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THE ERROR IN SPATIAL TRUNCATION
FOR SYSTEMS OF PARABOLIC CONSERVATION LAWS

HUNG-JU KUO

ABSTRACT. In this paper we investigate the behavior of the solution of

ur = Duxx — f(u)x,
u(0,x) = ug(x) € L®,  u(t,£L) = u*,
where t > 0 and x € [-L,L]. Solutions of this equation are considered
to be approximations to the solutions of the corresponding parabolic conserva-

tion laws. We obtain decay results on the norms of the difference between the
solution for L infinite and the solution when L is finite.

1. INTRODUCTION

This paper is concerned with the solution of certain parabolic systems of the
form

(1.1) u,+fu), =Du_, (x.,)eRxR",

with nonsmooth initial data

(1.2) u(x,0) = uy(x) e L™

and boundary values

(1.3) w(xL,)=u*, >0,

where u = (u,,...,u,), f is a smooth vector function of class C? which

may not be defined for all values of u, and D is a positive diagonal matrix.
These systems are conservation laws with dissipation and arise in a variety of
applications including chemical chromatography and the flow of compressible
fluids and gases. We apply our results to these examples in §4.

In [11], Nishida and Smoller designed an explicit finite difference scheme
under consideration here and showed that the approximate solutions do in
fact converge to a unique, classical solution for isentropic gas dynamics in La-
grangian coordinates. Hoff and Smoller [7] applied the same scheme to the
general system (1.1)-(1.2) for D = ul and established a precise error bound
for their numerical scheme when the initial data has finite total variation. Both
of these works depend crucially on the existence of an invariant region for the
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system (1.1)-(1.2) with D = u/ in which the matrix f’ is bounded; solutions
are obtained as the limit of solutions of an explicit finite difference scheme pos-
sessing the same invariant region, under the assumption that the initial data has
finite total variation. The disadvantage of their scheme is that it requires the
usual parabolic stability condition At/Ax2 < const and therefore is of limited
usefulness. Using implicit schemes, one may expect to improve the mesh con-
dition from a parabolic one to a linear one where At/Ax < const. However,
a computable implicit scheme cannot be applied to an infinite spatial domain.
The purpose of our work is then to estimate the convergence rates for the so-
lution of the boundary value problem to the solution of the Cauchy problem.
Therefore, one can design more flexible numerical schemes for the boundary
value problem instead of the Cauchy problem and use the result as the approx-
imate solution for the Cauchy problem (see Kuo [9]).

There are no assumptions made about the smoothness and the values at infin-
ity of the initial data. Thus, one can even consider oscillatory data or “Riemann
problem” data.

In the present paper, we establish a precise result (Theorem 3.10) by obtaining
the following convergence rates: Fora given j >0, L >0,and 0<¢< T,

llu(-,t) — u (-, Moo (-1 .11

(1.4) 2
<c(j. T)|P(uy, ™) (£L) + z%nuo — ™ + gl exp (L—)}

4ut

where u and u" and the solutions of (1.1)=(1.2) and (1.1)-(1.3) respectively,
and P(u,, ui) represents a polynomial-like decay rate in the real number L,
and u =Dl .

Because our goal is to establish the effect on the solution of this spatial trun-
cation, both the Cauchy problem (1.1)-(1.2) (in which u, € L (R)) and the
boundary value problem (1.1)-(1.3) (in which u; € L([-L, L)) will be dis-
cussed in the present paper. In §2, we shall prove the existence of a global
smooth solution u of class C? for (1.1)=(1.3). Then, we will derive, in detail,
the rigorous convergence rate (1.4) in §3. Also, some applications are given in
§4.

Finally, we let D = (u,, ... ,u,), K, be the usual heat kernel

1 x?
NZLTT CXD(4#,-I) '

and G,L(x ., v, 1) be the Green’s function for the heat equation with Dirichlet
boundary conditions on [-L,L] x R":

(1.5) K (x,1)=

(1.6)  Grx.y.)= Y K(x-4L-y.0)-K(4L+2L-x~-y 1)

1
J=—o0
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The solution u(t) = u(-,t) of (1.1)-(1.2) then satisfies the standard represen-
tation

(1.7) u(t)=K(t)*u0—/0 K (1 —s)* f(u(s))ds

where K(t) = (K,(t), ... . K, (t))" , and the solution u"(¢) = u*(-, ) of (1.1)-
(1.3) then satisfies

(1.8)  u" (1) =G xy(uy— h") + " - /()'Gﬁ(t —5) %5 f(u"(s))ds

where I L
L _X+ +_X— -
W (x) == — =

G' ()= (GF(t), ... .GE(1))", and *, denotes

(1.9) G" (1) % uy(x / G (x,y . t)uy(y)dy.
It is well known that
(1.10) IG* @)l < % and D”D"GL(z)n, ‘“’*‘”/2,

where p >0, ¢ >0,and C, =1 (see Ladyzhenskaya [10]).

This research represents part of a dissertation submitted to the Graduate
School of Indiana University in candidacy for the degree of Doctor of Philos-
ophy. The author extends a most hearty thanks to Professor D. Hoff for his
constant encouragement and numerous helpful suggestions.

2. THE EXISTENCE AND SMOOTHNESS OF GLOBAL SOLUTIONS

We shall prove the existence and uniqueness of global solutions in the sense
of §1 for (1.1)-(1.3) which have the implicit representation form (1.8). Local
existence of solutions can be established by a simple iteration argument and by
using Schauder estimates for the derivatives of solutions. However, for most
examples of interest, the flux is not defined for all values of u. To prove global
existence, it is therefore necessary to bound the sup norm of the solution in
such a way that # remains in an invariant set S’ in which f is defined and
Lipschitz continuous.

Most of the inequalities which we will encounter have a certain form. For
later use, we therefore derive the following lemma which gives a Gronwall-type
inequality.

Lemma 2.1. Let A(t), B(t), and g(t) be positive.
(a) Suppose that A(t) is continuous and g(t) is is integrable on [§,T] for
some & € (0,T], and assume that

2.1) 8() < A1) + M /6 ﬁmsnds Viels, T)
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for some M > 0. Then we have
t

(2.2) g < A()+ M

= ds+c.o) [ a)ds

a.e. on [0,T], where
C(t,0) = aM exp(M*(t — 0))(1 + 2M 1 - 3).

(b) Suppose that B(t) is continuous, integrable on (0,T)] and g(t) is inte-
grable on (0, T], and assume that

23) g0 < B0 +M [ ——ls

(s)|ds Vte(0,T]

for some M > 0. Then we have

(2.4) lg(2)] < B(t)+M/o \/—%B(s)ds-f-C(t)/o B(s)ds

a.e. on (0,T], where C(t) = anexp(ant).

Proof. Applying (2.1) to g(s) on the right-hand side of (2.1) and simplifying,
we have

1g(0)] < A(t)+M/' \/l— (A(s)+M/s\/;__|g(z)gdz) ds

<a(t)+ M / (/ ds) dt
by Tonelli’s Theorem, where a(t) = A(¢) + Mfa(\/t =5)"'A(s) ds . Therefore,

t
lg(1)] 5a(t)+7tM2/ |g(s)|ds a.e.on[d,T]
F)
since

(2.5) dt=n forallse[0,?).

[ 7=7=

Hence Gronwall’s inequality gives

lg(1)] < a(t) + aM* exp(aM’(1 — 8)) /' a(s)ds
)
= a(t) + M exp(nM’(t - ) ( / t A(s)ds + 2M / V- SA(s) ds)

< a(t) + aM exp(rM(t - 8))(1 + 2M V1= / A(s) ds

a.e. on [§,T], which appears with (2.2).
Now we prove (2.4). Let

J
(2.6) At)=B(t)+ M / |g(s)| ds.

1
0o Vt—3S
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Inequality (2.3) becomes

t
l8(t)] < At) + M /{s '

Vt—=3s
t l t
<A +M /6 —=A(s)ds + C(t.0) /6 A(s)ds (by (2.2))

t 1 ) t o 1 1

t t o
+C(t,6)/6 B(s)ds+C(t,6)M/6 /0 \/%w(mdzds
(by (2.6))
B(s)ds + nN? / * g0l dr + C(t,6) / " B(s)ds
0 0

lg(s)| ds

1
Vt—3s

+2MC(,8)+ M /0 "lg@ldr (by (2.5))

5A(t)+M/;

t 1 t
— B(t +M/ ———B(s)ds + C(t / B(s)ds
O+ M [ ———B(s)ds+C(0) | Bls)
as 6 — 0, since g(t)/vt—s is integrable on (0,¢/2] for a fixed ¢. Here
C(t)=nM 2 exp(nM 2 t). We therefore obtain (2.4). O
A straightforward calculation gives the following
Corollary 2.2. Suppose that the hypotheses of Lemma 2.1 hold with

— M, M, _ ﬂ
Alt)=M, + \/;+ ; and B(t)=M, + ik
where M, >0, i=1,2,3. Then we have
(2.7) lg(t)] < C,(t,0)M, + Cy(t,6)M, + Cy(t,6) M,

a.e. on [6,T). Here

C(t,0) =142Vt —0M + (t - 6)C(t,0),
C,(t,5) = \Lﬁ+nM+2(ﬁ—s/§)C(z,5),

Cy(t,8) = %+ \/qu In2t| + |Ind|) + (| In?| + |Ind|)C(¢,5),
and C(t,6) = aM* exp(nM*(t — 6))(1 + 2M T =9).
Also, (2.4) gives
(2.8) lg(t)] < C,(t)M, + C\(t)M, a.e. on (0,T],
where
C,(t) = 1 + 2VIM + t(nM’ exp(nM*t)),
Cy(1) = % + M + 2Vi(aM’ exp(nM’1)).

The main result of this section is the following theorem.
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Theorem 2.3 (Existence and uniqueness of global solutions). Assume
(1) f is a smooth Lipschitz vector function of class C? with Lipschitz con-
stant M in convex open set S. W.l.o.g, 0€ S and f(0)=0.
(2) There is a convex open neighborhood S' of 0 such that S' c S and
dS D S. Moreover, S' is invariant for the system (1.1)-(1.3).
(3) uteS and uy(x) € S" almostall on [-L,L] and uy € L*([-L,L]).
Then
(a) A unique L™([-L,L]x[0,T)) local solution u of (1.8) exists. More-
over, u(-,t) isa Cz-function on (=L ,L) at each time level t € (0,T).
(b) u(-,t)e C2(—L , L) and satisfies (1.8) if and only if u is a solution of
the system (1.1)-(1.3) in the sense of §1.
(c) As long as u satisfies (1.8) on [0, T], then we have, for t < T,
¢ (D)l oy < CT)(lltg = Ml + 1187 )
for some constant C(T) and
Cy: flu(s) —u(t)]l, < g(s - t)l/2 forO<t<s<T
Jfor some constant C = C(T ,u,, ui/L).

(d) A unique global solution of (1.8) exists and is a C?-function on (=L, L)

at each time level t > 0. Therefore by (b), the same is true _.r the system
(1.1)-(1.3).

Proof. For notational simplicity, we let ¢ = max(ju'|,|u”|) and [ =

[l — hL||oo +4¢ and define 6 =0 if B,, C S, otherwise 6 = dist(8S’ ,05NB,))
> 0, where B,, is a ball with center at 0 and radius 2/ (see the figure). Let

(1) = G (1) % (ug = h") + h".

Then by means of the maximal principle, v(x,f) € S',sothat v(x, 1) € B,ﬁS' .
Now let

&y ={u:[0,T)— L=([-L.L])|forallr€[0,T],
(llu(®)ll o, < 2/ and (ii)[lu(t) — v(?)ll, < d if 6> 0},
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and define an operator .# on % by
ZLu)(t) =v(t) +/0 Gf(t —5) *p f(u(s))ds.

If u €/ then u(x,t) € By, and |lu—v| < J; hence from the fact that
v(x,t) € B,N S’ and from the definition of J, we have u(x,t) € S. By the
bound (1.10) it is easy to show that, if T is sufficiently small, then % maps
& into itself and is contractive. Thus, there is a unique u in % such that
u==2u).

To prove that u(-,¢) isin C 2(—L,L) , we will require the following two
facts, which we therefore prove first. Let N = ||lu, - h* oo + lu* —u”|/L.

(S,) If we s, and w(t) e W™ with

2C
(2.9) 0,0l S N forall (€ (0.7)
and

K,
(210) ”wxx(t)"oo < WN for 0 < t <t<T,

where C, is a constant such that ||G)';(t)||I <C,/Vtand K, > C/(2C,+1)+2,
then Z(W) satisfies (2.9) and (2.10) with some constants C, and K, if T is
sufficiently small.

(S,) Given ¢, >0, let Q. (¢;)) =(-L+¢,,L—¢))x(0,T). If w satisfies
(2.9) and (2.10) then for (x,?),(x,s) € Q(g,),

L) (x5) = L (w), (x,0] < C- = Nis o2,

where C = C(K,¢,).
We prove (S,) in the following:

Sl L lu" —u”| /’ 1
12 () (Do < Zellto = h Moo + =—7— + | \/___M 2c N\/_ds

2C
< Tt‘N for small T.

The semigroup property of G* implies that, for ¢ > ¢,

Zw)(t) = G (1 = 1) +5 (w(ty) — k") + A"
/GL (s))ds.
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Thus by the fact that Gfx = G'y“y and integration by parts,

+

1L W) (Dl < IG5 = 1], |w, (1) = =
(2.11) + / 1GE (2 = )], 1/ (w)(s)),. |l ds

t
+sup [(GHC £ Lot =9I (@(s)), ], d
14}
However, for s > ¢,

1/ (W)l S ID* Sl pllw I, + Mllw (),

2c 2 K
<Dl 7 (SN) + M+ e,

to(s —ty)
and we have
t
[ G« = sy i), s

o
< 4cIN*|ID S| / Las+ MK Nn——= 1
— 1 oo, T \/— \/%

2 1

< - _
<k,N t(|lnt| + |Inz,|) + KOMNn\/%

by (2.5) and the bound

o \/7
< —
msds_ t(llnt|+|lnto|),

14
where k, = 4cN|D*f||., ;. The R.H.S. above is then bounded by

4k, N — |lnt0|+

N
VI-— 2 ,/tOZt = toj ,/tOZt — 1)
for small T since v/ tlln t0| — 0 as t, — 0. Moreover, using the bound (see
Ladyzhenskaya [10])

¢ (x+ L)
|GX(X, :i:L,t—S)I < (t—_-;-)—:’/—2|X:tL|CXD <_m) ,
we have
JIGHC £ Lot =) (), ds
1 =L
(2.12) < 2¢,MNc /‘0 mb‘ﬂ:Lpr( 4u(t —S)) ds

12 N /°° 2
<K — exp(—t7)dr,
l,u \/?0 0
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where K, = 2clMc’ and 7 = (x £ L)/2/u(t —s). The right-hand side above
is therefore bounded by

'ul/ZN 1
1 \/— vto(t ‘t05

Therefore, from (2.11) it follows that

N forsmall T.

c 2c 2N
4 t 1 “LN+N —_—_—
2 (), ()l \/t——To(\/% + )+ T
K
<—0 N
= V=1

Next, we prove (S,). By Duhamel’s principle, Z(w) is the solution of
U=DU, - f(w), onQ,,
UxL,t) =u*, te(0,T),
U(x,0) = uy(x).

Let V = Z(w) on Q(0) and = 0 otherwise. Then V, = DV, — f(w), on

t
Q.,(0). Given &> 0, let j, be the standard mollifier with support in [-¢,¢].

We adopt the notation

Vi=j,xV and F’=j, xf(w)
Then

(Ve)[ = u(Ve)xx - (Fe)x on Q(s)
so that

(Vo) = 1V = (F)), on Qe).
From the inequality (2.10) with ¢, = ¢/2 for £ (w), we have ||V, (¢)ll,, <
2K NJ/t. Therefore, if (x,t),(x,s) € Q(¢) and ¢ <s, then

VEix,s) = Vix.t)|=Vi(x.t)|(s—t) wheret =1(x)€(t,s))
=V (x. 1) = FL(x,0)l(s - 1)
= g x Vi 6 =y f(w), (x . O)l(s = 1)

S TAR(= (t Moo + I (W) ()l )(s = 1)
2K 2
se( °N+M\/C_',N) (s—1) (by (2.9)
C(K ) s—t

N.

< R
t £
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Moreover, if (x,7),(x,s) € Q;(g)), t < s, and ¢ < g, (so that Q_(g;) C
Q,(¢)), then

V(x,8) = V(s 0) <

/ J(2)(V (x,s) =V (x—¢ez,5))dz
lz]<1

HVix,s) = Vix, 0|+ /|-|<1 J)V (x—¢ez,t) =V (x,1)dz

c(K)s—t
< Wl + SN Ly, (o))
c(K,) s—t
< —I_N (s + T) (forall ¢ < €y)
K
= C(I—O)N 2> -0 (if wetakee = (s— 1) <gp).

Therefore, there is a constant C(K,¢,) such that (S,) holds.

Now, to prove that u(t) € C*(-L, L), we let w’=0 and w" = ZLw"™").
Then for all n > 0, by (2.9) and (2.10), we have, for 0 <t < T,

(2.13) WOl = 12 "), (Ol < AN
and
(2.14) (Dl = 12" ™) (Olg < ZEN

(by taking t, =1/2), where ¢, and K are independent of n and ¢.

Thus w" — u in L% since . is contractive and u = £ (u) with u
uniquely determined. By (S,) and (2.14), {w;’} are uniformly Holder con-
tinuous with exponent § on any Q CC Q,; and for each n > 1, w" is the
solution of U, = uU, - f(w), on Q. Hence the standard Schauder theory
for a parabolic equation implies that {w;’x} are uniformly Hoélder continuous
on Q. Therefore, for each ¢ > 0, {w;'x(t)} is an equicontinuous family of
functions from (—L,L) to R” and {w] (x.1): n >0} is uniformly bounded
independently of n and x by (2.14) and the continuity of w;'x(t). Therefore
by Ascoli’s theorem, there is a subsequence {w(':;(t)} which converge pointwise
(uniformly converges on every compact subset of (—L, L)). Moreover, for each
t, w"(t) — u(t) in L°(~L,L). Hence w"(t) = u(t) in Z(-L,L) so that
w? (1) > u (1) in D(-L,L), too. Therefore u, (1) = w(t) is continuous.
Thus, we have shown that there is a unique solution ¥ = .2’(4) and for each
t, u(t)e C*(-L.L).

(b) Both implications can be shown to hold by Duhamel’s principle.

(c,) Assume u satisfies (1.8). Then

c

215 0 < g = Rl W+ [ A M o) d
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If |lu(?)ll,, is integrable then (2.8) with M, = 0 gives (c,). To prove that
lu(?)ll,, is integrable on [0, T], we integrate both sides of (2.15) on [0, ¢] and
let N = |[luy— A", + A", to obtain

t t S
/||u(s)||°°ds5tN+C1M// L \u(o)l| deds
0 0 JO

§—7T

t
=tN + CM/ Vit —t|ju(t)|l, dr (by Tonelli’s theorem)
0

t
<IN+ \/?CIM/ llu(z)|, d.
0

Hence if \/T,C,M <} and 0<t< T, then we have

t
/ lu(s)l, ds < 2N.
0

In addition, given ¢ € [kT,,, (k + 1)T;] for some integer k, u(¢) is the solution

of (1.8) with initial data u(kT,) attime ¢ — kT, ; this implies fk‘;j”“ llu(s)lly, ds

< 0o . Therefore, ||u(t)||,, is integrable on [0, 7] (one can use the same tech-
nique to prove that |u (¢)||., and |lu . (¢)],, are integrable on [0,T]).
(c,) From (1.8), we have

IO < bty = #11 + E et [ L)1,
x oo—\/z 0 oo 2L 1 0\/?__—5 x oo 7t

Thus, by Corollary 2.2,

IOl < <2 (nu0 g+ %) = 2()

Hence for all A >0,

lu(x,s) —u(x,1)|

x+h
/ u(y,s)—u(y,t)dy

x+h s
/ / u/(y,t)drdy
X t

s rx+h
// —u, (y.1) = f(u(y, 1), dyde

IA
S| -

+h(llu (Dl + 14 (5]l o)

IN
x| —

+2g(t)h

IA
~l— 3N N -

+2g(t)h

' (lu, (Dl + Mlu(D)ll ) d + 28(1)h

§(0)de+ 2 MC(T)(luty ~ Kl + IR )(s — 1) + 28(0)h

C(T.uo,ui)(sT_t+h).

IN

—~

IA
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(c,) is then proved by taking 4 = (s — t)'/ 2

(d) To prove the existence of the unique global solution, we let 4 = {¢ > 0:
there is a unique solution of (1.1)-(1.3) on [0,?)}. Clearly, A is closed and
nonempty by (a). To prove that 4 is open, we take ¢, € A. Then for ¢ € (0, 1))

u(t) = G (1) #p (uy — h") + h*
2.16
( ) /GLt—s u(s)), ds.

Take a sequence {¢,} such that ¢, 1¢,; then {u(z,)} is a Cauchy sequence in
C ([-L,L]) by (c,). Define u at ¢, by the limit of u(¢,) . Then, replacing ¢ by
t, in (2.16) and taking the limitin C([-L, L]), we have (2.16) for ¢ = ¢, and
u(t,) € S since u(t,) € S’ c S Vn> 1. Applying the local existence theorem
(a) with initial data u(t,), we can find J > 0 such that, for t € (¢,,1,+9),

u(t) = G*(t — 1) *p (u(ty) — h") + h*

2.17 t
2.17) - /, G (¢ = 5) %, £(u(s)), ds

and u(t) is C2(—L,L). Substitute (2.16) for u(¢;) in (2.17). The semigroup
property of G"(t) then implies that the expression (1.8) holds for all ¢ € (0, 7,+
0) and that u(¢) isa Cz(—L , L) function forall ¢ € (0, ,+6)\{¢,} . It remains
to show that u(¢)) isa Cz(—L L) function. For each n, u(t,) satisfies

=G'(t, - (u(t,) — ")+ h*
- /‘ GL(t—s) ey £(u(s)), ds,

where u(t)) is Cz(—L,L) . By the same argument as that occurring in the
proof of (c,), we can show

lu ()Nl < C(2,) ¥n > 1
and

lu, (t ) <C'(1,) Vn>1
In addition, the proof of (S,) in part (a) with the initial time O replaced by ¢,
gives

const. 12

e, (8) = 4, (1)l <
L
The fact that u(z,)) € Cz(—L ,L) then follows as in the last part of the proof
of (a).
Therefore, by (b), there is a solution of (1.1)-(1.3) on (0,¢, + J). Thus 4
isopen. O

The next theorem is about estimating the bounds for the derivatives of the
exact solution v(¢) of (1.1)-(1.3).
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Theorem 2.4. Suppose v(t) is the exact solution of (1.1)-(1.3), and let | =
||u0 hL|| =" —u'|/L. If uy isin L°(~L,L), thenforall t€(0,T],
) v, (t || S C(T)(I +1,/V7);
b) v, Ol < C(T)[Ii il + (B I+ L) VE+ /1.

Note that all the constants C(7') dependon T and y;, i=1,...,m,and
the Lipschitz constant M of f.

Proof. (a) From the representation (1.8)

L -
o0 = [ Gy 06 - dy + ST
(2.18) -L

t pL
_/0 /_LGf(x,y,t—s)f(v(y,S))ydyds

so that

t
1
IVl < by # 51+ [ Mo, (9)l s
This is a Gronwall-type inequality, so that by Corollary 2.2 we have
1
v, (Ol < C(TIUL +1) + C(T)—\/—;

1
= C(N, + L)

(b) The semigroup property of Gt implies that given s, and ¢t € (0,T] we
have

U(sy+1) =G (1) *5 (u(sy) — k") + A"
—/OIGL(t —8)*g f(u(sy+5)), ds.

Hence by the fact that Gy, = G, and G'(x, £L,t) = 0, which follows by
integration by parts, we have

vxx(s0+t)-/ GL(x y.,t) (v (89) — )dy
(2.19) // G"x y.t=s)f(v(y, s0+s)) dyds

/GL(x =85 f(v(- so+s)) ds.
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It follows from (2.12) and the result of (a) that

1V, (%0 + Dl oo

+ —
< v, (5)llo + w —u|
f 3L

t c ) X
+ /0 — l—s(”D Fllo 70 (55 + 9l + Mllv (s, + 9)ll.,) ds

o |1 L lu" —u|
+C(T)\/E_\/§0 <||u0 h ”°°+—2L
2
C(T)< 1 ) Lo 1
< —2_ 7 —_—
S 1i+\/s_01c>o +C(T)Om [, + s0+sl°° ds

t
1
+ CIM[) ﬁllvxx(so +S)”°o ds.

The second term is bounded by

C(T) /l \/—(IIT—S— (lfh + ﬁljo) ds

<C(Tf1 +C(T)E —

\/_

=C(T)! CTl—
(T)I3 + ()°°\/s_0

by 1/(sy+5) < 1/,/5s and (2.12). The above inequality becomes

0

t
1
+ CIMA ﬁ”'vxx(so +S)”oo ds.

This is a Gronwall-type inequality. Hence by Corollary 2.2 we have

1 1 1 1
<C(T) P + —I ( —1) —(1 — )]
lv, (5o + Dl < C( )[i+\/s_0°°+ [i+\/3~;°° +\/; i+\/%1oo

Thus, given any f, € (0,T], (b) is obtained by taking ¢ = s, = #,/2 in the
above inequality. O

We remark that one can prove the existence of classical solutions of the
Cauchy problem (1.1)-(1.2) by exactly the same proof as that of Theorem 2.3,
but using the representation (1.7). The estimates of Theorem 2.4 hold for the
solution of (1.1)=(1.2) with [u* — 47| =0 and A" =0.

3. CONVERGENCE RATES

We assume throughout this section that » and u" are the exact solutions
of (1.1)=(1.2) and (1.1)-(1.3) respectively. Also we adopt the notations
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p =min(y,, ..., 4,), #=|D|,and
L L
Ju(t) ~ Ol L = sup lu(x 1)~ (x,0))
x€[—L ,L]

Our main result in this section concerns a bound for |u(z)— u"(t)lloo |, interms
of the initial data and 1/L’.

Lemma 3.1. For |x| < L, we have

1 L? L—|x)?
(3.1 L K(x-y.,t)dy < 3 ( exp (—m) + exp (_4—/11

and

2 L— x|
3.2 / K (x—-y,tdy < exp | - .
(3.2) |y|>LI J(x—y.0)ldy NCT p( At )

Proof. By the bound

6y exp(—(x — 2 dx < LE{exp(=L) + exp(~L — |I])’]
|x|>L 2

and simple computation, one can prove (3.1) and (3.2). O

Lemma 3.2. Given any real numbers u* and u™ , a bounded function g on R,
and a number L > 0, we have

(i) "K(t) *xg—u ”oo [£2L :l:oo) (g u )
(i1) "K (2) * g”w J[£2L . +00) < Zi(g,u 1),
where g* = illg —u*| . I, = exp(~L*/4put),

+
|

+
We(g ™ ) = 180) = log tar 2ooy + &1y

L ilof. + 1 +
W”g( )—u "oo,[ﬂ:L,:boo) + ‘\/ﬁg le )

and c, is the constant such that |K (1)||, < c,/VT.
Proof. (i) If x > 2L, then by Lemma 3.1,

L +
Zi(g»u »t)=

K- 0)xg—u'| = |K(-,0)x (g —u")

L . (o) +
s/ K. 0lgx-y)—u |dy+/ K. 0lg(x - y) - u'|dy
—00 L

L2
+ +
S “g(')_u ”oo[Loo)+”g_u ”oo.%exp (—4_/1{) )

For x < —2L, the result follows from the same proof as above.
(ii) If x > 2L, then by Lemma 3.1.
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K ()xgl=|K (1)xg—K (T)*u"| =|K (t)+(g—u")|

L + *° +
< [ K=y 0 —uOldy + [TIK, (- v 0(e0) - uh)ldy

Lo () 4 SLpg—uy

Ve o\ au ) TV o {1 oy

For x < —2L, the result follows from the same proof as above. O
Lemma 3.3. Let

z(x, 1) = K(t) * u, — (GZL(I) xp (g — H°5) + h“) :

+
<lg-ul

Then

2]l oo 0y, (1) < max (Wf(u0 e, Wf(u0 U ,t)) ,
where Q,, (1) =[-2L,2L]x[0,t) and h* s defined in (1.8).
Proof. z(x,t) satisfies

z,=Dz on (—2L,2L)x (0,00),

z(x,0)=0 on[-2L,2L],

Z(£2L,1) =  K(1) * ug(£2L) — u™.
Hence by the maximum principle and Lemma 3.2, we have

L + L —
IIZIIOO,QZL(,)S%QgIZ(x,S)IS&lggr(W+(uo,u . S) W _(uy,u ,s)),

where 8'Q = {(xL,s) or (x,0)|0<s<t,|x| <2L}. Thus the continuity of
z(x,t) implies that

|z| < max(Wr(ug,u®,0), Whu,,u™ ,1)). ©

00,y (1)

The following lemma is needed for the proof of the next theorem, which is
the main result in this section.

Lemma 3.4.

/ K(t—s)*f(u(s))xds—/ GZL(t—s) xp f(u(s)), ds
0 0

00 ,[—2L 2L)

t L2
< M/ 4, (oo i 95 + C(T)llugll o, €XP (—4—;) ,
0 2 u

where C(T) does not depend on L.
Proof. Fix t and t sothat t —7>0. Let

2(x, ) = K(s) * f(u(1)), — G(5) % [ (u(1))

X
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for s€(0,t—1) and |x| <2L. Then z(x,s) satisfies

z,=Dz,, on(-2L,2L)x(0,1-1),
z(£2L,s) = K(s) * f(u(1)),(£2L) forse(0,1-1),
z(x,0)=0 for|x| <2L.

Therefore, by the maximal principle,

|z(x,s)| < sup |K(s')* f(u(1))(£2L)|

0<s'<t—t

for all (x,s)€[-2L,2L] x[0,¢— 7). The continuity of z(x,s) implies that

llz(2 - 1,')||°° [=2L 2L] < osf}g_t |K(s) * f(u(f))x(iZLN

< sup WE(f(u(x),.0,s)
L2
< sup (||f(u(r>>x||°°,<m ey F (D), ]l exp (—;;s—))

2
= 1 @) lleo (oo 221+ IS (4(2)) o €xP (‘—4u(lf_ z>) |

Thus,

t
/0 Iz(z = )l o [=2L 2L] ds

t L2
s/o M|t ()lloo (200 +.21 95 + C(T)llyll o V2 exP (_rm)

by using the bound || f(u(1)) |l < C(T)lluyll,/vT- O

Theorem 3.5. Let u(x,t) and u*t (x,t) be the solutions of the Cauchy problem
(1.1)- (1.2) and the B.V.P. (1.1)-(1.3) respectively. Then

2L
lu(t) = " (Dlloo -2z 21

2
+ + L
< C(T) [”uo —u ”oo (£oo L] + (”uo —u “oo + "uo”m)e"p (-4_#[)

ds|.
1O 50 105
Proof. For x € [-2L,2L) and ¢t >0,
u(x, 1) — u(x, 1)
< K(8) % ug(x) — (G (2) % (g — B25)(x) + B2 ()

+ /0 K(t—s)*f(u(s))xds—/o G(t—s5) x5 f(7"(s)) ds
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Apply Lemma 3.3 to the first term and triangulate the second term. Then the
inequality becomes

2L L L —
lu(x . t) —u™"(x,0)] < max(W, (uy, u" 1), W-(uy,u" 1))

t t L
+V0 K(t—s)*f(u(s))xa’s-—/o G (t =) %5 f(u(s)), ds

+ /0' G (t = 5) %y (f(u(s)), ds — /0[ Gt =) %y S (5))ds

< max(W, (uy,u’ 1), Wh(uy,u",1))

t L2
+/0 Ml ()log peisr + C(Dltgllee exp( 4/”)

t 2L
L[, Gy =9ty o) - F0 (. 5)) dy ds

+

by Lemma 3.4. So we have

2L
lu(t) = " (Olloo (—21 21

2
ut L
< llug—u “ (oo 1) T lug — ™|, exp <_@_t>

LZ
] M (oo o1 5 + CT) ] exp( 4/”)

2L

(Moo (—22 211 ds.

+ d!
0o VI—S
By Corollary 2.2 with M, = 0 and the integrability of ||u,(s)]|_, , we then have

2L
lu(t) = ™" (Dlloo (=21 214

2
+ + L
< C(T) (Iluo U oo (oo 1)+ (g = 47 Il + 14l ) €XP (—47,)

+
+ /0 Mju, (oo 1x>1 ds)

We will estimate the bound fo' llue, ()l L .00) ds which we need to complete
the bounds of convergence rates in Theorem 3.5.

Let us first dispose of the following technicality.
Lemma 3.6. If uy€ L™(R) and lim, ___ |lu, — u+||°°’[L o0)
a function P of L for L >0 and a constant ¢' which does not depend on L,
such that

(i) P(L)|0 as L — oo,

(ii) P(LY<c'PQ2L) forall L >0,

(iii) (Jug—u"|| < P(L).

as required. O

= 0, then there is

oo ,[L .00)
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Proof. Let M, = |lu, — u+]|°°’[L o)+ We will construct a sequence {L,} such
that L, — oo as i — oo as follows: Let L, =0 and

1
L, = max (sup {L >L,_:|luy— u+||°°'[,_,°°) > ?Mo} '2L1—1> .

Then for each i, L, is finite since M; — 0 as L — oco. Also

L, >2L, , Vi>1, L,—» o0 asi— oo,

and

M, < %Mo forall L>L,,

by the definition of L,. Now we define P by P(L) = M,/2' if Le(L,,L,,,].
Then (i) and (iii) are obvious. Given any L > 0, there is an / such that L €
(L;,L,,,] and then P(L) = MO/Z’Jr2 =2P(L,,,) <2P(2L) since 2L <2L, |
and P is decreasing. Thus (ii) is proved. O

We denote the function P(L) by P(u,, u")(L) if it is induced by u, and
u™ asin Lemma 3.6.

We shall find a precise bound for

t
[ 1=l 1

in terms of P(u, u")(L) and 1/L’. A difficulty of the estimates is that the
domain of dependence for the exact solution at each point (x,¢) is the whole
space R whereas we demand that the desired convergence rates are in terms of
the decay rate of arbitrary nonsmooth initial data u, over the one-sided domain
[L,00). Therefore, the auxiliary function P(u,, u") will play a crucial role for
“smoothing” the initial data in the process of the computations. We will show
how this is possible in successive steps by Lemmas 3.7 and 3.8 as well as by
Theorem 3.9.

Lemma 3.7 (FORWARD LOCAL PROPERTY). Assume u, € L (R) and u is the
exact solution of the Cauchy problem (1.1)-(1.2). Let

. +
Lh—»ngo ”uo —u ”oo,[L ,00) 0

and let f satisfy the assumptions of Theorem 2.2. For given t >0 and j >0
fixed, if there is a constant c(t,j) which is independent of L such that

: . 1
Bt) [ 1y ey < ) (POt L)+ 50 )
then thereisa T = T(t,uy) >0 such thatif t <s <t+ T, then we have
N
[ 14,0 g1 ey
t

<=0+t ) (P(uo (L) + %MO) ,

(3.5)

where My = |luy—u"|| and P(u,,u") isasin Lemma 3.6.
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Lemma 3.8 (BACKWARD LOCAL PROPERTY). Assume u,u, f areasin Lemma
3.7. For given t >0 and j> 1, ifforall s€ (0,t), there is a constant c(s, j)
which is independent of L for all s € (0,t) satisfying for all L >0,

s
[ 1Pl 1 ey

(36) 1/4 . + 1
<(t-5""1+cs, ) (P(uo,u )(L)+FM0).

then there is T = T (t,u,) such thatif 0<t—-T<s<t, then we have

t
J 10V g1y 0

(3.7) " . . :
<(t-s)"(1+c(s,))) (P(uo,u YL) + FMO) ,

I

where My = |luy—u and P(uy,u") is as in Lemma 3.6.

oo

Theorem 3.9 (GLOBAL PROPERTY). Assume u(t), u,, u", f areasin Lemma
3.7. Then given t >0 and j > 1, there is a constant ¢ = c(j ,t,uy) > 0 which
increases with t such that, VL >0,

! + 1 +
(3.8) /0 N4, (Moo 1 00)dS S € (P(u0 Ju )(L)+ FHuO —u ||°°) .

In a similar manner, we have the same result as in Theorem 3.9 for the bound
Jo () (—oo,—1)@s in terms of P(uy,u”)(L) and 1/L’. Hence our main
Theorem 3.5 can be restated as follows.

Theorem 3.10. Assume

. + -
Jim [lutg = 4l 11 o) + 1ty = 4 llop (00,17 = O

Then
(3.9) Nu(®) = ™" (Ol oo 2z 211

< c(7.0) (Pl w)(L) + Platy, w7)(-L)

1 + 1 L’
+p”u0 —u ”oo + ||u0||°°exp - 4_;17 ’

where c(j ,t) increases with t and depends on min(u,, ...u,) and M .
Remark. (1) If |ju, _.u+”°°-[L1 o) = 0 for some L, > 0 then one can take
P(uy,u™)(L) =c(j)L’ with c(j) = L|luy—u"||, .

(2) If fluy — u”| < ¢, exp(—c,L) then one can take P(u,,u’) =
c(j)/Lj where ¢(j) depends on ¢, and c,.

oo ,[L ,00)
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Note that the function P(u, u*)(L) has a polynomial-like decay rate as
L — oo. By the method of numerical analysis for the isentropic gas flow in
Lagrangian coordinate ( p-system), as we can see from the graphs, although
initial .data decays exponentially, the solution does not decay exponentially.
Thus, we believe P(u,, ui) gives a plausible convergence for our work.

Proof of Lemma 3.7. The assumption that S’ is invariant for (1.1)-(1.2) implies
that u(x,t) € S’. Hence if anu(,)"w ¢ S, then let

¢ = dist(dS",85 N By, ) > 0.
otherwise let ¢ = 0. For the given j, let
& ={w:[t,t+T]1— L* |foralls€ (¢,t + T],w satisfies

@) Nw)lle < 2lu®)ll
(b) Jw(s)—K(s—0)xut) <e, ife>0,

() w(s)e W™ and ||lw,(s)], < (2c,/V5=Dllw(r) - u'll,
where ||K(2)||, < ¢,/VE,
ARG

<=0 (1 +c(,0)Puy, u™)(L) + My/L']}.
Define a norm || - ll, on & by

w|, = sup |lw(t+71)|+ sup |lw (t+7 T.
lwll, Ogtgrll (t+ 1)y osrgrll L+ Dl VT

It is easy to show (&, - ||, ) is a Banach space. We define an operator .
on /. as follows:

L(w) = K(s — 1)  u(t) / K (s—1-1)% f(w(t +1))dr.

We will show that, if T is sufficiently small, then . maps /. into itself and
is contractive. Using the bound (2.5), one can prove easily that & (w) satisfies
(a), (b), and (c) in the definition of &/ if w € .9 and T is sufficiently small.

To prove (d), we replace u(t) in the expression for . (w) by (1.8) to obtain

Lw)(s) = K(s) »uy — /0 K(s — 1) f(u(1)), dt
- /ISK(S - 1) * f(w(r)), dt
= K(s) * u, —/OSK(S -1)* f(v(1)), dr,

where

v(r)—{um ift€(0,¢],
" lw(r) ifte(@,t+T)
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(x-)dw 11 + 1 = ()0

q..ml> = (a)d

=z

(6 1'%x)a

)0
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Then
) S +
[ IZ @) Ol 1 @7 [0 % =0 g 0

1K (2= p) * fW(P), Moo (1 00y 9P
/ /

We shall show that for small T and t<s 5 t+ T,
1/4 My

(3.10) (A)s(s—t)]/4P(uo,u+)(L)+%( 't

and
+ .M
(3.11) B)<(s—0)'"* [c(j P (uy, u")(L) +c(j ,t)L—j(.) + lLMOJ .

21/
Thus (3.5) will be proved by (3.10) and (3.11).
We prove (3.10) as follows. By Lemma 3.2

/ ZH(uy—u*,0,7)de

L[ llug = u]| (L/2)*
< 1 .t _/ 20 — Too -
_/I —\/?”“0 u ”oo,[L/Z,OO)dT+2 [mid exp 4ut dr

2
< 2¢,(Vs = VE)P(uy. u") (%) (V5 = Vi) exp ( léus)

\/_f

since exp _< <exp(—=) forallt<s
T s

< 26,(V5 — Vi)' Plug, u")(L) + \/%M(,(\/E - Vi) el)(16us)"

(since exp(—x) < c¢(j)(vx) ™’ for all j > 0)

1/4 + 1 1/4 1

< (=0 ""Plug, u L)+ 5(s 1) Mo

for small T, since (s — t)'/4/(\/§— Vi) s o0 as s > t.
To prove (3.11), we use Lemma 3.2.

® < [ [ 2/ (7w, 0.c~pdpde

s T c
=/1/(; \/‘t]——p”f(v(p))"w:[L/Z,oo)dpdT

1/5/1 1 —(L/2)*

+ = —_—||f (v exp | —————— | dpdr
= (B,) + (B,).

We shall show that for small ¢ and t<s<t+e¢,

(3.12) (B,) < (s —0)c(j, t)P(uy, u")L) + (s — 1) *c(j, ’)éM
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and

1
(3.13) (B >_2< -0 My

Thus, (3.11) will be proved by (3.12) and (3.13). We prove (3.12) as follows:

st ¢
_ 1
s T c
1
+/I /I mM”wx(p)"oo,[L/Z.oo) dpdt
t
= 2C|M/0 (VSs—p—+t- p)”ux(/’)”oo,u,/z ,00) dp
s
+ 2C|M/ VS = Plw, (Pl o (12 .00y 2P
t

(by Tonelli’s Theorem for both terms)

t
1/2
<2e,M(s—1)" /0 1 (P oo 1/2.00) 4P

S
+2¢,M(s - t)l/z/ ”wx(p)”oo,[L/2 ,00) dp
t

J
<2¢,M(s 1) (c(t J) (P(uo W) (5)+ %)) (by (3.4))

1/2 1/4 , + (L 2'M,
+2¢,M(s 1) ((s—t) (l+c(t,j))(P(u0,u)(E).;.?))

(by (d) of &7)

<(s=0"c(t, j)P(uy, u")(L) + (s - t)”“c(nj)%—jl

for small T, since P(u,,u")(L/2) < C'P(u,,u")(L). We prove (3.13) as

follows:
- w2
S/z/OT—n’—;:—)”ux(p)"wexD( 4u(t—p)> dpdt
_ @y
//t 2W”w exp( 4/1(1—;0)) dpdr.
By

lu (P, < Cllug—u'll /P forO<p<t,
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and by (c) in the definition of %7, (B,) is bounded by

oW [ L’
Cllug —u IIOO/I nexp( Tour dt

s 2
+c|lu(t) - u+||°°/l T exp (—ﬁ) dt (by (2.5))

2

L
Sc-(s—1exp (‘Rﬁ) (g = 4"l + () = Ul

L2
< clt)s - yexp (—@) Jup = "l = 00

since
+ +
flu(t) —u |l < c(Ollug—u'll

where c(¢) is bounded on [0,¢]. Then, by
—X .\ —J/2
e <c(j)x Vx>0,

we have

1 1 1/4 1
(B,) < c(t,/)s"(s = t)lluy - 'l gy S 366-0) ! My

forsmall T and ¢t < s <t+ T, as required. Consequently, we have shown that
<2 maps % into itself. The fact that . is a contraction is shown below.

If w,veJ then w(x,t),v(x,t) €S for t [0, T] (refer to the proof of
Theorem 2.3) and

”-C/ ’U)) —.CZ(U)||M7
sup / KG—t-t)*(f(w(it+1)- f(v(t+71)))dt
0<s t<T [ ]
+ sup / K (s—t-1)*(f(w(t+71), - fv(t+71)),dt
0<s—t<T 0 oo
= (I) + (II).

It is easy to show that

I < ! sup Jlw(t+1)-v(t+71)|, forsmall T
4 o<s<T
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We triangulate the term (II),

(II) < sup Vs—t

/ ) Kx(s—t—1)*(Df(w(t + 1)) (wx(t + 1) — ux(t + 7)) dt
0

O0<s—t<T .
s—t
+ sup \/s—t/ Kx(s—t—1)«(Df(w(t + 1)) — Df(v(t + 7)))vx(t + 7) dT
0<s—t<T 0 o
s=t
c(t+T)
< su Vs —t ————J|lwx(t+1)—vx(t+ T dt
0<S—PST /; m” X( ) X( )”w
S—
c(t+T)
+ sup Vs-—t We(t+1)—v(t+71) Ux(t+ T dt
0<s—?§T /(; \/—” x( ) ( Moo llvx Moo
5=
c(t+T) 1
< sup \/s—t/ sup Wx(t+ p) —vx(t+ d
0<s—1<T 0 W\/_O<p \/_” X p) X p)”C’O) P
c(t+T) lv() — u*floo
+ sup Vs-—t sup |lw(t+1)—v(t+1 ——dt
ocsmt<T /0 Vs—1-1 (o<1<r” (t o) =l )”oo) VT
s—t
1 1
< L+1) — et + (t+TWVT . .
< s (Vallwx(t + 1) = vx(t + Dl)e(t + T) /0 Ve
+< sup ||w(t+r)—v(t+t)||°°) (t+ TWVT|v(t) — u*]|oo
0<t<

l 1
Z sup ||w(t+t)—v(t+t)||°°+z sup \/_||wx(t+r)—vx(t+r)||oo

for small T. As a result, we have
£ (w) - L)l < jllw =],

Hence there is a w, € . such that w, = #(w,). By the fact that u is
the unique global solution of u = #(u), we have wy(p) = u(p) for all p €
[t,t+ T]. This gives us (3.5). O

Proof of Lemma 3.8. The result of Lemma 3.8 can be obtained by the same
proof as that of Lemma 3.7, replacing &, and # by

p={w:[t-T>0,1]- L |forall s (t - T,¢],w satisfies
(@) lw(s)llo < 2lult - T)ll
(b) |lw(s)—K(t—s)*u(t-T)| <eife>0,

(c) w(s)e w'™ and llw, ()l < 2¢,llu(t) - u+||°°/\/t -5,
[ 1@l
< (=" 1 +els, NPy, u™)(L) + My/L']}

and

Zw)s)=K(s—-@-T))~u(t-T)

_/ ‘ T)K(s—(t—T)—r)*f(w(t—T+p))xdr. O
0
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Proof of Theorem 3.9. For a fixed j, let
& = { t >0|forall s€[0,¢],there is a constant c(s, j)

which is independent of L such that

[ 1Ol gy < 5. (Pl 1) + 550

for all L}.

(3.14)

We shall prove that & is open and closed so that & = R U {0}, since & is
not empty‘by Lemma 3.7 (Forward Local Property). If ¢t € # then by Lemma
3.7, there is T, = T;(¢) > 0 such that forall s, 0 <t <s<t+ T, we have

[ 14 (D)lloo 1 00y 47 < (s = )41+ (2. ) [P(uo )L + %ﬂ] :

Hence

)
ARG
t S
_ /0 NG / NG
t

<elt,)) <P(u0 (L) + %) + Ty (1 +e(t, )

M
+ [P(u0 ')+ —L—IO] .

Therefore, s is in & for all s € (¢,t+ T,) since c(s,j) can be taken as

c(s,j)=c(t,j)+ Tol/“(l +¢(t,j)), so that & is open. If there is a sequence
t,1tand {1} €x, then for all s€ (0,1), s<t, for some n. Hence (3.13)
holds for s. Lemma 3.8 (Backward Local Property) then implies that ¢ € & .
So « is closed as well. O

4. APPLICATIONS

In this section we apply the global existence result (Theorem 2.3) and con-
vergence rates (Theorem 3.10) to a system arising in chemical chromatography
as well as to the equation modelling the flow of compressible fluids and gases.
(We refer the reader to [4] for a complete description and derivation of these
equations.) In order to do this, it is necessary to show that there are invariant
regions for the exact solutions of (1.1)-(1.3)) for each system. Now, precise
conditions under which the system (1.1)—(1.3) admits an invariant region are
given in [12]. These conditions include the requirement that the normal vector
to such a region should at each point be a left eigenvector both of f "(u) and
of D. The former condition is sufficiently stringent in our applications that
we choose to make the latter condition automatic by taking D to be a scalar
matrix; that is, D = ul .
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SR R e

FIGURE 4.1

(a) Scalar equation.
o+ S (W), = p
(4.a) u(x,0) =uy(s) e L=(L, L)),
u(j:L.t)‘=ui, t>0,

where f” is bounded on every bounded set. By means of the maximum prin-
ciple, any interval S, C R is invariant for (4.a). O

(b) Isentropic gas flow in Lagrangian coordinates.

(4b) U+ p(v) = py,

on(-L,L)xR",
v, —uU, =W

xx '’
where u,v, and p(v) represent the velocity, the reciprocal of density, and
pressure respectively. p is a positive C? function and satisfies

p' <0, p">0 for v > 0.
(Typically, p(v)=cv™", y>1.)
The invariant region for (4.b) (see Figure 4.1) is
S, ={(u,v)|s,(u,v) < b < ry(u,v)},
where

nw) =us [rode, s =u- [V=r s

(see Smoller [12]) and the Jacobian matrix DF of F = [?")] is bounded in
S, if p’ isbounded in S,. O

(c) Isentropic gas dynamics in Eulerian coordinates.

(4.c) P+ (pu) = pp,, .,

> -L,L)xR",
(pu), + (pid* + P(p)), = u(pu),, O TEE
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where p,u, and P(p) are density, velocity, and pressure respectively. We
assume that P(p) = Kp’ where y is a constant satisfying y > 1 and K isa
positive constant. Let w = pu, U= [/], and

w
PO =" k|
Then (4.c) becomes
U, +DFU)U, =uU,,

where
0

~(w/p)* + Kyp"™! 2w/p] ’

with left eigenvectors [, = (—w/p = (K yp"")'/ 2 1). Thus we can apply the
result of Chueh, Conley, and Smoller [2] to (4.c) as follows: The normal vectors
on the boundary curves wi( p) of the invariant region are (—w'i(p) , 1) which
should be parallel to the left eigenvectors of DF . Therefore,

DF={

w,(p) = poonstt p [ (Kre"™)"de
p

Specifically,

w(p)=pex [ (k)P
p

for some positive constants w, and ¢, w, satisfy the following (i)-(iii).
(i) w,(p)>0 forall pe€l0,cl;

(i) wi(p)=w,/cF(Kyp'™")'"/* + [5(Ky&' ™)'/ d&; and
(iii) wi(p)=F( - 1)Ky )'"?)2

(so that w’(p) >0 and w”(p) >0 forall p >0, y > 1). Denote the so-called
Riemann invariants by

r(w.p)= 2w, +p [ (Kn Pt -w 20,
p

scw.p) =2, - p/ (Ky& %) de —w < 0.
p
Then the set
S, ={W.p)|s.(w,p)<0<r(w,p),0<p<c}
w ¢ -3,1/2
={(w,p)||—-—=<|< | (Ky& d}
{w.ol|5 - 2| < [ o) a

is invariant for (4.c). This region can be graphed as in Figure 4.2 or Figure 4.3
in the case that w, > cf;(Kyéy'3)'/2 dy (so that w_(p) >0 forall p > 0)

and in Figure 4.4 or Figure 4.5 otherwise. Obviously, DF is bounded on this
invariant region S, for y>1. O




464 HUNG-JU KUO

4w Aw
(¢, w,.) @ w,)
S, S,
> — rd
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FIGURE. 4.2 FIGURE 4.3
N A
Aw © Wc) w
© we)
S
(4 SC
> —>
f) ~— P
FIGURE 4.4 FIGURE 4.5
(d) Chemical chromatography.
0 ocC. .
(4.d) 5(‘5”i+ci)+Aa—x'=/‘(”1+Ci)xx' i=1,2,..., m

(A reference for this example is R. Aris and N. Amundson [1].) Here n, and
C, are chemical concentrations which depend on x and ¢, and J and A4 are
positive constants. The system becomes closed under an additional hypothesis
of the form

__ NK,C
t1+ XK C
where N and K, are positive constants. Let u; = dn; + C;. Then by scaling
out the constant 4, (4.d) can be rewritten in the form

ou 0
ar + aC(u) = pu,, for some x> 0.

Applying the result of Chueh, Conley, and Smoller [2] , one can show that the
nonnegative octant S, of u-space is invariant for the above equation (cf. D.
Hoff [8] for a detailed proof). In order to apply our theorem, it is necessary to
show that C/du is bounded in S, . To see this, we compute the derivatives

du, ONK (1+X,,K,C)
—L =1 5
aC; (1+3,K,C)

n
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and for k # i
ou, ONK K, C,
C,  (1+X,KC)
Hence |0u,/dC,| is bounded on {C, >0} for all i, k. Moreover,

] VK

oC; P (1+,K,C) '

Therefore, by Gershgoren’s theorem, the eigenvalues of ou/dC are located out-
side the unit circle. Therefore, |det(0u/9C)| > 1, so that, by the fact that

ac, ou\\ ™ . Lo
Wj = (det (55)) (Adjomt Matrix of %>U ,

0C/0u is bounded in S,;. O

auj
o,
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