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GENERALIZATIONS OF CAUCHY’S SUMMATION THEOREM
FOR SCHUR FUNCTIONS

G. E. ANDREWS, 1. P. GOULDEN AND D. M. JACKSON

ABSTRACT. Cauchy'’s summation theorem for Schur functions is generalized,
and a number of related results are given. The result is applied to a com-
binatorial problem involving products of pairs of permuations, by appeal to
properties of the group algebra of the symmetric group.

1. Introduction. Although interest in the algebra of symmetric functions was
originally prompted by work in representation theory, this algebra, the group alge-
bra of the symmetric group and the character theory of the symmetric group play
a significant part in combinatorial theory (see, for example, Bannai and Ito (1],
Macdonald [8]), and related areas (Diaconis [2]).

In this paper we prove a summation theorem (Theorem 2.1) which gives an
explicit evaluation of

n
Z H(a: —0; —n+1)se(y1,---,Yn)So (W1, .., W),

6 =1
where the sum is over all partitions 8, and sg is a Schur function. This is of interest
since it is a generalization of the classical result of Cauchy (see [6, p. 33] for a

proof):
n m
Y s0(y1,- - Yn)s0 (Wi, s W) = H H 1 - yjwe)”

In §3, this summation theorem is used to derive a generalization of Gessel’s [3]
result on counting 3-rowed Latin rectangles with respect to the number of cycles in
each row, considered as permuations. We also derive (Proposition 3.2) an explicit
expression for a useful character sum associated with the symmetric group.

§4 contains a number of results for symmetric functions that are equivalent to
Theorem 2.1. These include a generalization of Cauchy’s summation theorem for

Zse(ylv v ’y‘n)sé(wh .. '1wm)’
[}

and a summation theorem for

Zso(yl, s Yn)Se(wr, ...y w5 2)
]

where Sp is a symmetric function related to Hall-Littlewood polynomials.
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In §5 we give a number of related determinant evaluations. Among the latter is
a result due to Borchardt [10] relating the permanent and the determinant of the
Cauchy matrix (whose #j-element is 1/(1 — y;w;)).

We have relied heavily on properties of the algebra of symmetric functions. In
the interest of brevity, we have not stated these, but have cited the appropriate
pages of Macdonald (6], and our notation accords with his.

The following notation is needed. A partition § = (6;,63,...) is a nonincreasing,
possibly infinite, sequence of nonnegative integers called parts. The number of
positive parts is denoted by [(f), the sum of the parts is denoted by || and the
number parts of size one is denoted by g(#). We say that 0 is a partition of |0 and
we write § - N. The conjugate of 8 is denoted by 8. The partition (n — 1,n —
2,...,1,0,...) is denoted by 6.

ThI‘OllghOllt this paper ek(yl» s yyn)v h’k(yl’ SRR y‘n)’ pk(yla ceey y‘n)y and
86(Y1,---,Yn), denote the elementary, complete, power sum and Schur symmet-
ric functions, respectively, on the (commuting) indeterminates y;,...,y». When
n = 00, these will be abbreviated to ex(y), hk(y),px(y) and s¢(y), respectively,
and, when no confusion arises, to ek, hg,px and sg.

There is a natural bijection between the partitions of weight N and the set of
conjugacy classes of the symmetric group, Sy, on N symbols in which the number
of parts of a partition is the number of (disjoint) cycles in an arbitrary element of
the corresponding conjugacy class. Thus /() is also the number of cycles in an
arbitrary element o of the conjugacy class, Cy, corresponding to §. Similarly, g(a)
is the number of 1-cycles (fixed points) in an arbitrary element a of Cy. The size
of Cy is denoted by h®. Let x4 be the irreducible (ordinary) character associated
with Cy and let f? be the degree of xg. The value at any element of C, is denoted
by x%. The signum of a permutation 7 is denoted by sgn(r).

Let R be any commutative ring. Let [ - ]Jg be the usual coefficient operator on
the ring R|[z]] of formal power series in the indeterminate z with R as coefficient
ring. Clearly, this operator acts linearly on the ring. In general, the ring will be
understood from the context, so the subscript of the coefficient operator will be
suppressed. Similarly, to avoid unnecessary detail, we have defined mappings by
their elementwise action, since their domain and range are clear from the context.
Unless otherwise stated, the operand of a mapping defined on a ring is the whole
of the expression to its right.

Throughout, (z)r = z(z—1)---(z—k+1) and (z)¥) =z(z+1)--- (z+ k- 1).
the falling and rising factorials, respectively. If the ij-element of a matrix M is
my;, for i € I, j € J, then the determinant of M is denoted by

il e

When I = J = {1,...,k}, this is simplified to [|mq;|kxx. We denote |[y}*[lnxn by
a6(Y1,.--,Yn), OF by ag, when no confusion arises.

2. A summation theorem for Schur functions. In this section we derive
the main result of this paper, by showing that it is equivalent to a polynomial
identity. This is proved by induction on n + m.
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THEOREM 2.1. For nonnegative integers n and m,

ZH(&: —0; —n+1)s6(y1,--- Yn)Se(wi,. .., W)

6 i=1
— . -1 e J J
B ]'_-I;,:cl—«[l(l —yywe) [t ta)(LH i+ +En) I}—I Z -y we
J= = = =

PROOF. First we rewrite the left-hand side by [6, p. 24] as

E Hz—ﬂ —n+z)

1(0)<n -

so(wl, ey W)

Let Y, denote the formal partial differential operator [T, (z— (y: —2)9/dyi). Now

n

n
[z -6 —n+i)asto = Y sen(o) [[(z - 0: = n + )yl 5"~ = Yoas+e

=1 0€ESn 1=1

so the left-hand side becomes

n m
a;'Yo Y astese(w,. .., wm) = a5 ' Yoas HH(I“ijk)_l
16 <n =tk=t

from Cauchy’s summation theorem. Now multiply through by as, which gives the
following equivalent formulation of the result:

n m
Yoas [T I (1 - wjwe) ‘-asHH (1 = yjwe) " tr - - tn)
J=1k=1 J=1k=1
(1) m n
'(1+t1+"'+tn)IH 1-— M
k=1 j=11_ijk

Now replace each wy by w, 1 and then each y; by y; — 2z and each wy by wg — 2;
next multiply on both sides by [1}_, [Ty=;(wk — 2)~'. As a result we have the
following equivalent formulation of (1):

n m n m
TTIT (we —v)™t =as [T [T (wr —95) " [t1 - - t]
(2) m n )
(2 — s
At [ [ 1+ DD 2
k=1 7j=1 wk—y]

We first prove (2) in the special cases n =0 and m = 0.
Case (i): n = 0. Both sides are equal to 1, so (2) is true in this case.
Case (ii): m = 0. The right-hand side is

aslty - ta](L+t1 4 +ty)* =as (n

Z) n! = as(z)n.
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The left-hand side is

: p)
Y.as = n—j (s — n—j
205 N - (r (i Z)ayi) Y; .
—“ (z—n+5)yl 7 +2(n—jz)yr 77"
nxXn
= “ (—n+7)y =J = (2)n ||y~ = (z)nas
nxn nxn

and (2) is true in this case.

We prove (2) by induction on n + m where n >0, m > 0. Thecasen+m =0
is accounted for in Cases (i) and (ii) above. The induction hypothesis is that the
result is true for all cases n+m < N, n > 0, m > 0. We must now prove the result
is true for n+m = N, n > 1, m > 1. (The cases n = 0 and m = 0 are already
accounted for.)

The left- and right-hand sides are polynomials in z of degree at most n and m,
respectively, in z, so it is sufficient to prove that they agree on n + m values of z,
sincen+m >mnand n+m > mforn > 1, m > 1, so these polynomials agree on
more values than either of their degrees.

First we consider z = y, (by a permutation of the indices, this argument works
for all of z = y;,...,yn). Substituting y, for z in (2), then replacing y, by € to
draw attention to it, and multiplying both sides by [T;-, (wik — &), gives

— (yi — _ 3 aﬁ(ylv "’yn—l)
zH (z £) )( € (Yn—1— )H T (k= 97)

a&(ylv .. »y‘n—l)

=W —&) (Yyn-1—8)
®) TT;=) T (wk — v5)
b t
e ta) (L4t 4+ t)® H 1+Z’(€ y’ .
But, for any formal power series F' in y;,...,yn—1,andz=1,...,n—1,

(s- -0 ) - 0P =stu-OF - (-0 {F+ -0 |

(4)
=<—o@—hwra£J
Also,
m n-—1
[t tal (L4t 4+ t2)° [] 1+Z——t’(§_y")
(5) k=1 =1 Wk Y
:: t 5" ]
=zt tnoa)(L+t 4+ 4 tny) IH( ;—iﬂk—s;))‘

If we apply (4) to the left-hand side of (3), and (5) to the right-hand side of (3),
and then divide both sides by xl‘[;-’;ll (y; — €), we obtain (2) with n replaced by
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n — 1 and z replaced by = — 1, which we have assumed to be true by the induction
hypothesis, so (3) is true.

Now we consider z = wy, (by a permutation of the indices this argument works
for all of 2 = wy,...,wy). Substituting wy, for z in (2), then replacing w,, by a
to draw attention to it, gives

n m—1
Y(a Y1) (= ynjl;Ilk=1 wk = Y5)”
n m—1
(©) =(a Y1) (= yn) l;II;Iwk_yJ -
ti(a—y,)
Tty ta) (Lt + -+ taeg)®H H 1+jz; ,u()k— J
But, for any formal power series G in y;,...,yn,and i =1,...,n,

0 G 1 0
(3-ti-0p) s = - (a4 1- -0 ) 6

Now, apply this result to the left-hand side of (6), and multiply both sides by
I_I;':l(a — y;). This gives (2) with m replaced by m — 1 and z replaced by z + 1,
which is true by the induction hypothesis, so (6) is true.

Thus (2) is true by induction on n + m for all nonnegative integers n and m,
and so is the given result, which is equivalent to (2). O

Cauchy’s summation theorem is obtained by applying [z"] to both sides of The-
orem 2.1.

Sagan (8] has pointed out that extracting the coefficient of (z),— from both
sides of Theorem 2.1 yields the equivalent statement

Z Z (01'1+k—1)(0i2+k—2)"'(oik—l+1)
0 1<i;<-tk_1<n
'(oik 1+1+”' an)sﬂ(yla'-'7yn)50(wl)~-~,wm)

- H H Z: u Y5 Wi,
1- Yyiw 1 ’

1 —y,,w;
i=1j5=1 31< < l=1 Y5 Wi,
N #E o Flk

Can one obtain a bijective proof of Theorem 2.1 by applying a refinement of the
Robinson-Schensted algorithm [9] to a combinatorial interpretation of this in terms
of pairs of matrices and plane partitions?

3. A combinatorial application. Consider the generating functions for pairs
of permutations defined by

L(t,u,v,p,q,r Z Z (@) (®)p9(ab) g (a) o (b)
N>0 (a b)eS’
Thus, for example

N
L(tu,v,1,1,1) = 3 ()™M () ),

N2>0
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since, from [6, p. 22]

N) _ Z ut(@)

a€ESnN

A three rowed reduced Latin rectangle on N columns is a 3 X NV array in which
the first row contains the identity permutation on N symbols, and the other rows
contain permutations on /N symbols, subject to the restriction that each column
contains three distinct symbols. Then clearly, the number of three rowed reduced
Latin rectangles on N columns is [tV /N!|L(t,1,1,0,0,0), by letting a be row 2 and
b=1 be row 3 in the summation defining L, and by noting that {(b) = I(b™!) and
g(b) = g(b='). Goulden and Jackson [4] have shown that

NItV
L(t,1,1,0,0,0) = e —_
;L;O (1 +t)3(N+1)

Gessel [3] has shown by a combinatorial argument that

()™ () ™)

Lt 0 — 2uvt
(t,4,0,0,0,0) = N;J NU(L+ ut)**N (1 + o) vt N (1 + )=t N

is the generating function for three rowed reduced Latin rectangles with u and v
marking cycles in rows 2 and 3 respectively, and, more generally, that
(N) () (N)
— ouvt(2—-p) . (u) (’U)
L{t,u,v,p,0,0) = NZ>0 NU(1+ ut) "N (1 + 0t)»* N (1 + (1 — p)t)wot N’

In this section we derive an explicit expression for L(¢,u,v,p,q,r), which is denoted
hereafter by L, as a consequence of Theorem 2.1, by first expressing it as a character
sum.

PROPOSITION 3.1. Let B(6,u,q) = (1/N!) Y, cs, X5 0 (@) g9(@) yhere N =
|0]. Then

L(t,u,v,p,q,7) = Z tN Z 70 B(0 p)B(0,u,q)B(0,v,r)
N>0 6-N
where B(0,p) denotes B(6,1,p).
PRO~OF. Direct from Propositions 2.1, 2.2 and Lemma 2.4 of [5], and since
ff=5 0o
To evaluate B(6,p), it is convenient to use the mapping ® such that ®(z);x =

(1 — p)¥, extended linearly to the appropriate ring. A similar linear functional has
been considered by Rota [7].

PROPOSITION 3.2. Let§+ N and l(§) < n. Then

7—;3(0,10) =(-D¥a-pN e k]:ll{x — 0 —n+k}.

PROOF. From [6, pp. 25, 62],
B(aap) = S@(Pl =D, P; la ) 2 2) = ||[69.—i+j(P1 = D, D; 17 1 Z 2)]”an
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But 3,5 ext® = exp ;5 (—1)¥~'pxt*/k from [B, p. 17], so making the above
substitutions gives 3, ext® = (1+ t)e~(*~P)t. Thus

B(0,p) = (0~ )M =i+ ) + (0= D)7 0 =i 45 = D! lnxn,

with the convention that k!=! =0 for k < 0.
To evaluate this determinant, we first border it with a first row (1,0,...,0) and
a first column (1,(6; — 1)!7%,..., (6, — n)!"!)T. Indexing the rows and columns
of the bordered matrix from 0, replace column j by column j plus (1 — p)~?! times
column j — 1, first for j = 1, then for j = 2,..., and finally for j = n. These
operations leave the determinant unchanged. Next, multiply in the kth row by
(0 +n —k)!, for k=1,...,n and divide the determinant by [Tr_, 0k +n — k)! to
get
_ =n¥Na-ph
[Tz 6k + n—k)!

The first row can be written in the same form as the other rows since (1—p)"~7 =
®(0p + n)n—; where 6y +n = z, so by the linearity of ® and the multilinearity of
the determinant function in its rows

_1\N(1 _ n\N—n
B0.) = {or @M+ 1= Dol

To complete the evaluation of B(6,p), let 6; + n — ¢ = p,; and note that (u;),
is a monic polynomial of degree j in u;. Thus (u:); = Y ko ckipf and C =
[cijli.j=0.....n is lower triangular with unit diagonal. Thus the determinant in the
expression for B(#, p) is equal to

n

-k
Z Cn—k n—jﬂ?
k=0

since the first matrix is Vandermonde, and |C| = 1. The result follows from the
degree formula [8, p. 64] for f. O

From the Jacobi-Trudi identity [B, p. 25|, another expression for B(f,p) as a
determinant is

[(1 - p)n_j]j=0,...,n
[(0; +n— i)n_j];:(l),'...,n

con

B(6,p)

=k hig=o,mll 101 = T (6:=i-0;+7)

0<i<j<n

Ihg, —iz;(P1 =P, Pi 1, 42 2)[lmxm
where m > 0. But Y-, 50 hitf = exp 3,5, pxtk/k, from [6, p. 25|, so making the
above power sum substitutions gives Y- hxt*® = (1 —¢)~'e~(!=P)*. Thus

dj,—i+;(P)

B(0,p) = G —i47)

mxm

where di(p) = k! Z:.;o(p — 1)*/4!, and di(0) is therefore the kth derangement
number (the number of elements in Sy with no fixed points).

THEOREM 3.3.
L = ewvt(2—p—g—r+par)

' Z t (u) ) (v) )

S T+ (1= Q)7+ (1 + o(1 = )t e (1 + (1 - pt)ite’
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PROOF. Let p=1-p, §=1-gq,and # = 1 —r. From [B, p. 62] we have
B(6,u,q) = s¢(p1 — qu; p; — (—1)*"!u, 1 > 2). Thus, from Propositions 3.1 and
3.2,

L = AQ lim ﬁ"”@Z H(a: —0; —n+1)se(y1,---,Yn)se(w)

n—oo
0 i=1
where A, () are commuting ring homomorphisms defined by their actions
A:pi(y) = thor, pi(y) — —(—tp)'v, 22,
Q:pr(w) — —qu, pi(w)—-u, 1>2,

on the power sums, which are algebraically independent [6, p. 16]. Now apply
Theorem 2.1, to get

n oo
L=AQ lim ;a-"<1>]‘[]‘[ 1 - yyw) ™!
j= __.

n—oo

k=1 7=1

(e o] n
Ly Wi
Aty -t (1 a4 t)E 1-— B LN Rk B
e (18 )

Now let t2 = - .- = t2 = 0, which leaves the action of [¢; - - - t,] unchanged, to obtain
n

PO+t 4+ tn)T=p "exp{P(t1 + - +tn)} = H(i)_l + tj)'
j=1
Applying exp log gives

00 n cap .ok , L
el |1-2 S = Qexp | Y pi(wla']log [ 1- 3 1 J_y;qa
k=1 J

j=1 1= yjwe i>1 j=1

n
=exp{—ulog (I—Z t595 )—qut,yJ}

=1 Y
-Uu
- n

—-u
n

_;‘ [T - ugy;ty)
J

n tiy;
-3

[
-
|

<

Nk
[

P
o~

where, in the last equality, we have again used t? = 0. Similarly

QH I:[ 1 - y;wk)” —ﬂepoZ%y}m(w)

j=1 j=1421

n
= (lexp —uZ]ogl-—y, T+ Z Yj

71=1

n n
= H(l - yj)ueuéZFl Y

=1
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Combining these results yields

n—oo 4

n a n
L=A lim H(l_yj)ue“qZ,»:ly;

n

ftr ot I—Z t’y’. H("l+tj)(1—wiwtj)-

To assist in the application of the operator [t; ---t,] let ¥(2*) = (u)®), i > 0,
extended linearly. Then

n —u n [ ) n 1
tiy; Z 1 G t5Y; 4 Y5
I IS oF Ll DO I wpe
. ] o 1 .
( = ) =3 2! = 1-y; =0 2! = 1-y;
n y n t y P
=Vexp | 2 1D | =y (1 + 2= > )
; —Y; Jl;Il 1 -y,

80, since ¥ and A commute

- n n
L=¥A lim &942-% H(l - ;)"

n—oo

. Y52
o tn) H( Y4 t)(1 - udy;t;) <1+ l’_’y )
7

= VA lim e“ézjmw H(l -y ( uqy_, + ——ﬂj—>

n—oo p(1— yJ)

= WAP ) TT (1 - y,)® (1 - uq _y,z__)
1 G EAF (=

i>1

= VAexp (uépl(y) + Zpi(y)[ai] log {(1 - a)* <1 - “qa + %) })
= Pexp (uétﬁvr

tz
—vlog {(1 + pt)* (1 + ugt — m) } + vi{upt + ugt — tz})

—v
=V(1+pt)"" (l + ugt — szt) exp{uvt(2 —p — q — r + pgr) — vtfz}

e¥vt(2—p—g—r+pgr)

2t v
— . . \I/ —vtrz
T+ pt)™ (1 + ugt) (1 (1+pt)(1+ uqt)) ¢

uvt(2 p—q— r+PQT)Z (]) t! zje—vtfz

- -
(14 p)%+7 (1 + ugt)¥+

1
720 J:



814 G. E. ANDREWS, I. P. GOULDEN AND D. M. JACKSON

But
\I,{z] az} Z —.\Ile'J Z - (u)(z+])
120 120
u)?) Z (w+7)® = w1 -a)"
120 '
and the result follows with o = —Fvt. O

With p = ¢ = r = 0, Theorem 3.3 specializes to Gessel’s result [3]. With

p =g =r = 1 it specializes to the generating function 3 5’ (u))(v)?) /5! for
pairs of permutations with a specified number of cycles in each permutation.

Further refinements of the counting problem can be obtained by following the

method of proof of Theorem 3.3. Instead of marking the cycles in the second

permutation as we have, consider marking :-cycles by an indeterminate v;, for

i =1,2,.... Then the action of the homomorphism A defined in Theorem 3.3 is

modified to p;(w) — —(—tp)v;, for 1 > 1. This can be carried out explicitly in

terms of the roots 3, of
z? — (1+ug—- i,)z-&-ug; =0
p P p

as a quadratic in z. Then the required generating function is
n v . .
Wexp { udtpv; — Y _(—tp)'—(1—u— B — ')
_ )
1>1
The interested reader may wish to complete this argument.

4. Equivalent forms and some specializations. A generalization of the
summation theorem

n m
Y so(yrs- 2 yn)s(wrs - wm) = ] H (1 + yjwe),
] J=1k=1

also due to Cauchy (see [6, p. 35] for a proof), can be deduced from Theorem 2.1.

COROLLARY 4.1. For nonnegative integers n and m,

11

=F

]
—-

1'—01' —n+i)30(yl’-"ayn)sé(wlv'”’wm)

1
-1

n m m
Ly we
= : z LY Wk
= H [T +yweltstal(+ e+ + )" [] [ 1+ Z T+ prur
J=1k=1 k=1
PROOF. Consider the mapping w defined on the ring of symmetric functions in
wy, ws,... by w(ex) = hi (the e, are algebraically independent (6, p. 14]). Then
[8, p. 14] w is an involution, and wsg = s; and wp; = (—1)*"!p; for ¢ > 1. Letting
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m — oo in Theorem 2.1 and applying w to both sides of this theorem gives

n

Z H z—0;—n +i)so(y1,~ -ayn)sé(w)

0 i=1

1
=wexpq Y =Pi(yn - yn)pi(w) ¢ [t (Lt )

i>1
- = tiy;a
o S ptwlerliog (1- Y {242 |
i>1 j=1 Ys

in which explog has been applied to the right-hand side to obtain an expansion of
the products. The result is obtained now by applying w to p;(w), ¢ > 1, and then
setting w; =0for:>m+1. O

For any partition 6§, with [(§) < n, the power series Sp(w;2), which arise in
connexion with the Hall-Littlewoood polynomials [6, p. 104], are defined by

So(w; 2) = |6, —i+5 (w3 2)|lnxn
1 —twz
2wt = 1=
k>0 t
Then, from [6, pp. 106, 117],

n m
Zso Yty Yn)So(wr, .., W 2) = H H ykaz

— YW

where

A generalization of this summation theorem is contained in the following result,
which is also deduced from Theorem 2.1.

COROLLARY 4.2. For nonnegative integers n and m,

Y [l —0—n+d)se(vr,--,yn)So(ws,- .., wm; 2)
6

ooy 1 - 2yw
=HH—M[tl"'tn](l‘*’tlﬁ'"‘*‘tn)z

_1=llc=ll_ij’c

ke ZLtiyw DLty wiz -
H I_ZI_J-’/;L 1_21;%;
k=1 j=1 - Yitk gm0 Yitk2

PROOF. Follow the proof of Corollary 4.1, but use the homomorphism which
maps sg onto Sg. This homomorphism also maps p; onto (1 — 2%)p;, and the result
follows. O

Theorem 2.1 can also be used to derive a result for applying the formal partial
differential operator l'[:;l (z—yi0/9y;) to a special type of anti-symmetric function
inyi,...,yn. This operator was denoted by Yy in the proof of Theorem 2.1. For the
following result, let A B = ",5a;b; where A =37, a,0* and B =3, bo*.
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THEOREM 4.3. Let F(y) be a formal power series in y with constant term equal
tol. Then

n

IT (- v ) asFlun) - Flun)

=1

=asF(y1) - Flyn)ltr - ta](L+ 81+ +10)*

0] ~ Ly o
- exp <a%-log F(a)) xlog | 1— Z e

= 1-yja

PROOF. Equation (1) in the proof of Theorem 2.1 is equivalent to Theorem 2.1
itself. Let m — oo and apply exp log to the products on both sides of this equation
to obtain

- 0 1
I1 (z - yfb——) asexp{ D =pi(1, -, yn)Pi(w)
Yi ?

i=1 1>1

1
= as exp Z '{Pi(ylw-wyn)pi(w) (1 ta)(L 4+t + -+ ta)"

i>1
; N tya
' exp Zpi(w)[all log | 1 - Z I]——]&
i>1 J=1 Yi

But the power sum symmetric functions are algebraically independent (see [6, p
16]) so p;(w) in the above equality can be replaced by the indeterminate c;, for
1 > 1. If we carry out this replacement, we obtain

1 ¢,
eXPZ;m(yx,--.,yn)m(w)=exp27’pi(y1,-.-,yn)—HeXp Z y’)
i>1 i>1 i>1

Now let F(y) = exp(}_,>, ¢;y*/1) and the result follows, since

Zciai = aaa—alog F(a). O

i>1

Many specializations of Theorem 4.3 are possible. We give one such result as an
example.

COROLLARY 4.4. For nonnegative integers n, k,
n
H( A)aa(y1+ S+ yn)*

—aéz Jnos (U1 4+ 9n) e (Y10, Yn).
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PROOF. Let F(y) = €*¥ in Theorem 4.3 to obtain

n
H T — yii aseVittun) = a,sez(y‘+"'+y")[t1 ot At )T
1=1 ayl
1 =~ tjy;
-exp { (az) * log l—zl_ —
But
( 1 - tiy;&
az) *log I—ZW —zzt]y]’
j=1 i

and the result follows by equating coefficients of 2*/k! O

Theorem 4.3, as stated, allows us to evaluate the given left-hand side in the form
[t1 - - ts])G for some power series G. The proof is indirect, relying on induction and
interpolation. There are, however, a number of ways of writing the left-hand side
directly in this form, but for different choices of G. One such way is given in the
next result.

THEOREM 4.5. Let F(y) be a power series in y with constant term 1. Then
for any nonnegative integer n

n

I1 (z - yia%i) as(y1, .-, yn)F(y1) - Flyn)

=1
=[t1-- ta)e® T T ag(yy — t1y1, -+, Yn — tnbn)
“F(y1 —tiy1) - F(yn — tn¥yn).

PROOF. Clearly, the action of the differential operator on the left-hand side is
the same as the action of the operator

el & (vl

i=1k;>0 kit

=[t-- t,,]z]_[lexp{tz(‘” y’6?1>}

n
= [ty tpemtrtttn) H e—tivi0/dyi

i=1
since 3/0y; and 0/0y; commute for all 7 and j. But, for any power series G(y)
V212G (y) = Gle'y).
Thus the left-hand side of the result is equal to
[ty tp]estit Ftalas(e iy, ... ety ) Fe by, ..., e tmyy,).

The result follows by replacing e~ with 1 —¢; for ¢ = 1,...,n, since this leaves
the action of [t - - - t,) unchanged. O

Combining Theorems 4.3 and 4.5 gives a pair of different power series in which
the coefficient of ¢; - - - ¢, is identical. As an example, we now give one of the many
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results which can be obtained as special cases of the identity. The result involves
the Stirling numbers of the first kind, defined by s(n, k) = [z¥](z). (see [6, p. 22]).
This is equal to (—1)"~* times the number of permutations on n symbols with
exactly k cycles.

COROLLARY 4.6. For all0<k<mn,

s(n,k) = [t1-tnex(ts, ... tn) H (1 - Ml) )

1<i<j<n i~y

PROOF. Equate the right-hand sides of Theorem 4.5 and 4.3, with F(y) =1, to

obtain
a&(yla"'7yn)[tl o tn](l +tl + - +tn)z

FBdtin) 0s(yr — t1y1,- - Yn = tnn)-
The result follows by equating coefficients of z¥, and by dividing on both sides by
as(y1,---,yn). O

5. Some related determinants. Closely related to Cauchy’s theorem from
Schur functions is Cauchy’s determinant formula:

1 _ as(Y1,-- - Yn)as(wy, ..., wn)

1= yiws || I_I?=l H?:l(l - yiwi)
(see [6, p. 38] for a proof). As a corollary of Theorem 2.1, we obtain Borchardt’s
[10] striking result involving Cauchy’s determinant. Throughout this section, all
matrices are n X n unless otherwise stated. The permanent of the matrix whose
ij-element is m;; is denoted by ||m,;||*.

COROLLARY 5.1.

= [t1 - ts] exp

1 +

1
(1-yiw;)2|| H 1 - yiw; “ 1 —yiw;
PROOF. Equation (1) in the proof of Theorem 2.1 is equivalent to Theorem 2.1.

In this equation, let = 0 and m = n, multiply on both sides by as and then apply
Cauchy’s determinant formula to obtain

i 3 1 n tyw
— — — t .t 1— 1YWy
g(ytayi) 1 = yiw, ul-yiwj s "]H< Zl—ysz)
But
T (-s) [ = | =[va (=)
im1 Yoy 3y 1- Yiwy Ye ay,- 1- Yiw;
i =
l—y,wJ
and

+

tiyiw; ” — YWy
1- =
an( ,Zzll—yiwj) 1 - yiw;
Combine these results, and divide both sides by (—1)"y; - - - y,w; - - - w, to obtain
the result. O

The left-hand side of Theorem 4.3 can be written as a determinant also, and this
is given in the next result.
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THEOREM 5.2. Let F(y) be a power series with constant term 1. Then for n,
a nonnegative integer,

ﬁ (x - yz’%) asF(y1) - F(yn)

=1

. a \ n
z—n+j—yin—{log F(y.)} ) y; ™’
Oy;

=F(y1) - Fl(yn)

PROOF. We have

so
n

asF(y1) - Flyn) = F(y1) - Flya) v 1l = 92 7 F(wi)ll,
0
—Yi F( ) F(yn) =
I1 (= -vigy; ) esF

(z - yia%) v ' F(yi)
and the result follows immediately. O
The authors have been unable to exploit Theorem 5.2 to obtain a direct proof of
Theorem 4.3. However, Theorem 5.2 does yield a linear recurrence for the left-hand
side of Theorem 4.3. This is stated in the next result, and we give it since it may
suggest a more direct proof.

COROLLARY 5.3. Let F(y) be a power series with constant term 1. Let

=1 (2~ g ) asFlon) - Fiom)

=1
(yz)) H, <23$ - 1)
Yi
where y/y‘l = (yl)~ s Yi-1Yit1, - ~1y‘n)‘

PROOF. The result follows straightforwardly from Theorem 5.2 by a cofactor
expansion in the last column of the determinant on the right-hand side. O
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Then

n
i - 8
Ha(y,z) =1 yn 3_(-1)" "9, ' F(w) (z ~Yig,

1=1
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