRIBUTIVE QUASIVARIETIES

DON PIGOZZI

ABSTRACT. Q is any quasivariety. A congruence relation 0 on a mem-

ber A of Q is a Q-congruence if A/0 G Q. The set CouqA. of all Q-

congruences is closed under arbitrary intersection and hence forms a complete

lattice Cong A. Q. is relatively congruence-distributive if ConjA is distribu-

tive for every A e Q.. Relatively congruence-distributive quasivarieties occur

naturally in the theory of abstract data types. Q is finitely generated if it is

generated by a finite set of finite algebras. The following generalization of

Baker's finite basis theorem is proved. Theorem I. Every finitely generated and

relatively congruence-distributive quasivariety is finitely based. A subquasivariety

JZ of an arbitrary quasivariety Q is called a relative subvariety of Q if it is of the

form V n Q for some variety V, i.e., a base for Z can be obtained by adjoining

only identities to a base for Q. Theorem II. Every finitely generated relative

subvariety of a relatively congruence-distributive quasivariety is finitely based. The

quasivariety of generalized equality-test algebras is defined and the structure of

its members studied. This gives rise to a finite algebra whose quasi-identities

are finitely based while its identities are not. Connections with logic and the

algebraic theory of data types are discussed.

Introduction. Let Q. be any quasivariety, and let A be any algebra of the

same language type as Q (but not necessarily itself a member of fi). A congruence

relation © on A is called a Q-congruence if A/6 G Q. The set CouqA of all

fi-congruences is closed under arbitrary intersection and hence forms a complete

lattice Con^A. Q is relatively congruence-distributive if Cong A is distributive for

every A G fi. A subquasivariety R of a quasivariety Q is called a relative subvariety

of Q. if it is of the form "V fl fi for some variety "V, i.e., a base for R can be obtained

by adjoining only identities to a base for Q.

The main purpose of this paper is to prove the following two quasivariety ana-

logues of Baker's finite basis theorem [2]. A quasivariety Q is finitely generated

if it is generated by a finite set of finite algebras. Any set of quasi-identities that

defines Q is called a base for Q. All algebras are assumed to have only finitely

many fundamental operations.

THEOREM I. Every finitely generated and relatively congruence-distributive qua-

sivariety is finitely based.

THEOREM II. Let Q be a relatively congruence-distributive quasivariety. Then

every finitely generated relative subvariety of Q is finitely based.
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If fi is a variety and A G fi, then every congruence on A is a fi-congruence,

and hence Con^A = ConA. So for varieties, relative congruence-distributivity

coincides with congruence-distributivity in the usual sense. Baker's theorem is thus

an immediate corollary of Theorem I since, by Jonsson's lemma [19], any finitely

generated congruence-distributive variety is also finitely generated as a quasivariety.

The property of being relatively congruence-distributive is not inherited by sub-

quasivarieties. In particular, a quasivariety may generate a (relatively) congruence-

distributive variety without itself having the property, and vice-versa; examples

of both kinds are easy to find. The relatively congruence-distributive quasivari-

eties that generate a congruence-distributive variety have been characterized by

Czelakowski and Dziobiak [12]. This characterization, and other general methods

for establishing relative congruence-distributivity, are discussed at the beginning of

§7-

Relative congruence-distributivity occurs naturally among the heterogeneous

(many-sorted) algebras that arise in the theory of abstract data types. The ho-

mogeneous analogue of one such class of algebras is investigated in some detail

in §7. An algebra is called an equality-test algebra if it contains the two-element

Boolean algebra as a subreduct, and an equality-test operation eq such that eq(a, b)

equals 1 if a = b and 0 otherwise. A member of the quasivariety generated by all

equality-test algebras of a given type is called a generalized equality-test algebra.

The quasivariety itself is denoted by Q £ T. It is congruence-distributive in the rel-

ative but not the absolute sense. In §7 we give a finite axiomatization for $£T and

study the structure of its members. One result is that the quasivariety generated

by any equality-test algebra is a relative subvariety of Q£ T and hence relatively

congruence-distributive.

Theorems I and II are closely related, in fact each is an easy corollary of the other.

But they can apply in quite different situations. Let K be any class of algebras and

let Qv K be the quasivariety generated by K. When K is included in a quasivariety

Q, let Va^K be the relative subvariety of Q generated by K. In general Qv K

is strictly smaller that Va^K, and one may be relatively congruence-distributive

while the other is not. The difference between the two theorems can be clearly

seen by comparing their syntactical forms. To simplify matters let us consider a

single finite algebra A. If A is contained in a relatively congruence-distributive

quasivariety Q, then by Theorem II the identities of A are logical consequences of

a finite set of quasi-identities of A. However, if Qv A itself is relatively congruence-

distributive, then the quasi-identities of A themselves are finitely based. There are

situations where Theorem II applies and Theorem I does not. Belkin [4] has found

a finite lattice L whose quasi-identities are not finitely based. But L is contained

in a relatively congruence-distributive quasivariety, the variety of all lattices for

example, so by Theorem II the identities of L are consequences of a finite set of its

quasi-identities. Of course Baker's theorem itself applies in this case and gives a

much stronger result than II.

In §7 we construct a finite equality-test algebra E such that VaE is not congru-

ence-distributive; in fact VaE is not finitely based. Thus, since QvE is finitely

based by Theorem I, E has just the opposite property of Belkin's lattice: its quasi-

identities are finitely based while its identities are not.
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Outline of paper. A somewhat weaker version of Theorem II is proved in §3

(Theorem 3.1). It is the exact algebraic analogue of a metalogical result of [9],

and its proof is almost a direct translation; see also Dziobiak [15, Theorem 4.1]. A

weaker version of Theorem I is then proved in §6 (Theorem 6.1). Its proof combines

the methods of the proof of Theorem 3.1 with those of a result of Czelakowski

and Dziobiak [12, Theorem 3.4]. The two weaker theorems are combined to give

Theorem I in its full force in §6, and Theorem II is then obtained as a corollary.

In §§1 and 2 we outline the basic facts we shall need about quasi varieties, rel-

ative subvarieties, and relative congruence-distributivity. §§4 and 5 are devoted

to establishing certain technical lemmas used in the proof of Theorem 6.1. The

various methods available for establishing relative congruence-distributivity are de-

scribed in §7, and equality-test and generalized equality-test algebras are inves-

tigated. Connections with the algebraic theory of data structures, including the

specification problem, are discussed in §8.

In §9 we discuss the backgrounds of Theorems I and II and their connection with

logic. We also give a number of open problems.

The author would like to express his gratitude to the members and staff of the

Section of Logic of the Polish Academy of Sciences, especially Professors Ryzard

Wojcicki, Janus Czelakowski, and Wieslaw Dziobiak. Their kind hospitality during

my visit to Lodz during the Summer of 1986, and the generosity with which they

shared their latest results, contributed immeasurably to the production of this pa-

per. Thanks are also due the faculty and staff of the Department of Mathematics of

the University of Illinois at Chicago for their support during the 1986-87 academic

year.

1. Quasivarieties and relative subvarieties. As mentioned in the Introduc-

tion, all language types considered in this paper are finite.

By a quasi-equation we mean a formula of the form

(1) k0(x) « X0(x) A • • ■ A Kk-y(x) « Xk-y(x) -» ir(x) rH p(x),

where kq, ■ ■., Kk-y, Ao, • • •, Xk-y, tt, p are arbitrary terms, and the sequence x :=

Xo,..., xm-y includes every variable occurring in at least one of the terms, fc = 0 is

possible so every equation qualifies as a quasi-equation. V denotes the equality

symbol in our formal languages. We use "=" for identity and ":=" to indicate a

definition. A universally quantified quasi-equation is a quasi-identity. Following

common practice we usually do not explicitly write the universal quantifiers on

quasi-identities, leaving it to context to distinguish them from quasi-equations.

Any class of algebras defined by a set of quasi-identities is called a quasivariety.

If fi is a quasivariety, any set F of quasi-identities defining Q is called a base for

Q, and we write Q := ModT. Any class K of algebras such that Q is the smallest

quasivariety including K is said to generate Q, and we write Q := QvK. (VaK

denotes the variety generated by JC.) By a well-known result of A. Mal'cev (see

for instance Burris and Sankappanavar [10]), Qv K = ISPPtj/C for any class K

of algebras, where I, S, P, and Pu respectively denote the operations of forming

isomorphic images, subalgebras, direct products, and ultraproducts. Q is finitely

generated if Q = Qv K for some finite set K of finite algebras.

Let R be a binary relation on an algebra A. R is closed under the quasi-

equation (1) if, for any a G A", R contains (■KA(d), pA(a)) whenever it contains
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(nA(a), XA(a)) for every i < n. R is a congruence relation on A iff it is closed

under the quasi-equations x ss x, x k. y —► y ss z, xssyAyss,? —> a: ss 2, and, for

each operation symbol w,

xo ss y0 A ••• Azm_i ss ym_y  -» wx0---2TO-i ss ojy0 •   -Vm-l-

If $ is a congruence, then $ is closed under a quasi-equation t/>(x) iff A/4> t= V(*)

(or, more explicitly, A/$ t= Vxip(x)).

Let fi be a quasivariety and A any algebra, not necessarily in fi. A congruence

$ on A is called a Q-congruence if A/$ G fi. The set of all fi-congruences of A is

denoted by CouqA. CouqA always contains the universal congruence V^, and it

contains the identity congruence A a iff A G fi. Let F be any base for Q. Clearly

$ is a fi-congruence iff it is closed under each quasi-equation in F. From this

observation it follows at once that CouqA is closed under arbitrary intersection

and the union of directed sets. (This can also be seen from the fact that Q is closed

under subdirect and reduced products.) Thus CouqA forms the universe of an

algebraic lattice Cong A.

A quasivariety Q is relatively congruence-distributive if CouqA is distributive

for each A G fi.

We define

QQ(X) := p|{$ G CouqA: X C $}

for every XCAxA. The finitely generated fi-congruences are exactly the compact

elements of Cong A. For any a,b E A, Og(a,6) := Og({(a,6)}) is the principal

Q-congruence generated by the pair a,b.

A nontrivial algebra A G fi is said to be (finitely) subdirectly irreducible relative

to Q if it is not isomorphic to a subdirect product of a (finite) system B;, i€ /,

of algebras in Q, unless at least one of the Bi is isomorphic to A; in symbols,

A = A' CSD Y[l€I Bi with Bi e fi (and / finite) only if A = Bi for some i. When

Q is clear from context we say that A is relatively (finitely) subdirectly irreducible.

It is easily seen that A G fi is relatively (finitely) subdirectly irreducible iff

Aa is (finitely) meet irreducible in Cong A. Since Cong A is algebraic, every

fi-congruence on A is the meet of finitely meet irreducible fi-congruences. Thus we

get the following relativized version of Birkhoff's subdirect representation theorem

[5] for varieties.

THEOREM 1.1. Let Q be a quasivariety. Then every algebra in Q is isomorphic

to a subdirect product of relatively subdirectly irreducible members of Q.      D

The class of all relatively (finitely) subdirectly irreducible algebras of Q is de-

noted by fiftsi (fiRFSi)- Every absolutely (finitely) subdirectly irreducible member

of Q is relatively (finitely) subdirectly irreducible. More generally, if Q is a sub-

quasivariety of a quasivariety Q', then Q (1 fi'RSI C fiRsi and Q (1 fi'RFSi Q fiRFSi-

In general these inclusions are not equalities unless Q is a relative subvariety of Q';

see Lemma 1.4(2) below.

A quasivariety analogue of Jonsson's lemma [19] also holds. Actually two ver-

sions hold, one for quasivarieties and one for relative subvarieties. Both versions

are easy consequences of the following lemma. Recall that an element a of a lattice

is meet prime if b Ac < a implies b < a or c < a for all b, c.
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LEMMA 1.2. Let Q be a quasivariety and d with i E I any nonempty system

of algebras in Q. Let IS be a nontrivial subalgebra of \~\ieICi, and let $ be a

meet prime element o/CongB. Then there exists an ultrafilter U on I such that

$j(l/J2C$ for every J E U, where

tf j :=  I (a, 6) G JJ Cj: Oj = b3 for all j E J > .

PROOF. If $ is the universal congruence, the conclusion if obvious. So assume

$ ^ Vs. Let C := Flier C,. Observe that, for each J Q I, tyj is the relation-

kernel of the projection of C onto Ylj&j Gj- Thus C/tf j = \~ljeJ C3 E fi, and

hence tf,/ G CongC for every J CI.

Let J be the complement of J in I. Define

F := {J CI: f7nfl2 g $}.

Then I EF since tf7 = Vc, and Vc D B2 = VB 2 $ by assumption. Also K/

implies tf- C tf jt, so J' G F whenever J E F and JC/'. Suppose J, J' G F.

Then tf- fl B2, ^jrflB2 % $. Thus tfy D Vjrfl B2 % $ since $ is meet prime by

hypothesis. But Vj=jt = *jyjjr = tf 7 n tfyr. Hence J (1 J' E F, and F is a filter.

F is proper since tf ̂  n S2 = tf / n B2 = Ac (1 B2 = AB C $.

Let f/ be any ultrafilter extending F, and let J G f/. Then J & U and hence

7 £ F, and so, by definition of F, tf j n B2 C cp.     n
The next theorem is the relativized Jonsson lemma for quasivarieties.

THEOREM 1.3 [12].  Let K be any class of algebras. (Qv/C)RFsi C ISPu>C.

Proof. Let A g (QvK)Kts\- Then A e QvK = ISPPuK. Let Ci G FVK
with i E I be a system of algebras, and let B be a subalgebra of Y[ieI C, such

that A = B. Since A and hence B are relatively finitely subdirectly irreducible

by hypothesis, As is finitely meet irreducible, and thus meet prime in ConQ^B.

So by the lemma there is an ultrafilter U on I such that f/HB2 = AB for every

J E U. Then the natural homomorphism of \~[t€r Ci onto Yli€I Ci/U is one-one

on the subalgebra B. Thus A G ISPu(PuK) = ISPu>C.     D

Relative subvarieties. Let Q be any quasivariety. A subquasivariety Jl oi Q

is called a variety relative to Q, or a relative subvariety of Q, if R = M fl Q for some

variety V.

If T is a base for Q, then every relative subvariety is of the form Mod(2? U F) for

some set of identities E.

LEMMA  1.4.   Let R be a relative subvariety of a quasivariety Q.

(1) Con^A = CongA for every A G R;

(2) £rfsi = X. n fiRFsi;
(3) if Q is relatively congruence-distributive, then so is R.

PROOF. (1) Clearly Con^A C CongA since R C Q. Assume $ G CongA.

Then A/$ G Q, and A/$ G V since "V is a variety. Thus A/<I> eV fl Q = R, and
hence <P G Con^A.

(2) A G £rfsi iff A a is finitely meet irreducible in Con^A = CongA iff

A G fiRFSi-
(3) Immediate from part (1).     □
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COROLLARY 1.5. Let Q be a quasivariety, and let R and S be relative subva-

rieties of Q such that R ("I Crfsi = S fl fiRFSi- Then R = S.     □

For any quasivariety Q and any K C Q there is a smallest relative subvariety

R of Q such that K C R; we denote it by VoqK. Note that VaQK = (VaK) (1 Q
where VaK is the variety generated by K.

For any class K of algebras, let Hg K := H K n fi.

THEOREM 1.6. For any quasivariety Q and any K C Q we have VaQK =

HgSPAT.

PROOF.   VaQK = (VaK)flQ = (HSPJC)nfi = HgSPfi.     D
The next theorem is the version of Jonsson's lemma for relative subvarieties. It

was independently obtained by Dziobiak [15, Lemma 3.1].

THEOREM 1.7. Let Q be a relatively congruence-distributive quasivariety, and

let KCQ.  Then (VaQK)RFSi Q HgSPuAT.

PROOF. Let A G (Vbg/OaFSi- Then A G VuqK = HgSPAT. Thus there

exist Ci G K for i E I, B C H^jC,, and $ G CongB such that A = B/<P;
moreover, since A G Crfsu $ is finitely meet irreducible in CongB, and hence

meet prime since CongB is distributive by hypothesis. We now apply Lemma 1.2.

There exists an ultrafilter U on I such that tf j fl B2 C $ for each J E U. Thus

$ includes the relation-kernel of the restriction to B of the natural homomorphism

of Yiiei Ci onto \~[i€l Ci/U. So B/4> and hence A are fi-homomorphic images of

B/ucr\i€ICi/u.   d

2. Universally parameterized equationally definable principal congru-

ence meets. In this section we show that, if a finitely generated quasivariety Q is

relatively congruence-distributive, there exists a finite system of universally quan-

tified equations that define the intersection of any pair of principal congruences of

Q.
By a universally parameterized equation, or more simply a parameterized equa-

tion, we mean any formula of the form

Vu(/c(x,ii) ss X(x,u)),

where k(x, u) and X(x, u) are arbitrary terms with free variables x := Xq, ..., xm_i

and parameters u := Uo, ■ • ■ ,un-y-

LEMMA 2.1.   Let Q be a quasivariety and

(1) W<p(x,y,z,w,u) := Vu( /\ n(x,y, z, w,u) ss at(x,y, z,w,u)j

i<m

be a finite conjunction of parameterized equations.  Then the following are equiva-

lent:

(1) for all AG Q and all a, b,c,dE A,

0g(a,6) n 6g(c,o;) =   \J   \J QQ(TtA(a,b,c,d,e), aiA(a,b,c,d,e));
i<m e€An

(2) for all A G Q and all a, b,c,d E A,

6g(a, b) (1 8g (c, d) = Aa <*ANVtitp(a, b, c, d,u);

(3) fiRFSi t= Vxyzw(Vutp(x,y,z,w,u) +-> xssyVzssw).



CONGRUENCE-DISTRIBUTIVE QUASIVARIETIES 505

PROOF.   The implications (1) =► (2) =*• (3) are immediate.

(3) => (1). It follows immediately from (3) that t,(x, x, z, w, u) ss a,(x, x, z, w, u)

is an identity of fiRFsu and hence of Q, for each i < m. Let $ := 6g(a,6). The

quotient A/$ is contained in fi since $ is a fi-congruence by definition. Thus

rA(a,b,c,d,e)/<b = aA(a,b,c,d,e)/$ for all i < m and eE An, i.e.,

V   V  ®Q(ri"(aAc,d,e), aA(a,b,c,d,e))  C 6g(a,6).
i<m e£An

By a similar argument the congruence on the left is also included in Og (c, d). This

establishes one of the two inclusions of part (1).

To get the other inclusion it suffices to show that, for each finitely meet irre-

ducible $ in CongA,

$ 2   V   V 9fl(f,A(a,6,c,d,g), aA(a,b,c,d,e))
(2) i<me€An

=>$ D 9g(a,6)neg(c,d).

Suppose the first inclusion holds. Then

rA/*(a/cI>,o/cI>,c/c$,o:/$,e/$) = o-A/*(a/$,b/$,c/$,d/<!>,e/<l>)

for all i < m and all e G An. Thus A/<P 1= Vu<p(a/$,b/$,c/$,d/<b,u), and hence

by part (3), a/$ = o/$ or c/$ = d/$, i-e-> $ 2 Og(o,6) or $ D GQ(c,d). Thus

(2) holds.     D

A quasivariety has (universally) parameterized equationally definable relative

principal meets (parameterized REDPM for short) if any (and hence all) of the

conditions 2.1(1),(2),(3) hold for some conjunction of parameterized equations (1).

By an elementary class we mean any class of algebras definable by a possibly

infinite set of sentences of first-order predicate logic.

THEOREM 2.2. A quasivariety Q has parameterized REDPM iff Q is relatively

congruence-distributive and fiRFSi is an elementary class.

PROOF. For the implication from left to right, assume the conjunction of pa-

rameterized equations (1) defines relative principal congruence meets in Q. From

2.1(3) we at once get

fiRFSi   Q  Modfr D {Vxyzw(yutp(x,y,z,w,u) —> x ss y Vz ss ty) }J,

where F is any base for Q. For the reverse inclusion, consider A G fi such that

A (= Vxyzw{yutp(x,y,z,w,u) —» xzzyVz&w).

Using the fact Vu tp(x, y, z, w, u) defines relative principal meets in A, we get that

9g(a,6) n8g(c,d) = A^ implies Og(a,6) = A^ or Og(c,d) = A a, for all

a,b,c,dE A, i.e., A G £rfsi-

S° fiRFSi is elementary. To show Q is relatively congruence-distributive, it

suffices to prove that

$n(e0v9i) c ($ne0)v($n9i)
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for all A G Q and for all tf,6o,6i G CongA. Since CongA is algebraic, we

can assume without loss of generality that $ is principal and 60,61 are finitely

generated, i.e., it suffices to prove

(3) QQ(a,b) n \/ eQ(cj,dj) C  \J GQ(a,b)fieQ(cJ,dJ),
j<k j<k

for all a, 6, co,... ,cjt_i,do, • • •, dfc-i G A. We prove this inclusion by showing that

every finitely meet irreducible fi-congruence that includes the right-hand side also

includes the left-hand side. Let tf be a finitely meet irreducible fi-congruence

such that 8g(a,6) n 8g(c, d) C tf for all j < fc. Then rA(a,b,Cj,dj,e) =

aA(a, 6,Cj,dj,e) (mod tf) for all i < m, j < fc, and e G A" (see 2.1(1)). Therefore,

A/tf 1= Vutp(a, b, Cj,dj, u) for all j < fc. So either a = b (mod tf), or Cj = d3 (mod

tf) for all j < fc, i.e., either 6g(o,6) C tf or \JJ<k&Q(cj,dj) C tf. Thus (3) holds,
and Q is relatively congruence-distributive.

We now prove the implication from right to left.   We assume Q is relatively

congruence-distributive and fi rfsi is elementary. Let F be the free algebra of Q

over the free generators x,y,z,w,uo,uy,-Let (r,(x,y,z,w,u), at(x,y,z,w,u)),

for i < uj, be a system of generators for the intersection of the principal congruences

generated by (x,y) and (z,w), i.e.,

6gF(x,y)n6gF(z,iD) =  \J QQF(n(x,y,z,w,u), <n(x,y,z,w,u)).
i<u>

(We identify terms in the language of Q with elements of the free algebra; there

are only countably many because of the assumption that the language type is

finite.) Let A be any countably generated algebra in Q, and let a,b,c,d E A; let

e0i ei, e2, • • • be any sequence of elements of A that together with a, b, c, d generate

A. Let h : F —> A be the surjective homomorphism such that hx = a, hy = b,

hz = c, hw = d, and hui = ei for i < w. Let $ G CongF be the relation-kernel of

h. Then for all p, r E A we have h~l [8gA(p, r)] = 8gF(7r,/9) V $, where tt and

p are any pair of terms such that hir = p and hp = r. Now making use of relative

congruence-distributivity we have

/i-1[6gA(a,6)negA(c,d)] = /T1 [OgA(a,6)] n h~l [6gA(c,d)]

= (6gF(x,y) V $) Cl (6gF(z,«;) V *)

= ( \/ 9^(ri(x,y,z,w,u), o~i(x,y,z,w,u))j V $

= \J \®¥Q(n(x,y,z,w,u),<Ti(x,y,z,w,uj) V $j

i<ui

=   \J h-1[e^(TlA(a,b,c,d,e),^(a,b,c,d,e))]

i<u

= h-^XJ eA(rA(a,b,c,d,e), aA(a,b,c,d,e))].

Thus

eA(a,b)fieA(c,d) =   \J eA(rA(a,b,c,d,e),aA(a,b,c,d,e)).
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Therefore, for every countably generated A G fi and all a, b, c, d E A we have

(4) QA(a,b)neA(c,d) = AA

<=> ta (a, b, c, d, e) = aA (a, b, c, d, e) for all i < w and

all e G A" such that a, b, c, d, eo, ey,... generate A.

Observe first of all that the equivalence (4) continues to hold with the qualifica-

tion "such that 0,6,c,fi, eo,ei,... generate A" removed. Because if 9g(a,6) fl

9g(c,d)   =  A^i, then clearly 9g(a,6) n 9g (c,d)  =  Ab for any subalgebra B

of A, in particular the subalgebra generated by a,b,c,d,eo,ey,_  Next observe

that (4) holds for all A G Q regardless of the number of generators, because

0A(a,b) n eA(c,d) = AA iff 0|(o,6) n e^(c,d) = AB for every countably

generated subalgebra B of A that contains a, b, c, d. Thus fiRFSi satisfies

(5) Vxyzwi f\Vu(Ti(x,y,z,w,u) ss at(x,y,z,w,u)) <-> x ss y V z ss w).

i<u>

Finally, using the assumption fi rFsi is elementary it is easy to show that fi rfsi

continues to satisfy (5) when the infinite conjunction is replaced by a finite subcon-

junction

y\ Vu(ri(x,y,z,w,u) = Oi(x,y,z,w,u)).

i<m

Thus by 2.1(3), Q has parameterized REDPM.     □

COROLLARY 2.3. Every finitely generated and relatively congruence-distributive

quasivariety has parameterized REDPM.

PROOF. Assume Q = Qv K where K is a finite set of finite algebras. In view of

the theorem it will suffice to show that Crfsi is included in IS K and hence is finite.

But by the relativized Jonsson lemma, Theorem 1.3, fiRFSi Q ISPu^C = IS K.     D

Metalogical analogues of Theorem 2.2 and its corollary were proved for protoal-

gebraic deductive systems in [9]. The two results in essentially their present form

were independently established by J. Czelakowski and W. Dziobiak.

3. First main lemma. The purpose of this section is to prove Theorem 3.1

below. It differs from Theorem II (see the Introduction) at several points. The

main difference is the additional premiss that the underlying quasivariety Q, which

includes R as a relative subvariety, is finitely based. On the other hand, it assumes

only that R is relatively congruence-distributive, and not Q. Also, instead of R

being finitely generated, it assumes only that £rfsi is a finitely axiomatizable

elementary class. 3.1 plays a key role in the proof of Theorem I. As mentioned in

the Introduction, Theorem II itself is obtained as an immediate corollary of I. A

class is strictly elementary if it is defined by a finite set of first-order sentences.

THEOREM 3.1. Assume Q is a finitely based quasivariety and R is a relative

subvariety of Q. If R is relatively congruence-distributive and Rrfsi ** strictly

elementary, then R is finitely based.

The theorem can be reformulated in syntactical terms as follows: Let R be a

quasivariety such that R = Mod(ruF), where F is some finite set of quasi-identities

and E is a possibly infinite set of identities. If R is relatively congruence-distributive

and £rfsi is strictly elementary, then there is a finite subset E' of E such that

R = Mod(FuE').
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COROLLARY 3.2. Let Q be a finitely based and relatively congruence-distributive

quasivariety. Let R be any relative subvariety of Q such that £rfsi is strictly ele-

mentary.  Then R is finitely based.

PROOF. R is relatively congruence-distributive since it is a relative subvariety

of a quasivariety with the property.     □

COROLLARY 3.3. Let Q be a finitely based and relatively congruence-distributive

quasivariety.  Then every finitely generated relative subvariety of Q is finitely based.

PROOF.   Let M C Q be a finite set of finite algebras. Then

(Vo.2.M)rfsi CHgSPuAl = HgSM.

Thus up to isomorphism (Vag .M)rfsi is a finite set of finite algebras.     □

The proof of the theorem will be given in two lemmas. Let Q = Mod F with F

a finite set of quasi-identities. Let R = Mod(r U E) where E is a possibly infinite

set of identities. Let Vu <p(x, y, z, w, u) be a conjunction of parameterized equations

that defines principal fi-congruence meets in R. (Recall that Q- and ^-congruences

coincide for members of R.) Then

£rfsi — Mod IT U E U {Kixyzw(\/utp(x,y,z,w, u) —> xssyVzssw)}).

Since £rFsi is strictly elementary, there exists a finite E' CE such that

£rfsi — Mod IT U E' U { Vxyzw (Vu tp(x, y,z,w,u) —» x ss y V z ss w)} ).

Let fi be the set consisting of the following formulas:

(1) Vu<p(x,x,z,w,u);

(2) Vutp(x,y,z,w,u) —> Vutp(y,x,z,w,u);

(3) Vutp(x,y,z,w,u) /\ Vutp(y,v,z,w,u) —* Vu<p(x,v,z,w,u);

for each operation symbol u>,

(4) ( f\Vutp(xt,yl,z,w,u)j -> Vu<p(uJx0---xm-y,ujyo---ym-y,z,w,u);

i<m

for each quasi-equation ip(x) :=  (f\i<k «i(x) ss Ai(x)) —* ir(x) ss p(x) in F,

(5) ( f\ W<p(kz(x), Xi(x), z, w, u)j   -> Wtp(rr(x), p(x), z, w, u);

i<k

(6) siutp(x,y,z,w,u) —> Vutp(z,w,x,y,u);

and finally,

(7) Vutp(x,y,x,y,u) -> x ss y.

LEMMA 3.4.   R 1= fi, i.e., FUE\=U.

PROOF. Let A E R. Since Vutp defines relative principal congruence meets in

R, each formula of fi is equivalent to a corresponding congruence formula. For

instance, (1) is equivalent to 9g(o,a) f~l 9g(c,d) = Aa, and (7) is equivalent to

9g(a, b) (1 9g(a, b) = AA => a = b.
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Similarly, (2), (4), and the (6) are equivalent to congruence formulas that hold

trivially. The congruence conditions corresponding to (3) and (5) also hold, but

they depend on the distributivity of Con# A. Consider the condition corresponding

to (5) for example: for each quasi-equation ip(x) := (f\1<k^i{x) ss Xi(x)) —*

tt(x) ss p(x) in T,

9g(>cA(a), XA(a)) n 9g(c, d)  = AA     for all i < m

=> 9g(7rA(a),pA(o)) n eQ(c,d) = AA.

Since ip(x) is a quasi-identity of R, we have

9g(7rA(o),pA(a))  C  \JeQ(KA(a),XA(ct)),

i<k

where the join on the right is in the lattice of fi-congruences. Thus

9g(c,d) n eQ(nA(a), pA(a))  C   \J Q£(c,d) n 9g (KA(a), XA(a)).     □
i<k

Let
K := ModfTuF'ufi);

K is not necessarily a quasivariety, but it is finitely axiomatizable since each of F,

E', and fi is finite.

LEMMA  3.5.   XTn fiRFSI  C  £rFSi-

PROOF.  Let A G K n fiRFSi- Since A N Fl)E', to show A G £rfsi it suffices

to show that

(8) A 1= Vxyzw(Vu<p(x,y,z,w,u) —► x ss y v z ss tu).

Consider a, b, c, d E A such that A t= Vu <p(a, b, c, d, it). Let <P be the binary relation

defined in A by \/u<p(x,y,c,d,u), i.e.,

$ :=  {(e,f): A 1= Vutp(e,f,c,d,u)}.

<E> is a congruence because  (l)-(4)  are universally satisfied in A,  and it is a

fi-congruence by (5). By assumption (a,b) E $.

Let
tf := {(g,h): AN Vu <p(e, f, g, h, u) for all (e, f) E $ }.

Because of (6) tf is also a fi-congruence, and (c,d) E tf. Suppose (e, /) G $ n tf.

Then A t= Vu <p(e, f, e, f, u), and hence we must have e = / by (8). So 4>ntf = A^,

which implies $ = A^ or tf = A,4 since A G fiRFSi- Thus a = b or c = d, and so

(8) holds.     D

Since FuE t= TuF/Ufi (Lemma 3.4), there exists a finite set E" of identities

such that E' C E" C E and T U F" N F U E' U fi. Therefore,

R C Mod(ruF") C K C Q,

and hence R D Crfsi Q Mod(r U E") (1 QRFsi- But by the last lemma the
inclusion in the reverse direction also holds. (Recall that since R is a relative

subvariety, £rFSi = R (1 £rfsi-) Thus R = Mod(r U E") by Corollary 1.5, since

Mod(r U F") is also a relative subvariety of Q. This completes the proof of the

theorem.      □
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4. Universally parameterized quasi-equations. The proof of Theorem I,

which will be given in §6, is similar to that of Theorem 3.1 but more complicated

in details. The key to the proof of 3.1 is the existence of the strictly elementary

subclass K of Q whose finitely subdirectly irreducibles (relative to Q) coincide with

those of R. The key in turn to the construction of K is the fact that the definability

of principal fi-congruence meets, by the formula siutp(x,y,z,w,u), turns out to

be a finitely axiomatizable property of algebras. More precisely, there exists a

finitely axiomatizable extension of R, viz. K, with the property that principal

fi-congruence meets in K are definable by 'iutp(x,y,z,w,u).1 But the existence

of K depends essentially on the assumption that Q is finitely based. We run into

difficulties when we attempt to extend the proof of 3.1 to the case R is not a

relative subvariety of a finitely based quasivariety. It turns out however that we

can define in this case an extension C of R that like K is finitely axiomatizable,

but in which the meet of principal congruences relative to the class £. itself, rather

than the larger class Q, is definable. This requires an extension of the theory

of congruences relative to a quasivariety to congruences relative to a model class

defined by a more general class of formulas than quasi-identities; this is done in

the present section. The next section contains the technical lemmas necessary for

defining £ and establishing its essential properties. The definition of Z and the

proofs of Theorems I and II are given in §6.

By a (universally) parameterized quasi-equation we mean any formula of the

form

Zo(x) A---Affc-i(z) -> r]o(x) A--- Ani-y(x),

where the conjuncts £i(x) and r)j(x) are arbitrary parameterized equations with free

variables x := xo,xi, ...,xp-y; by inserting dummy variables where necessary we

can assume without loss of generality that the conjuncts all have the same system

of universally quantified parameters, as well as the same free variables. Thus every

parameterized quasi-equation is logically equivalent to a formula xp(x) of the form

(1) \/v^f\K,(x,v) S3 Xi(x,v)j  -» Vv(/\itj(x,v) SS pj(x,v)J,
i<k j<l

where x := xq, ■ ■ ■ ,xp-y and v := Vo, ■ ■ ■ ,vq-y. In the sequel tp(x) will always

represent a parameterized quasi-equation and #(x), £(x), n(x) arbitrary para-

meterized equations or conjunctions of parameterized equations. Every ordinary

quasi-equation is a parameterized quasi-equation with an empty list of parameters.

The formulas (l)-(7) that constitute the set fi of the previous section are also

examples of parameterized quasi-equations.

A class £ of algebras is called a parameterized quasivariety if it is of the form

L := ModT where T is a set of parameterized quasi-equations (more precisely a

set oi parameterized quasi-identities, i.e., universal closures of parameterized quasi-

equations).

An arbitrary binary relation R on an algebra A is closed under the parameterized

quasi-equation (1) if

{(rCA(6,e), XA(d,e)): i < fc, e G Aq}  C  R

'Actually the situation is more complicated than described here, but it is useful to think in

this way in trying to understand the structure of the proof of 3.1 and its relationship with the

proof of Theorem I.
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always implies

{(rrA(d,e), pA(a,e)) : j<l,eEA9}  C R.

If $ G Con A, then A/$ 1= ̂ (x) iff $ is closed under tp(x). Clearly, if each member

of some family of congruences is closed under a given parameterized quasi-equation,

then so is their intersection.

Let £ be a parameterized quasivariety and let A G £. Just as in the case of

ordinary quasivarieties we call a congruence $ on A an £- congruence if A/<P G £.

$ is a ^-congruence iff it is closed under any set of parameterized quasi-equations

that forms a base for £. So the set of all incongruences of A. which we again denote

by Conr_ A, is closed under arbitrary intersection, and thus forms a complete lattice

Con^ A. The fact that Conr.A is closed under intersection immediately gives

LEMMA 4.1. Every parameterized quasivariety is closed under the formation of

subdirect products.     □

Conr.A need not be closed under the formation of unions of directed sets, so

Con^A is not in general an algebraic lattice. Thus the analogue of Birkhoff's

subdirect product representation theorem cannot be expected to hold as it does for

quasivarieties. However a restricted version sufficient for our purposes does hold.

For any parameterized quasivariety £ the notion of an algebra A G £ being

finitely subdirectly irreducible relative to £ is defined in the obvious way; the subclass

of £ so defined is denoted by £rfsi- A E £ is relatively finitely subdirectly

irreducible iff A a is finitely meet irreducible in the lattice Con£ A. More generally,

for any ^-congruence <J>, A/$ G £rfsi iff $ is finitely meet irreducible in Con^ A.

Con^A need not be algebraic if A is infinite, so a fixed ^-congruence, in par-

ticular A a, need not be the meet of finitely meet irreducible ^-congruences. This

is always the case of course when A is finite, so we have

LEMMA 4.2. Assume £ is a parameterized quasivariety, and let A G £■ If A

is finite, then A CSD Co x C x • • • x C„_i for some Co,..., C„_i G £rfsi-     Ll

5. The calculus of transformations. We deal almost exclusively with syn-

tax in this section. The key notion is that of a transformation of a parameterized

quasi-equation by a parameterized equation; this always generates another param-

eterized quasi-equation. We study the relationship between the model-theoretic

properties of an arbitrary parameterized quasi-equation and those of its transform.

The definition of transformation is given in three steps.

Let

(1) Vu tp(x, y, z, w, u) := Vu( /\ rt(x,y,z,tu,u) ss ai(x,y,z,w,u)j,

i<m

with u := Uo,.-.,un-y, be a fixed but arbitrary conjunction of parameterized

equations. For any pair of ordinary equations 6(x) := k(x) sa A(x) and e(x) :=

7r(x) ss p(x) define

Tr(6(x), e(x))  := Vu^>(k(x), A(x), tt(x), p(x), u).

Next, for any pair of conjunctions of parameterized equations

£(x) :=Vi>(/\ Ki(x,v) ss Xi(x,v)J,  n(z) := Vv( f\ 7Tj(z,t)) w Pi(z,v)\
i<k j<l
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define

Tr^(f(x), n(z)) := Vw( f\ f\ TYv(Ki(x,v) ss X,(x,v), ttj(z,v) » Pj(z,v))).

i<kj<l

Finally, for any parameterized quasi-equation ip(x)

ip(x) := £(x) -*v(x),

where £(x) and n(x) are both conjunctions of parameterized equations, and any

conjunction of parameterized equations ■d(z), define

1Yv(tp(x), 0(2))  ■=  Trv(t(x),m) - Trv(V(x), 0(f)),

Tr^(z), rP(x))  :=  Trv(d(z), £(*)) - Tr^(z), r,(x)).

Tr^(tp(x), d(z)) and 7V,p(t?(z), ip(x)) are called respectively the left and no/it <p-

transforms of' tp(x) byd(z).

Note that we define the transforms only of a parameterized quasi-equation by

a conjunction of parameterized equations, not by another parameterized quasi-

equation. Note also that the transforms are again parameterized quasi-equations,

so it makes sense to iterate the operation.

For any quasi-equation ^(x) define

Lt^(%p(x))  :=  Tr^(ip(x),z^w),    Rt^(ip(x)) :=  Tr^(z ss w, ip(x)),

where z and w are distinct variables not occurring among the x or among the

bound variables u of Vu tp. Ltv\p and Rt^tp are called simply the left and right

p-transforms of rp, respectively.

Observe that the formula (1) of §3 is just the left transform of the trivial equation

x ss x. Similarly (2)-(4) are the left transforms of the quasi-equations x ss y —> y ss

x, x ss y Ay ss z -* x ss z, and (f\i<mx, ss y^ -> ux0---xm-y ss wy0 •••ym_i.

Finally, (5) is the left transform of an arbitrary member of the base T of fi. In the

proof of Lemma 3.5 we were able to conclude that the binary relation $ was closed

under all these quasi-identities, and thus formed a fi-congruence, from the fact

the algebra A universally satisfied the corresponding left transforms. Similarly, tf

was closed under the same quasi-identities because A satisfied the corresponding

right transforms. This relationship between closure under a quasi-equation and

satisfaction of its transforms extends to parameterized quasi-equations.

LEMMA 5.1. Let A be any algebra andVup(x,y,z,w,u) a conjunction of pa-

rameterized equations. Let X C A x A be any binary relation on A. Finally let

d>x  :=  {(a,b) E Ax A: A 1= Vu tp(a, b, c, d, u) for all (c,d) E X },

v[/x  :=  {(c,d) E Ax A: A 1= Vu p(a, b, c, d, u) for all (a,b) E X}.

Then for any parameterized quasi-equation ip we have

(1) A N Lt^xp => $x is closed under tp,

(2) A 1= Rtpip => tf* is closed under tp.

PROOF.  Let xp(x) := £(x) —► n(x), where

(2) f(x) := Vv( f\ Ki(x,v) ss Xl(x,v)"j,

Kk
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(3) n(x) := V«(/\7rj(S,«) ss pj(x,v)J,

j<i

and where x := xq,..., xp-y and v := Vo, ■.., vq-y. Expanding the various defini-

tions we see that Ltv(tp(x)) has the form

(4) "ivy f\ Wtp(Ki(x,v), Xi(x,v), z, w, u)J
i<k

-> Vv[P\Vutp(-Kj(x,v), Pj(x,v), z, w, u)J.
]<l

Assume this parameterized quasi-equation is universally satisfied in A. To show

$x is closed under ip consider any a E Ap, and suppose (/cA(a,e), AA(a,e)) G $x

for all i < k and e E Aq. Then by definition of $x,

A 1= Vup(KA(a,e), XA(d,e), c, d, u)

for all i < fc, e G Aq, and (c,d) E X. But by assumption A universally satisfies

Ltp(ip). Thus A \= Vup(-!rA(d,e), pA(a,e), c, d, u) for all j < k, e E Aq, and

(c, d) E X, i.e., {irA(a, e), pf(a, e)) G $x for all j < I and e G Aq. So $x is closed

under xp.

This gives the implication of part (1); part (2) is obtained the same way.     D

Let fi be a quasivariety in which Vu p defines relative principal congruence meets.

The real content of the proof of Lemma 3.4 is that, whenever Q satisfies a quasi-

equation xp identically, it also satisfies its left and right ip-transform. This extends

to parameterized quasi-equations.

LEMMA 5.2. Let Q be a quasivariety with parameterized REDPM, and assume

that principal Q-congruence meets are defined by a conjunction of parameterized

equations yiup(x,y,z,w,u).  Then

fi r= Lt<pXp     and     Q \= Rt^xp,

for every parameterized quasi-equation xp such that Q 1= xp.

PROOF. Since every algebra in Q is a subdirect product of members of firfsi,

and parameterized quasi-equations are preserved by subdirect products, it suffices

to prove that j2rFsi N Lt^xp (a similar proof works for the right transform).

Suppose xp(x) := £(x) —> n(x) where £(x) and n(x) are as in (2) and (3). Then

Ltv>(xp(x)) is given in (4). Let A G fiRFsi, and assume a E Ap and c,d E A satisfy

the antecedent of (Lt^xp)(x,z,w), i.e.,

A 1= \/xlp(K.A(d,e), XA(a,e), c, d, u)    for all i < k and eG Aq.

Because Vu tp defines relative principal meets by assumption,

9g(/cA(a,e), XA(a,e)) (1 9g(c,d) = A^

for all i < k and e E Aq. Thus, since A is relatively finitely subdirectly irreducible,

either KA(a,e) = XA(d,e) for all i < k and e G Aq, or c = d. In the first case a

satisfies the antecedent of xp(x) in A, and hence by hypothesis also the consequent,
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i.e., nA(a,e) = pA(d,e) for all j < I and e E Aq. So 9g(7rA(a,e), pf(d,e)) n

9g(c,rf) = A,4, for all j < I and e G Aq. We obtain the same conclusion in the

second case, i.e., when c = d. Thus in both cases we have

A N Vu<p(7rA(a,e), pA(a,e), c, d, u)    for all j < I and eE Aq,

and so a, c, and d must satisfy the consequent of Ltv(xp).     □

In order to axiomatize the property of defining relative principal congruence

meets we consider the following two formulas:

(5) a :=  Trv(x ss y, z ss w) —►  Tr,p(z ss tu,x « y),

(6) /3  :=   Trv(Tr^(x ss y, z cs tu), r ss s) <->■   Tr^(x ss y, Tr^(z ss tu, r ss s)),

where x, y, z, tu, r, and s are distinct variables. Note that a is a parameterized

quasi-equation and /? is the conjunction of two parameterized quasi-equations.

LEMMA 5.3. Assume Q is a quasivariety with parameterized REDPM, and let

Vup(x,y,z,w,u) be a conjunction of parameterized equations that defines principal

Q-congruence meets.  Then Q t= a and fi 1= /?.

PROOF. Since a and j3 are parameterized quasi-equations, and hence preserved

under the formation of subdirect products, it suffices to show that Crfsi ^ a and

fiRFSi N /?•

To show that fiRFSi ^ 0, let A G <2rfsi and a,b,c,d E A. Recall that
Trv(x ss y, z ss w) is just the formula Vu<p(x, y, z,tu,u). Thus

A t=  Tr^,(x ss y, z ss tu)[o,6,c,d] o- 9g(a, 6) n 9g(c,d) = A^

*> 9g(c,rf) n 9g(o,6) = AA

» A 1=   Trv(z ss w, x ss y)[a,6, c, d].

To show fiRFSi N a it obviously suffices to show that, for all A G Srfsi and all

a,b,c,d,e, f E A,

(7) A \=  Trv(Tr^(x^y, z ss w), r ss s)[a,b,c,d,e, f]

<*•  (eQ(a,b) n 9g(c,rf)) n 9g(e,/) = AA,

(8) AN  Tr^(xssy, 7>^(z ss w, r m s))[a,b,c,d,e,f]

«*• 9g(a,6) n (9g(c,rf) n 9g(e,/)) = AA.

To establish these equivalences we have to look at the the internal structure of Vu tp.

Recall that Trv(x ss y, z ss w) := Vutp(x,y,z,w,u). If Vu^> is of the form (1), then

Tr^(x ss y, z ss tu) := Vuf  i\ r,(x,y,z, tu, u) ss o-j(x, y, z,tu, u)J,

i<m

and thus

Ttv(Ttv(x ss y, z ss w), r ss s)

: = Vuf /\ Tr^rj^y.z.tu,*!) sso-j(x,y,z,U), u), r ss s)J.

i<m
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Let A G fiRFSi and a, b, c, d,e,fE A. Then

A 1=  Trv(Trv(x & y, z ss tu), r ss s)[a,b,c,d,e, f]

iff

(9)    ®Q(rA(a,b,c,d,g), aA(a,b,c,d,g)) n 9g(e,/) = Aa,

for all i < m and g E An.

Since A is relatively finitely subdirectly irreducible, there are only two cases to

consider: (I) e = f, i.e., 9g(e,/) = AA; (II) r^(a,b,c,d,g) = aA(a,b,c,d,g) for

all i < m and g E A™, i.e., A N Vup(a, b, c, d, u), which is equivalent to 9g (a, b) (1

9g(c,d) = AA. So (9) is equivalent to (9g(a,6) D 9g(c,d)) n 9g(e, /) = AA.

Thus (7) holds, and (8) is established by a similar argument.     □

LEMMA 5.4. Let Vu tp(x, y, z, w, u) be a conjunction of parameterized equations.

Then for every parameterized quasi-equation xp(x),

a N Ltvxp <-> RtpXp.

PROOF. Let xp(x) be £(x) —► n(x) where £(x) and n(x) are as in (2) and (3).

Then

Ltp(xP(x))  :=   Tr^(xp(x), z ss tu)

:= VtH /\ 7V^(/Cj(x,tJ) ss Xi(x,v), z ss u>)j

i<k

-» Vt)(/\ Tr^(-Kj(x,v) sa Pj(x,v), zsstu)J.

j<l

Under a the last formula is equivalent to

VtU f\ Trv(z ss w, Ki(x,v) S3 Ai(x,ii))j
i<k

-* Vv(/\ Trp(zssu;, *,■(«,«) ss pj(x,v))J,

j<i

which by definition is Rt^xp.     D

LEMMA 5.5. Let \'up be a conjunction of parameterized equations, and let xp(x)

be a single parameterized quasi-equation. Let z and w be variables not occurring in

xp(x) (or in Vutp).  Then

\= Vzw(Trv(xp(x),zKw)) -» Tr^(xp(x), i9(z))

for every conjunction xS(z) of parameterized equations.

PROOF. Let xp(x) := £(x) -♦ n(x) where £(x) and r)(x) are conjunctions of

parameterized equations, and let x9(z) := Vv(/\i<kKi(z,v) ss Ai(z,u)). Then

Trv(tp(x), x9(z)) is logically equivalent to

V»( /\ 7V^(e(x), Ki(z,v) ss Xi(z,v))) -» V«( /\ Tr^(n(x), /ct(z,t)) ss *<(*,«))).
z<fc i<fc
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However this is logically implied by

V^[A Tr<p{i(x),K.l{z,v) ss Xi(z,v)) -» Trv{n(x),Ki(z,v) fa Xi(z,v)) ,

i<k

which in fact coincides with

Vfi[/\ Trv(xP(x), Ki(z,v) t* Ai(z,v)) .
i<k

The expression within the conjunction symbol is a substitution instance of

Vzw(Trp(xp(x), zss w)Y     □

LEMMA 5.6. LetVup(x,y,z,w,u) be a conjunction of parameterized equations.

Then for every parameterized quasi-equation xp, /?,

Lt^xp \= LtvLtvxp.

PROOF. Let xp(x) be £(x) —» n(x) where £(x) and n(x) are as in (2) and (3).

LtpLt^xp is logically equivalent to

Vf) I y\ Trv(Trv(rii(x,v) ss Xt(x,xl), z ss tu), r ss sj

i<k

-> Vt)^y\ Tr^Tr^TT-^x,*;) sap^x,?)), z sstu), r ss sjj.

Under the assumption (3 the conjunct on the left is equivalent to

Trv(Ki(x,v) ss Xi(x,v), Trv(z ss tu, r ss s)j,

and the conjunct on the right is equivalent to

Trv(TTj(x,v) ss pj(x,v), Trv(z ss w, r ss s)j.

Thus LtpLt^xp is equivalent under /3 to Trv(xp(x), Trv(z ss tu, r ss s)). But by

Lemma 5.5 this last formula is a consequence of Ltvxp (taking Trv(z ss tu, r ss s)

for x9(x)).     a

6. The main results.

THEOREM 6.1. Let Q be a finitely generated and relatively congruence-distrib-

utive quasivariety. There exists a finite set Q of quasi-identities such that Q =

Mod(<3 U F), where E is any base for the identities of Q.

By hypothesis Q is finitely generated, and hence by the relativized Jonsson

lemma fi rfsi is up to isomorphism a finite set of finite algebras. So it is elementary.

This together with relative congruence-distributivity implies that Q has parameter-

ized REDPM (Theorem 2.2). So there exists a conjunction Vu p(x, y, z, tu, u) of pa-

rameterized quasi-equations that defines the intersection of principal fi-congruence

meets. Let Q := ModT, with F a possibly infinite set of quasi-identities. Then

fiRFSi  = Modfru {Vxyzw(\/up(x,y,z,w,xl) -» x ss y A z saw) }V

and, since fiRFSi is finitely axiomatizable, there exists a finite fCT such that

fiRFSi = Modfr' U { Vxyztu(Vu<p(x,y,z,w,u) -+ x ss y A z ss tu) }J.
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Let E be the set of quasi-equations characterizing congruence relations, viz.,

xssx, xssy^-yssx, xssyAyssz-*xssz, and (Aj<m x* ~ Vi) ~*

ojxo, ■ ■ ■, Zm-i ss cuyo,... ,ym-y for every operation symbol oj. E is finite because

the language type is assumed finite. We also define

7 := Wp(x,y,x,y,u) -* x ss y,

fi := {a,p,7} U L^(r'u{a,/?,7}US),

where a and /? are the parameterized quasi-equations defined in (5) and (6) of §5.

For any set A of parameterized quasi-equations, let LtvA = { Ltvxp: xp E A }, and

similarly for A\,A. We also write A 1= A as shorthand for A 1= xp for every xp E A,

where A is any set of parameterized quasi-equations.

LEMMA 6.2. fi 1= Ltp(r'ufi) u fl^(r'ufi).

PROOF. Let xp E T'Ufi := r' U {a,0,i} U Lt^(F' U {a,/?,7} U E). If
xp E F' U {a,/?, 7}, then Lt^xp G fi by definition of fi. Thus fi 1= Ltvxp trivially,

and hence fi N Rtvxp since a, Ltvxp N Rt^xp by Lemma 5.4. Suppose xp = Lt^x9

with d E F' U {a,/?,7} U E. Then (3,xp \= Lt^xp by Lemma 5.6, and thus also

a,0,xpl= Rtvxp since a, Ltvxp t= Rt^xp. Therefore fi t= Ltvxp and fi t= Rt^xp.     U

Let

£ := Mod(r'Ufi).

£ is a parameterized quasivariety, and thus the notions of ^-congruence and finite

subdirect irreducibility relative to £ are well defined; see §4.

LEMMA 6.3.   £RFSi C fiRFSi.

PROOF. Let A G £rfsi- A 1= T', so in order to show A G fiRFSi it suffices to

show

(1) A N Vxyztu(Vu<p(x,y,z,tu,u) —♦ xssyAzssw).

Since A G £rfsi, we have that $ n tf = A a implies $ = A a or tf = A a, for all

$, tf G Con^A.

Let a,b,c,dE A such that A t= Vup(a,b,c,d,u). Define

$ := {(e,f): A\=Wp(e, f,c,d,u)}.

Let xp be any parameterized quasi-equation in F' U fi. Since fi 1= Lt^xp, we have by

Lemma 5.1 that $ is closed under xp. Thus $ is a ^-congruence; observe that by

assumption (a,b) E $. Now define

tf  :=  {(g,h): A N \/utp(e, f,g,h,u) for all (e,f) E $ }.

The fact that fi t= Rt^xp for every xp E F' U fi implies tf is a ^-congruence, and, by

definition of $, (c,d) E tf. Let (e,f) G $ n tf. Then A 1= Vuy?(e,/,e,/,u). Thus

e = / since A t= 7. So $ fl tf = A a- This implies either $ = A a or tf = A a, and

hence either a = b or c = d. So (1) is established.     D

We are ready now to prove the theorem. We first show that Q C £. Recall that

£ = Mod(r'Ufi), where fi = {a,£,7} U Ltr(F'\j{a,f3,1}\J^). Trivially Q t= F'
since r' C F and F is an axiom set for Q. Because Vu <p defines meets of principal

fi-congruences in fi, we get Q \= a, j3,7. (This was shown for a and /3 in Lemma 5.3;
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for 7 see the proof of 3.4). For the same reason we have Q t= Ltv (r' U {a, ft, 7} U E)

by Lemma 5.2 (fi t= E since the quasi-identities in E are all logically true).

Thus T 1= T' U fi. Since T' U fi is finite, there exists a finite subset Q oi F such

that gN T'UO. Then Q C Mod(Q U F) C £, where F is any base for the

identities of Q. To complete the proof we show that Mod(Q U F) C fi.

Mod(<5 U F) is a subquasivariety of the variety Mod F generated by Q, which is

finitely generated by hypothesis. Thus Mod(Q U F) is locally finite. So it suffices

to prove that every finite member of Mod(Q U F) is contained in Q.

Let A G Mod(Q U F), where A is finite. Since A G £ and A is finite, A =

B C SD Co x Ci x • • ■ x Cn_i with Ci G £rfsi for each i < n. By Lemma 6.3

Ci G fiRFSi for each i. Thus A G fi. This completes the proof of Theorem 6.1.     □

We are now finally ready to prove Theorem I, the quasivariety analogue of Baker's

theorem.

THEOREM I. Every finitely generated and relatively congruence-distributive qua-

sivariety is finitely based.

PROOF. Let fi be a quasivariety satisfying the hypothesis of the theorem. By

Theorem 6.1, Q = Mod(Q U F), where Q is a finite set of quasi-identities, and

F is a possibly infinite set of identities. Let Q' := ModQ. Then Q' is a finitely

based quasivariety, and Q is a relative subvariety of fi'. Thus the hypothesis of

Theorem 3.1 is satisfied, and, since Q is relatively congruence-distributive, and

finitely generated (so that firfsi is strictly elementary), we may apply 3.1 to

conclude that Q is finitely based.     □

As an almost immediate corollary of this theorem we get Theorem II, the ana-

logue of Baker's theorem for relative subvarieties. It improves Corollary 3.3 by

removing the premiss that the quasivariety Q be finitely based.

THEOREM II. Let Q be a relatively congruence-distributive quasivariety. Then

every finitely generated relative subvariety of Q is finitely based.

PROOF. Let R be a finitely generated subvariety of Q. Let M be any finite set

of algebras generating R. By the second version of the relativized Jonsson lemma

(Theorem 1.7), £rFsi Q HgSPu.M C HgSM. So R is also finitely generated

as quasivariety. It is also relatively congruence-distributive since it is a relative

subvariety of a quasivariety with the property. Thus R is finitely based by Theorem

I.     D

7. Relatively congruence-distributive quasivarieties. The applicability

of the various finite basis results discussed in the preceding sections is limited, at

least in comparison with analogous results for varieties, by the difficulty encoun-

tered in establishing relative congruence-distributivity in concrete situations. No

condition like the existence of Jonsson terms is known to characterize the prop-

erty. And such a condition, if it does exist, would likely be radically different from

the familiar Mal'cev-style conditions since relative congruence-distributivity is not

inherited by subquasivarieties. However several general methods of establishing

relative congruence-distributivity are now available that taken together prove to be

quite effective in many cases.

W. Dziobiak has established the following two important results.
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THEOREM 7.1 [15]. If Q is a relatively congruence-distributive quasivariety,

then fiRFSi = fiFSi, i-e-> every relatively finitely subdirectly irreducible member of

Q is finitely subdirectly irreducible in the absolute sense.

COROLLARY 7.2 [15]. If Q is a subquasivariety of a relatively congruence-dis-

tributive quasivariety, then Q itself is relatively congruence-distributive iff firfsi

= fiFSI-

In particular, any quasivariety Q that is known to generate a congruence-distribu-

tive variety, a quasivariety of lattices for instance, is relatively congruence-distribu-

tive just in case all its relatively finitely subdirectly irreducible members are abso-

lutely finitely subdirectly irreducible. If Q is finitely generated there is an effective

procedure for deciding if this latter condition holds: List all subalgebras of members

of the generating set, and check each one if it is isomorphic to a proper subdirect

product of other algebras in the list; by the relative Jonsson lemma (1.7) the ones

that fail this test are the relatively finitely subdirectly irreducibles. Then check

each of the latter to see if it is absolutely subdirectly irreducible. When Q is gen-

erated by just a few small finite algebras this can also be a practical procedure.

For example Dziobiak uses it in [15] to show that a certain 12-element nonmodular

lattice generates a relatively congruence-distributive quasivariety that is distinct

from the variety it generates. This settles negatively a question raised by Tu-

manov [35] whether a finite lattice generates a finitely based quasivariety just in

case the generated quasivariety coincides with the generated variety.2

For a large class of congruence-distributive varieties there is an even more ef-

fective method, due to Czelakowski and Dziobiak [12], for establishing the relative

congruence distributivity of subquasivarieties.

A quasivariety is said to have equationally definable relative principal congruence

meets (REDPM) if it has parameterized REDPM with an empty list of parameters,

i.e., if the equivalent conditions 2.1(1),(2),(3) hold for some conjunction of equations

without parameters

p(x,y,z,w) :=   y\ ri(x,y,z,tu) ss o-i(x,y,z,u>).

i<m

This property, applied exclusively to varieties, was considered first by Baker [1] and

later by Blok and Pigozzi [8] where it is called EDPM. There are a large number of

varieties with the property (see §9). Czelakowski and Dziobiak [12] were the first to

relativize the property to quasivarieties and investigate its consequences. They have

obtained the following counterpart of Theorem 2.2; recall that a class of algebras

is universal if it is elementary and closed under the formation of subalgebras (or,

equivalently, if it is definable by an arbitrary set of universal first-order sentences).

THEOREM 7.3 [12].   For any quasivariety Q the following are equivalent:

(1) Q has REDPM;
(2) Q is relatively congruence-distributive, and fiRFSi is a universal class;

(3) Q is relatively congruence-distributive, and the compact (i.e., finitely gener-

ated) Q-congruences are closed under intersection.

The special case of this theorem for varieties was first proved in [8].

2Tumanov raised the same question for modular lattices. This is still open.
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THEOREM 7.4 [12]. // Q is a subquasivariety of a variety with EDPM, then

the following are equivalent.

(1) Q has REDPM;
(2) Q is relatively congruence-distributive;

(3) Q is generated by a class of absolutely finitely subdirectly irreducible algebras.

So any set of finitely subdirectly irreducible algebras from a variety with EDPM

generates a relatively congruence-distributive quasivariety. This is not the case for

arbitrary congruence-distributive varieties. [12] contains an example of a finite,

absolutely subdirectly irreducible lattice whose generated subquasivariety fails to

be relatively congruence-distributive. In fact it is not finitely based.

The two methods of establishing relative congruence-distributivity described

above can be applied only to quasivarieties that are known beforehand to generate

congruence-distributive varieties. There are other methods however that do not

have this limitation. One can try to show Q has REDPM by finding a conjunction

<p(x, y, z, tu) of equations and verifying directly that

(1) fiRFSi 1= Vxyzw(tp(x,y,z,w) «-» x « y V z ss w);

more generally one can try to show Q has parameterized REDPM by verifying (1)

for some conjunction of parameterized equations. (See Theorem 2.2.) Again this

can be a practical course to take if Q is finitely generated so that the relatively

finitely subdirectly irreducibles can be identified in the manner described previously.

Another effective method of establishing relative congruence distributivity is to

show Q is a relative subvariety of a quasivariety that is known to have the property.

This is the method we shall use in the following subsection to construct a large class

of finite algebras that individually generate finitely based quasivarieties and non-

finitely based varieties.

Equality-test algebras. Let A = (A, wA)weT be an algebra of arbitrary type

T with at least two distinct elements. Form a new algebra Et A by adjoining new

operations 0, 1, +, •, —, and eo to A that are defined as follows: 0 and 1 are distinct

fixed but arbitrary elements of A. For all a, b E A,

( 0    if a = b = 0, f 0    if a = 0 or b = 0,
a + b := < a ■ b := <

( 1    otherwise; [ 1    otherwise;

f 1    if a = 0, ,     N       f 1    if a = b,
-a := < eq(a,b) := < ,

( 0    otherwise; (. 0    otherwise.

Observe that A coincides with the T-reduct of Et A, and that the two-element

Boolean algebra is a subalgebra of the {+, •, -, 0, l}-reduct of Et A. Moreover, this

two-element Boolean subreduct is definable in Et A as the range of the operation

- (and also as the range of each of +, •, and eq). This provides a way of defining

in a canonical way a Boolean subreduct of every algebra in the variety generated

by Et A.
Et A is called the (Boolean) equality-test algebra on A; it is uniquely determined

up to the choice of 0 and 1. Et A can be viewed as the homogeneous counterpart of

a heterogeneous algebra with two sorts: one corresponding to the original algebra

A, and the other to the two-element Boolean algebra. The equality test eg is the

only inter-sort operation.   Heterogeneous algebras of this kind, with possibly A
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itself taken to be a heterogeneous algebra, arise naturally in the theory of abstract

data structures. They will be discussed in the next section.

We will prove that the quasivariety generated by Et A is relatively congruence-

distributive. We do this by characterizing axiomatically the quasivariety generated

by all equality-test algebras and showing it is relatively congruence-distributive.

We then show Qv(Et A) is a relative subquasivariety.

The quasivariety Q£T of generalized equality-test algebras is defined by four

groups of identities and quasi-identities; in these axioms r < a is an abbreviation

for r + a ss a:

(I) x + y ss -(-x--y),        x-y ss-(-x + -y),

Oss-1, lss-0,

eq(x,y) ss - - eq(x,y);

(II) x + yssy + x, x-yssy-x,

x + (y • z) ss (x + y) • (x + z),        x ■ (y + z) sa (x ■ y) + (x • z),

—x -I- 0 S3 —x, —x • 1 ss —x,

x H—x ss 1,        x ■ —x ss 0;

(III) eg(x,x)«l,

eg(x,y) sseg(y,x),

eg(x,y) -eq(y,z) < eg(y,z),

eq(xo,yo) ■ ■■■ ■eq(xm-y,ym-y) < eq(ujx0 .. .xm-i, ujy0 .. .ym-y)

for every w G T U {+, •, -, eg};

(IV) eg(x,0)s=-x.

eg(-x, 1) ss -x.

eq(x,y) ss 1 -» x ss y.

The axioms of group (I) assure that the range of — includes 0 and 1 and the ranges

of the operations +, •, -, and eg. Group (II) axioms guarantee that the range of

— forms a Boolean algebra. The axioms of groups (III) and (IV) connect Q£T-

congruences with Boolean filters, as we see below. Observe that all the axioms

are identities except the last one. Thus in checking that a congruence is a Q£T-

congruence one only needs to verify closure under this single quasi-identity.

It is an easy matter to check that Et A G Q£T for every algebra A (of the

appropriate type). Consider for example the last axiom of (III). Let oo,.. •, oTO-i G

A. Then eg(a0,0o)•••• • eg(am_i, 6m_i) equals 1 if a, = 6, for all i < m; otherwise it

equals 0. In both cases it is no larger than eg(tuA(a), ouA(o)). To see that the first

identity of (IV) holds observe that, if a ^ 0, then eg(a,0) = 0 = -a. Otherwise

eg(a, 0) = 1 = —a.

Consider any algebra E G $£T, and let V := { -a: a E E }, i.e., the range of -.

The algebra V := (V, +, ■, -,0,1) is called the value algebra of E. As previously

noted V is a Boolean algebra. For any $ G Cong e -r E, define

Fz'$ :=  { a E V: a = 1 (mod $) }.
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For any a, b E Fi$, a ■ b = 1 ■ 1 = 1 (mod $), and for all a E F«<P and 6 G F such

that a<b,b = a + b=l + b=l (mod $). Thus Fj'$ is a filter of V.

LEMMA 7.5. The map $ i—► Fi<& is an isomorphism between Con^f-r-E and

the lattice of filters o/V.

PROOF. Let $ be any Q£T-congruence, and consider any a,b E E. We show

that a = b (mod $) iff eg(a, 6) G Fi$. If a = b (mod $), then eg(o, b) = eq(a, a) = 1

(mod$); iieq(a,b) = 1 (mod$), then a = 6 (mod$) since <J>, as a Q£ T-congruence,

is closed under eq(x, y) ss 1 —> x ss y. Thus the map $ i-+ Fi$ is one-one.

Let G be any filter of V, and define

$ :=  {(a,6)GFxF: eg(a,6)GG}.

We prove that $ is a Q£T-congruence such that Fi<b = G. This will show that Fi

is a bijection between CongetE and the filter lattice of V, and thus complete the

proof of the lemma since Fi is clearly order-preserving.

The axioms of group (III) guarantee that $ is a congruence of E. To see it is a

Q£T-congruence we have to show it is closed under the quasi-identity eq(x,y) ss

1 —> x ss y. Suppose eq(a,b) = 1 (mod $). Then eq(eq(a,b), l) G G by definition

of 3>. But eq(eq(a,b), l) = eq(a.b) by the third identity of (I) and the second

identity of (IV). Thus eq(a,b) E G, and hence a = b (mod 3>). So $ js a £ in-

congruence. To see that Fj$ — G consider any o G V. Then, since eg(a, 1) = a, we

have a E G iff eq(a, 1) G G iff a = 1 (mod $) iff a E Fi$.     □

It follows immediately from the lemma that Q£T is relatively congruence-

distributive.

A generalized equality-test algebra E is relatively simple if E is nontrivial and has

just two $£T- congruences, AE and Vg. By the next theorem Q£T is relatively

semisimple in the obvious sense.

THEOREM 7.6.   I.-efEjE Q£T.  The following are equivalent.

(1) E is relatively subdirectly irreducible;

(2) E is relatively finitely subdirectly irreducible;

(3) E is relatively simple;

(4) the value algebra o/E is the two-element Boolean algebra;

(5) E is an equality-test algebra.

If E is nontrivial, then each of the above conditions is equivalent to

(6) E  N  Vxyzw (eq(x, y) + eq(z.w) ss 1  —► x ss y V z ss tu).

PROOF. The equivalence of parts (l)-(4) follows immediately from the lemma

and well-known properties of Boolean algebras.

We show parts (4) and (6) are equivalent. Let V be the value algebra of E.

If V = {0,1}, then (6) holds by the axiom eq(x,y) ss 1 -+ x ss y. Conversely,

assume (6) holds and that E is nontrivial. Let 6 G V, so that b = —a for some

aEE. By the axioms eg(x, 0) ss -x and eq(-x, 1) ss -x we get eg(6,0) + eg(6,1) =

eq(-a, 0) + eg(-o, 1) =-a H—a = -b + b = 1.   Thus b = 0 or 6 = 1, and

V = {0,1}.
We complete the proof by showing the equivalence of parts (4) and (5). If E is

an equality-test algebra, then V = {0,1} by definition, so (5) implies (4). For the

reverse implication assume V = {0,1}. We show that E = Et A where A is is the
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T-reduct of E, i.e, that the equality-test and Boolean operations of E and Et A

coincide. Let a,b E E. eqE(a,b) E {0,1}. Thus the two axioms eg(x,x) ss 1 and

eg(x, y) ss 1 —> x ss y combine to give

(1    iia = b,
eq(a,b) := < .

f 0   otherwise.

Using this description of egE and the axiom eg(x,0) ss —x we get

f 1    if a = 0,
—a := <

( 0    otherwise.

The same axiom combined with x + y ss — (—x ■ —y) gives a + b = —(—a ■ —b) =

-(eq(a,0)   eg(6,0)). Thus

[0    if a = b = 0,
a + b:=\

( 1    otherwise.

Finally, eg(x, 0) ss —x and x • y ss — (—x H—y) combine in a similar manner to give

f 0    if a = 0 or b = 0,
ab:=\

( 1    otherwise.     □

COROLLARY 7.7.   Q£T = ISP{Et A : A an algebra of type T}.

PROOF. Apply the relativized version of Birkoff's subdirect representation the-

orem (Theorem 1.1).     □

Thus Q£ T is the quasivariety generated by all equality-test algebras.

COROLLARY 7.8.   Let K be any class of equality-test algebras.  Then

Va9£TK = QvK = ISFFVK.

PROOF.   By the second version of the Jonsson lemma (Theorem 1.7),

(VageTK)KFS1ClIg£TSFvK.

Since the equality-test algebras form a universal class, each member of SPu^T is

again an equality-test algebra and hence relatively simple. Thus (Vager^)rfsi <=

ISPvKCQvK.     D

THEOREM 7.9.   Let A be an arbitrary algebra.

(1) Et A generates a relatively congruence-distributive quasivariety.

(2) If the principal filter [OA(0,1)) generated by 9A(0,1) in the congruence lat-

tice Con A is not distributive, then Et A does not generate a congruence-distributive

variety.

PROOF. (1) Qv(Et A) is a relative subvariety of a relatively congruence-distrib-

utive quasivariety and hence is itself relatively congruence-distributive.

(2) It is easy to see that, if A is nontrivial, Con(Et A) is isomorphic to 1 ©

[9E(0,1)): Let $ be any congruence on Et A distinct from A^, so that a = b (mod

4>) for some pair a,b of distinct elements of A. Then 0 = eq(a,b) = eq(a,a) = 1

(mod $). So 9E(0,1) C 9EtA(0,l) C $. On the other hand, let $ be any

congruence on A such that 0=1 (mod $). Then, since a + b, a-b, —a, eq(a,b) E

{0,1} for all a, b E A, $ is also a congruence of Et A. Thus under the hypothesis

of part (2), the variety generated by Et A is not congruence-distributive.     □

A subset B oi A is said to be absorbing if cuA(ao,... ,am_i) G B whenever

ai E B for some i < m.
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THEOREM 7.10.   Assume A is a finite, nontrivial algebra.

(1) Qv(Et A) is finitely based.

(2) Assume further that {0,1} is an absorbing subset of A that does not include

the range of any term function of A. Then, if VaA is not finitely based, neither is

Vo(EtA).

PROOF.   (1) By Theorems I and 7.9(1).

(2) Let /c(xo,. •• ,xm-y) ss A(xo,.. • ,xm_j) be any identity of EtA. The ad-

ditional hypothesis of (2) assures that, if k contains any occurrence of one of

the adjoined operations symbols +, -, -, 0, 1, or eg, then A must also contain

such an occurrence. For suppose otherwise. Choose ao,...,am_i G A such that

XA(a0,...,am-y) £ {0,1}. Since {0,1} is absorbing, rtA(a0, ■ ■ . ,am_i) G {0,1},

contrary to the assumption that k ss A is an identity of A.

Since A is a reduct of EtA, the identities of A coincide with the identities of

EtA that contain none of the symbols +, •, —, 0, 1, or eg. Let k ss A be such

an identity. Then by the remark of the previous paragraph, only axioms with the

same property can be used in any derivation of k ss A of minimal length in one of

the standard deductive systems of equational logic. Thus any base for Va(Et A)

must include a base for VaA.     □

It is easy to construct finite algebras satisfying the hypotheses of 7.10(2). Let

B be any finite algebra such that VaB is not finitely based, and, in addition, B

is regular in the sense that, for every identity k ss A of B, each variable occurring

in k also occurs in A, and vice-versa. (Most of the known algebras that gener-

ate nonfinitely based varieties have this property; see for instance McNulty and

Shallon [24].) Let A be the algebra over the same language obtained from B by

adjoining new elements 0 and 1, and extending the fundamental operations by set-

ting wA(a0,...,am_i) = 0 if 0 G {a0,... ,am-y}, and tuA(o0,... ,om-i) = 1 if

0 G' {ao, • ■ • ,om_i} but 1 G {ao, • • • ,am_i}. It is easy to see that, because B is

regular, VaA = VaB. Thus A satisfies the hypotheses of 7.10(2). This gives a

large number of finite algebras whose quasi-identities are finitely based but whose

identities are not.

Because §£T is finitely based, we could have used one of the corollaries of

Theorem 3.1 to show Qv(Et A) is finitely based instead of the much deeper Theorem

I. The result can also be obtained from a theorem of Czelakowski and Dziobiak [12]

(Theorem 9.2 below) since Qv(E,t A) turns out to have REDPM. From the fact that

Q£Trfs\ ^ Vxyztu(eg(x,y) + eg(z,tu) ss 1 -» xssy Vzssw),

we can conclude that principal Q£ T-congruence meets are definable by the non-

parameterized equation eq(x,y) + eq(z,w) ss 1, and hence Q£T and all of its

relativized subvarieties have REDPM.

The original proof of 7.10(1) is still of value however since it can be generalized to

give natural examples of finitely generated quasivarieties that have all the essential

properties of the quasivariety Qt»(Et A) mentioned in Theorem 7.10 but fail to

have REDPM. Qv(Et A) is relatively congruence-distributive and has REDPM

essentially because the variety of Boolean algebras has these properties. The idea

is to replace the Boolean value algebra in the construction of Qv (Et A) by another

value algebra that generates a variety with the first of these properties but not
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the second. The actual construction will appear elsewhere. A wide class of non-

Boolean equality-test algebras with various interesting properties can be obtained

in this way.

8. Data structures and abstract data types. Heterogeneous (many-sorted)

Boolean test algebras, as previously remarked, arise naturally in the theory of

data structures. Moreover, the theory of quasivarieties of homogeneous algebras

developed in the previous sections can be extended mutatis mutandis to this more

general context. Thus the quasi-identities of every finite heterogeneous equality-test

algebra are finitely based, and, more generally, we have heterogeneous analogues of

both Theorems I and II.3

Let S be any algebra (homogeneous or heterogeneous). A term in the language

of S without variables is called a ground term. By a ground-term function of S

we mean any element of S of the form /cs where k is a ground term of S. A

data structure is any heterogeneous algebra S with the property that every element

is the value of a ground-term function. By an abstract data type we mean the

isomorphism class of of some data structure. Our treatment of abstract data types

follows Meseguer and Goguen [25] with some minor exceptions; see also Goguen,

Thatcher, and Wagner [17].

To illustrate the application of our results to data structures we consider algebras

of stacks. A stack algebra consists of three sorts: the first, the stack elements, can

be any homogeneous algebra over an arbitrary language type (signature) T that

is a data structure (i.e., every element is the range of a ground-term function).

The stacks themselves form the second sort. They consist of all finite sequences

of stack elements, possibly with some fixed upper bound on their length. There

are two intra-sort operations on stacks: the miliary empty stack and the unary

pop. The empty stack denotes the empty sequence, and pop applied to the stack

(ao, ■ ■ ■ ,an-y) returns the new stack (ao, •.. ,an-2) (unless the original stack is

empty). The third sort is the two-element Boolean algebra with the usual Boolean

operations.

In addition to the intra-sort operations there are five inter-sort operations, full,

push, top, eeq, and seg. full applied to a stack of maximal allowable length returns

the Boolean value 1; otherwise it returns 0. push applied to a stack (ao,. •., an-y)

and an element 6 returns the stack (ao,...,an-y,b) (unless the original stack is

full), top applied to (a0, ■ ■ ■ ,an-y) returns the element an-y (unless the stack is

empty). eeg is the element equality test; applied to a pair of elements it returns 1

or 0 depending on whether the elements are equal or not. The stack equality test

seg is similarly defined.

We have not specified the value of the operations for all possible valid input

values. For instance, pop(s) has not been defined when s in the empty stack, and

similarly for push(s,e) when s is full. The operations can be left undefined on

these inputs, and stack algebras treated as partial algebras. Another possibility is

to introduce a new error constant for each sort. The set of error values will act as

an absorbing set with regard to the operations of the algebra, and, where previously

undefined, the operations will now return the error value of the appropriate sort.

3Heterogeneous or many-sorted algebras were first considered by Birkhoff and Lipson [6] and

Higgins [18]. Their equational metatheory is developed in Goguen and Meseguer [16].
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Terms in the language of stack algebras are divided into element, stack, and

Boolean terms. Equations are defined only when both sides are of the same sort;

quasi-equations are defined the usual way. It is easy to see that in any stack algebra

each stack is the value of a term that involves only push, empty stack, and ground

element terms. Thus every stack algebra is a data structure.

The quasivariety of generalized stack algebras is generated by all stack algebras of

a given type. It is finitely based and relatively congruence-distributive; cf. [30]. The

heterogeneous version of Theorem I can be applied to give the following analogue

of 7.10.

THEOREM 8.1. (1) The quasi-identities of every finite stack algebra are finitely

based.

(2) If the identities of the element-sort algebra of a stack algebra are not finitely

based, then neither are the identities of the stack algebra.     □

In part (2) we need no special assumptions about the element-sort algebra like

those required in 7.10(2). Since there is no operation that maps either the stack

or Boolean sort into the element sort, every element-sort identity is pure in the

sense that its terms involve only the internal operations of the sort. Thus any

derivation of a (pure) element-sort identity can involve only identities of the same

kind, and hence any base for the identities of a stack algebra must include a base

for the identities of its element-sort algebra. This gives a slightly stronger result

than 8.1(2).

(3) // the identities of the element-sort algebra of a stack algebra are not finitely

based, then they are not derivable from any finite set of identities of the stack

algebra.

Heterogeneous equality-test algebras are more natural than their homogenous

counterpart. As mentioned previously homogeneous equality-test algebras are most

naturally thought of as heterogeneous algebras in which the various sorts are col-

lapsed into one. This introduces the possiblity of unintended interaction between

operations of different sorts that must be accounted for by contrived hypotheses

like those found in 7.9(2) and 7.10(2).

Finite homogeneous algebras whose identities are not finitely based, and in which

each element is the value of a ground-term function, are known to exist (see for

instance [29]). Taking one of these for the element-sort algebra we get a finite

stack algebra S whose quasi-identities are finitely based while its pure element-sort

identities fail to be logical consequences of any finite set of identities of S.

Specification of abstract data types. We end this section with some remarks

on the specification problem for abstract data types. Let S be a data structure.

By a ground identity of S we mean any identity of S that involves only ground

terms, i.e., that does not contain any variables. The abstract data type of S is

completely determined by the set of ground identities of S. Following [17] we say

that a set F of equations or quasi-equations is a specification, or more precisely

a correct specification, of the data structure S and its abstract data type if S is

the initial algebra of the variety or quasivariety defined by F. This is equivalent

to saying that each member of F is an identity or quasi-identity of S, and that

every ground identity of S is a logical consequence of F; see [25, Theorem 18]. F is
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called a equational specification if it consists exclusively of identities; otherwise it

is a conditional specification.

A data structure will have many specifications that are not logically interderiv-

able. For instance, any base for the identities of S is a specification, as is any base

for its quasi-identities, but in general the quasi-identities of S are not derivable from

its identities. A finite base for the quasi-identities of S will give a finite conditional

specification, but S may have a finite conditional specification without having a

finite base for its quasi-identities.

Correct specifications are important in the theory of data structures because,

in completely characterizing the abstract data type of a structure, they provide a

means of precisely specifying its essential properties independent of a particular im-

plementation. This is widely viewed as one of the first steps in the modularization

of a large-scale software development. At the implementation level correct speci-

fications are used to verify the correctness of a particular implementation. They

themselves may also serve as the means of implementation via the deductive appa-

ratus of equational or quasi-equational logic; see for instance O'Donnell [27]. The

merit of a specification is judged on the basis of how well it serves these purposes.

A rough criterion is size, but there may be good reasons for choosing a particular

specification over a smaller one. For instance a more complicated conditional spec-

ification, that is complete in the sense that it forms a base for all quasi-identities of

the data structure, may be desirable because it leads to a more efficient algorithm

for deducing ground identities.

It seems likely that the sets of ground identities, identities, and quasi-identities

can be finitely based or nonfinitely based in every conceivable combination. For

instance the ground identities of a finite data structure are always finitely based,

while, as the last theorem and the remarks following it show, there exist finite data

structures whose quasi-identities are finitely based while their identities are not.

A related problem concerns the relative strength of conditional and equational

specification. Thatcher, Wagner, and Wright [34] show that the former is more

powerful by giving a simple example of a computable abstract data type with

a finite conditional specification but no finite equational one. We give another

example of such a data structure as an application of Theorem 8.1. It is more

complicated than the one in [34], but it may be of some intrinsic interest since it

is a generalized stack algebra.

Let S be a finite stack algebra whose quasi-identities are finitely based, while at

the same time its pure element-sort identities are not a consequence of any finite

set of identities of S. Let F be a finite base for the quasi-identities of S. Since S

is finite it has a finite equational specification, and we must replace it by another

data structure. Let F be an algebra in the variety VaS that is freely generated by

an infinite number of elements from its element-sort domain. Extend the language

(signature) of S by adjoining a new miliary operation symbol of the element sort

for each free generator of F, and let F+ be the algebra over the extended language

obtained from F by having each new miliary symbol denote its associated free

generator. F+ is clearly a data structure. (It is not a stack algebra since its

Boolean-sort algebra is in general an infinite Boolean algebra; it is of course a

generalized stack algebra.)
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THEOREM 8.2. The abstract data type of¥+ fails to have a finite equational

specification, but it does have a finite conditional specification.

The proof is straightforward and will be omitted. It is based on the fact that

any ground identity of F+ can be converted into an identity of S by substituting

variables for the new miliary symbols, and vice-versa.

One unsatisfactory feature of the data structure F+ is the infinite set of miliary

element-sort operations in its language. This can be avoided by adding a fourth

sort of natural numbers and injecting them into the element-sort to play the role

of the free generators.

For a more detailed discussion of the axiomatization and specification of hetero-

geneous equality-test and related data structures see [30].

9. Connections with previous work and open problems. The first ex-

ample of a finite algebra that fails generate a finitely based quasivariety was given

by Ol'sanskil [28]. Subsequently many other examples of this kind were found,

even among members of congruence-distributive varieties: for example lattices

(Belkin [4], Tumanov [35]), Heyting algebras (Dziobiak [14]), and interior alge-

bras (Rybakov [31]). Moreover, complete characterizations have been given of

finite groups (Ol'sanskil [28]) and finite rings (Belkin [4]) that generate nonfinitely

based quasivarieties, and a partial characterization of finite semigroups with this

property has also been obtained (Sapir [32]).

The first result in this area of a general algebraic character was obtained by Blok

and Pigozzi [8] by generalizing the method of Rybakov. It applies only to subqua-

sivarieties of varieties with EDPM (see §7). Examples of varieties with EDPM are

distributive lattices, Boolean algebras, relation algebras, cylindric algebras of finite

dimension, and any discriminator variety. Among varieties with EDPM that are

not discriminator varieties are Heyting algebras, interior algebras, vector groups,

F-rings, and vector lattices. Varieties with EDPM were first studied by Baker [1].

He proved that if V is a congruence-distributive variety with this property, and K is

an elementary subclass defined by a universal closure of a disjunction of equations

(a UDE in Baker's terminology), then K generates a finitely based variety relative

to V. An easy corollary of this result is that every finitely generated congruence-

distributive variety with EDPM is finitely based. Subsequently it was shown in

[8] that every variety with EDPM is congruence-distributive, and thus that every

finitely generated variety with EDPM is finitely based. The following theorem is

the main result of [8].

THEOREM 9.1. Let Q be a subquasivariety of a variety V with EDPM. If Q

is generated by a finite set of finite, subdirectly irreducible members of V, then Q

is finitely based.

Czelakowski and Dziobiak [12] improved this result in several ways, and greatly

clarified its relationship to Baker's theorem. Moreover their work led directly to

the discovery of Theorem I. The key to the relationship is the relativization of the

EDPM property to quasivarieties. They obtained the following natural generaliza-

tion of the finite basis result in Baker [1]. Recall that a class of algebras is strictly

elementary if it is definable by a finite set of first-order sentences.
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THEOREM 9.2 [12]. Let Q be a quasivariety with REDPM. If Qrfsi is strictly
elementary, in particular, if Q is finitely generated, then Q is finitely based.

If fi is a finitely generated subquasivariety of a variety with EDPM, Czelakowski

and Dziobiak proved that Q satisfies the hypothesis of Theorem 9.1 just in case it

has REDPM; see Theorem 7.4. Thus they were able to obtain 9.1 as an immediate

corollary of 9.2 and 7.4. These latter two theorems led naturally to the conjecture

of Theorem I. Dziobiak was able to prove the following weaker result.

THEOREM 9.3 [15]. Every finitely generated and relatively congruence-distrib-

utive quasivariety that is included in a congruence-distributive variety is finitely

based.

Theorem 8.1 can also be obtained as an immediate consequence of 9.3 and the

fact every variety with EDPM is congruence-distributive.

Connections with logic. The various relativized notions that we have consid-

ered in this paper, such as relative congruence-distributivity, relative equationally

definable principal congruence meets, and relative subvariety, have their origin in

logic. And many of the theorems involving these notions first appeared in metalog-

ical form. For example Theorems II and 9.2 are the algebraic algebraic analogues

of metalogical results appearing in [9 and 10], respectively.4

A deductive system is a pair S = (T, (-) consisting of a language type T and a

consequence relation (- between the formulas of type T that satisfies certain well

known conditions (see Tarski [33]). A deductive system is usually defined by logical

axioms and inference rules, for example, modus ponens: x, x —* y r- y, and the rule

of necessitation of modal logic: x h Dx. Any set of formulas that includes the

logical axioms and is closed under substitution and the inference rules is called a

logic over S. A logic is often defined by a set of nonlogical axioms.

Deductive systems and logics can also be defined semantically. A matrix consists

of an algebra A of the same language type as S, together with a set of designated

elements D. A matrix (A, D) is a model of S if D is closed under the consequence

relation I- in the natural sense. Any class of matrices of type T defines a deductive

system S = (T, h), where h is the largest consequence relation such that each of

the matrices is a model of S. Similarly, every class of matrix models of S defines a

logic over S. For any algebra A of the same language type as a deductive system

S, a set D of designated elements is a S-filter if (A,D) is a matrix-model of S.

The set of all S-filters on A forms an algebraic lattice. S is filter-distributive if this

lattice is distributive for every algebra A.

There is an obvious analogy between quasivarieties and deductive systems (more

precisely, their matrix-model classes), and between relative subvarieties and logics.

Quasi-identities correspond to consequence relationships of the form T h /c, and

identities to theorems (i.e., formulas k such that h k). The finite axiomatizability

problem for a finite matrix takes two forms. One can ask if the deductive system

it defines is finitely axiomatizable. This corresponds to the finite basis problem

for the quasivariety generated by a finite algebra.   If the matrix is a model of a

4Propositional logic is the part of logic most closely connected to theory of varieties and

quasivarieties. For a comprehensive account of much of the modern work on propositional logic

see Wojcicki   [37, 38].
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deductive system S, one can ask if the logic it defines is finitely axiomatizable, i.e.,

if its theorems are logical consequences of a finite set of logical and extra-logical

axioms and inference rules. This corresponds to the finite basis problem for the

relative subvariety generated by a finite member of a quasivariety Q. Both kinds

of problems have been considered in the literature, but the finite axiomatizability

problem for logics is the more important from a historical point of view.

A logic defined by a finite matrix is called tabular. The finite axiomatizability

of tabular logics was first considered in connection with many-valued logics, and

the first result of a general character in this area was due to Wajsberg [36]; see

Lukasiewicz and Tarski [21]. Let S be any deductive system with —♦ and -> as the

only connectives and modus ponens as the only rule of inference. Wajsberg proved

that a sufficient condition for a tabular logic over 5 to be finitely axiomatizable is

that it include among its theorems four relatively simple formulas; these turn out to

be theorems of a large class of logics that contains in particular all the many-valued

logics Ln for n finite that were considered in Lukasiewicz and Tarski [21]. Two

recent results of a similar character lead directly to Theorem II. Blok and Kohler [7]

use a matrix-theoretic version Jonsson's lemma [19] to prove that every quasi-

normal tabular modal logic is finitely axiomatizable. This result is generalized and

extended in Blok and Pigozzi [9] into a metalogical analogue of Baker's Theorem [2]

that applies to a wide class of deductive systems called protoalgebraic systems.

Recall that a deductive system S is said to be filter-distributive if the lattice of

5-filters of every algebra is distributive.

THEOREM 9.4 [9]. Every tabular logic in a filter-distributive protoalgebraic de-

ductive system is finitely axiomatizable provided S has only finitely many inference

rules.

Theorem II is the natural algebraic analogue of this result under the correspon-

dence between fi-congruences and S-filters. Corollary 3.3 is actually a closer ana-

logue of 9.4. Theorem II is a stronger result than 3.3 because of the absence of the

assumption that Q is finitely based. However the corresponding strengthening of

Theorem 9.4. can also be shown to hold: every tabular logic in a filter-distributive

protoalgebraic deductive system S is finitely axiomatizable, regardless of whether

S itself is finitely axiomatizable.

A deductive system is said to be disjunctive if there exists a finite system

oo(P'°)> • • • >°m-i(p, q) of formulas in two variables that collectively act like a dis-

junction connective: for any set F of formulas,

F,tp\-v^ andF,xphxr    iff   r U {6l(p,xp): i < m} h d,

for all formulas p, xp, and x9. Dzik and Suszko [13] proved that every disjunctive

deductive system is filter-distributive. Disjunctive deductive systems correspond to

quasivarieties with REDPM in a natural way, and the above result suggests that

that every variety with EDPM is congruence-distributive. This result was proved

in [9].

Similarly, Theorem 9.2 is the algebraic analogue of the following meta-logical

result of Czelakowski [11]. a matrix model (A, D) of a deductive system S is prime

if D is finitely meet-irreducible in the lattice of S-filters of A.
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THEOREM 9.5 [11, Theorem III.2]. Let S be a disjunctive deductive system.

If the class of prime matrix models of S is strictly elementary, then S is finitely

axiomatizable.

Open problems.

PROBLEM 9.6. Assume Q is a relatively congruence-distributive quasivariety

such that fiRFSi is strictly elementary. Is Q necessarily finitely based?

By Theorem I the answer is positive if Q is finitely generated, and by Theorem

9.2 the answer is positive when Q has REDPM. We can raise a similar problem for

relative subvarieties.

PROBLEM 9.7. Assume R is a relative subvariety of a relatively congruence-

distributive quasivariety Q, and that £rfsi is strictly elementary. Is R necessarily

finitely based?

A positive solution to this problem would not be an easy consequence of a positive

solution to 9.6 in the same way that Theorem II is an easy corollary of Theorem I.

In [9] the question was raised if Theorem 9.1 continues to hold when the premiss

that "V has EDPM is weakened to the requirement that "V is congruence-distributive

or has equationally definable principal congruences. (See [9] for the definition of

this latter notion.) Czelakowski and Dziobiak [12] have shown that this is not true

in the congruence-distributive case by constructing a finite, subdirectly irreducible

lattice whose generated quasivariety is not finitely based. The other problem is still

open.

PROBLEM 9.8. Let Q be a subquasivariety of a variety V with equationally

definable principal congruences. If Q is generated by a finite set of finite, subdirectly

irreducible members ofV, is Q necessarily finitely based?

The following interesting problem was personally communicated to the author

by A. Wroriski.

PROBLEM 9.9. Is it true that, for any finite algebra A, there exists a finitely

based quasivariety fi such that VaA = VaQ?

In syntactical terms the problem asks if it is true that, for every finite algebra A,

there exists a finite set of quasi-identities F such that the identities of A coincide

with the identities derivable from F. Wroriski has verified that this is true for a

number of the examples in the literature of finite algebras whose identities are not

finitely based. On the other hand the corresponding problem for finite matrices is

known to have a negative solution; see Wojtylak [39].

The following closely related problem comes up naturally in connection with

Theorem 7.10.

PROBLEM 9.10. Does there exist a finite algebra whose identities and quasi-

identities both fail to be finitely based, but whose identities are all consequences of

a finite set of its quasi-identities?

In problem 9.9 we can replace the finite algebra A by a finite set M of finite

algebras and get a formulation of the problem that is easily seen to be equivalent

to the original. Among the quasivarieties Q with the property that VaM = VaQ
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there is a largest one (VaM) and a smallest one (QvF, where F is the free algebra

over VaM with an infinite number of free generators). Problem 9.9 asks if there

is at least one finitely based quasivariety in this interval. We can also ask if there

exists such a quasivariety in the smaller interval [Qv M, VaM}.

PROBLEM 9.11. Is it true that, for every finite set M of finite algebras, there

exists a finitely based quasivariety Q such that Qv M C Q and VaM = VaQ?

It seems unlikely that this problem will have a positive solution. First of all, such

a solution would imply that there exist no finitely generated quasivarieties that are

inherently nonfinitely based. A locally finite quasivariety (variety) is inherently

nonfinitely based if it is not included in any finitely based and locally finite quasi-

variety (variety). There are many examples of finitely generated varieties that are

inherently nonfinitely based. See McNulty and Shallon [24] and Baker, McNulty,

and Werner [3].

Secondly, it would provide a positive answer, in a very strong sense, to a problem

of B. Jonsson quoted in McKenzie [22]:

PROBLEM 9.12. Is it true that, for every finite set M of finite algebras, Qv M =

VaM implies VaM is finitely based?

Baker's theorem would be an immediate consequence of Jonsson's lemma and

a positive solution of this problem. Finally we mention the problem of extending

Theorem I to relatively congruence-modular quasivarieties. It would give a natural

generalization of a recent result of McKenzie [23]. He has shown that every finitely

generated, residually finite congruence-modular variety is finitely based. This can

be rephrased in the following way: every congruence-modular variety that is finitely

generated as a quasivariety is finitely based.

PROBLEM 9.13.   Isit true that every finitely generated and relatively congruence-

modular quasivariety is finitely based?
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