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LIE SPHERE TRANSFORMATIONS AND 
THE FOCAL SETS OF CERTAIN TAUT IMMERSIONS 

STEVEN G. BUYSKE 

ABSTRACT. We study the images of certain taut or Dupin hypersurfaces, in-
cluding their focal sets, under Lie sphere transformations (generalizations of 
conformal transformations of euclidean or spherical space). After the introduc-
tion, the method of studying hypersurfaces as Lie sphere objects is developed. 
In two recent papers, Cecil and Chern use submanifolds of the space of lines on 
the Lie quadric. Here we use submanifolds of the Lie quadric itself instead. The 
third section extends the concepts of tightness and tautness to semi-euclidean 
space. The final section shows that if a hypersurface is the Lie sphere image 
of certain standard constructions (tubes, cylinders, and rotations) over a taut 
immersion, the resulting family of curvature spheres is taut in the Lie quadric. 
The sheet of the focal set will be tight in euclidean space if it is compact. In 
particular, if a hypersurface in euclidean space is the Lie sphere image of an 
isoparametric hypersurface each compact sheet of the focal set will be tight. 

INTRODUCTION 

In some ways the simplest hypersurfaces of a space form are those with 
constant principal curvatures. Such hypersurfaces, called isoparametric, were 
first studied by E. Cartan in the 1930's, and have the advantage of an equivalent 
definition as the level sets of certain functions (also called isoparametric). Their 
study was revived in the 1970's, and, although they are still not completely 
classified, they are fairly well understood today [N, Mu, CR2]. 

If the space form undergoes a conformal transformation the image of an 
isoparametric hypersurface will not be isoparametric. It will, however, have the 
following weaker properties: 

( 1) the principal curvatures are constant in their principal directions, 
(2) each family of principal curvatures has constant multiplicity. 

The usage concerning the names of hypersurfaces with these properties is some-
what unsettled, but following Pinkall's paper [Pi 1] we will call hypersurfaces 
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with property (1) Dupin, while those with both properties (1) and (2) we will 
call proper Dupin hypersurfaces. Note that when the multiplicity is two or 
greater, property (2) implies property (1) for that family of principal curvatures 
[R]. 

A proper Dupin hypersurface can be shown to be taut [Th]. A taut submani-
fold is one with the minimum number of critical points, given its topology, for 
any distance function. That means that taut submanifolds are embedded in the 
ambient space in a very efficient manner. Taut hypersurfaces are also Dupin 
[Pi2, My2, Oz]. A related but weaker concept is tightness. Tight submanifolds 
have the minimum number of critical points for linear height functions. 

The properties of taut and Dupin are preserved under conformal transfor-
mations of the ambient space. Indeed, they are preserved under a larger class 
of transformations, called the Lie sphere transformations. 

The basic objects of Lie sphere geometry are the oriented hyperspheres of 
euclidean space En or spherical space Sn . In all cases points (spheres of zero 
radius) are included in the definition of oriented spheres; for En oriented hy-
perplanes and the point at infinity are also considered to be oriented spheres. 
Two oriented spheres are said to be in oriented contact if they are tangent to 
one another and their orientations agree at the point of tangency. If one of the 
spheres is actually a point, then oriented contact corresponds to being contained 
in the other sphere. If both of the spheres are actually oriented hyperplanes, 
then they are in oriented contact when they are parallel. There is a one-to-one 
correspondence between the oriented spheres of En or Sn and the points on 
the quadric, called the Lie quadric Q, in pn+2 obtained from projectivizing 
the null cone of E~+3 . Two oriented spheres are in oriented contact if and only 
if the line generated by the corresponding points of Q lies entirely on Q. 

The projective transformations of pn+2 which preserve the Lie quadric are 
called Lie sphere transformations. In En or Sn a Lie sphere transformation 
maps oriented spheres to oriented spheres and preserves oriented contact. The 

f L· h f . .. h' On+3; I h On+3 group 0 Ie sp ere trans ormatlOns IS Isomorp lC to 2 ±, were 2 ' 

more commonly written O(n + I ,2), denotes the group of orthogonal trans-
formation of E~+3. The conformal transformations of En or Sn, known 
as Mobius transformations, are exactly those Lie sphere transformations which 
preserve that part of the Lie quadric corresponding to point-spheres. In this way 
Lie sphere transformations may be considered as a generalization of conformal 
transformations. 

A hypersurface M of En or Sn can be considered as a Lie sphere object 
in a number of ways. One can consider the image in the Lie quadric Qn+ I of 
the point-set of M. One can consider the image of M in A 2n - 1 , the space 
of lines in Q, obtained by the Legendre map, which maps a point of M to 
the line through the image of that point and the image of the oriented tangent 
hyperplane [CC I]. Finally, one can consider M as the envelope of a family of 
oriented spheres, specifically the curvature spheres of M, and study the image 
of these spheres in the Lie quadric. This last approach is that of this paper. 
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The method was used by Sasaki and Suguri to study Lie sphere equivalence of 
curves in the plane [SS]. It is most effective for proper Dupin hypersurfaces. 
This technique is well suited for studying the sheets of the focal set of M, 
which are the centers of the families of curvature spheres. 

It was conjectured for a number of years that all proper Dupin hypersurfaces 
were the Lie sphere images of isoparametric hypersurfaces. This is known to 
be the case when the number of distinct principal curvatures is 1,2 [CRl], or 3 
[Myl]. A counterexample with four distinct principal curvatures, formed as a 
tube over a taut submanifold, was recently found by Pinkall and Thorbergsson 
[PT]. 

There are three standard constructions for forming a taut hypersurface from 
a taut hypersurface of a lower dimensional subspace: forming a tube, forming 
a cylinder, and forming a hypersurface of rotation. In this paper we show that 
the family of curvature spheres resulting from such a construction is taut in 
any affine space in pn+2 which contains it and inherits a nondegenerate metric 
(Theorem 17). A major consequence is the result that the sheet of the focal set 
in En corresponding to the construction will be tight if it is compact (Corol-
lary 18). In particular, the compact sheets of the focal set of a hypersurface 
which is the Lie sphere image of an isoparametric hypersurface will be tight 
(Corollary 19). 

General references may be found in [CR2, CC 1, Pi 1, and B]. 

CURVATURE SPHERES 

Let M n- I be a compact smooth riemannian manifold, f: M ---> En an iso-
metric immersion, and '1 a unit normal vector field. For notational simplicity 
we will identify x, a point of M, with f(x) , its image in En , and the tangent 
space TxM with f. TxM when the meaning is clear. Let A[ll denote a family 
of the principal curvatures all equal to A, which satisfy properties (1) and (2) 
of the previous section. For now there will be no assumptions made about the 
other principal curvatures. Consider a family t[ll of curvature spheres corre-
sponding to the family A[ll . A sphere of En with center p and signed radius , 
corresponds to a point on the Lie sphere quadric with homogeneous coordinates 

[ 1 + p . p - ,2 1 - P . P + ,2 1 
2 : 2 : p:' . 

where . denotes the inner product on En . Let U be the subset of M where 
A, is not zero and write " for the principal curvature radius A~ 1 • We can then 
write the mapping from U to the family of curvature spheres t[ll in pn+2 as 

x 1---+ [1 + (x + ','1) ~(X + ','1) - ,,2 
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in homogeneous coordinates. When AI is zero, the curvature spheres will ac-
tually be hyperplanes. For a unit vector c; of En , the oriented hyperplane in 
En defined by c; . x = h is mapped onto the point on the Lie quadric Q with 
homogeneous coordinates [h : -h : c; : 1]. Consequently the map from M\U 
to the family of curvature spheres t[ll in pn+2 will be given by 

x 1-+ [x·" : -X·" : " : 1]. 

The curvature sphere map t[ll from M to pn+2 is constant on the leaves 
of the principal foliation p[/] corresponding to A[lI' and so the map factors 
through the space of leaves V[/I = M/ P[ll on M. V[ll is in fact a compact 
manifold (see [CR2, Theorems 2.4.6 and 2.4.10 and Pa, Corollary to Theorem 
I. VII]). The submanifold U / P[ll of V[ll can be identified with the sheet of the 
focal set of f(M) corresponding to A[ll. (The concept of focal set is discussed 
in the next section.) The family of curvatures spheres t[lI(M) is diffeomorphic 
to J(/I and we will sometimes consider t[/1 to be a map not from M but from 
V[/I· 

Since f(M) is a hypersurface without singularities, 'I is never zero and we 
can use the affine coordinates of the complement of the hyperplane with last 
(homogeneous) coordinate zero: 

The metric induced on the affine space from E;+3 gives the affine space the 
metric structure of E~+2. Consequently we may consider the metric induced 
on t(M) ; with respect to a basis of the principal vectors of f(M), the pull-back 
of the induced metric on t(M) is diagonal with diagonal entries 

and so the induced metric is positive definite on TM\P[lI' Since vectors in P[ll 
are annihilated by the map t. as their corresponding leaves are annihilated by 
the map t, t(M) is a spacelike submanifold of E~+2 . 

To study the effect of Lie sphere transformations of En on M , we can look 
at the effect of Lie sphere transformations on the family of curvature spheres 
t. Because curvature spheres are preserved by Lie sphere transformations, after 
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letting the Lie sphere transformation act on t we can recover the image of the 
hypersurface by looking at the envelope of the spheres given by t. 

TIGHTNESS AND TAUTNESS IN SEMI-EUCLIDEAN SPACES 

Before proceeding, we will have to consider the definitions of tight and taut 
in the context of semi-riemannian euclidean spaces. For this paper we will be 
considering these concepts as tools for the analysis of other problems, rather 
than as concepts in their own right. Tightness is essentially an affine condition, 
so it can be extended to the semi-riemannian case without difficulty. Extending 
tautness is a subtler problem and is not fundamentally needed for the results of 
this paper. Nonetheless, some very basic groundwork is included here so that 
it can serve as a basis for future work. 

The next few paragraphs are adapted from [CW and CR2]. Let M be a 
connected compact m-dimensional differentiable manifold, and let f: M -+ EZ 
be an semi-riemannian immersion of M into n-dimensional semi-euclidean 
space of index k. We will consider two families of real-valued functions on M 
defined through the immersion, namely the height functions and the distance 
functions. 

For nonzero vector p in EZ ' the linear height function lp: M -+ R is defined 
by lp(x) = (f(x) , p) , where ( , ) denotes the standard scalar product on 
EZ. For a point p in EZ, the distance function Lp: M -+ R is defined by 
Lp(x) = (f(x) - p ,f(x) - p). 

Let BM+ denote the bundle of normal vectors to f(M) of length one and 
BM- the bundle of normal vectors of length negative one. Recall the Gauss 
maps: 

+ n-I n f-l+:BM -+ Sk (1) C Ek , 
- n-I n f-l_:BM -+ Hk_ 1 (-1) C Ek 

which take a point (x, <!") of BM+ u BM- , where <!" E Tx.L M , to the vector 
parallel to <!" at the origin. The following is well known (see, for example, 
[ON]): 

Proposition 1. The nullity of the Gauss map f-l at a point (x, <!") E BM+ u BM-
is equal to the nullity of the shape operator A~. In particular, <!" is a critical 
point of f-l if and only if A~ is singular. 

Examining the critical point theory of linear height functions, we find 

Proposition 2. Let f: M -+ EZ be an immersion and let (p, p) = -1 ,0, or 1. 
( 1) I p has a critical point at x E M if and only if p is orthogonal to TxM. 
(2) Suppose lp has a critical point at x. Then for X, Y E TxM, the 

Hessian Hx of lp at x satisfies 

H)X, Y) = (ApX , Y). 
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The proof is the same as in the euclidean case (for which see [CR2]). 
The following is a direct consequence. 

Corollary 3. 
(I) Suppose p is in TxJ. M. Then I p has a degenerate critical point at x if 

and only if A p is singular. 
(2) For p E EZ satisfying (p, p) = -lor I, Ip is a Morse function if and 

only if p is a regular value of the Gauss maps fl + or fl- . 
(3) For almost all p E EZ satisfying (p, p) = -lor I, Ip is a Morse 

function. 

Proof. (I) follows immediately from the proposition, (2) follows from Propo-
sition I and from (I), and (3) follows from (2) and Sard's Theorem. 
Remark. In the preceding corollary there is no mention of height functions of 
null vectors. If p is a null vector, then any multiple of p is also a null vector 
and its height function will be just a multiple of Ip. Consequently, the space 
of independent height functions derived from null vectors is of measure zero in 
the space of independent height functions in EZ . 

We now examine distance functions. The normal exponential map F from 
the normal bundle NM of f(M) to EZ is defined by F(x,~) = f(x) + ~ , 
where ~ is a normal vector to f(M) at f(x). Note that ~ may be a null 
vector. 

Definition 1. A point p E EZ is a focal point of multiplicity v of (M, x) if 
p = F(x ,~) and the Jacobian of F has nullity v> O. The point p is called a 
focal point of M if p is a focal point of (M , x) for some x EM. The set of 
all focal points is called the focal set of M. 

A direct computation of the Jacobian of F gives 

Proposition 4. Let p = F(x, t~). Then p is a focal point of multiplicity v> 0 
of (M , x) if and only if 1/ t is a real eigenvalue of multiplicity v of the shape 
operator Ac;' 

The critical point behavior of distance functions is then described by the 
following theorem. 

Theorem 5 (Index Theorem for L p Functions). For p E EZ ' 
(1) A point x E M is a critical point of L p if and only if p = F (x ,~) for 

some ~ normal to f(M). 
(2) Lp has a degenerate critical point at x if and only if p is a focal point 

of (M ,x). 
(3) When the induced metric on M is definite, if Lp has a nondegenerate 

critical point at x, then the index of L p at x is equal to the number 
of focal points of (M ,x) on the segment from f(x) to p, counting 
multiplicities. 
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The proof is the same as in the riemannian case (for which see [MiD. 

Remark. Statement (3) of the theorem is restricted to definite metrics because 
an indefinite metric may not be simultaneously diagonalizable along with a 
shape operator. The situation will be explored in another paper. 

Using Sard's Theorem and the Index Theorem above one can show directly 
that L p is non degenerate for almost all p. 

Corollary 6. 

(1) For almost all p E EZ, L p is a Morse function. 
(2) Suppose L p has a nondegenerate critical point x E M of index i. Then 

there exists a point q E EZ such that Lq is a Morse function which has 
a critical point y of index i. The points q and y may be chosen as 
close to p and x, respectively, as desired. 

A proof of the second statement can be found in [NR]; the riemannian case 
is considered there, but the proof of the lemma in question remains valid in the 
semi-riemannian case. 

For a function ¢ on M, if we denote the set {x E M: ¢(x) S r} by 
M, (¢) , the number of critical points of ¢ with index i which lie in M, (¢) by 
/1)¢,r), and dimHi(M,(¢);F) by Pi(¢,r,F), the Morse inequalities state 
that f.1.i(¢' r) ~ Pi(¢,r, F) for any Morse function ¢ on M. We can formulate 
the following: 

Definition 2. A semi-riemannian immersion f: M -+ EZ of a compact manifold 
M is tight if, for every p E EZ ' the linear height function I p is either degenerate 
or for all r E R and integers i, 

Definition 3. A semi-riemannian immersion f: M -+ EZ of a compact manifold 
M is taut if, for every p E EZ ' the distance function L p is either degenerate or 
for all r E R and integers i, 

In other words an immersion is tight or taut if the Morse inequalities are 
actually equalities for any height or distance function, respectively. In this 
sense, a tight or taut submanifold of EZ is one which is efficiently immersed. 
In general, a Morse function for which the Morse inequalities are equalities is 
called a perfect Morse function. 

The following theorem, due to Kuiper [KI], allows the reformulation of the 
Morse equality condition in more geometric terms. 
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Theorem 7. Let cP be a Morse function on a compact manifold M. For a given 
field F, J.li(cp, r) Pi(cp, r, F) for all i and r if and only if the map on 
homology 

H*(Mr(cp); F) -+ H*(M; F) 
induced by the inclusion of Mr (cp) into M is injective for all r. 

In the case of distance and height functions, this theorem can be extended 
to the degenerate cases. 

Theorem 8. A semi-riemannian immersion f: M -+ EZ of a compact manifold 
M is taut if and only if for every set B in EZ of the form B = {q E EZ 1 
(q - p, q - p) ::; r} for p E EZ, r E R, the induced homomorphism 

H*(f-I B ) -+ H*(M) , Z2 tech homology, 

is injective. 
Proof. First assume that f is a taut immersion. Because of Theorem 7, we 
need only consider the case where f- 1 B = Mr (L p) for a degenerate distance 
function Lp on f(M). To do so we need the following lemma, which is 
adapted from Lemma 1.5.3 of [CR2]. 

Lemma 9. Let f: M -+ EZ be an immersion of a compact manifold M. Suppose 
U is an open subset of M containing Mr (L p) for some distance function L p . 
Then there exists a nondegenerate distance function Lq and a real number s 
such that 

Proof. Since Mr (L p) is compact and U is open, there is no difficulty in show-
ing that there exists e > 0 such that M r +2e (L p) cU. Choose a point z with 
(p, z) = 0 and let q = p + Jz. Let K = 1 maxxEM(x ,z)l. If (z, z) = 0 then 
Lq(x) - Lp(x) reduces to -215 (x ,z). For a given e, we can choose 15 with 
0< 1151 < e (2K)-1 , so that ILq(x) - Lp(x)1 < e for any x EM. If (z, z) =I- 0, 
then Lq(x)-Lp(x) reduces to -2J(x,z)+J2(z,z) and we can choose 15 such 
that 0 < 1151 < min{ 1 ,e} / (4 max{K , (z ,z)}) to obtain ILq(x) - Lp(x)1 < e 
for any x EM. In any case we can arrange that 

Mr(Lp) c Mr-+e(Lq) C Mr+e(Lq) c Mr+2e(Lp) c U 

for all q near p, and thus for some q with Lq nondegenerate on f(M). 0 

One can then use Lemma 9 to show that H*(f-I B) -+ H*(M) is injective 
exactly as in the proof of Theorem 1.5.4 of [CR2], which is itself adapted from 
a proof of Kuiper [K2]. 

The converse case follows directly from Theorem 7. 0 

An analogous result can be obtained for tight immersions. 
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Theorem 10. An immersion f: M ~ EZ of a compact manifold M is tight if 
and only if for every closed half-plane H in EZ, the induced homomorphism 

Z2 tech homology, 

is injective. 

Finally, we record two results which match the riemannian case. 

Proposition 11. If an immersion f: M ~ EZ of a compact manifold M is taut 
then it is tight. 

Proposition 12. Ifan immersion f:M ~ S;(1) or H;~II(-l) C EZ ofa com-
pact manifold M is tight then it is taut. 

CURVATURE SPHERES ASSOCIATED WITH STANDARD CONSTRUCTIONS 

For a Dupin or taut hypersurface there are three standard constructions for 
forming a Dupin or taut hypersurface of a higher dimensional space. These 
constructions involve forming a tube, a cylinder, or a rotational hypersurface. 

Lemma 13. If a hypersurface M of En is a tube over a taut compact submanifold 
V of En , then the family of curvature spheres e of M corresponding to V is 
diffeomorphic to V and taut in the semi-euclidean space Et2 obtained from 
the complement in pn+2 of the hyperplane with last homogeneous coordinate 
zero. 

Proof. Let f denote the immersion of V into En . Because f is taut, the dis-
tance function Lp has P(V) = I:1~~v Pi(V) = I:1~~v dimHi(V;Z2) critical 
points for almost all p in En . As before, identify f(x) with x. Suppose now . 
that M is a tube of constant radius r over V and look at the image of the 
map e of V into E~+2 : 

( 1 + x . x - r2 1 - x . x + r2 ~) 
x f-+ 2r ' 2r 'r' 

If we write q E E~+2 as (a, b ,C), where C is in En c E~+2 , then the 
En+2 d' f' 1 Istance unctIOn L q has value 

( 1 + x . x - r2 ) 2 ( 1 _ x . x + r2 ) 2 L (x)=- -a + -b 
q 2r 2r 

+(7- C)'(7- C ) 
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on V. For a tangent vector X on V, 

XLq(x) = ~ ( - C + x~: - r2 - a) (X· x) 

+C-x~:+r2 -b)(-X'X)+C~-c)'X) 

= ~ ((X.X) (-~+a+b+~) -c.x) 

2 = -(X·((a+b)x-C)) 
r 

If a + b i= 0, then 
1 

XLq(x) = r(a + b)X (((a + b)x - C)· ((a + b)x - C)) 

=~X((x __ l c).(x __ 1 C)). r a+b a+b 

Thus the critical points of Lq on the map t in E~+2 correspond exactly to the 
critical points of a distance function on the immersion f of V. Since f is 
a taut immersion of V any nondegenerate distance function has P( V) critical 
points; consequently, any nondegenerate Lq with a + b i= 0 has P(V) critical 
points. If a + b = 0, then 

2 2 XL (x) = --X· C = --X(x· C), 
q r r 

which means that Lq has the same critical points as the height function Ie 
on V in En . Since tautness implies tightness, a nondegenerate Ie must have 
P (V) critical points on V. Hence, every nondegenerate distance function L q 

has P( V) critical points, and so t is a taut embedding of V into E~+2 . 
Finally, note that in the case a + b = 0, C = 0, i.e., q = (a, - a, 0), the 

height function lq has the constant value -a/ron t( V). That is, the image 
of e lies in the hyperplane with equation lq = -a/r. This is because all of the 
spheres in En represented by the points of e( V) have the same radius r. 0 

Lemma 14. If a hypersurface M of En is a cylinder over a taut compact hypersur-
face V of Ek C En , then the family of curvature spheres e of M corresponding 
to the hyperplanes "vertically" tangent to the cylinder is diffeomorphic to V and 
taut in the semi-euclidean space E~+2 obtained from the complement in pn+2 
of the hyperplane with last homogeneous coordinate zero. 
Proof. Recall that an oriented hyperplane of En defined by ~. x = h maps to 
the point [h : -h : ~ : I] on the Lie quadric Q. Writing 1] for the unit normal 
to V in Ek , look at the image of the map e of V into the space E~+2 : 

x 1-+ (x· 1](x) , - X· 1](x) ,1](x)). 
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If we write q E E7+2 as (a, b ,C), where C is in En c E7+2 , then the 
En+2 d' f' 1 1stance unctIOn Lq has value 

2 2 Lq(X) = - (x· t/(x) - a) + (-x· t/(x) - b) + (t/(x) - C) . (t/(x) - C) 

on V. For a tangent principal vector Xi on V with principal curvature Ai' 

XiLq(X) = -2 (x· t/(x) - a) (-AiX, Xi) 

+ 2 (-x· t/(x) - b) (AiX, Xi) + 2 (t/(x) - C) . (-AiXJ 
= 2Ai X i , (-(a + b)x + C) . 

If a + b· =f. 0 , then 

XL (x) = -k(a + b)X ((x -~). (x - ~)). 
I q I I a+b a+b 

Thus the critical points of L q on the map t in E7+2 correspond exactly to the 
critical points of a distance function on the immersion f of V. If a + b = 0 , 
then again the critical points of Lq correspond to those of euclidean height 
function, as in the previous lemma. Since f is a taut immersion of V any 
nondegenerate euclidean distance or height function has p (V) critical points, 
and so t is a taut embedding of V into the semi-euclidean space E7+2 . 0 

Lemma 15. If a hypersurface M of En is a hypersurface of rotation formed 
from a taut compact hypersurface V of Ek C En , then the family of curvature 
spheres t of M corresponding to the rotation is diffeomorphic to V and taut 
in the semi-euclidean space E7+2 obtained from the complement in pn+2 of the 
hyperplane with last homogeneous coordinate zero. 
Proof. By assumption V is disjoint from some hyperplane through the origin. 
Denote it by Ek- I • Let e l be a unit normal to Ek- I in Ek , and assume that 
X· e l > 0 for x E V. At a point x on V with normal vector t/, the curvature 
sphere resulting from the rotation of V around Ek - I will have center x + rt/ , 
where r is such that x + rt/ lies in Ek - I . That is, (x + rt/) . e 1 = 0, or 
A = r- I = -(t/. el)/(x· el ). Recall (equations (1) and (2)) that the map from 
V to the family of curvature spheres in the semi-euclidean space E7+2 is 

( A + AX . x + 2x . t/ A - AX . x - 2x . t/ ) 
P t--+ t(x) = 2 ' 2 ,AX + t/ . 

When A = 0 this reduces to 
p t--+ t(x) = (x . t/, - x . t/ ' t/). 

For a principal vector Xi of V with principal curvature Ai' the vector Xit(X) 
1S 
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If we write q E E~+2 as (a, b ,C), where C is m En c E~+2 ,and look 
for the critical points of the distance function L q on e, we find: 

XiLq(X) = 2XiA { - C +;' X) (A + AX' ~ + 2x '17 - a) 

+ C -; ,X) (A - AX' ~ - 2x, 17 - b) + X· (Ax + 17 - C) } 

+ 2 (A - A) { -Xi . X ( A + AX . ~ + 2x . 17 - a ) 

- Xi' X (A - AX' ~ - 2x . 17 _ b) + Xi' (AX + 17- C) } 

= 2XiA { -AX' X - X . 17 + a ; b + a ; b X . X + AX . X + X ' 17 - C· X } 

+ 2(A - Ai) {(a + b)Xi' X - Xi' C} 
= 2XA { a - b + a + b X . X _ C . X} 

I 2 2 

+ 2(A - Ai){ (a + b)Xi . X - Xi' C} . 
A straightforward calculation shows that 

XA = (e) . Xi)e) . (AiX + 17) 
I (e).x)2 

and 
A _ k = _ e) . (Ai X + 17) 

I e).x 

so that 
XA = -(A _ k) e) . Xi. 

I I e).x 

Consequently when a + b =f. 0 , 

XL (x) = 2A - Ai {e . X (-a + b _ a + b x. X + C. X) 
I q e 'x ) I 2 2 

) 

- e) 'x (-(a + b)Xi . X + Xi' C) } 

= -2(A _ k)(e) . x)X (-a + b)/2 - (a + b)x· x/2 + C· X 
I I e).x 

= -(a + b)(A - A;)(e) . X) 
X X ((-a+b)/(a+b) -X'X+2c.x/(a+b)). 

I e).x 

The numerator of the right-most expression is simply a constant plus a distance 
function on En . Its level-sets are of course spheres. In looking at the level-sets 
of the entire fraction, the denominator contributes only a change in a first-
order term only, so the level sets will remain spheres. Since V is taut in En, 
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FIGURE 1. A submanifold of projective space 

by applying Theorems 7 and 8, we find that the right-most expression, if non-
degenerate, is a perfect Morse function on f (V) in En . If a + b = 0 , we again 
arrive at a euclidean height function which is perfect if nondegenerate. Thus t 
is a taut embedding of V into the space E7+2 . 0 

Proposition 16. Let f: M --+ pn be an immersion of a connected, compact man-
ifold M, and let H) and H2 be hyperplanes of pn which do not meet f(M). 
Write A) and A2 for the affine spaces determined by the complements of H) 
and H2, respectively, and let f) and f2 be the projections of f to A) and A2, 
respectively. If f) is a tight immersion, then f2 is a tight immersion. 

Proof. Note that the first hypothesis is equivalent to requiring that f) (M) and 
f 2(M) be compact. Using the half-space property of tightness, we want to show 
that for all hyperplanes of A2 that intersect f 2(M) there is a corresponding 
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hyperplane of AI' Write <PI and <P2 for the projections from pn onto Al 
and A2, respectively, so that fl = <PI 0 f and f2 = <P2 0 f . Any hyperplane h2 
of A2 uniquely determines a hyperplane h of pn , and, with one exception, 
any hyperplane h of pn uniquely determines a hyperplane hI of AI' The 
exception is the hyperplane h = HI of pn which corresponds to the hyperplane 
at infinity of Aj . By hypothesis this hyperplane does not intersect f(M), and 
so the corresponding hyperplane h2 of A2 does not intersect f 2(M). 

Let Al be the component of Aj \ (the hyperplane at 00 of A2 ) which con-
tains fI(M). Define A2 similarly. Then <p~j 0 <PI is a diffeomorphism from 

- - j -A2 to AI' and f2 = <P2 0 <P~ 0 fl' Consequently, for any given half-plane h2 

of A2, f 2- I h2 = (<P2<P~ I fI) -I h2 = f I- I <PI <P~ j h2 = f I- I h j for some half-plane 

hI of AI' See also [Kl, Theorem I). 0 

Theorem 17. Let M be a hypersurface in En or Sn which is the Lie sphere 
image of a hypersurface formed from a taut compact submanifold V by one of 
the standard constructions described in Lemmas 13, 14, and 15. The family of 
curvature spheres t of M corresponding to the construction is: 

( 1) Diffeomorphic to V, and 
(2) Tight in any affine space of pn+2 which contains it, and taut in any 

affine space which contains it and inherits a nondegenerate metric from 
En+3 

2 . 

Proof. Let a be a Lie sphere transformation so that a(M) is a hypersurface 
formed by a standard construction. By Lemmas 13, 14, and 15, and Propo-
sition 11, a(t) is tight in the euclidean space E~+2 which is the complement 
of the hyperplane with last homogeneous coordinate zero. By definition, the 
Lie sphere transformation a is a projective transformation of pn+2 , and so t 
is tight in a -I (E~+2 ). By Proposition 16, t will be tight in any affine space 
which contains it. Since t lies in the Lie quadric, in any affine space which 
contains it t will lie in a pseudo-sphere as well, and so it will actually be taut 
by Proposition 12. 0 

Corollary 18. Let M be a hypersurface in En as in Theorem 17. If the sheet of 
the focal set of M in En corresponding to t is compact, then that sheet is tight. 
Proof. If the sheet of the focal set of M corresponding to t is compact, the 
curvature spheres are all in fact spheres and not hyperplanes. Consequently 
the sum of the first two coordinates of t in E;+3 is never zero, and so t lies 
in the affine space complementary to the hyperplane with first two coordinates 
summing to zero. By Theorem 17, t is tight in this space. The sheet of the focal 
set corresponding to t is simply the set of centers of the curvature spheres, and 
these are obtained by the orthogonal projection of the image of t in the affine 
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space. Since orthogonal projection preserves tightness, the focal submanifold 
will be tight. 0 

Remark. The manifold M of Theorem 17 need not be a regular Lie sphere 
hypersurface, in the sense of Pinkall [Pill. That is, it may include pinch points. 
Pinch points occur when the curvature spheres collapse to a point; i.e., the 
radius vanishes. 

In the case of an isoparametric hypersurface, with respect to each family 
of principal curvatures the hypersurface is a tube over the focal submanifold, 
each of which is taut (see Theorem 3.6.9 of [CR2]). Consequently we have the 
following 

Corollary 19. If a hypersurface M of En is the Lie sphere image of an isopara-
metric hypersurface of sn . then each family of curvature spheres of M is tight 
in any affine space of pn+2 which contains it and diffeomorphic to one of the fo-
cal submanifolds of the original isoparametric hypersurface. Every compact focal 
submanifold of M is tight in En. 

The proper Dupin hypersurfaces with one, two, or three distinct principal 
curvatures are known to be the Lie sphere images of isoparametric hypersur-
faces of Sn. As an example, consider the proper Dupin surfaces in E3. The 
components of the focal sets all lie in a plane and are conic sections. The com-
pact ones are circles and ellipses. Circles, of course, are taut, while ellipses are 
tight but not taut. 

Although an isoparametric hypersurface of Sn can have g = I , 2, 3, 4, or 
6 distinct principal curvatures, there will be just two connected components of 
its focal set [Mu]. After a Lie sphere transformation, however, the resulting 
proper Dupin hypersurface will generally have g distinct focal submanifolds. 
This is because the focal submanifolds of the isoparametric hypersurface lift to 
g distinct curvature sphere submanifolds on the Lie quadric. In other words 
the g distinct curvature sphere submanifolds on the Lie quadric corresponding 
to the g distinct principal curvatures project onto just one or two distinct 
submanifolds of Sn . 

We conclude with simple examples of the three constructions applied to a 
plane circle. Let ex c E2 C E3 be the circle parametrized as (2 cos e .2 sin e .0) . 
The curvature spheres corresponding to a tube of radius one over ex are gIven 
by 

[1 : 0 : 2 cos e : 2 sin e : 0 : I]. 

The curvature spheres corresponding to a cylinder over ex are given by 

[2 : - 2 : cos e : sin e : 0 : I]. 

Finally, let pc E2 C E3 be the circle (2+cos e . sin e .0). The normal vector 11 
restricted to E2 C E3 is given by (cos e . sin e . 0) , and the principal curvature 
arising from rotating p around the z-axis is given by A = - cos e 1(2 + cos e) . 
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z-axis 

f3 

FIGURE 2. Forming a torus of revolution from a circle 

See Figure 2. The resulting curvature spheres are given by 

[2 cos (;I + 2 : - 3 cos (;I - 2 : 0 : 2 sin (;I : 0 : cos (;I + 2] . 

The reader may check that these families of curvature spheres are each taut in 
all affine spaces which contain them and inherit a nondegenerate metric. 
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