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THE ERROR IN SPATIAL TRUNCATION

FOR SYSTEMS OF PARABOLIC CONSERVATION LAWS

HUNG-JU KUO

Abstract. In this paper we investigate the behavior of the solution of

u, = Duxx - f(u)x,

u(0.x) = Uo(x)eL°°,        u{t,±L) = u±,

where t > 0 and x € [-L.L]. Solutions of this equation are considered

to be approximations to the solutions of the corresponding parabolic conserva-

tion laws. We obtain decay results on the norms of the dilference between the

solution for L infinite and the solution when L is finite.

1. Introduction

This paper is concerned with the solution of certain parabolic systems of the

form

(1.1) »,+f(u)x = Duxx>      (*.0eRxR+,

with nonsmooth initial data

(1.2) u(x , 0) = u0(x) E L°°

and boundary values

(1.3) u(±L,t) = u±,       t>0,

where u - (u{ , ... , um), f is a smooth vector function of class C which

may not be defined for all values of u, and D is a positive diagonal matrix.

These systems are conservation laws with dissipation and arise in a variety of

applications including chemical chromatography and the flow of compressible

fluids and gases. We apply our results to these examples in §4.

In [11], Nishida and Smoller designed an explicit finite difference scheme

under consideration here and showed that the approximate solutions do in

fact converge to a unique, classical solution for isentropic gas dynamics in La-

grangian coordinates. Hoff and Smoller [7] applied the same scheme to the

general system (1.1)-(1.2) for D — ßl and established a precise error bound

for their numerical scheme when the initial data has finite total variation. Both

of these works depend crucially on the existence of an invariant region for the
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system (1.1 )—( 1.2) with D = pi in which the matrix /' is bounded; solutions

are obtained as the limit of solutions of an explicit finite difference scheme pos-

sessing the same invariant region, under the assumption that the initial data has

finite total variation. The disadvantage of their scheme is that it requires the

usual parabolic stability condition At/Ax < const and therefore is of limited

usefulness. Using implicit schemes, one may expect to improve the mesh con-

dition from a parabolic one to a linear one where At/Ax < const. However,

a computable implicit scheme cannot be applied to an infinite spatial domain.

The purpose of our work is then to estimate the convergence rates for the so-

lution of the boundary value problem to the solution of the Cauchy problem.

Therefore, one can design more flexible numerical schemes for the boundary

value problem instead of the Cauchy problem and use the result as the approx-

imate solution for the Cauchy problem (see Kuo [9]).

There are no assumptions made about the smoothness and the values at infin-

ity of the initial data. Thus, one can even consider oscillatory data or "Riemann

problem" data.

In the present paper, we establish a precise result (Theorem 3.10) by obtaining

the following convergence rates: For a given j > 0, £ > 0, and 0 < t < T,

||«(-.0-«L(-.0lloo.[-L.L]

(1.4)
< c(j , T) P(u0 , «±)(±L) + ±.\\uQ - u±\\oo + IKI^ exp (^

where u and u and the solutions of (1.1 )-( 1.2) and (1.1 )-( 1.3) respectively,

and P(u0 , u ) represents a polynomial-like decay rate in the real number £ ,

and A = ||Z)||00.

Because our goal is to establish the effect on the solution of this spatial trun-

cation, both the Cauchy problem (1.1 )—( 1.2) (in which u0 E £°°(R)) and the

boundary value problem (1.1 )—( 1.3) (in which u0 E L°°([-L ,£])) will be dis-

cussed in the present paper. In §2, we shall prove the existence of a global

smooth solution u of class C for (1.1 )—( 1.3). Then, we will derive, in detail,

the rigorous convergence rate (1.4) in §3. Also, some applications are given in

§4.
Finally, we let D = (^,.pm), Kt be the usual heat kernel

and Gf(x ,y,t) be the Green's function for the heat equation with Dirichlet

boundary conditions on [-£ , L] x R+ :

oo

(1.6)       Gj(x,y.t)=   J2 K/x-4jL-y ,t)-Ki(4jL + 2L-x-y ,t).
j = — oo
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The solution u(t) = u(- ,t) of (1.1 )—( 1.2) then satisfies the standard represen-

tation

(1.7) u(t) = K(t)*u0- f K(t-s)*f(u(s))ds,
Jo

where K(t) = (K^t), ... ,KJt))T , and the solution uL(t) = uL(-,t) of (1.1)-

(1.3) then satisfies

(1.8) uL(t) = GL*B(uQ-hL) + hL- f GL(t-s)*Bf(uL(s))ds
Jo

where
,/,, x + L  +    x - L  -
h (x) = -jj-u  - -^-u   ,

GL(t) = (G\(t), ... , Gm(t))T , and *B denotes

(1.9) GL(t)*Bu0(x) = j   GL(x,y,t)u0(y)dy.

It is well known that

(1.10) H^OH«, < 7    and    \\DPxDqyGL(t)\\x<Cp+qt-[p+q)l\

where p > 0, q > 0, and C0 = 1 (see Ladyzhenskaya [10]).

This research represents part of a dissertation submitted to the Graduate

School of Indiana University in candidacy for the degree of Doctor of Philos-

ophy. The author extends a most hearty thanks to Professor D. Hoff for his

constant encouragement and numerous helpful suggestions.

2. The existence and smoothness of global solutions

We shall prove the existence and uniqueness of global solutions in the sense

of §1 for (1.1 )—( 1.3) which have the implicit representation form (1.8). Local

existence of solutions can be established by a simple iteration argument and by

using Schauder estimates for the derivatives of solutions. However, for most

examples of interest, the flux is not defined for all values of u . To prove global

existence, it is therefore necessary to bound the sup norm of the solution in

such a way that u remains in an invariant set S' in which / is defined and

Lipschitz continuous.

Most of the inequalities which we will encounter have a certain form. For

later use, we therefore derive the following lemma which gives a Gronwall-type

inequality.

Lemma 2.1. Let A(t), B(t), and g(t) be positive.

(a) Suppose that A(t) is continuous and g(t) is is integrable on [a , T] for

some S E (0, T], and assume that

(2.1) \g(t)\<A{t) + M f-±=\g(s)\ds   Wetf.r]
Js Vt-s
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for some M > 0. Then we have

(2.2) \g(t)\ < A(t) + M f -7^A(s) ds + C(t, S) [ A(s) ds
Jô  yt - s Js

a.e. on [5 , T], where

C(t, Ô) = nM2exp(nM2(t -S))(l+ 2M\/t-ô).

(b) Suppose that B(t) is continuous, integrable on (0, T] and g(t) is inte-

grable on (0, T], and assume that

(2.3) \g(t)\<B(t) + M f -=L=\g(s)\ds   Vf € (O.r]

for some M > 0. Then we have

(2.4) \g(t)\ < B(t) + M [ -j===B(s) ds + C(t) f B(s) ds
Jo  Vt-s Jo

a.e. on (O.T], where C(t) = nM2exp(nM2t).

Proof. Applying (2.1) to g(s) on the right-hand side of (2.1) and simplifying,

we have

|j(/)| < AU) + M f -^ (a{s) + m £ ^jl««l a) *

by Tonelli's Theorem, where a(t) = A(t) + M f¡(\/t - s)~lA(s) ds. Therefore,

\g(t)\ < a(t) + nM2 f \g(s)\ds   a.e.on[á,£]
Js

since

(2.5) / -^=^^dx = n   for all 5 € [0,i).

Hence Gronwall's inequality gives

\g(t)\ < a(t) + nM2 exp(7iM2(t - Ô)) Í a(s) ds

= a(t) + nM2 exp(nM2(t - S)) ( Í A(s) ds + 2M Í s/T=sA(s) dsj

< a(t) + nM2 exp(7tM2(f - ô))(l + 2M\/t - ô) f A(s)ds
Jó

a .e. on [S , T], which appears with (2.2).

Now we prove (2.4). Let

(2.6) A(t) = B(t) + M [   -^=\g{s)\ds.
Jo   V í - s
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Inequality (2.3) becomes

|*(0I <A(t) + M ['-±=\g(s)\ds
Js   y/t-S

< A(t) + M [ ^=L=^(5) ds + C(t, ô) f A(s) ds   (by (2.2))
Jé   y/t-S Js

= A(t) + M f -¡L=B(s)ds + M2 f [      )        ]     \g(x)\dxds
J i   y/t-S Js  Jo    V t - S y/S - T

+ C(t,ô) f B(s)ds + C(t,Ô)M f  f -7L=\g(r)\drds
Js Js Jo  y/s-r

(by (2.6))

< A(t) + M f —2=5(5)ds + nN2 f  \g(T)\dr + C(t,ô) Í B(s)ds
Js   y/t -S Jo Jo

+ 2MC(t, ô) + M f \g(r)\ dx   (by (2.5))
Jo

->B(t)+M f -FL=B(s)ds + C(t) [ B(s)ds
Jo   y/t-S Jo

as ô —* 0, since g(r)/y/t -s is integrable on (0,í/2] for a fixed t.  Here

C(t) = nM2 exp(7cM2t). We therefore obtain (2.4).   D

A straightforward calculation gives the following

Corollary 2.2. Suppose that the hypotheses of Lemma 2.1 hold with

A(t) = Mx + ^ + ^   and   B(t) = Mx + ^,

where Mi > 0, 1 = 1,2,3. Then we have

(2.7) \g(t)\ <Cx(t,S)Ml + C2(t,S)M2 + C3(t,S)M3

a.e. on [S , T]. Here

Cx{t.S)= 1 + 2y/t -SM + (t- S)C(t, S),

C1(t,ô) = ^T + nM + 2(yit-yfô)C(t,ô),
y/t

C3(t,S) = - + J-M(\ ln2t\ + | ln<î|) + (| Int\ + \ lná|)C(í,ô),

and C(t, Ô) = nM2 exp(nM2(t - S))( 1 + 2My/T^6).
Also, (2.4) gives

(2.8) \g(t)\<CA(t)Ml + C5(t)M2   a.e.on(0,T],

where

CA(t) = 1 + 2yftM + t(nM2 exp(nM2t)),

C5(t) = 4= + nM + 2yft(nM2 exp(nM2t)).
y/t

The main result of this section is the following theorem.
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Figure 2.1

Theorem 2.3 (Existence and uniqueness of global solutions). Assume

(1) f is a smooth Lipschitz vector function of class C   with Lipschitz con-

stant M in convex open set S. W.l.o.g., Oe S and f(0) = 0.

(2) There is a convex open neighborhood S' of 0 such that S' c S and

dS D S. Moreover, S1 is invariant for the system (1.1)-(1.3).

(3) w± E S' and u0(x) E S' almost all on [-L , L] and u0 E L°°([-L , £]).

Then

(a) A unique L°°([-L ,L] x [0, T]) local solution u 0/(1.8) exists. More-

over, u(-, t) is a C -function on (-L , L) at each time level t E (0, T).

(b) u(-,1)eC (-£,£) and satisfies (1.8) if and only if u is a solution of

the system (1.1)-(1.3) in the sense of §1.

(c) As long as u satisfies (1.8) on [0 , T], then we have, for t <T,

c^MDW^K C(T)(\\u0-hL\\oo + \\hL\\J

for some constant C(T) and

c7: \\u(s)-u(t) ,<f<s 01/2   forO<t<s<T

for some constant C = C(T ,u0,u  /£).

(d) A unique global solution of (1.8) exists and is a C -function on (-£,£)

at each time level t > 0. Therefore by (b), the same is true. .>r the system

(1.1)- (1.3).

Proof. For notational simplicity, we let q — max(|«+|, \u~\) and / =

\\u0-hL\\oc + q and define ô = 0 if B2/ c S , otherwise S = disl(dS' ,dSr\B2l)

> 0, where Bv is a ball with center at 0 and radius 2/ (see the figure). Let

v(t) = GL(t)*B(u0-hL) + hL.

Then by means of the maximal principle, v(x , /) E S', so that v(x , /) E BjCiS'.

Now let

fT = {u: [0,£]->£°°([-£,£]) | for all t E [0, T],

(i)||M(i)IL<2/and(ii)||M(0-v(0 < ô if ô > 0},
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and define an operator 5? on sfT by

&(u)(t) = v(t) + [' (fx(t - s) *B f(u(s))ds.
Jo

If u E s/T then u(x , 0 E B2! and \\u - vW^ < S ; hence from the fact that

v(x , t) E B,nS' and from the definition of S , we have u(x , t) E S. By the

bound (1.10) it is easy to show that, if £ is sufficiently small, then J2? maps

sfT into itself and is contractive. Thus, there is a unique u in s>fT such that

u = 2'(u).

To prove that u(-,t)  is in  C (-L.L), we will require the following two

facts, which we therefore prove first. Let N — ||w0 - h  \\00 + \u+ - u~\/L .

(S,) If w EtfT and w(t) E W2-°° with

(2.9) IK(0IL<^p   forall/G(0,£]

and

y/W^
(2-10) IK,(01L<        "°   tN   forO<t0<t<T,

where C, is a constant such that ||C7x(i)||, <Cy/\Tt and KQ > C,(2C, + l) + 2 ,

then 2C(W) satisfies (2.9) and (2.10) with some constants C, and K0 if T is

sufficiently small.

(S2) Given e0 > 0, let Í2r(e0) = (-L + e0 , L - e0) x (0, T). If w satisfies

(2.9) and (2.10) then for (x ,t), (x ,s) E Q{e0),

\S>(W)x(x.s) - S?(w)x(x ,t)\<C-j\s- t\[/2,

where C = C(KQ , e0).

We prove (S,) in the following:

2C
< —¿N   for small £

yfi

The semigroup property of GL implies that, for t > tQ,

¿?(w)(t) = GL(t- t0) *B (w(t0) - hL) + hL

+ I GLxU-s)*Bf(w(s))ds.
J In
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Thus by the fact that G^v = G\„, and integration by parts,
xx yy

ii^uoiioo <ii(í(í- gil,

(2.11) +f\\<ÍÜ-
Jt0

u+ - u
W-      2£

s)\\x\\f{w)(s))\\ds

+ sup
X /V(-JtQ

±L,t-s)\\\f(w(s))\\ds.

However, for s > ín ,

ll/(t"(í))„lL < IIoViLtII^ÍsíIIL + MIKo^w

^MvH^-vÄf'
and we have

f\\GLx{t-s)\\x\\f(w(s))xx\\ds
Jto

< 4c2N2 \»2f\\oo,Tl'oj==slds + MK0Nn

< k0N\Jï(\ lnr| + | In/0|) + KoMNnAfQ

by (2.5) and the bound

y/t-S S

loo.rwhere fc0 = 4c2A/||£>2/||     r . The R.H.S. above is then bounded by

4KN-
1

|lnf„
1 1

N <
N

0   v/^V    ol   Sx/W^   "v^oT^ioT

for small T since v70|lni0| ->0 as t0 -» 0. Moreover, using the bound (see

,2\

Ladyzhenskaya [10])

\Gx(x, ±L,t-s)\<

we have

(t-s) 3/2
|x ± L|exp   -

(x±L)

4p(t-s)

f'\Gx(--
Jt0

±L,t-s)\\\f(w(s))x\\ds

(2.12) < 2cxMNc
(x±LY

'      -Tñ—|x±L|exp.
Jto {t-sf2y/s \   4//(i-5)(

ds

AT        f<x>

< tf,/z1/2-^- /    exp(-r2)rfT
v'n Jo
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where Kx = 2cxMc   and r = (x ± L)j2y/p.(t - s). The right-hand side above

is therefore bounded by

.l/2Är_L

A" W-'o)'
Kxß ' N—z= < —=====N   for small T.

Therefore, from (2.11) it follows that

W^Mxx(t)\L<^=r(^N + N) +
V^KV'o'      )   \ftQ{t-10)

~ s/t<tt - to)   '

Next, we prove (S2). By Duhamel's principle, ¿¿?(w) is the solution of

[Ut = DUxx-f(w)x   onCiT,

U(±L,t)^u±, tE(0,T),

U(x,0) = u0(x).

Let V = &(w) on fl(0) and = 0 otherwise. Then Vt = DVxx - f(w)x on

iîr(0). Given e > 0, let j be the standard mollifier with support in [-e ,e].

We adopt the notation

Ve=jg*V   and   Fe =je*f(w).

Then

(v£),=H(Ve)xx-(FE)x   onfi(£)

so that

(K)t = t*(K)xx~(K)x   on ¿1(e).

From the inequality (2.10) with tQ = t/2 for S?(w), we have 11^(011«, <
2K0N/t. Therefore, if (x ,t) ,(x ,s) E Q(e) and t < s , then

\V°(x,s) - VEx(x , 01 = K(x , t)\(s - t)   where t' = t(x) E (t.s))

= \Vxxx{x,t')-Flx(x,t')\(s-t)

= \j'e*yxx(X,t')-j't*f(w)x(x,t')\(S-t)

<H/;ilijUI^„('')IL + ll/(«;),.(í')IL)(í-0

<C-(^N + M^Nys-t)   (by (2.9))

<c_(Ks>1.s_-1n
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Moreover, if (x ,t),(x ,s) E clT(e0), t < s, and e < e0  (so that £!r(e0) c

QT(e)), then

\Vx(x,s) Vx(s,t)\< i
J\z\<\

j(z)(Vx(x,s) Vx(x sz ,s))dz

+ \Vx(x,s)

< \vxx(s) ,e +

Vx(x,t)\ +

c(K)s

[      j(z)(Vx(x-ez,t)-Vx(x,t))dz

<
c(K0

c(K0)

N[e +

t

s - t

N -2(s- t) 1/2

r* + F„(OII«

(for all e < e0)

(if we take e = (s t)l,2<eQ).

Therefore, there is a constant C(K0 , e0) such that (S2) holds.

Now, to prove that u(t) E C2(-L , L), we let w° - 0 and w"

Then for all n > 0, by (2.9) and (2.10), we have, for 0 < r < £,

2c,

2>(w"-x)

(2.13)

and

(2.14)

K(o = \\5?(w"-l)x(t)

\w. (t)\\    = \\J7(w"-l)xx(t]

100 -   yfi

loc<— N!CX5   —        4

(by taking t0 = t/2 ), where c{ and K are independent of n and ?.

Thus w" —► » in L°° since -S5" is contractive and w = S?(u) with «

uniquely determined. By (S2) and (2.14), {w"} are uniformly Holder con-

tinuous with exponent 5 on any £1 cc Qr ; and for each n > 1, w" is the

solution of I/, = i"^^ - f(w)x on Í2. Hence the standard Schauder theory

for a parabolic equation implies that {w"x} are uniformly Holder continuous

on Í2. Therefore, for each / > 0, {w"x(t)} is an equicontinuous family of

functions from (-£,£) to Rm and {w"x(x , t): n > 0} is uniformly bounded

independently of « and x by (2.14) and the continuity of w"x(t). Therefore

by Ascoli's theorem, there is a subsequence {w"Jx(t)} which converge pointwise

(uniformly converges on every compact subset of (-£,£)). Moreover, for each

t, wn(t)^u(t) in £°°(-£,£). Hence w"(t) -> u(t) in 3¡(-L,L) so that

u/^i) -> mvv(0 in 2¡(-L,L), too. Therefore «vv(0 = if(0 is continuous.

Thus, we have shown that there is a unique solution u = Jzf(u) and for each

t, u(t)EC2(-L,L).

(b) Both implications can be shown to hold by Duhamel's principle.

(c,) Assume u satisfies (1.8). Then

(2.15) \u(t) <
'oo  — \u0-h + \\hl +

/'Jo vT
:M\\U(S)\\dS.
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If ||«(0lloo is integrable then (2.8) with M2 = 0 gives (c,).   To prove that

||m(0IIoo is integrable on [0, £], we integrate both sides of (2.15) on [0,t] and

let N = \\u0-hL\\oo + \\hL\\oo to obtain

f Ms^ds < tN + CXM f  Í -yl=\\u(T)\\dTdS
Jo Jo Jo  Vs - T

= tN + CM /  y/t - t\\u(t)\\    dx   (by Tonelli's theorem)
Jo

y/tC.M I   \\u(i
Jo

< tN + m^dx.

Hence if y/T0~CxM < \ and 0 < t < £0 then we have

Jo
(s)\\ds<2tN.

In addition, given t E [kT0 ,(k + l)TQ] for some integer k , u(t) is the solution

of (1.8) with initial data u(kT0) at time t - kT0 ; this implies Jk{T+l) ° Wu^W^ds

< oo . Therefore, ||u(0lloo is integrable on [0, T] (one can use the same tech-

nique to prove that llw^Olloo and llw^iOlloo are integrable on [0,£]).

(c2) From (1.8), we have

Thus, by Corollary 2.2,

MÍ7h^~dí

\u   -uK(t)\L<^[H-*L\L + l—2L = g(t)-

Hence for all h > 0,

\u(x ,s) - u(x ,t)\

<
1 r.x + h

/       u(y,s) - u(y ,t)dy
J X

<-l/x+h    rS
/   u((y,x)dxdy

r-s    rx+h

+ MK(0lloo + K(*)lloo)

+ 2g(t)h

\u(y,x))ydydx +2g(t)h

^ \ ¡\\KW\L + ̂ ll«(T)IU dx + 2g(t)h

<\f gW dx + 1mC(T)(\\uq - h1]^ + \\hL\\J(s -t) + 2g(t)h

j f     -uyy(y,x)-f(u(y,x))ydydx

< -C(T
- t

±, (s-t
u0,u   )( — + h
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(c2) is then proved by taking h = (s - t)l/2.

(d) To prove the existence of the unique global solution, we let A = {t > 0:

there is a unique solution of (1.1 )—( 1.3) on [0,i)} . Clearly, A is closed and

nonempty by (a). To prove that A is open, we take tQE A . Then for t E (0, tQ)

u(t) = GL(t)*B(uQ-hL) + hL

- GL(t-s)*Bf(u(s))xds.
Jo

Take a sequence {tn} such that tn ] t0 ; then {u(tn)} is a Cauchy sequence in

C([-L ,L]) by (c2). Define u at i0 by the limit of u(tn). Then, replacing t by

tn in (2.16) and taking the limit in C([-L ,L]), we have (2.16) for t = r0 and

u(t0) E S since u(tn) E S' c S V« > 1. Applying the local existence theorem

(a) with initial data u(t0), we can find S > 0 such that, for t E (t0, t0 + Ô),

u(t)^GL(t-tQ)*B(u(t0)-hL) + hL

(2-17) f ^l
- GL(t-s)*Bf(u(s))xds

Jto

and u(t) is C (-L.L). Substitute (2.16) for u(tQ) in (2.17). The semigroup

property of GL(t) then implies that the expression (1.8) holds for all t e (0, t0+

ô) and that u(t) isa C2(-L,L) function for all t E (0, t0+ô)\{t0} . It remains

to show that u(t0) is a C (-L,L) function. For each n, u(tn) satisfies

u(t„) = GL(tn-tl)*B(u(tl)-hL) + hL

- [,GL(t-s)*Bf(u(s))xds,
Jt¡

where u(tx) is C (-L ,L). By the same argument as that occurring in the

proof of (c2), we can show

ll"*(<„)Hoo < C('i)   V«>1

and

IIMOHoo^^)     V«>1.
In addition, the proof of (S2) in part (a) with the initial time 0 replaced by t0

gives
,i    /  ^        /mi     ^ const.. ,i/2

£i

The fact that u(t0) E C2(-L ,L) then follows as in the last part of the proof

of (a).
Therefore, by (b), there is a solution of (1.1)—(1.3) on (0,r0 + 5). Thus A

is open,   a

The next theorem is about estimating the bounds for the derivatives of the

exact solution v(t) of (1.1)—(1.3).
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Theorem 2.4. Suppose v(t) is the exact solution of (1.1)-(1.3), and let lx =

||m0-Al||oo, /± = \u+-u\/L. Ifu0 isin L°°(-L,L), then for all tE(0,T],

(a) IKm^KCm^ + lJyft);
(b) IKMl^ <C(T)[l2± + l± +(11 + 1^ + 1^ +IJt].

Note that all the constants C(T) depend on T and fi¡, i = I, ... ,m , and

the Lipschitz constant M of /.

Proof, (a) From the representation (1.8)

1 u+ - u~
»*(*.')= / LGLx(x,y,t)(u0-hL)(y)dy + ~

(2.18)

so that

- j ¡_  <t(x,y,t- s)f(v(y , s))y dy ds

11^(011» < ^Z» + \l± + £clM-jL*Hvt(s)fi.0ds.

This is a Gronwall-type inequality, so that by Corollary 2.2 we have

|IM0IL<c(r)(/± + /j + c(r)-L

= C(T)(l± + -L/J.

(b) The semigroup property of G1 implies that given s0 and t e (0, T] we

have

v(s0 + t) = (fit) *B (v(s0) - hL) + hL

- f GL(t-s)*Bf(v(s0 + s))xds.
Jo

Hence by the fact that G~r = (7~, and o (x, ± L ,t) = 0, which follows by
xx y y

integration by parts, we have

vxx(so + 0 = jl (Zix.y, t) lvx(s0) - ^-¿M dy

(2-19) -j' j   GLy(x,y,t-s)f(v(y,s0 + s))yydyds

+ j GLy(x,-,t-s)f(v(-,s0 + i ds.
-L
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It follows from (2.12) and the result of (a) that

Kxv*b + ')lloo

Cx   ('„     ,    ,,. \u+-u~'

+ Si 7fe(l|Z)2/|1-^V*{S« + 5)l1- + M||U-(5o + 5)ll~} dS

+ C{T)ji7r«Vu»~h ^ + —2l-

C(T)
(l+ + -}-l)+C(T)['-TL=ll++    /      /    )   ¿5

The second term is bounded by

C(T) f -=== (t + —t) ds
'Jo  y/(J^y)\±     so+s     /

<C(T)yTtl2± + C(T)ll^- ['
\Ai Jo

1   '*

y/S^Jo   y/t-Sy/s

= C(T)l2± + C(T)l2oo^=

by l/(s0 + s) < l/^/s^y/s and (2.12). The above inequality becomes

I»„ob + »I- « ̂ ^ ('i + jr/~) + c^ ('* + ¿'-)

+ C,«^'^=l|t>„(í0 + í)IL<fe

This is a Gronwall-type inequality. Hence by Corollary 2.2 we have

ka + oil < cm \'l + -U + ('± + ̂ '„) + ¿ (/± + -^
Thus, given any t0 e (0, £], (b) is obtained by taking í = sQ = f0/2 in the

above inequality.   D

We remark that one can prove the existence of classical solutions of the

Cauchy problem (1.1 )—( 1.2) by exactly the same proof as that of Theorem 2.3,

but using the representation (1.7). The estimates of Theorem 2.4 hold for the

solution of (1.1 H 1.2) with \u+ -u~\ = 0 and hL = 0.

3. Convergence rates

We assume throughout this section that u and u are the exact solutions

of (1.1 )—( 1.2)  and  (1.1 )—( 1.3)  respectively.     Also we adopt the notations
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fi = min(n, , ... ,pm), A« = Halloo » and

\\u(t)-uL(t)\\ooL =    sup    \u(x,t)-uL(x,t)\.
X€[-L,L]

Our main result in this section concerns a bound for \\u(t) - u (OH«, l ^n terms

of the initial data and 1 ¡L!.

Lemma 3.1. For \x\ < L, we have

(3.1,        /w>tZtx-,.0«-S^(-p(-^)+-p(-^£))

Proof. By the bound

(3.3) /      exp(-(x-/)2)¿x<^[exp(-L2) + exp(-L-|/|)2]
J\x\>L l

yß.
exp^ — (x — i ) ) ux ^

and simple computation, one can prove (3.1) and (3.2).   G

Lemma 3.2. Given any real numbers u+ and u~ , a bounded function g on R,

and a number L > 0, we have

(i)   ||tf (0 * g - u±\\00 [±2L ±oo) <W^(g,u+,t),

(») 11**0 *s\\00il±2L.±00)<zi(g,u±,t),

where g± = \\\g- u*^ , le = exp(-L2/4pt),

K(S>u±,t) = \\g(-)-u±\\oo,±L.0O) + g±l,±V6>"     <<■)        M6W       «■    Moo .[±L,±oo)   T  «    'e

*ll + -±-r*^...w       -    Hoo.[±£,±oo)+v^77-Z±(g,M     ,0=  7^lk(-)-"    lloo.[±£,±oo) + ^r=7T^    '*'

and c,  « the constant such that \\Kx(t)\\x < cx/y/t.

Proof, (i) If x > 2£, then by Lemma 3.1,

\K(-,t)*g-u+\ = \K(.,t)*(g-u+)\

/L rOOK(y , t)\g(x -y)-u+\dy+       K(y , t)\g(x - y) - u+\dy
-oo J L

< \\g(-) - "+lloo.[£ .oo) + II* - "X • Ï eXP [~4jij ■

For x < -2L , the result follows from the same proof as above.

(ii) If x > 2L, then by Lemma 3.1.
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\Kß) * g\ = l**(0 * S - K¿T) * U+\ = \KX(t) * (g - "+)l

/L /»oo
\Ky(x - y , t)(g(y) - u+)\dy + /    \Ky(x - y , t)(g(y) - u+)\ dy

-oo J L

-11 +,,     I /    L2\ .  ci ii +11

For x < -2L, the result follows from the same proof as above.   D

Lemma 3.3. Let

z(x , t) = K(t) * u0 - (CT2^/) *B (u0 - h2L) + h2L) .

Then

llZHoo Juu.it) ̂  max (W+ ("0 • "+ • 0 • W- ("0 ' U~ • 0)  '

where Cl2L(t) = [-21, 2L] x[0,t) and h2L is defined in (1.8).

Proof.  z(x ,t) satisfies

' z, = Dzxx        on (-2L , 2L) x (0, oo),

<   z(x,0) = 0      on[-2£,2£],

. z(±2£ , i) -=    K(t) * u0(±2L) - u±.

Hence by the maximum principle and Lemma 3.2, we have

llzlloo n,,m <sup|z(x,5)| < max (W+(uQ, u+ ,s) .W^u 0,u~ ,s)),
' d'ii 0<s<t

where d'il = {(±L ,s) or (x ,0) \0 < s < t ,\x\ < 2L) . Thus the continuity of

z(x , t) implies that

|z|00,ÍÍ2t(í)<max(ÍTf(Mo>M+,0,^f(«o.""'0)-   n

The following lemma is needed for the proof of the next theorem, which is

the main result in this section.

Lemma 3.4.

II f K(t - s) * f(u(s))x ds - f (fL(t - s) *B f(u(s))x ds
\\Jo Jo

< M /J \\ux(s)\L ,|x|>£ ds + C(T)\\u,\\x exp {-^

where C(T) does not depend on L.

Proof. Fix x and t so that t - x > 0. Let

z(x,s) = K(s) * f(u(x))r - G2L(s) *B f(u(x))

oo.l-2L.2L]
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for s E(0,t -x) and \x\ < 2L . Then z(x ,s) satisfies

zt = Dzxx   on(-2L,2L)x(0,t-x),

z(±2L , s) = K(s) * f(u(x))x(±2L)   for s E(0 ,t - x),

z(x , 0) = 0   for |jc| < 2£.

Therefore, by the maximal principle,

\z(x,s)\<    sup    \K(s')*f(u(x))x(±2L)\
0<S'<t-T

for all (x , s) E [-2L , 2£] x [0, t - x). The continuity of z(x , s) implies that

N' - T)Hoo r-2£ 2£i -■    SUP    \K(S') * f(u(x))x(±2L)\
' 0<s'<t-x

<    sup    W^(f(u(x))x,0,s')
0<s'<t-z

- 0<fft-r ̂ U{T))^A±oo.±Ll + ll/("WLexp (-¿7))

= ll/(»(^))Jloo.(±oo.±£] + ll/(«(T))Jloo«P (-4^ö) •

Thus,

fo   \\Z(t-S)Woo.l~2L.2L]ds

< f M\\ux
Jo

loo,(±oo,±£] ds + C(T)\\u0\\Jtexp
4ßt

by using the bound \\f(u(x))x\\<C(T)\\u,\\Jy/l.   o

,2£Theorem 3.5. Let u(x , t) and u   (x , t ) be the solutions of the Cauchy problem

(1.1)-(1.2) andtheB.V.P. (1.1)-(1.3) respectively. Then

1L
U(t)-U      (Olloo.r_2L.2L]

<C(T) K - M±lloo .(±00 ,±£i + (IK - M±lloo + IKIU exP 4pt

+
/>

_(J)Hoo.(±oo.±L]rfi

Proof. For x E [-2L , 2L] and t > 0,

2£
u(x,t)-u    (X,t)\

< \K(t) * u0(x) - ((fL(t) *B (u0 - h2L)(x) + h2L(x)

+
I /"'
\Jo

t-s)*f(u(s))xds
Jo

2L,
t-s)*Bf(u   (s))ds
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Apply Lemma 3.3 to the first term and triangulate the second term. Then the

inequality becomes

\u(x , 0 - u2L(x , 01 < max(WI/(uQ , u+ , t), W^(u0 , u~ , t))

+ I f K(t - s) * f(u(s))x ds - [' (fL(t - s) *B f(u(s))x ds
\Jo Jo

+ I f G21^ - s) *B (/(«(.))_ ds - f C?L(t - s) *B f(u2L(s))ds
\Jo Jo

< max(^(„0 , u+ , t), W^Uq , u~ , /))

+ /,^K(*)Bao.i_i_L + c(r)KILopí-¿J

I    ft     r2L

+ \ G?{x.y,t-s)(f{u{y,s))-f(u2L{y,s)))dyds
\J0   J-1L     y

by Lemma 3.4. So we have

"(0-"2L(Olloo,[-2£.2£]

^ K - W±Hoo,(±oo.±£] + IK - W±HooeXP 4pt

+ /' M\\ux Wlloo ,w>£ ds + CmWu^ exp L±

2 •

4fTt

fJo
-jJ==M\\u(s) - u2L(s)\\oo[_2L2L]ds.

By Corollary 2.2 with M2 = 0 and the integrability of IKCOH^, we then have

l"(0-"2¿(0

<C(T)[\\u0-u

oo.l-2L.2L]

±,i
lloo.(±oo,±£]

(j i~4¡Tt

+ [+M\\u;
Jo

(s) ds~„v-/lloo.|„|>£'

as required.   D

We will estimate the bound /0' IKCOH^ [L œ) ds which we need to complete

the bounds of convergence rates in Theorem 3.5.

Let us first dispose of the following technicality.

Lemma 3.6. // u0 E L°°(R) and lim¿_oo ||„0 - w"1"!^ [L ̂  = 0, then there is

a function P of L for L > 0 and a constant c which does not depend on L,

such that

(i)   £(£) 10 as L^oo,

(ii)   £(£) < c'P(2L) for all L > 0,
(iii)   |K-w+|

oo ,[£ ,oo
<P(L)
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Proof. Let M, = II„n - u+\\ ,, .. We will construct a sequence {£,} such

that L, —> 00 as i —► 00 as follows: Let £0 = 0 and

Li = max (sup j£ > £,._, : ||«0 - «+Uoo.[Z.-o) > ^M0 J , 2£,_, J .

Then for each i, L. is finite since M¿ —> 0 as £ —► 00 . Also

L;. > 2£(_,    V/ > 1 ,        £, —<• 00   as /' —» 00 ,

and

Af, < -Mñ   for all L > L,,
L —  ~.i      0 1

by the definition of £;. Now we define P by P(L) = MJ2' if L € (£(, £(+1].

Then (i) and (iii) are obvious. Given any £ > 0, there is an i such that £ €

(£,. ,£i+1] and then £(£) = MQ/2i+2 = 2P(Lt+2) < 2P(2L) since 2£ < 2£;+1

and P is decreasing. Thus (ii) is proved.   D

We denote the function £(£) by P(u0 , u+)(L) if it is induced by w0 and

u+ as in Lemma 3.6.

We shall find a precise bound for

r'

H"-JC(J)lloo.[Z.,oo)<fa
'0

in terms of P(u0,u+)(L) and l/£;. A difficulty of the estimates is that the

domain of dependence for the exact solution at each point (x , t) is the whole

space R whereas we demand that the desired convergence rates are in terms of

the decay rate of arbitrary nonsmooth initial data „0 over the one-sided domain

[£ , 00). Therefore, the auxiliary function P(u0 , u+) will play a crucial role for

"smoothing" the initial data in the process of the computations. We will show

how this is possible in successive steps by Lemmas 3.7 and 3.8 as well as by

Theorem 3.9.

/'Jo

Lemma 3.7 (Forward Local Property). Assume „0 E £°°(R) and u is the

exact solution of the Cauchy problem ( 1.1 )— ( 1.2). Let

lim ||ttn - w+|l     ,/ ™t = 0
L —oo "    ° Moo,[£.00)

and let f satisfy the assumptions of Theorem 2.2. Forgiven t > 0 and j > 0

fixed, if there is a constant c(t ,j) which is independent of L such that

(3-4) ^ KWIL >[L i00) ds<c(t, j) (p(u0 , u+)(L) + 1-M^ ,

then there is a T = T(t, u0) > 0 such that if t < s < t + T, then we have

i    IK(/>)Hoo,[£,oo)^
(3.5) h

<(s- 01/4(1 + c(t, j)) [P(u0 , u+)(L) + —M0j ,

where MQ = ||„0 - m+||     and P(u0 ,u+) is as in Lemma 3.6.
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Lemma 3.8 (Backward Local Property). Assume u0,u ,f are as in Lemma

3.7. For given t > 0 and j > 1, if for all s E (0 ,t), there is a constant c(s , j)

which is independent of L for all s E (0, t) satisfying for all L > 0,

f K(/»lloo,£.oo>^
(3.6) Jo / 1       \

<(t-s)xl\l+c(s,j))[P(u0,u+)(L) + —Müy

then there is T = T(t, u0) such that ifO<t-T<s<t, then we have

[   IK(/>)Hoo,[L,oo)^
(3.7) s

<(t-s)l/\l+c(s,j))(p(u0,u+)(L) + jjM^ ,

where MQ = ||„0 - «+||00 and P(u0 , u+) is as in Lemma 3.6.

Theorem 3.9 (Global Property). Assume u(t), u0,u+ , f are as in Lemma

3.7. Then given t > 0 and j > 1, there is a constant c = c(j ,t, u0) > 0 which

increases with t such that, V£ > 0,

(3.8) I KMIL ,[£ ,oo) ds < c (p<u0 , u+)(L) + jj\\uQ - „X)

In a similar manner, we have the same result as in Theorem 3.9 for the bound

Jo IK(J)lloo (-oo -L]ds m terms of P(uQ , u~)(L) and l/LJ. Hence our main

Theorem 3.5 can be restated as follows.

Theorem 3.10. Assume

lim ||„n - z/+|l    ,,    , + ||„n - u~ïï    , _ ., = 0.
r _.„ M    U Moo ,[L ,oo)        H    U "oo ,( — oo ,L]

Then

(3.9)     ||«(0-"2L(0lloo.[_2L.2L]

<c(j,t)(^P(u0-u±)(L) + P(u0,u  )(-£)

i„..    .,...,,   __A    iT
4ßt+ Jj\\U0~U   lloo + HMollooeXP| l~

where c(j ,t) increases with t and depends on min(/i,, ...ßm) and M.

Remark. (I) If ||„0 - u*^ [L  ^   = 0 for some £, > 0 then one can take

P(u0 , u+)(L) = c(j)Lj with c(j) = L{||u0 - m+II^ .

(2) If \\u0 - «+||00 [L oo) < cxexp(-c2L)  then one can take P(u0,u+) =

c(j)/LJ where c(j) depends on cx and c2.
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Note that the function P(u0, u+)(L) has a polynomial-like decay rate as

L —» oo. By the method of numerical analysis for the isentropic gas flow in

Lagrangian coordinate ( p-system), as we can see from the graphs, although

initial .data decays exponentially, the solution does not decay exponentially.

Thus, we believe P(u0 , u±) gives a plausible convergence for our work.

Proof of Lemma 3.7. The assumption that S' is invariant for ( 1.1 )-( 1.2) implies

that u(x ,t) eS' . Hence if B2,,uil),,    <£ S , then let

e = dirt(as/.asn_?2|MOIU)>o.

otherwise let e = 0. For the given j, let

s^t = {w :[t,t + T] -► L°° | for all 5 e (t ,t + T], w satisfies

(a) ||«;(J)||00<2||M(OI|00,

(b) \\w(s) - K(s - t) * u(/)Hoo ̂  e - if « > 0,

(c) w(s) E Wl '°° and KMI^ < (2cjy/7=l)\\w(t) - kX ,

where ||A-(0||, <cjyß,

(d) ft\\wx(

<(s- 01/4[(1 + c(j, t))P(u0 , u+)(L) + MJL1]).

Define a norm || • |Ly   on s/T by

WW\U=    SUP    llU'(í + T)lloo+    SUP    \\Wx(t + T)\\oo^-

It is easy to show (sfT , || • H^ ) is a Banach space. We define an operator Sf

on s/T as follows:

¡■s-t

5f(w) = K(s - 0 * "(0 - /     Kx{s - t - T) * f(w(t + x)) dx.
Jo

We will show that, if £ is sufficiently small, then J? maps sfT into itself and

is contractive. Using the bound (2.5), one can prove easily that 5C(w) satisfies

(a), (b), and (c) in the definition of srfT if w e srfT and £ is sufficiently small.

To prove (d), we replace u(t) in the expression for 2f(w) by (1.8) to obtain

5f(w)(s) = K(s) *u0- [ K(s-x)* f(u(x))x dx
Jo

S K(s-x)*f(w(x))xdx

MIL.[L.oo)rfT

K(s)*u0- f K(s-x)*f(v(x))xdx,
Jo

where
Í U(X)      ifTG(0,i],

v(x) = <
I w(x)    if xE(t,t + T].
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Then

j' U-S^yOlloo ,[l .00) dx < ¡' \\Kx(x) * <uQ - W+)||oo ,lL .00) dx

+ [ ^\\Kx(r-p)*f(v(p))x\\00ilLi00)dp

= (A) + (B).

We shall show that for small T and t < s < t + T,

(3.10) (A) <(s- t)l/*P(u0 , u+)(L) + i(a - tf'^f

and

(3.11) (B)<(5-0'/4  c(j,t)P(u0,u+)(L) + c(j ,t)^f+l-l-M0

Thus (3.5) will be proved by (3.10) and (3.11).
We prove (3.10) as follows. By Lemma 3.2

Zf/2(w0-u+ ,0,x)dx

fs C... +.. .      1   fs \\un-u

<2c1(>/í-'\//)P(m0.m+) (2") + -^(v/5-v/ir)exp(-

a^l-MZ
4px

dx

I6ps

(since exp Í — j < exp ( — J for all x < s)

< 2cx(yTs - yft) ■ c'P(u0 , u+)(L) + -—jl/0(vG - yft)—c(j)(l6ps)
y/np LJ

ill

(since exp(-;c) < c(j)(y/x) ' for all j > 0)

<(s- tf4P(u0 , u+)(L) + l-(s - tfAjjM0

for small T, since (s - t)l/4/(y/s - y/t) -too as s —► t

To prove (3.11), we use Lemma 3.2.

(B) < f j' Zf,2(f(v(p))x ,0,x-p)dpdx

= [ [^pWf^PMooXL^dpdx

+ 2-/7oyjp'n(x - p)
ll/("(/>))Jloo-«p(,..(^/2L

4ß(x- p)

= (B,) + (B2).

We shall show that for small e and t < s < t + e,

(3.12) (B,) <(s- t)c(j , t)P(u0 , u+)(L) + (s- t)l/4c(j , t)jjM0



458 HUNG-JU KUO

and

(3.13) (B2)<I(5-01/4^jM0.

Thus, (3.11) will be proved by (3.12) and (3.13). We prove (3.12) as follows:

(B.)= [fQ^=M\K^)Woa.{Li2.oo)dpdx

+ [ [^bjWKWLwi^dpd*

= 2cxMJ  {y/s^-y/rrp)\\ux(p)\\00¡lL/2¡00)dp

+ 2cxM^  n/^IK^IIoo.il^oo)^

(by Tonelli's Theorem for both terms)

<2ClA/(5-01/2^||^(p)||oo,[¿/2,oo)^

+ 2C,A/(5-01/2/îK(/')lloo,[L/2.oo)^

< 2cxM(s - tf2 (c(t,j) (p(u0 , u+) (jj + ^ J j     (by (3.4))

+ 2ciM(s-t)i/2^(s-t)l/\l + c(tJ))(^P(u0,u+)^y^yj

(by(d)ofj/r)

<(s- t)[,4c(t,j)P(u0 , u+)(L) + (s- t)l/4c(t,j)¥f

for small  £, since P(u0,u+)(L/2) < C'P(u0,u+)(L).   We prove (3.13) as

follows:

+/7'vfcIKWII»exp(-Ä))^A

By

K(/>)Hoo ̂ CK - "+\\Jy/P   for 0 < p < t,
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and by (c) in the definition of stfT , (B2) is bounded byT >   \"2>

2

K-«+||0D/'««p[-ï||ty-

+ c||«(0-t/+||ooy   ^expi-—^J ¿t    (by (2.5))

< c • (s - t) exp   -
16/w I

2

»o-"+lloo + ll«(0-"+IL)

<c(t)(s-t)expi-—^\ \\u0-u+\\-œ

since

I|m(0-"+IIoo^c(OII«o-m+I

where c(t) is bounded on [0, t]. Then, by

e~x < c(j)x~J'2   Vx > 0 ,

we have

1    , 1 ,1/4,.     1(B2) < c(t,j)sJ,s(s - t)\\u0 - ^Hoo- < j(í - t)l/4M0-

for small T and / < 5 < t + T, as required. Consequently, we have shown that

S? maps srfj into itself. The fact that Jz? is a contraction is shown below.

If w , v e ST then w(x , t), v(x ,t)ES for t E [0 , £] (refer to the proof of

Theorem 2.3) and

\\^(w)-^f(v)\\^T

II fs~'
<    sup       /      K(s-t-x)*(f(w(t + x)-f(v(t + x)))dx

0<s-t<T\\Jo

II rs~'
+    sup       /      Kx(s-t-x)*(f(w(t + x))x-f(v(t + x))xdx

o<s-i<t\\Jo

= (I) -H (II).

It is easy to show that

(I) < -  sup  \\w(t + x)-v(t + r)\\      for small £
4 0<s<T
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We triangulate the term (II),

(II) <       SUP      v^T      / Kx(s-t-x)*(Df(w(t + X)))(Wx(t + x)-Vx(t + x))dx
0<s-t<T \\Jq0

s-t

+    sup
0<s

p    y/s^l \\ K
><T \\Jo

P      s/i~^l /
:<T Jo

:(s - t - t) * (£>/(w(. + t)) - Df(v(t + T)))vx(t + x)dx

<     sup
0<j

+      sup     y/S
0<s-l<T

._r
<      sup     \JS - t  I

0<s-t<T J0

c(t + T)

y/s-t -X
\wx(t + x)-vx(t + x)\\oodx

f*S — t

— /        c(t+   ) +x)_      + r)llxl]Vx{t + T)||oo dx
Jo      y/s-t-t

C, , ~7=    SUP   (v^l|Wx(/ + /»)-«x(< + /»)||oo)^

+    sup
0<j

;up    VT- ' / , sup
-t<T Jo      y/s - t - x \o<x<t

W(t + X) -V(t + T)||oo

<    sup (n/t||w,(/ + t) - vx(t + x)\\)c(t + T)Vf fJo

\\v(t) -u+ Il

v^
■i/T

1      J__
y/S — t — X y/x

dx

+      sup   \\w(t + z)-v(t + T)\\00)c(t + T)y/T\\v(t)-u+\\00
\o<r<r /

< -   sup   \\w{t + x) - v(t + x)\\oo + -   sup  \/t||Wx(.+t)-wx(/ + t)||oo

for small £. As a result, we have

\\^(w)-L(v)\\^<\\\w-v\\^.

Hence there is a wQ e sfT such that w0 = -S*(u>0). By the fact that u is

the unique global solution of u — -S"(w), we have u;0(/>) = w(p) for all /> €

[t,t + T]. This gives us (3.5).    D

Proof of Lemma 3.8. The result of Lemma 3.8 can be obtained by the same

proof as that of Lemma 3.7, replacing sfT and 5? by

tfT = {w: [t-T> 0 ,t]^ L°° \ for all se (t-T ,t],w satisfies

(a) ||w(i)||0O<2||M(i-7')||0O,

(b) \\w(s) - K(t - s) * u(t - £)||œ < e if e > 0,

(c) w(s)E Wx-°° and ||u>fi)|l    < 2cx\\u(t)-u+\\Jy/T^S,

(d) /'ko 'oo ,[Z. ,00)

.1/4

x\   'Moo —        1

<(t-sY/4(l+c(s,j))[P(uQ,u+)(L) + M0/LJ]}

and

^(w)(s) = tf(j - (t - £)) * u(t - T)

rs-(t-T)

K(s-(t-T)-x)*f(w(t-T + p))xdx.    Df
Jo
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Proof of Theorem 3.9. For a fixed j, let

•* = | t > 0 | for all s E [0, /], there is a constant c(s, j)

which is independent of L such that

(3-14) fs / m
J0   \\UxW\LiL.oo)d*<c{sJ){P{u0,U+)(L) + jj

for all L
}■

/'' t

Hence

We shall prove that s/ is open and closed so that s* = R+ u {0}, since s/ is

not empty by Lemma 3.7 (Forward Local Property). If t Es/ then by Lemma

3.7, there is T0 = TQ(t) > 0 such that for all j, 0 < t < s < t + T0, we have

ux(t)\L.lL.oo)dr<(s-tf4(l+c(t,j))\p(u0,u+)(L) + ^f  .

[ H^WIIcdL.ao,*

-jfKWI-.tf^,A+/,K(t)Bo.it«,A

<c(t J) (p(u0,u+)(L) + ^ + TQl/\l +c(t ,j))

+ \p(u0,u+) + ^ .

Therefore, s is in s/ for all s E (t ,t + T0) since c(s ,j) can be taken as

c(s ,j) = c(t ,j) + T0l/4(I + c(t,;')), so that s/ is open. If there is a sequence

tn î t and {in} G s/ , then for all s E(0,t), s < tn for some n . Hence (3.13)

holds for 5. Lemma 3.8 (Backward Local Property) then implies that t E s/ .

So s/ is closed as well.   □

4. Applications

In this section we apply the global existence result (Theorem 2.3) and con-

vergence rates (Theorem 3.10) to a system arising in chemical chromatography

as well as to the equation modelling the flow of compressible fluids and gases.

(We refer the reader to [4] for a complete description and derivation of these

equations.) In order to do this, it is necessary to show that there are invariant

regions for the exact solutions of (1.1)—(1.3)) for each system. Now, precise

conditions under which the system (1.1 )—( 1.3) admits an invariant region are

given in [12]. These conditions include the requirement that the normal vector

to such a region should at each point be a left eigenvector both of f'(u) and

of D. The former condition is sufficiently stringent in our applications that

we choose to make the latter condition automatic by taking D to be a scalar

matrix; that is, D = pi.
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Figure 4.1

(a) Scalar equation.

!ut + /(")* = -""^x •
W(x,0) = Wo(5)eL°° (£,£]),

m(±£,0 = "±,        *>0,

where /" is bounded on every bounded set. By means of the maximum prin-

ciple, any interval iflcR is invariant for (4.a).   D

(b) Isentropic gas flow in Lagrangian coordinates,

u, + P(v)x = puxx ,4,b
v.

on (-L.L) xR\
<t      Ux = PVXX ,

where u,v, and p(v)  represent the velocity, the reciprocal of density, and

pressure respectively,  p is a positive C   function and satisfies

p < 0 ,    p" > 0   for v > 0.

(Typically, p(u) = cv~y, y > 1 .)

The invariant region for (4.b) (see Figure 4.1) is

Sh = {(u,v)\s.(u,v)<b <r.(u,v)}

where

rh(u,v) = u + j   \J-p'(p)dp,       sh(u,v) = u-l   \J-p'(p)dp

(see Smoller [12]) and the Jacobian matrix DF of £ = [^'J] is bounded in

Sb if p   is bounded in Sb.   a

(c) Isentropic gas dynamics in Eulerian coordinates,

p, + (pu) = npxx ,4,c
(pu)t + (Pu+P(p))x = p(pu)xx,

on (-£,£) xRT
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where p,u, and P(p) are density, velocity, and pressure respectively. We

assume that P(p) = Kpy where 7 is a constant satisfying y > 1 and K is a

positive constant. Let w - pu, U = [£], and

F(U) =
w

Then (4.c) becomes

where

DF =

[w2/p + Kpy\

Ut + DF(U)Ux = pU

0

[-(w/p)2 + Kypy  ' 2w/p\ '

v-1.1/2with left eigenvectors /± = (-w/p ± (Kyp ) ' , 1). Thus we can apply the

result of Chueh, Conley, and Smoller [2] to (4.c) as follows: The normal vectors

on the boundary curves w±(p) of the invariant region are (-w'±(p),I) which

should be parallel to the left eigenvectors of DF . Therefore,

Specifically,

±(p) = pcom\±pf(Kye 3)1/2^.
J t>

w±(p) = p^±[C(KyrY2dc;
c       J p

for some positive constants wc and c , w± satisfy the following (i)-(iii).

(i)  w+(p)>0 for all pE[0,c];

(ii)  w'±(p) = wjc + (Kypy-y)l/2 + fcp(Ky?-3)ißdi; and

(iii)  wl(p) = +(y-\)(Kypy-y/2/2

(so that w'^(p) > 0 and w'^_(p) > 0 for all p > 0, y > 1 ). Denote the so-called

Riemann invariants by

rc(w , p) = ?-wc + p fC(Kyely~3)1/2 # - w > 0,
c Jp

sc(w ,p) = p-wc-p     (Kycf-^)"2 dc--w<0.
c J 0

{
iw ,p)\ < ['{Kyi

J 0

"3)1/2^}

Then the set

S. = {{W,p)\ sc(w ,p)<0< rc(w ,p),0<P<c}

w     wc

P C   ,        Jp

is invariant for (4.c). This region can be graphed as in Figure 4.2 or Figure 4.3

in the case that wc > c¡cp(KyCy~3)1/2dx (so that w_(p) > 0 for all p > 0)

and in Figure 4.4 or Figure 4.5 otherwise. Obviously, DF is bounded on this

invariant region Sc for y > 1 .   D
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Figure 4.4

(d) Chemical chromatography.

(4.d)

. wc)

Figure 4.5

|(*», + C,) + ¿?&*dx
1,2, , m.

(A reference for this example is R. Aris and N. Amundson [1].) Here n¡ and

C are chemical concentrations which depend on x and t, and S and A are

positive constants. The system becomes closed under an additional hypothesis

of the form

n: =
NK,C,

1+lZjKjCj-

where N and Ki are positive constants. Let u¡ on¡ + C¡. Then by scaling

out the constant A , (4.d) can be rewritten in the form

for some p > 0.
du      d  _.  .
- + -C(u) = pux

Applying the result of Chueh, Conley, and Smoller [2] , one can show that the

nonnegative octant Sd of «-space is invariant for the above equation (cf. D.

Hoff [8] for a detailed proof)- In order to apply our theorem, it is necessary to

show that dC/du is bounded in Sd . To see this, we compute the derivatives

du^

dC.
=   1  +

(1+lZjKjCjf
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and for k ¿ i
dui ÔNKiKkCi

dCk~     (l + E/*/C.)2'

Hence \duJdCk\ is bounded on {C, > 0} for all i,k. Moreover,

^£_V
dC;     ^

dUj

dC4

ÔNK.
= 1 +-'■-2> 1.

(l + E^c,)2

Therefore, by Gershgoren's theorem, the eigenvalues of du/dC are located out-

side the unit circle. Therefore, | det(<9w/dC)| > 1, so that, by the fact that

^-(*(£))"'    (A-Join, -*-*)„■

dC/du is bounded in 5d .    D
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